M ETHODS AND A PPLICATIONS OF ANALYSIS . C 2003 International Press
Vol. 10, No. 1, pp. 081{096, March 2003 005

REGULARITY OF THE MINIMIZER FOR THE D-WAVE
GINZBURG-LANDAU ENERGY

TAI-CHIA LIN Y AND LIHE WANG *?

Abstract. ~ We study the minimizer of the d-wave Ginzburg-Landau energy in a specic class
of functions. We show that the minimizer having distinct deg ree-one vortices is Holder continuous.
Away from vortex cores, the minimizer converges uniformly t o a canonical harmonic map. For a
single vortex in the vortex core, we obtain the C %-norm estimate of the fourfold symmetric vortex
solution. Furthermore, we prove the convergence of the four fold symmetric vortex solution under
di erent scales of

1. Introduction. In this paper, we investigate the minimizer of the d-wave
Ginzburg-Landau energy
z 1 1 1
E. (u)= Ejr uj? + 4—2(1 j up)?+ > j@@uij*dxdy; (1.1)

de ned on a class of functions
Vg=fu=u(xy): u2Hg(; C); @@u = h2L?()in distribution sense g (1.2)

with the norm k k de ned by kuk? = kuk? , + k@@uk?, : Hereafter, is a bounded
smooth domain inR?, g: @ ! S'is a smooth map with degreed2 N, 0< ; 1
are small parameters, and

Hg(; C)=fu2H'(; C): uje = gu:

The d-wave Ginzburg-Landau energy describes high-temperature superconduc-
tors. From [2], [7] and [8], we learned thed-wave Ginzburg-Landau energy without
the magnetic eld given by

1. i, . . 1 . .
Gw=  Siru?+ 20 ju?’+ 5 i@ @) uj®dxdy; (1.3)
R2
where is a positive constant. Rotating the coordinates by 45, we may obtain
Z
G = 2t uP+ 51 u)P+2 j@Quidxdy; (1.4)
R2

Hereafter, we assume thafuj! 1 and all the derivatives of u decay fast asj(x;y)j !
1 . Such an assumption is consistent with the results in [9] and [19]. Then we nya
transform (1.4) into (1.1) up to some constants.

For the minimization of (1.1), we may use the standard direct method to obtain
the energy minimizeru of E. () over the function classV,. Here we have used the
fact that both H() and L?() are re exive Banach spaces. The minimizer u is a
weak solution of

u+£2(1juj2)u @@u=0 on ; (1.5)
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The highest derivative term is @@ which is a degenerate elliptic operator. Such
a term has a small divisor and may lose derivatives by the standard bootstrap
argument for (1.5). This may cause the main di culty to get the regularity of u .

Until now, there is not any regularity theorem for (1.5). Now we state a general
regularity theorem of u as follows:

Theorem |. Suppose = s a positive constant which may depend on. Then
there exists a minimizeru of (1.1) over Vy such that
p_____

ku k.3, = O( M1+ (1.6)

For (1.5), we may rescale the spatial variables by, and obtain
u+(@ j ui®u 2@@u=0 on 1 : (1.7)

where 1 f (xy):(x; y)2 g From physical literature (cf. [2] and [7]), the

coe cient 2 of @@u is positive and bounded i.e. 0< = O(?)as ! O+

Hereafter, we only consider such a quantity for . By the same argument of [16], we
have

Theorem A. Suppose0< = O( %) as ! O0+. Then there exists a minimizer
u of (1.1) over Vy such that
(i) u hasd degree-one vortices in ,
(i) E. (u)= dlogl+0@)as ! 0+,
(i) u converges tou (up to a subsequence) strongly irn.?()
and weakly inHL ( nfa;; ;aq40),
(iv) (a1; ;ag)2 9is a global minimizer of the renormalized energyy in [3].

