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REGULARITY OF THE MINIMIZER FOR THE D-WAVE
GINZBURG-LANDAU ENERGY *

TAI-CHIA LINT AND LIHE WANGH#

Abstract. We study the minimizer of the d-wave Ginzburg-Landau energy in a specific class
of functions. We show that the minimizer having distinct degree-one vortices is Holder continuous.
Away from vortex cores, the minimizer converges uniformly to a canonical harmonic map. For a

1
single vortex in the vortex core, we obtain the C2-norm estimate of the fourfold symmetric vortex
solution. Furthermore, we prove the convergence of the fourfold symmetric vortex solution under
different scales of 4.

1. Introduction. In this paper, we investigate the minimizer of the d-wave
Ginzburg-Landau energy

1 1 1
E. s(u) = /Q S IVul + (1= [uP)? + 5 610,0,u* dr dy, (1.1)

defined on a class of functions
Vo={u=ulz,y): ue Hgl(Q; C), 0,0,u = h € L*(Q) in distribution sense} (1.2)

with the norm | - || defined by ||ul|* = |Ju|%: + ||820yul|?. . Hereafter, 2 is a bounded
smooth domain in R?, g : 9 — S is a smooth map with degree d € N, 0 < ¢,6 < 1
are small parameters, and

Hy(9;,C) ={uec H'(%C) . ulon =g}

The d-wave Ginzburg-Landau energy describes high-temperature superconduc-
tors. From [2], [7] and [8], we learned the d-wave Ginzburg-Landau energy without
the magnetic field given by

1 1 1
G(u) = / SVl + (1= [ul*)® + 5 8192 — 05) uf* dz dy (1.3)
Rz 2 4 2
where 3 is a positive constant. Rotating the coordinates by 45°, we may obtain
1 1
G(u) = / —|Vul® + 1(1 — |[u*)? +2310,0,u|? dz dy, (1.4)
R2

Hereafter, we assume that |u| — 1 and all the derivatives of u decay fast as |(z,y)| —
00. Such an assumption is consistent with the results in [9] and [19]. Then we may
transform (1.4) into (1.1) up to some constants.

For the minimization of (1.1), we may use the standard direct method to obtain
the energy minimizer u of E. s(-) over the function class V,. Here we have used the
fact that both H'(Q) and L2(f2) are reflexive Banach spaces. The minimizer u? is a
weak solution of

1
Au+t 5 (1—[uf)u—60202u=0 on Q, (1.5)
€
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The highest derivative term is 58%85 which is a degenerate elliptic operator. Such
a term has a small divisor 6 and may lose derivatives by the standard bootstrap
argument for (1.5). This may cause the main difficulty to get the regularity of u’.
Until now, there is not any regularity theorem for (1.5). Now we state a general
regularity theorem of u? as follows:

THEOREM 1. Suppose § = 0. is a positive constant which may depend on €. Then
there exists a minimizer u® of (1.1) over Vy such that

1 o =0 V149). (1.6)

luelles @) =

For (1.5), we may rescale the spatial variables by e, and obtain

Au+(17|u|2)u756723§8§u:0 on 1Q, (1.7)
€

where 1 Q = {(z,y) : (ex,ey) € Q}. From physical literature (cf. [2] and [7]), the
coefficient § €2 of 9707 u is positive and bounded ie. 0 < § = O(¢?) as e — 0+.
Hereafter, we only consider such a quantity for §. By the same argument of [16], we
have

THEOREM A. Suppose 0 < & = O(e?) as ¢ — 0+. Then there exists a minimizer
ue of (1.1) over Vy such that
(i) ue has d degree-one vortices in ),
(i) Ees(ue) =mdlog 2 +0(1) as e — 0+,
(iii) ue converges to u,. (up to a subsequence) strongly in L?(S2)
and weakly in H} (Q\{a1, - ,aq}),
(iv) (a1, ,aq) € Q% is a global minimizer of the renormalized energy W, in [3].

