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REGULARITY OF THE MINIMIZER FOR THE D-WAVE
GINZBURG-LANDAU ENERGY �

TAI-CHIA LIN y AND LIHE WANG z

Abstract. We study the minimizer of the d-wave Ginzburg-Landau energy in a speci�c class
of functions. We show that the minimizer having distinct deg ree-one vortices is Holder continuous.
Away from vortex cores, the minimizer converges uniformly t o a canonical harmonic map. For a

single vortex in the vortex core, we obtain the C
1
2 -norm estimate of the fourfold symmetric vortex

solution. Furthermore, we prove the convergence of the four fold symmetric vortex solution under
di�erent scales of � .

1. Introduction. In this paper, we investigate the minimizer of the d-wave
Ginzburg-Landau energy

E �;� (u) =
Z




1
2

jr uj2 +
1

4� 2 (1 � j uj2)2 +
1
2

� j@x @y uj2 dx dy ; (1.1)

de�ned on a class of functions

Vg = f u = u(x; y) : u 2 H 1
g (
; C) ; @x @y u = h 2 L 2(
) in distribution sense g (1.2)

with the norm k � k de�ned by kuk2 = kuk2
H 1 + k@x @y uk2

L 2 : Hereafter, 
 is a bounded
smooth domain in R2, g : @
 ! S1 is a smooth map with degreed 2 N, 0 < �; � � 1
are small parameters, and

H 1
g (
; C) = f u 2 H 1(
; C) : uj@
 = gg:

The d-wave Ginzburg-Landau energy describes high-temperature superconduc-
tors. From [2], [7] and [8], we learned thed-wave Ginzburg-Landau energy without
the magnetic �eld given by

G(u) =
Z

R2

1
2

jr uj2 +
1
4

(1 � j uj2)2 +
1
2

� j(@2
x � @2

y ) uj2 dx dy ; (1.3)

where � is a positive constant. Rotating the coordinates by 45� , we may obtain

G(u) =
Z

R2

1
2

jr uj2 +
1
4

(1 � j uj2)2 + 2 � j@x @y uj2 dx dy ; (1.4)

Hereafter, we assume thatjuj ! 1 and all the derivatives of u decay fast asj(x; y)j !
1 . Such an assumption is consistent with the results in [9] and [19]. Then we may
transform (1.4) into (1.1) up to some constants.

For the minimization of (1.1), we may use the standard direct method to obtain
the energy minimizer u�

� of E �;� (�) over the function classVg. Here we have used the
fact that both H 1(
) and L 2(
) are re
exive Banach spaces. The minimizer u�

� is a
weak solution of

� u +
1
� 2 (1 � j uj2) u � � @2

x @2
y u = 0 on 
 ; (1.5)
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The highest derivative term is � @2
x @2

y which is a degenerate elliptic operator. Such
a term has a small divisor � and may lose derivatives by the standard bootstrap
argument for (1.5). This may cause the main di�culty to get the regularity of u�

� .
Until now, there is not any regularity theorem for (1.5). Now we state a general
regularity theorem of u�

� as follows:

Theorem I. Suppose� = � � is a positive constant which may depend on� . Then
there exists a minimizer u�

� of (1.1) over Vg such that

ku�
� k

C
1
2 ( �
)

= O(� � 1
p

1 + � ) : (1.6)

For (1.5), we may rescale the spatial variables by� , and obtain

� u + (1 � j uj2) u � � � � 2 @2
x @2

y u = 0 on
1
�


 ; (1.7)

where 1
� 
 � f (x; y) : ( � x; � y ) 2 
 g. From physical literature (cf. [2] and [7]), the

coe�cient � � � 2 of @2
x @2

y u is positive and bounded i.e. 0< � = O(� 2) as � ! 0+.
Hereafter, we only consider such a quantity for� . By the same argument of [16], we
have

Theorem A. Suppose0 < � = O(� 2) as � ! 0+ . Then there exists a minimizer
u� of (1.1) over Vg such that
(i) u� has d degree-one vortices in
 ,
(ii) E �;� (u� ) = � d log 1

� + O(1) as � ! 0+ ,
(iii) u� converges tou� (up to a subsequence) strongly inL 2(
)

and weakly in H 1
loc (
 nf a1; � � � ; adg) ,

(iv) ( a1; � � � ; ad) 2 
 d is a global minimizer of the renormalized energyWg in [3].