Here u is a canonical harmonic map de ned by

z g

j=1 JZ aJJ

u(z)= eh@. 8z2 (1.8)

and h is a real-valued harmonic function. For the product in (1.8), we have used the
fact that R? is equivalent to C. Actually, the vortices of u may arbitrarily tend to
a's (up to a subsequence) as goes to zero. Away from the vortex coresB (& )'s,
we obtain a uniform convergence ofu as follows:

Theorem Il.  Supposed< = O( ?)as ! 0+. Thenfor > 0;the minimizer
u converges tou (up to a subsequence) uniformly on n [J-‘]':l B (a) as goes to
zero, whereu and (a;; ;agq) 2 ¢ are de ned in Theorem A. Hereafter, B (g ) is

the disk in R? with radius and center ata; .

To estimate u in the vortex cores B (& )'s, we may simplify the minimization
problem by setting = B1(0), where B1(0) is the unit disk in R? with center at the
origin. Moreover, we consider a modi ed minimization problem given by

Minimize E; over Wo = Vg, \ W (1.9
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wheregy € on @and

W =fus= arak(r) €4k

k2z

on ;ajsak(r)2R;8r2[0;1]k 2 Zg:

Hereatfter, (r; ) denotes the polar coordinates inR?. The function spaceW provides
fourfold symmetry for the minimizer. Actually, fourfold symmetry is a ¢ haracteristic
of vortex states in d-wave superconductors (cf. [5], [7], [9]). Please note that the
function space Wy is a subspace ofV,,. Hence we cannot assure that the energy
minimizer u of E. on W, is a weak solution of (1.5). In [11], we prove thatu is a
weak solution of (1.5) and we obtain theH 1-norm estimate as follows:

Theorem B. Assume that0 < = O(N), where N is a positive constant
independent of . Then there exists a minimizeru of (1.9) such thatu is a weak
solution of (1.5) and

Uu=uy+V; (1.10)

whereu, fo(%)€ is the unique energy minimizer ofE . over HQ}O() (cf. [?]),
v 2W\ HJ() satises

p- p-
kv kLz(y = O( B kvkyig = O( OF (1.11)
Hereafter, u is called the fourfold symmetric vortex solution of (1.5).

From [6], [10], [12], one may know qualitative theorems olu,. Then Theorem |
implies that
kv kC%() =0(@1=): (1.12)
The upper bound of (1.12) may tend to in nity as goes to zero. By the fourfold
symmetry of u , we may improve the estimate (1.12) by

Theorem Ill.  Assume thatO< = O( N) as goes to zero, whereN 4 is a
constant independent of . Then

— p_ 2y .
kvkey,, = O ): (1.13)

Theorem Il is essential to prove the stability of the fourfold symmetric vortex
solution u . Actually, H!-norm estimate (cf. Theorem B) cannot assure the stability
of u . We may consider the associated quadratic form given by

z

1 1 o 1 1.
Q)= Jirw® S5 Juiwi®+ S w3 jwyjidxdy;  (1.14)
for w 2 Vp ; where
Vo=fu=u(xy): u2 H}(; ©); @Q@u=h2 L2()in distribution sense g:

and Q (w) = %(;’t—zz E. (u + tw)ji=o is the associated second variational form. In
Corollary I, we will use (1.13) to prove Q (w) > 0 forw 2 Vp; kwk_ 2> 6 O ; provided
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the parameter is su ciently small. Therefore the fourfold symmetric vortex solution
u is stable if the parameter is su ciently small.

From (1.13), it is remarkable that if N > 4, then kv kc%() I 0as goesto zero.

Theorem llI gives us the C z-norm estimate of the perturbation term v in . Can we
have C -norm, % < < 1, estimate ofv ? To answer this question, we state another

result for the estimate of v in C -norm, % < < 1, as follows:

Theorem IV. Assume thatO< = O( N) as goes to zero, wherdN 6 is a
constant independent of . Suppose
Z
lim inf i@v i*+j@v j*dxdy = O( °); (1.15)

f1 x2+y2 1g

for 0< < o, where g is a positive constant. Then for% < < 1,

kv ke () = 0(p_ %) (1.16)

Theorem IV implies that the C -norm, % < < 1, estimate ofv may depend on
the behavior of @v and @v near the boundary. It is remarkable that the boundary
condition of u is

u =g On@ ;
@Q@Qu =0 on @ ; (1.17)
Hence the boundary condition ofv is
v =0 on @ ;
@@ = @Q@u, on @ : (1.18)
As goes to zero,Q@QV je = @@Q@Ujje @@€ 6 0: Thusr 2v may not

tend to zero on @, and it is possible that @v and @v may have boundary layer
on @. Therefore (1.15) is necessary to Theorem V.