Here u, is a canonical harmonic map defined by

d
uy(2) = H ﬂeih(z), Vz e, (1.8)
j=1

|z — aj

and h is a real-valued harmonic function. For the product in (1.8), we have used the
fact that R? is equivalent to C. Actually, the vortices of u. may arbitrarily tend to
a;’s (up to a subsequence) as € goes to zero. Away from the vortex cores B,(a;)’s,
we obtain a uniform convergence of u. as follows:

THEOREM I1. Suppose 0 < 6 = O(€?) as € — 0+. Then for p > 0, the minimizer
ue converges to u. (up to a subsequence) uniformly on €\ U?:l B,(a;j) as € goes to
zero, where u, and (a1, ,aq) € Q? are defined in Theorem A. Hereafter, B,(a;) is
the disk in R? with radius p and center at a;.

To estimate . in the vortex cores B,(a;)’s, we may simplify the minimization
problem by setting Q = B;(0), where B;(0) is the unit disk in R? with center at the
origin. Moreover, we consider a modified minimization problem given by

Minimize E.s over Wo =V, NW, (1.9)



REGULARITY OF THE d-WAVE MINIMIZER 83

where go = €'? on 99 and

W ={u= Z a1 44k (r) TR0 on QO ay 4 (r) eR,Vr € [0,1],k € Z}.
keZ

Hereafter, (r,0) denotes the polar coordinates in R?. The function space W provides
fourfold symmetry for the minimizer. Actually, fourfold symmetry is a characteristic
of vortex states in d-wave superconductors (cf. [5], [7], [9]). Please note that the
function space Wy is a subspace of V. Hence we cannot assure that the energy
minimizer u, of E. 5 on Wy is a weak solution of (1.5). In [11], we prove that u. is a
weak solution of (1.5) and we obtain the H'-norm estimate as follows:

THEOREM B. Assume that 0 < § = O(e"), where N is a positive constant
independent of €. Then there exists a minimizer u. of (1.9) such that ue is a weak
solution of (1.5) and

Ue :u8+1)67 (110)
where u§ = fo(£)e'? is the unique energy minimizer of Eco over Hy (Q) (cf. [7]),
ve € WNHE(Q) satisfies

[vell 2y = O(Voe™) s lvell e o) = O(V3e ™). (1.11)
Hereafter, uc is called the fourfold symmetric vortex solution of (1.5).

From [6], [10], [12], one may know qualitative theorems of u§. Then Theorem I
implies that

loell g3 gy = O(1/6). (1.12)

The upper bound of (1.12) may tend to infinity as e goes to zero. By the fourfold
symmetry of u., we may improve the estimate (1.12) by

THEOREM III. Assume that 0 < § = O(e)V) as € goes to zero, where N > 4 is a
constant independent of €. Then

=0(Vie?), (1.13)

Theorem III is essential to prove the stability of the fourfold symmetric vortex
solution u.. Actually, H'-norm estimate (cf. Theorem B) cannot assure the stability
of u.. We may consider the associated quadratic form given by

1 2 1 oy, 2 L 2 1 2
= = —— (- —(ue - - 1.14
Q) = [ 5Vl = 500 = Pl + - + 30l dedy, (114
for w € Vy, where
={u=u(z,y): uve Hy(QC), 9,0,u =h & L*() in distribution sense},

and Q.(w) = %d—z E. 5(ue + tw)|i=o is the associated second variational form. In
Corollary I, we will use (1.13) to prove Q.(w) > 0 for w € Vp, ||w|/r2 # 0, provided
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the parameter ¢ is sufficiently small. Therefore the fourfold symmetric vortex solution
u, is stable if the parameter ¢ is sufficiently small.

From (1.13), it is remarkable that if N > 4, then |lv.]| )~ 0 as € goes to zero.