Here u� is a canonical harmonic map de�ned by

u� (z) =
dY

j =1

z � aj

jz � aj j
ei h (z) ; 8z 2 
 ; (1.8)

and h is a real-valued harmonic function. For the product in (1.8), we have used the
fact that R2 is equivalent to C. Actually, the vortices of u� may arbitrarily tend to
aj 's (up to a subsequence) as� goes to zero. Away from the vortex coresB � (aj )'s,
we obtain a uniform convergence ofu� as follows:

Theorem II. Suppose0 < � = O(� 2) as � ! 0+ . Then for � > 0; the minimizer
u� converges tou� (up to a subsequence) uniformly on
 n [ d

j =1 B � (aj ) as � goes to
zero, whereu� and (a1; � � � ; ad) 2 
 d are de�ned in Theorem A. Hereafter, B � (aj ) is
the disk in R2 with radius � and center at aj .

To estimate u� in the vortex cores B � (aj )'s, we may simplify the minimization
problem by setting 
 = B1(0), where B1(0) is the unit disk in R2 with center at the
origin. Moreover, we consider a modi�ed minimization problem given by

Minimize E �;� over W0 = Vg0 \ W ; (1.9)
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where g0 � ei � on @
 and

W = f u =
X

k2 Z

a1+4 k (r ) ei (1+4 k ) � on 
 ; a1+4 k (r ) 2 R ; 8r 2 [0; 1]; k 2 Zg:

Hereafter, (r; � ) denotes the polar coordinates inR2. The function spaceW provides
fourfold symmetry for the minimizer. Actually, fourfold symmetry is a c haracteristic
of vortex states in d-wave superconductors (cf. [5], [7], [9]). Please note that the
function space W0 is a subspace ofVg0 . Hence we cannot assure that the energy
minimizer u� of E �;� on W0 is a weak solution of (1.5). In [11], we prove thatu� is a
weak solution of (1.5) and we obtain theH 1-norm estimate as follows:

Theorem B. Assume that 0 < � = O(� N ), where N is a positive constant
independent of � . Then there exists a minimizer u� of (1.9) such that u� is a weak
solution of (1.5) and

u� = u�
0 + v� ; (1.10)

where u�
0 � f 0( r

� ) ei � is the unique energy minimizer ofE �; 0 over H 1
g0

(
) (cf. [?]),
v� 2 W \ H 1

0 (
) satis�es

kv� kL 2 (
) = O(
p

�� � 1) ; kv� kH 1 (
) = O(
p

�� � 2) : (1.11)

Hereafter, u� is called the fourfold symmetric vortex solution of (1.5).

From [6], [10], [12], one may know qualitative theorems ofu�
0. Then Theorem I

implies that

kv� kC
1
2 ( �
)

= O(1=�) : (1.12)

The upper bound of (1.12) may tend to in�nity as � goes to zero. By the fourfold
symmetry of u� , we may improve the estimate (1.12) by

Theorem III. Assume that 0 < � = O(� N ) as � goes to zero, whereN � 4 is a
constant independent of� . Then

kv� kC
1
2 ( �
)

= O(
p

� � � 2) ; (1.13)

Theorem III is essential to prove the stability of the fourfold symmetric vortex
solution u� . Actually, H 1-norm estimate (cf. Theorem B) cannot assure the stability
of u� . We may consider the associated quadratic form given by

Q� (w) =
Z




1
2

jr wj2 �
1

2� 2 (1 � j u� j2)jwj2 +
1
� 2 (u� � w)2 +

1
2

� jwxy j2 dx dy ; (1.14)

for w 2 V0 ; where

V0 = f u = u(x; y) : u 2 H 1
0 (
; C) ; @x @y u = h 2 L 2(
) in distribution sense g;

and Q� (w) = 1
2

d2

dt 2 E � ;� (u� + tw)jt =0 is the associated second variational form. In
Corollary I, we will use (1.13) to prove Q� (w) > 0 for w 2 V0 ; kwkL 2 6= 0 ; provided
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the parameter � is su�ciently small. Therefore the fourfold symmetric vortex solution
u� is stable if the parameter � is su�ciently small.

From (1.13), it is remarkable that if N > 4, then kv� kC
1
2 ( �
)

! 0 as� goes to zero.

Theorem III gives us theC
1
2 -norm estimate of the perturbation term v� in 
. Can we

have C � -norm, 1
2 < � < 1, estimate ofv� ? To answer this question, we state another

result for the estimate of v� in C � -norm, 1
2 < � < 1, as follows:

Theorem IV. Assume that 0 < � = O(� N ) as � goes to zero, whereN � 6 is a
constant independent of� . Suppose

lim inf
� ! 0+

� � 2
Z

f 1� � � x 2 + y2 � 1g
j@2

x v� j2 + j@2
y v� j2 dx dy = O(� � 6) ; (1.15)

for 0 < � < � 0, where � 0 is a positive constant. Then for 1
2 < � < 1,

kv� kC � ( �
) = O(
p

� � � 3) : (1.16)