To understand more on the structure of a single vortex, we may rescale the spati
variables by i.e. we setu-(x;y) = u ( x; y);for(x;y) 2 1. Then ~u is a weak
solution of (1.7). For the convergence ofu~ we have

Theorem V. Letw (x;y) = u(x; y); for (x;y) 2 ¥ . Then & converges

weakly (up to a subsequence) te& in ngc(Rz). Furthermore, u is a weak solution of

u+(@ ju® )u=0 on R?;if =o?); (1.19)
u+(1 ju)u @@u=0 onR*if = 2 (1.20)
where is a positive constant independent of . In particular, if = O( NY;N > 4,
thenw= f(r)€ , wheref is the unique solution of
oo, Lco 1 i =0 - .
f +Ff r—2f+(1 f9)f =0; 8r> 0; (1.21)

f0)=0;f(+1)=1:
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The equation (1.19) has been investigated to nd solutions with vortex structures

(cf. [3], [4], [6], [12]). However, the uniqueness of (1.19) with( )I_![n julx;y) € j=
1Y)

0 has not yet been proved. Hence it is still open thatu~= f(r)€ if0 < =
O(N);2<N 4.

In the rest of this paper, we will prove Theorem | and introduce a general regu-
larity theorem in Section 2. In Section 3, we will prove Theorem Il. In Section 4 and
5, we will complete the proof of Theorem III, IV and V, respectively.

Acknowledgement.  The research of the rst author is partially supported by a
research Grant from NSC of Taiwan. The research of the second author is partly
supported by NSF Grant 0100679.

2. General Regularity Theorem. In this section, we will provide a proof of
Theorem |. To prove Theorem |, we need a crucial Lemma given by

Lemma I. Assume is a bounded smooth domain inR?. Let u 2 V satisfy

z
j@@ui®  A; (2.1)

kukf.,  B; (2.2)

where A; B are positive constant andVy is de ned in (1.2). Then

uisof Cz() and kuk_ 3, cPavs: (2.3)

where C is a positive constant depending only on .

It is remarkable that Lemma | is a general regularity theorem for functions sat-
isfying (2.1) and (2.2). Now we prove Lemma | as follows. From extensin theorem
(cf. [1]), we may extend the functionu on a cubeQ =[a;b [; ] such that

z
j@Q@Uuj* CoA; (2.4)
Q

kukfiq)y CoB; (2.5)

where Cy is a positive constant dependingon ,a<b; < are constants. By (2.5)
and Fubini Theorem, there existsXq 2 [a; b such that

ku(xo; )kniq; 1) Bo; (2.6)

where Bo = 2CoB=jb aj: Hence by Sobolev embeddingu(Xo; ) 2 C%([ ;D Fix
X 2 [a; ] arbitrarily. Without loss of generality, we may assume u is smooth on Q.
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Then
u(x;y) + ug(xy)dy
Z Z
2 W(xo;y)dy+2  ju(xy) u(xo;y)j®dy
Z Z
+2 ug(xo;y) dy +2 juy(x;y)  uy(Xo;y)j?dy (by Triangle inequality)
Z Z

X

=2 U(xgy)+ ui(xe;y)dy+2  j  ux(ty)dtj®dy
z z, X
+2 ] Uyy (ty) dtjzdy
Z%o Z,

2Bo+2  jx  Xof  jux(ty)i®+ jux (ty)j?dtdy (by Holder inequality)
2Bo+ib aiCo(A+B)] (* (24)(25);
whereuy = @u and u,y = @@u. Hence
ku(x; )kal([; p Ci(A+B);

for x 2 [a; b]; where C, is a positive constant depending only on and jb aj. Thus
by Sobolev embedding,

: P =
ku(x; )kc%([; ) C, A+ B; (2.7)
for x 2 [a; b, where C is a positive constant depending only on ;jb aj andj i
Similarly, we may obtain
: P
ku( ,y)kc%([a;b]) C; A+ B; (2.8)
fory2 [; ], whereCjis a positive constant depending only on ;jb aj andj j-