1
cz(Q
Theorem III gives us the C z-norm estimate of the perturbation term v, in 2. Can we
have C'*-norm, % < a < 1, estimate of v.? To answer this question, we state another

result for the estimate of v, in C*-norm, % < a < 1, as follows:

THEOREM IV. Assume that 0 < 6 = O(eV) as € goes to zero, where N > 6 is a
constant independent of €. Suppose

liminf 2 / 020 + [Ovel? dody = O(e°) (1.15)
n—0+ {1—n<a2+y2<1}

for 0 < e < ¢g, where €y is a positive constant. Then for % <a<l,

[vell oy = O(Voe?). (1.16)

Theorem IV implies that the C'*-norm, % < a < 1, estimate of v, may depend on
the behavior of 92v, and 85116 near the boundary. It is remarkable that the boundary
condition of wu, is

Ue go on 09,
{ 0:0yue =0 on 0F), (1.17)

Hence the boundary condition of v, is

Ve =0 on 00,
{ 0,0,0. = —0ydyus on 9Q. (1.18)
As € goes to zero, 0,0yve|oq = —0:0yu§log ~ —0,0,e'% # 0. Thus V2v, may not

tend to zero on 9, and it is possible that 92v. and 851)6 may have boundary layer
on 99Q. Therefore (1.15) is necessary to Theorem IV.

To understand more on the structure of a single vortex, we may rescale the spatial
variables by € i.e. we set @c(z,y) = uc(ex,ey), for (z,y) € 1 Q. Then i, is a weak
solution of (1.7). For the convergence of ., we have

THEOREM V. Let t.(z,y) = uc(ex,ey), for (z,y) € %Q Then @, converges
weakly (up to a subsequence) to @ in H} (R?). Furthermore, i is a weak solution of

Au+(1—|uPu=0 on R* if §=o(e?), (1.19)
Au+(1-— |u|2)u—)\8§8§u:0 on R?, if § = \é?, (1.20)

where \ is a positive constant independent of €. In particular, if § = O(e™), N > 4,
then @ = f(r)e'?, where f is the unique solution of

P - (- ) f=0, >0, (121)
7(0) =0, f(+00) = 1.
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The equation (1.19) has been investigated to find solutions with vortex structures
(cf. [3], [4], [6], [12]). However, the uniqueness of (1.19) with | lim  |u(z,y)—e'f =

(z,y)|—o0
0 has not yet been proved. Hence it is still open that @ = f(r)e’? if 0 < § =
O(N),2< N <4.

In the rest of this paper, we will prove Theorem I and introduce a general regu-
larity theorem in Section 2. In Section 3, we will prove Theorem II. In Section 4 and
5, we will complete the proof of Theorem III, IV and V, respectively.

Acknowledgement. The research of the first author is partially supported by a
research Grant from NSC of Taiwan. The research of the second author is partially
supported by NSF Grant 0100679.

2. General Regularity Theorem. In this section, we will provide a proof of
Theorem I. To prove Theorem I, we need a crucial Lemma given by

LEMMA 1. Assume § is a bounded smooth domain in R?. Let u € V, satisfy
JRCERTEYS (2.1)
Q
lullFri () < B (2.2)
where A, B are positive constant and Vy is defined in (1.2). Then

u is of C%(Q) and ||ul| <CVA+B, (2.3)

Cc3 ()
where C' is a positive constant depending only on €.

It is remarkable that Lemma I is a general regularity theorem for functions sat-
isfying (2.1) and (2.2). Now we prove Lemma I as follows. From extension theorem
(cf. [1]), we may extend the function u on a cube Q = [a,b] X [«, §] such that

/Q |8xay u|2 <Cy A, (2.4)
||u||:;11(Q) <Co B, (2.5)

where Cj is a positive constant depending on 2, a < b; a« < [ are constants. By (2.5)
and Fubini Theorem, there exists zg € [a, b] such that

lu(zo, ) a1 ((a,81) < Bo, (2.6)

where By = 2Cy B/|b — a| . Hence by Sobolev embedding, u(zo,-) € C%([a, 4]) . Fix
x € [a,b] arbitrarily. Without loss of generality, we may assume u is smooth on Q.
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Then

8
u?(x,y) +ug (x,y) dy

e}

B B
<2 [ gy 2 [ fute) - uleo)dy
e “ B
—|—2/ uf/(aro,y) dy—|—2/ luy (,y) — uy(20,y)|* dy (by Triangle inequality)