Theorem IV implies that the C � -norm, 1
2 < � < 1, estimate ofv� may depend on

the behavior of @2
x v� and @2

y v� near the boundary. It is remarkable that the boundary
condition of u� is

�
u� = g0 on @
 ;
@x @y u� = 0 on @
 ;

(1.17)

Hence the boundary condition ofv� is
�

v� = 0 on @
 ;
@x @y v� = � @x @y u�

0 on @
 :
(1.18)

As � goes to zero,@x @y v� j@
 = � @x @y u�
0j@
 � � @x @y ei � 6= 0 : Thus r 2v� may not

tend to zero on @
, and it is possible that @2
x v� and @2

y v� may have boundary layer
on @
. Therefore (1.15) is necessary to Theorem IV.

To understand more on the structure of a single vortex, we may rescale the spatial
variables by � i.e. we set ~u� (x; y) = u� (� x; � y ) ; for (x; y) 2 1

� 
. Then ~u� is a weak
solution of (1.7). For the convergence of ~u� , we have

Theorem V. Let ~u� (x; y) = u� (� x; � y ) ; for (x; y) 2 1
� 
 . Then ~u� converges

weakly (up to a subsequence) to~u in H 1
loc (R2). Furthermore, ~u is a weak solution of

� u + (1 � j uj2)u = 0 on R2 ; if � = o(� 2) ; (1.19)

� u + (1 � j uj2)u � � @2
x @2

y u = 0 on R2 ; if � = �� 2 ; (1.20)

where � is a positive constant independent of� . In particular, if � = O(� N ) ; N > 4,
then ~u = f (r ) ei � , where f is the unique solution of

f 00+
1
r

f 0 �
1
r 2 f + (1 � f 2) f = 0 ; 8r > 0; (1.21)

f (0) = 0 ; f (+ 1 ) = 1 :
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The equation (1.19) has been investigated to �nd solutions with vortex structures
(cf. [3], [4], [6], [12]). However, the uniqueness of (1.19) with lim

j (x;y ) j!1
ju(x; y) � ei � j =

0 has not yet been proved. Hence it is still open that ~u = f (r ) ei � if 0 < � =
O(� N ) ; 2 < N � 4.

In the rest of this paper, we will prove Theorem I and introduce a general regu-
larity theorem in Section 2. In Section 3, we will prove Theorem II. In Section 4 and
5, we will complete the proof of Theorem III, IV and V, respectively.

Acknowledgement. The research of the �rst author is partially supported by a
research Grant from NSC of Taiwan. The research of the second author is partially
supported by NSF Grant 0100679.

2. General Regularity Theorem. In this section, we will provide a proof of
Theorem I. To prove Theorem I, we need a crucial Lemma given by

Lemma I. Assume
 is a bounded smooth domain inR2. Let u 2 Vg satisfy

Z



j@x @y uj2 � A ; (2.1)

kuk2
H 1 (
) � B ; (2.2)

where A; B are positive constant andVg is de�ned in (1.2). Then

u is of C
1
2 ( �
) and kuk

C
1
2 ( �
)

� C
p

A + B ; (2.3)

where C is a positive constant depending only on
 .

It is remarkable that Lemma I is a general regularity theorem for functions sat-
isfying (2.1) and (2.2). Now we prove Lemma I as follows. From extension theorem
(cf. [1]), we may extend the function u on a cubeQ = [ a; b] � [�; � ] such that

Z

Q
j@x @y uj2 � C0 A ; (2.4)

kuk2
H 1 (Q) � C0 B ; (2.5)

where C0 is a positive constant depending on 
, a < b; � < � are constants. By (2.5)
and Fubini Theorem, there existsx0 2 [a; b] such that

ku(x0; �)kH 1 ([ �;� ]) � B0 ; (2.6)

where B0 = 2C0 B=jb � aj : Hence by Sobolev embedding,u(x0; �) 2 C
1
2 ([�; � ]) : Fix

x 2 [a; b] arbitrarily. Without loss of generality, we may assume u is smooth on Q.
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Then
Z �

�
u2(x; y) + u2

y (x; y) dy

� 2
Z �

�
u2(x0; y) dy + 2

Z �

�
ju(x; y) � u(x0; y)j2 dy

+ 2
Z �

�
u2

y (x0; y) dy + 2
Z �

�
juy (x; y) � uy (x0; y)j2 dy (by Triangle inequality)

= 2
Z �

�
u2(x0; y) + u2

y (x0; y) dy + 2
Z �

�
j
Z x

x 0

ux (t; y ) dtj2 dy

+ 2
Z �

�
j
Z x

x 0

uxy (t; y ) dtj2 dy

� 2B0 + 2
Z �

�
jx � x0j

Z x

x 0

jux (t; y )j2 + juxy (t; y )j2 dt dy (by Holder inequality)