Therefore by (2.7) and (2.8), we may complete the proof of Lemma I.
Now we want to prove Theorem |. From the standard direct method, it is easy to
obtain a minimizer u 2 Vg of (1.1). Let u® be a minimizer of the energy functional

1. .. 1.
Eio(u)= Sir uj? + 22 uj%)?

on Hé(). From [3], we learned the quantitative properties of u®. Then it is easy to
check that

E.ou® = d log i, 0(1); (2.9)
j@@u*=0( ?): (2.10)
Hence . 7 . 7
E:O(UO)"'E j@@ujz E;O(U)+§ j@@ujz
=E,; (u)
E. (u)

1 z
EoW)* 5 1@QUT

E.ou)+ O( %) (* (2:10):



REGULARITY OF THE  d-WAVE MINIMIZER 87

Hence .
j@@u j>=0( ?: (2.11)

Moreover,

12

; i2
5 ruj E. (u)
E. (UO)
= d |og3+ o( 2) (* (2:9);(2:10)):

Thus

ku ki) = O(Iog}+ 2): (2.12)

Therefore by (2.11), (2.12) and Lemma |, we may complete the proof of Theoren

3. Minimizer with Multiple Vortices. In this section, we assume x =
O( ?) as goes to zero. From Theorem A in Section 1, we obtain a minimizeu
having d degree-one vortices neag;;j = 1; ;d. By Theorem I, the minimizer u

isof Cz()and ku kc%() = O( 1). Such an upper bound is unbounded as tends
to zero, and cannot assure any strong convergence of . The main purpose of this
section is to prove Theorem Il and get a bounded estimate for theC z-norm of u
away from the vortex cores.
Now we want to prove Theorem Il. Let > 0 be a small constant and
nJ }’:1 B (a); wherea;'s are de ned in Theorem A. We may de ne a comparison
map v given by

v U ?nB(.aj);j=1; yd;

W in , (3.1)

wherew is the minimizer of the energy functional
Z

1. ., 1. .
E.o(w; )= Sir wj? + p(lJWJZ)2

over the function cIassHé( ) : Here the boundary condition g-is de ned by

_ g ona@;
9 U on@B(g)j=1; ;d:

From Theorem A and [3], we may obtain quantitative properties of w . Now we de ne
the following energy functionals:

E. (u;[{- B ()
Xz 1 1 1
T ey 2 ujiP+ 5@ i’ S i@Qui®; 3.2
J:]_ )
z
. 1- .2 1 . .22 1 - -2.
E, (w; )= SIrwij +p(1 j wij) *5 jQ@w j°: (3.3)
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Then
| Z
Bl B @)+ Eow: )+ 5 j@Qu’
£ (Uil{uB @)+ Eou: )ty i@QuT
=E; (u)
E; (v)
=E; (U;[szlB @)+ E; (w; ) L Z
=E; (Wil{aB @)+ Eow: )+ 5 j@Qw
i.e.
Z Z
j@@u j? j@@w j*: (3.4)
Similarly,
,Z
E;(u;[f‘=1B(aj))+§ iruj? .
E.(Uil{aB @)+ Eou; )+ 5 i@Quf
=E, (u)
E;, (v)
=E, (u;[f4B @)+E; (w; );
i.e.
,Z
5 jruj® E. (w; ): (3.5)
Hence by (3.4), (3.5) and [3], we obtain
Z
j@@Qu j* Ko; (3.6)
z
jruj? Ko; (3.7)

where K is a positive constant depending on : Thus (3.6), (3.7) and Lemma |
imply that

ku kc%( ) Ky, (3.8)
where K is a positive constant depending on : Therefore by (3.8) and Arzela-
Ascoli Theorem, we may complete the proof of Theorem Il. Note that (3.8) provides
a bounded Cz-norm estimate ofu on

4. Estimate of a Single Vortex. In this section, we assume = B;(0) is a
unit disk with center at the origin, and 0 < = O( V) as goes to zero, wherdN 4
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is a constant independent of . From Theorem B and using energy comparison, we
have

Z
E . o(Up) + 3 Zj@@u j?
E.o(u)+ jQ@u j*
E; (u)
E. (up) 7

E.o(U)+ 3 j@@uoi’;

N[

z z
j@@u j? j@@uoj*: (4.1)

Then by (4.1), (1.10) and Holder inequality, we obtain

4
j@@vi*=0( ?): (4.2)

Here we have used some properties of, (cf. [6], [12]).