� 2[B0 + jb� aj C0 (A + B )] (* (2:4); (2:5)) ;

where uy = @y u and uxy = @x @y u. Hence

ku(x; �)k2
H 1 ([ �;� ]) � C1 (A + B ) ;

for x 2 [a; b] ; where C1 is a positive constant depending only on 
 and jb� aj. Thus
by Sobolev embedding,

ku(x; �)k
C

1
2 ([ �;� ])

� C2
p

A + B ; (2.7)

for x 2 [a; b], whereC2 is a positive constant depending only on 
; jb� aj and j� � � j.
Similarly, we may obtain

ku(�; y)k
C

1
2 ([ a;b])

� C3
p

A + B ; (2.8)

for y 2 [�; � ], whereC3 is a positive constant depending only on 
; jb� aj and j� � � j.
Therefore by (2.7) and (2.8), we may complete the proof of Lemma I.

Now we want to prove Theorem I. From the standard direct method, it is easy to
obtain a minimizer u�

� 2 Vg of (1.1). Let u0
� be a minimizer of the energy functional

E �; 0(u) =
Z




1
2

jr uj2 +
1

4� 2 (1 � j uj2)2

on H 1
g (
). From [3], we learned the quantitative properties of u0

� . Then it is easy to
check that

E �; 0(u0
� ) = � d log

1
�

+ O(1) ; (2.9)
Z



j@x @y u0

� j2 = O(� � 2) : (2.10)

Hence

E �; 0(u0
� ) +

1
2

�
Z



j@x @y u�

� j2 � E �; 0(u�
� ) +

1
2

�
Z



j@x @y u�

� j2

= E �;� (u�
� )

� E �;� (u0
� )

= E �; 0(u0
� ) +

1
2

�
Z



j@x @y u0

� j2

= E �; 0(u0
� ) + � O (� � 2) ( * (2:10)) :
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Hence
Z



j@x @y u�

� j2 = O(� � 2) : (2.11)

Moreover,

1
2

Z



jr u�

� j2 � E �;� (u�
� )

� E �;� (u0
� )

= � d log
1
�

+ O(�� � 2) ( * (2:9); (2:10)) :

Thus

ku�
� k2

H 1 (
) = O(log
1
�

+ �� � 2) : (2.12)

Therefore by (2.11), (2.12) and Lemma I, we may complete the proof of TheoremI.

3. Minimizer with Multiple Vortices. In this section, we assume 0< � =
O(� 2) as � goes to zero. From Theorem A in Section 1, we obtain a minimizeru�

having d degree-one vortices nearaj ; j = 1 ; � � � ; d. By Theorem I, the minimizer u�

is of C
1
2 ( �
) and ku� kC

1
2 ( �
)

= O(� � 1). Such an upper bound is unbounded as� tends

to zero, and cannot assure any strong convergence ofu� . The main purpose of this
section is to prove Theorem II and get a bounded estimate for theC

1
2 -norm of u�

away from the vortex cores.
Now we want to prove Theorem II. Let � > 0 be a small constant and 
 � �


 n [ d
j =1 B � (aj ) ; where aj 's are de�ned in Theorem A. We may de�ne a comparison

map v� given by

v� =
�

u� in B � (aj ) ; j = 1 ; � � � ; d ;
w� in 
 � ;

(3.1)

where w� is the minimizer of the energy functional

E �; 0(w; 
 � ) =
Z


 �

1
2

jr wj2 +
1

4� 2 (1 � j wj2)2

over the function classH 1
~g (
 � ) : Here the boundary condition ~g is de�ned by

~g =
�

g on @
 ;
u� on @B� (aj ) ; j = 1 ; � � � ; d :

From Theorem A and [3], we may obtain quantitative properties of w� . Now we de�ne
the following energy functionals:

E �;� (u� ; [ d
j =1 B � (aj ))

=
dX

j =1

Z

B � (a j )

1
2

jr u� j2 +
1

4� 2 (1 � j u� j2)2 +
1
2

� j@x @y u� j2 ; (3.2)

E �;� (w� ; 
 � ) =
Z


 �

1
2

jr w� j2 +
1

4� 2 (1 � j w� j2)2 +
1
2

� j@x @y w� j2 : (3.3)
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Then

E �;� (u� ; [ d
j =1 B � (aj )) + E �; 0(w� ; 
 � ) +

1
2

�
Z


 �

j@x @y u� j2

� E �;� (u� ; [ d
j =1 B � (aj )) + E �; 0(u� ; 
 � ) +

1
2

�
Z


 �

j@x @y u� j2

= E �;� (u� )
� E �;� (v� )
= E �;� (u� ; [ d

j =1 B � (aj )) + E �;� (w� ; 
 � )