From (1.11), (4.2) and extension theorem (cf. [1]), we may extendv to a cube
Q:1=[ 1;1] [ 1;1] such that

P
7 kv kal(Ql) = O( 2)1 (43)

o j@@vi*=0( ?): (4.4)

Here we have used the fact that = O( N);N 4 as goes to zero.

Now we want to prove Theorem IIl. Without loss of generality, we may assune
v is smooth onQ; and satis es

z b_
j@v j? z; (4.5)
ZQl
H 2 P- 2.
iQv | , (4.6)
7 Q1
i@@v j? 2 4.7)
Q1
By (4.6) and Fubini Theorem, there exists xg 2 [ 1;1] such that
i@V (xo;y)i*dy 2 2 (4.8)
1

From Theorem B, u is of fourfold symmetry on i.e. v is of fourfold symmetry on
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Q1. Hence we may setxp 2 [0;1]. Moreover,
z 1
i@v (x;y)j*dy
lZ 1
2 j@v(xy) @V (xo;y)j*dy
1
+2 i@V (xo;y)ji%dy (by triangle inequality)
Z 1 1z X Z 1
=2 | @@V (sy)ds’dy+2  j@v (xo;y)j*dy
1 Xy 7 1 1
2IX  Xoj Q@v j2+2 Qv (Xo;y)j2dy (by Holder inequality)
_ Q1 1
6" 2 (* (47):(48);

. . P
for jx = Xoj ;e
z 1

j@v (x;y)j?dy 6 2 for x2 11 [xo P
1

X+ IO‘]\ [0:1]: (4.9)

Let Q2 =( Z1;1]nl1) [ 1;1]: Then (4.6) implies that
z o_
j@v j? dxdy 2. (4.10)

Q2

Hence by Fubini Theorem and the fourfold symmetry ofv , there existsx; 2 [0; 1]nl 1
such that

z, o
Qv (xi;y)itdy 20 2 (4.11)
1

As for (4.9), we obtain
z 1

i@v (x;y)j?dy 6p_ 2 for x21, [x1 P
1

X IO_]\ [0;1]nl1: (4.12)

By induction, there exist xx 2 [0;1]n [ }‘:1 I; such that
z 1

) ) p-
Qv (x;y)ifdy 2 Z; (4.13)
zY o
jQv (xy)j’dy 6 % for x 2l ; (4.14)
1
fork=0:;1;2; N, where
p- p-
et e sxaet N[O f 1y

HereN = O(1=p ") is a positive integer such that

[N, 1k =[0;1]: (4.15)
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Note that the interiors of 1y's are disjoint to each other. Similarly, by (4.5) and the
same argument as (4.13)-(4.15), we may obtaity; 2 [0; 1]n [ L:l Jk such that
Z, p_
j@v (xynjifdx 2 2 (4.16)
z 0
j@Qv (xy)jifdx 6 2, for y2 iy ; (4.17)
1

for1=0;1,2; M, where
S I TN VE) S
HereM = O(1=p ") is a positive integer such that
[M 3 =[0;1]: (4.18)

Note that the interiors of J,'s are disjoint to each other. From (4.14), (4.15) and
Sobolev embedding,
. P 2.
kv (x; )kc%([ L1 Co ; (4.19)
for x 2 [0; 1]; where Cy is a positive constant independent ofx;y; and . Similarly,
by (4.17), (4.18) and Sobolev embedding,

p_
kv GV)Kes g 1qy o 2 (4.20)
for y 2 [0;1]: Thus (4.19) and (4.20) imply that
P- 2.
Wketom oy & ’ (4.21)

where C; is a positive constant independent of and . Therefore by (4.21) and the
fourfold symmetry of v , we may complete the proof of Theorem IIl.
Now we want to prove Theorem IV. From (1.5) and (1.10), we have

vV @@V = @@uot N (v); (4.22)
where
N (v)= 2[ (1] uol®)v +2(ug V)Iug+2(ug V)V +jv jPug+ jv j?v]: (4.23)
By (1.11) and (4.23), it is easy to check that
P 3
KN (v )k z() = O( ): (4.24)

Here we have used the assumption that < = O( N), N 6 as goes to zero.
Hence by (4.22), (4.24) and [3], we obtain

k v @@v ke :O(p_ 3 (4.25)
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Let P 2 C} () be a real-valued test function de ned later. Then using integration
by parts, we have

Z Z Z
P v (v @@v)= PjVvj P v @@v
Z Z Z
= Pjvj? P@v @@v P@v @@v
Z Z
. . . . 1 . .
= Pjvi*+  Pi@Qvi® S@Pi@vj’
Z

. P
+ Pigavi® S@rPigvi*;

z 4 4
P v (v @@v) = F’J'ZVJ'2+ P(i@@vi*+idav i’

:  @Pi@vi’+ @ridgvi*:

(4.26)
Now we de ne the test function P by
P(x;y)=e 1 Ry ;o for (xy)2 (4.27)
where > 0 is a small parameter. Then it is easy to check that
@P ;@P 0 forx?+y? 1 ; (4.28)
@rP;@rP o Zforil X2+ y? 1; (4.29)

where ¢ > 0is a universal constant independent of . Hence (4.26), (4.28) and (4.29)
imply that

z z z
o, 1 . P :
P Vv (v @d@v) Pi vi* S0 ° j@vi’+i@vi’:
1 X2+y2 1
(4.30)
From (4.24), (4.27) and Holder inequality, we have
z
P v (v @@v) kP vky kv @@vkz,
1 1
ékZP VKo + Skov @@v ki
% Pj vijldxdy+ O( ©) (* (4:24);(4:27));
ie.
z 1Z
PvVv (v @@v) > Pj vj?dxdy+ O( 9): (4.31)
Hence (4.30) and (4.31) imply
z z
Pj viz o 2 j@v >+ j@vj’dxdy+ O( °): (4.32)

1 x2+y2 1
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Hence by (1.15), (4.32) and Fatou's Lemma,
z
j viz=0( 9: (4.33)

Therefore by (4.33) and standard theorems folW 2P estimate and Sobolev embedding,
we may complete the proof of Theorem IV.

Remark. From [11], the minimizer u of (1.9) is a weak solution of (1.5). How-
ever,u may not be a global minimizer ofE ; on Vy,. We will prove that u is a local
minimizer of E ;. on Vg, if is su ciently small. From Theorem B and Theorem I,
(1.14) becomes

Z

1. 1,0 . o p 1
QW)= Zirw® 5@ u’P)iw®+ (u
+  20(kv ki + kv K21 ) kwk?, (* (1:10))

O W)+ 2 iy i dxdly

z 1 1 1
S WP 5] PR+ S w)dxdy

+ O(p_ HYkwk?, ;o (* (1:13))

Q(w) Q°%w)+ O(p_ 4y kwk?, ; (4.34)

for w 2 Vp, where
Z

Q) i Wi S WPw S w)?dxdy:
By (4.34) and [17], we have
Q(w)>0 forw2Vy;kwk_ >60; (4.35)
provided
0< =of £ 8; 0< 1 =o0Q1); (4.36)

where o(1) is a small quantity which tends to zero as goes to zero. Actually, ;. is
the minimization of Q°%(w) for w 2 H() ;kwk . = 1(cf. [11], [17], [18]). Therefore
we have

Corollary 1. Under the same assumptions as Theorem Ill and (4.36), the
fourfold symmetric vortex solution u is stable.