= E �;� (u� ; [ d
j =1 B � (aj )) + E �; 0(w� ; 
 � ) +

1
2

�
Z


 �

j@x @y w� j2 ;

i.e.
Z


 �

j@x @y u� j2 �
Z


 �

j@x @y w� j2 : (3.4)

Similarly,

E �;� (u� ; [ d
j =1 B � (aj )) +

1
2

Z


 �

jr u� j2

� E �;� (u� ; [ d
j =1 B � (aj )) + E �; 0(u� ; 
 � ) +

1
2

�
Z


 �

j@x @y u� j2

= E �;� (u� )
� E �;� (v� )
= E �;� (u� ; [ d

j =1 B � (aj )) + E �;� (w� ; 
 � ) ;

i.e.

1
2

Z


 �

jr u� j2 � E �;� (w� ; 
 � ) : (3.5)

Hence by (3.4), (3.5) and [3], we obtain

Z


 �

j@x @y u� j2 � K 0 ; (3.6)

Z


 �

jr u� j2 � K 0 ; (3.7)

where K 0 is a positive constant depending on 
� : Thus (3.6), (3.7) and Lemma I
imply that

ku� kC
1
2 ( �
 � )

� K 1 ; (3.8)

where K 1 is a positive constant depending on 
� : Therefore by (3.8) and Arzela-
Ascoli Theorem, we may complete the proof of Theorem II. Note that (3.8) provides
a boundedC

1
2 -norm estimate of u� on 
 � :

4. Estimate of a Single Vortex. In this section, we assume 
 = B1(0) is a
unit disk with center at the origin, and 0 < � = O(� N ) as � goes to zero, whereN � 4
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is a constant independent of� . From Theorem B and using energy comparison, we
have

E �; 0(u�
0) + 1

2 �
Z



j@x @y u� j2

� E �; 0(u� ) + 1
2 �

Z



j@x @y u� j2

= E �;� (u� )
� E �;� (u�

0)

= E �; 0(u�
0) + 1

2 �
Z



j@x @y u�

0j2 ;

i.e.

Z



j@x @y u� j2 �

Z



j@x @y u�

0j2 : (4.1)

Then by (4.1), (1.10) and Holder inequality, we obtain

Z



j@x @y v� j2 = O(� � 2) : (4.2)

Here we have used some properties ofu�
0 (cf. [6], [12]).

From (1.11), (4.2) and extension theorem (cf. [1]), we may extendv� to a cube
Q1 = [ � 1; 1] � [� 1; 1] such that

kv� k2
H 1 (Q 1 ) = O(

p
� � � 2) ; (4.3)

Z

Q 1

j@x @y v� j2 = O(� � 2) : (4.4)

Here we have used the fact that� = O(� N ); N � 4 as � goes to zero.
Now we want to prove Theorem III. Without loss of generality, we may assume

v� is smooth onQ1 and satis�es

Z

Q 1

j@x v� j2 �
p

� � � 2 ; (4.5)

Z

Q 1

j@y v� j2 �
p

� � � 2 ; (4.6)

Z

Q 1

j@x @y v� j2 � � � 2 : (4.7)

By (4.6) and Fubini Theorem, there exists x0 2 [� 1; 1] such that

Z 1

� 1
j@y v� (x0; y)j2 dy � 2

p
� � � 2 : (4.8)

From Theorem B, u� is of fourfold symmetry on 
 i.e. v� is of fourfold symmetry on
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Q1. Hence we may setx0 2 [0; 1]. Moreover,

Z 1

� 1
j@y v� (x; y)j2 dy

� 2
Z 1

� 1
j@y v� (x; y) � @y v� (x0; y)j2 dy

+ 2
Z 1

� 1
j@y v� (x0; y)j2 dy (by triangle inequality)

= 2
Z 1

� 1
j
Z x

x 0

@x @y v� (s; y) dsj2 dy + 2
Z 1

� 1
j@y v� (x0; y)j2 dy

� 2jx � x0j
Z

Q 1

j@x @y v� j2 + 2
Z 1

� 1
j@y v� (x0; y)j2 dy (by Holder inequality)

� 6
p

� � � 2 (* (4:7); (4:8)) ;

for jx � x0j �
p

� ; i.e.