5. Proof of Theorem V. From Theorem A (ii), we obtain
z
e(u)= Iog} + O(1); (5.1)

where e is the energy density ofE .o and is de ned by

1. ., 1.
e(u) Sir uj? + 221 uj?)?:
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We let
a u if juj 1;
T uSuj ifjuj> 1:
Then 0 satis es
joj 1 in (5.2)
and
Z Z 1
e(0) e(u) log—+ Mg; (5.3)

where Mg is a positive constant independent of . By (5.2), (5.3) and the proof of
Proposition 1.1 in [15], & has only one essential zera in and deg( jg—j; @B =1,

whereB = B (a)and 2 (0;1). Without loss of generality, we may assume that
a =0. Now we want to prove

Lemma Il. For each Ry > 1, there exists a positive constantC depending only
on Rg such that
z

e(0) Iog} C(Rp); as ! 0+: (5.4
nB & 4 (0)

Proof of Lemma Il. Fix R > 1 arbitrarily. Let ~ = Ry. Then (5.3) implies
z z 1
e(0) e(0) log - + MY (5.5)

whereM = Mo+ logRy. Again, by (5.2), (5.5) and the proof of Proposition 1.1 in
[15], & has only one essential zera in and deg( jg—j; @B) =1, where B°=B_-(a)
and ~2 (0;1). Moreover, by the same argument of Lemma 2.2 in [14] and [15], we
obtain

z

e(0) ~ Iog} My; (5.6)
nBo -

and
z 1
e(0) 1 ~log=+ Mq; (5.7)
BO -
where M1 is a positive constant independent of .
Now we claim that
Z

e(0) @a =~ Iog} K; (5.8)
B °nB -(0) -

where K is a positive constant independent of . Without loss of generality, we may
assume thatB°= B (0); o =~". Then (5.7) implies that
Z

e(0) log-2 + My : (5.9)
B ,(0) -
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Moreover, we may rescale the spatial variable and rewrite (5.7) as
z
1
e, (0) Q1 ~log-+ Mg; (5.10)
B1(0) -

where ; =~! ~. By (5.10) and Fubini theorem (cf. [14]), there exists 1 2 (&%~;~)

such that
Z

01 e(0) C(xM 1);
@B, ,(0)

and that

0]
d —, Bo 1 0)=1:
e9(5: @8, ,(0)

Hence by the same argument of Lemma 2.2 in [14] and [15], we have

z 1
e(0) log— My; (5.11)
B ,0)nB , ,(0 1
and
Z
e(0) log-2t+ M+ My: (5.12)
B, 10 -
where M, is a positive constant satisfyingM, Cp o. Here Cy is a positive constant
independent of . Thus by induction, we may obtain ;; ; , 2 (%~;~") such that
~= 01 m and
z 1
e(0) log— My ; (5.13)
By, , ,O0OnB, L k
and
Z el
e(0) log->—X+  M;; (5.14)
B k(o) j=1
for k = 1; ;m, where M;'s are positive constants satisfyingM .1 Co '5 for
el x
k 0. Note that M; M1+ Co {) C1, where C; is a positive constant

j=1 j=1
independent of and k. Therefore by (5.13), we may obtain (5.8). By (5.6) and (5.8),
we obtain (5.4) angl complete the proof of Lemma II. Here we have used the fact tha

e (0) e.(0 ) because ofRg > 1.
nB -(0) nB -(0)
From Lemma I, it is obvious that
z
1
e(u) log= C(Ro); (5.15)
nB r ,(0)
Hence (5.1) and (5.15) imply that
A
e(u) K(Ro); B8Rg>1; (5.16)

B r,(0)
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where K is a positive constant depending only onRy. Sinceu(X;y) = u ( X; y);
for (x;y) 2 % , then (5.16) implies that
z

e(tt) K(Rp); 8Rgp> 1: (5.17)
Br,(0)

Thus ke ky L(Br, (0) KYRop) for all Ry > 1, whereK °is a positive constant inde-

pendent of . Therefore we may obtain that & converges tou~weakly in HL_ (R?) as

goes to zero(up to a subsequence). Moreover, by (1.7), it is obvious that is a weak
solution of (1.19) if = o 2); and & is a weak solution of (1.20) if = 2; where
is a positive constant independent of . By Theorem lll, [6] and [12], we may obtain
w=f(r)e if = O(N);N> 4, wheref satises (1.21), and we complete the proof
of Theorem V.
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