Z 1

� 1
j@y v� (x; y)j2 dy � 6

p
� � � 2 for x 2 I 1 � [x0 �

p
�; x 0 +

p
� ] \ [0; 1] : (4.9)

Let Q2 = ([ � 1; 1]nI 1) � [� 1; 1] : Then (4.6) implies that

Z

Q 2

j@y v� j2 dx dy �
p

� � � 2 : (4.10)

Hence by Fubini Theorem and the fourfold symmetry ofv� , there existsx1 2 [0; 1]nI 1

such that
Z 1

� 1
j@y v� (x1; y)j2 dy � 2

p
� � � 2 : (4.11)

As for (4.9), we obtain

Z 1

� 1
j@y v� (x; y)j2 dy � 6

p
� � � 2 for x 2 I 2 � [x1 �

p
�; x 1 +

p
� ] \ [0; 1]nI 1 : (4.12)

By induction, there exist xk 2 [0; 1]n [ k
j =1 I j such that

Z 1

� 1
j@y v� (xk ; y)j2 dy � 2

p
� � � 2 ; (4.13)

Z 1

� 1
j@y v� (x; y)j2 dy � 6

p
� � � 2 ; for x 2 I k+1 ; (4.14)

for k = 0 ; 1; 2; � � � N , where

I k+1 � [xk �
p

�; x k +
p

� ] \ [0; 1]n [ k
j =1 I j :

Here N = O(1=
p

� ) is a positive integer such that

[ N
k=1 I k = [0 ; 1] : (4.15)
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Note that the interiors of I k 's are disjoint to each other. Similarly, by (4.5) and the
same argument as (4.13)-(4.15), we may obtainyl 2 [0; 1]n [ l

k=1 Jk such that

Z 1

� 1
j@x v� (x; y l )j2 dx � 2

p
� � � 2 ; (4.16)

Z 1

� 1
j@x v� (x; y)j2 dx � 6

p
� � � 2 ; for y 2 J l +1 ; (4.17)

for l = 0 ; 1; 2; � � � M , where

J l +1 � [yl �
p

�; y l +
p

� ] \ [0; 1]n [ l
k=1 Jk :

Here M = O(1=
p

� ) is a positive integer such that

[ M
l =1 J l = [0 ; 1] : (4.18)

Note that the interiors of J l 's are disjoint to each other. From (4.14), (4.15) and
Sobolev embedding,

kv� (x; �)k
C

1
2 ([ � 1;1])

� C0

p
� � � 2 ; (4.19)

for x 2 [0; 1] ; where C0 is a positive constant independent ofx; y; � and � . Similarly,
by (4.17), (4.18) and Sobolev embedding,

kv� (�; y)k
C

1
2 ([ � 1;1])

� C0

p
� � � 2 ; (4.20)

for y 2 [0; 1] : Thus (4.19) and (4.20) imply that

kv� kC
1
2 ([0 ;1]� [0;1])

� C1

p
� � � 2 ; (4.21)

where C1 is a positive constant independent of� and � . Therefore by (4.21) and the
fourfold symmetry of v� , we may complete the proof of Theorem III.

Now we want to prove Theorem IV. From (1.5) and (1.10), we have

� v� � �@2
x @2

y v� = �@2
x @2

y u�
0 + N � (v� ) ; (4.22)

where

N � (v� ) = � � � 2 [� (1 � j u�
0j2)v� + 2( u�

0 � v� )u�
0 + 2( u�

0 � v� )v� + jv� j2u�
0 + jv� j2v� ] : (4.23)

By (1.11) and (4.23), it is easy to check that

kN � (v� )kL 2 (
) = O(
p

�� � 3) : (4.24)

Here we have used the assumption that 0< � = O(� N ), N � 6 as � goes to zero.
Hence by (4.22), (4.24) and [3], we obtain

k� v� � �@2
x @2

y v� kL 2 (
) = O(
p

�� � 3) : (4.25)
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Let P 2 C1
0 (
) be a real-valued test function de�ned later. Then using integration

by parts, we have
Z



P � v� � (� v� � �@2

x @2
y v� ) =

Z



Pj� v� j2 � �

Z



P � v� � @2

x @2
y v�

=
Z



Pj� v� j2 � �

Z



P @2

x v� � @2
x @2

y v� � �
Z



P @2

y v� � @2
x @2

y v�

=
Z



Pj� v� j2 + �

Z



Pj@2

x @y v� j2 �
1
2

@2
y P j@2

x v� j2

+ �
Z



Pj@2

y @x v� j2 �
1
2

@2
x P j@2

y v� j2 ;

i.e.
Z



P � v� � (� v� � �@2

x @2
y v� ) =

Z



Pj� v� j2 + �

Z



P (j@2

x @y v� j2 + j@2
y @x v� j2)

� 1
2 �

Z



@2

y P j@2
x v� j2 + @2

x P j@2
y v� j2 :

(4.26)
Now we de�ne the test function P by

P(x; y) = e� 2 �
1 � x 2 � y 2 ; for (x; y) 2 
 ; (4.27)

where � > 0 is a small parameter. Then it is easy to check that

@2
x P ; @2

y P � 0 for x2 + y2 � 1 � � ; (4.28)

@2
x P ; @2

y P � � 0� � 2 for 1 � � � x2 + y2 � 1 ; (4.29)

where� 0 > 0 is a universal constant independent of� . Hence (4.26), (4.28) and (4.29)
imply that
Z



P � v� � (� v� � �@2

x @2
y v� ) �

Z



Pj� v� j2 �

1
2

� 0�� � 2
Z

1� � � x 2 + y2 � 1
j@2

x v� j2 + j@2
y v� j2 :

(4.30)
From (4.24), (4.27) and Holder inequality, we have

Z



P � v� � (� v� � �@2

x @2
y v� ) � k P � v� kL 2 (
) k� v� � �@2

x @2
y v� kL 2 (
)

�
1
2

kP � v� k2
L 2 (
) +

1
2

k� v� � �@2
x @2

y v� k2
L 2 (
)

�
1
2

Z



P j� v� j2 dx dy + O(�� � 6) ( * (4:24); (4:27)) ;

i.e.
Z



P � v� � (� v� � �@2

x @2
y v� ) �

1
2

Z



P j� v� j2 dx dy + O(�� � 6) : (4.31)

Hence (4.30) and (4.31) imply
Z



P j� v� j2 � � 0�� � 2

Z

1� � � x 2 + y2 � 1
j@2

x v� j2 + j@2
y v� j2 dx dy + O(�� � 6) : (4.32)
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Hence by (1.15), (4.32) and Fatou's Lemma,
Z



j� v� j2 = O(� � � 6) : (4.33)

Therefore by (4.33) and standard theorems forW 2;p estimate and Sobolev embedding,
we may complete the proof of Theorem IV.

Remark. From [11], the minimizer u� of (1.9) is a weak solution of (1.5). How-
ever, u� may not be a global minimizer ofE � ;� on Vg0 . We will prove that u� is a local
minimizer of E � ;� on Vg0 if � is su�ciently small. From Theorem B and Theorem III,
(1.14) becomes

Q� (w) =
Z




1
2

jr wj2 �
1

2� 2 (1 � j u0
� j2)jwj2 +

1
� 2 (u0

� � w)2 +
1
2

� jwxy j2 dx dy

+ � � 2 O(kv� kL 1 + kv� k2
L 1 ) kwk2

L 2 (* (1:10))

�
Z




1
2

jr wj2 �
1

2� 2 (1 � j u0
� j2)jwj2 +

1
� 2 (u0

� � w)2 dx dy

+ O(
p

�� � 4) kwk2
L 2 ; (* (1:13))

i.e.

Q� (w) � Q0
� (w) + O(

p
�� � 4) kwk2

L 2 ; (4.34)

for w 2 V0, where

Q0
� (w) �

Z




1
2

jr wj2 �
1

2� 2 (1 � j u0
� j2)jwj2 +

1
� 2 (u0

� � w)2 dx dy :

By (4.34) and [17], we have

Q� (w) > 0 for w 2 V0 ; kwkL 2 6= 0 ; (4.35)

provided

0 < � = o(� 2
1;� � 8) ; 0 < � 1;� = o(1) ; (4.36)

where o(1) is a small quantity which tends to zero as� goes to zero. Actually, � 1;� is
the minimization of Q0

� (w) for w 2 H 1
0 (
) ; kwkL 2 = 1(cf. [11], [17], [18]). Therefore

we have

Corollary I. Under the same assumptions as Theorem III and (4.36), the
fourfold symmetric vortex solution u� is stable.

5. Proof of Theorem V. From Theorem A (ii), we obtain
Z



e� (u� ) = � log

1
�

+ O(1) ; (5.1)

where e� is the energy density ofE �; 0 and is de�ned by

e� (u) �
1
2

jr uj2 +
1

4� 2 (1 � j uj2)2 :
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We let

û� =
�

u� if ju� j � 1 ;
u� =ju� j if ju� j > 1:

Then û� satis�es

jû� j � 1 in 
 ; (5.2)

and
Z



e� (û� ) �

Z



e� (u� ) � � log

1
�

+ M 0 ; (5.3)

where M 0 is a positive constant independent of� . By (5.2), (5.3) and the proof of
Proposition 1.1 in [15], û� has only one essential zeroa� in 
 and deg( û �

j û � j ; @B) = 1,
where B = B � � (a� ) and � 2 (0; 1). Without loss of generality, we may assume that
a� = 0. Now we want to prove

Lemma II. For each R0 > 1, there exists a positive constantC depending only
on R0 such that

Z


 nB � R 0 (0)
e� (û� ) � � log

1
�

� C(R0) ; as � ! 0 + : (5.4)

Proof of Lemma II. Fix R0 > 1 arbitrarily. Let ~� = � R 0. Then (5.3) implies
Z



e~� (û� ) �

Z



e� (û� ) � � log

1
~�

+ M 0
0 ; (5.5)

where M 0
0 = M 0 + � logR0. Again, by (5.2), (5.5) and the proof of Proposition 1.1 in

[15], û� has only one essential zeroa� in 
 and deg( û �
j û � j ; @B0) = 1, where B 0 = B~� ~� (a� )

and ~� 2 (0; 1). Moreover, by the same argument of Lemma 2.2 in [14] and [15], we
obtain

Z


 nB 0
e~� (û� ) � � ~� log

1
~�

� M 1 ; (5.6)

and
Z

B 0
e~� (û� ) � � (1 � ~� ) log

1
~�

+ M 1 ; (5.7)

where M 1 is a positive constant independent of� .
Now we claim that

Z

B 0nB ~� (0)
e~� (û� ) � � (1 � ~� ) log

1
~�

� K ; (5.8)

where K is a positive constant independent of� . Without loss of generality, we may
assume thatB 0 = B � 0 (0); � 0 = ~� ~� . Then (5.7) implies that

Z

B � 0 (0)
e~� (û� ) � � log

� 0

~�
+ M 1 : (5.9)
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Moreover, we may rescale the spatial variable and rewrite (5.7) as
Z

B 1 (0)
e� 1 (û� ) � � (1 � ~� ) log

1
~�

+ M 1 ; (5.10)

where � 1 = ~� 1� ~� . By (5.10) and Fubini theorem (cf. [14]), there exists � 1 2 (~� 2~� ; ~� ~� )
such that

� 0� 1

Z

@B� 0 � 1 (0)
e~� (û� ) � C(~�; M 1) ;

and that

deg(
û�

jû� j
; @B� 0 � 1 (0)) = 1 :

Hence by the same argument of Lemma 2.2 in [14] and [15], we have
Z

B � 0 (0) nB � 0 � 1 (0)
e~� (û� ) � � log

1
� 1

� M 2 ; (5.11)

and
Z

B � 0 � 1 (0)
e~� (û� ) � � log

� 0 � 1

~�
+ M 1 + M 2 ; (5.12)

whereM 2 is a positive constant satisfyingM 2 � C0 � 0. Here C0 is a positive constant
independent of � . Thus by induction, we may obtain � 1; � � � ; � m 2 (~� 2~� ; ~� ~� ) such that
~� = � 0� 1 � � � � m and

Z

B � 0 ��� � k � 1 (0) nB � 0 ��� � k (0)
e~� (û� ) � � log

1
� k

� M k+1 ; (5.13)

and
Z

B � 0 ��� � k (0)
e~� (û� ) � � log

� 0 � � � � k

�
+

k+1X

j =1

M j ; (5.14)

for k = 1 ; � � � ; m, where M j 's are positive constants satisfyingM k+1 � C0 � k
0 for

k � 0. Note that
k+1X

j =1

M j � M 1 + C0

1X

j =1

� j
0 � C1, where C1 is a positive constant

independent of� and k. Therefore by (5.13), we may obtain (5.8). By (5.6) and (5.8),
we obtain (5.4) and complete the proof of Lemma II. Here we have used the fact thatZ


 nB ~� (0)
e� (û� ) �

Z


 nB ~� (0)
e~� (û� ) because ofR0 > 1.

From Lemma II, it is obvious that
Z


 nB � R 0 (0)
e� (u� ) � � log

1
�

� C(R0) ; (5.15)

Hence (5.1) and (5.15) imply that
Z

B � R 0 (0)
e� (u� ) � K (R0) ; 8R0 > 1; (5.16)
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where K is a positive constant depending only onR0. Since ~u� (x; y) = u� (� x; � y ) ;
for (x; y) 2 1

� 
, then (5.16) implies that
Z

B R 0 (0)
e1(~u� ) � K (R0) ; 8R0 > 1: (5.17)

Thus k~u� kH 1 (B R 0 (0)) � K 0(R0) for all R0 > 1, where K 0 is a positive constant inde-
pendent of � . Therefore we may obtain that ~u� converges to ~u weakly in H 1

loc (R2) as
� goes to zero(up to a subsequence). Moreover, by (1.7), it is obvious that ~u is a weak
solution of (1.19) if � = o(� 2) ; and ~u is a weak solution of (1.20) if � = �� 2 ; where �
is a positive constant independent of� . By Theorem III, [6] and [12], we may obtain
~u = f (r ) ei � if � = O(� N ) ; N > 4, wheref satis�es (1.21), and we complete the proof
of Theorem V.
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