B * el T
= / u2($o,y)+u§(xo,y)dy+2/ I/ ux (t, y) dt|? dy

s o o
+2/ I/ Uay (L, y) dt|* dy
« Iﬁ

< 2By + 2/ |z — xo|/ lug (t,9)|? + |y (t,y)|* dtdy  (by Holder inequality)
< By +|b—a| Co(A+ B)] (- (24),(25)),
where u, = dyu and ugy = 0,0,u. Hence
lu(@, M F ((a,p < C1 (A+ B),

for x € [a,b], where C} is a positive constant depending only on  and |b — a|. Thus
by Sobolev embedding,

M 3 oy < C2 VAT B, (27)

for x € [a,b], where Cj is a positive constant depending only on Q, |b— a| and |5 — «.
Similarly, we may obtain

1l )l 3 gy < C3 VA+B, (2.8)

for y € [a, 8], where Cj is a positive constant depending only on €, |b—a| and |8 — «.
Therefore by (2.7) and (2.8), we may complete the proof of Lemma I.

Now we want to prove Theorem I. From the standard direct method, it is easy to
obtain a minimizer u? € V, of (1.1). Let u? be a minimizer of the energy functional

Potw) = [ 5IVal? + 1 (1= fu)?

on H;(€). From [3], we learned the quantitative properties of u?. Then it is easy to
check that

Feo(ud) = mdlog + +0(1). (2.9)
/Q|azayu€| =0(e7?). (2.10)
Hence
Eoal?) + 50 [ 10:0,ul < Eoalud) + 50 [ 10,00l

= Ees(u)
< B 5(ul)
:@wu+5/w%u
— Eo(®) +50(¢2) (- (2.10)).
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Hence
/ 10,0, ul|> = O(e7?). (2.11)
Q
Moreover,
1
3 [ 196 < Bostud)
S E5,5(u8)
1
=ndlog—+ 000 ?) (. (2.9),(2.10)).
€
Thus

1
171 ) = Olog = + de™).. (2.12)

Therefore by (2.11), (2.12) and Lemma I, we may complete the proof of Theorem 1.

3. Minimizer with Multiple Vortices. In this section, we assume 0 < § =
O(€?) as € goes to zero. From Theorem A in Section 1, we obtain a minimizer u,
having d degree-one vortices near a;,j = 1,--- ,d. By Theorem I, the minimizer u.
is of C'2 () and el 3 ) =
to zero, and cannot assure any strong convergence of u.. The main purpose of this
section is to prove Theorem II and get a bounded estimate for the C 3-norm of u,
away from the vortex cores.

Now we want to prove Theorem II. Let p > 0 be a small constant and €2, =
Q\ U?Zl B,(a;), where a;’s are defined in Theorem A. We may define a comparison
map v, given by

O(e~1). Such an upper bound is unbounded as € tends

UE—{ Ue m BP(aj)7]:17"'ad7 (31)

we in £,
where w, is the minimizer of the energy functional

1 1
Eeo(w; Q) = [ S|Vwl* + —(1 - |[w?)?
o(w; €y) [;2|w|+%ﬁ |w[7)

P

over the function class H. g(Qp) . Here the boundary condition g is defined by

. [ g on 09,
97\ ue on 0B,(a;),j=1,---,d.

From Theorem A and [3], we may obtain quantitative properties of w.. Now we define
the following energy functionals:

Ee,é(ue; U?:l Bp(aj))
d 1 2 1 2\2 1 2
= Z 5 Vul® + (1 —Jue*)*+ 56 |amayus‘ ) (3.2)
4 N2 4 €2 2
j=1 By(ay)

1 1 1
E.5(we;Q,) = —|Vw? + — (1 — [w]®)? + = 6|0, 0,we|* . 3.3
slwai®y) = [ 5Vl 4 =R+ 5500w (33)

P
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Then
1
Ees(ue; U?:l By(aj)) + Eco(we; 2,) + 56/9 10,0y ue|?
1 P
< B (e Uiy By(a)) + Beolu @) + 50 / 10,0, u. 2
QP
= Ee,&(ue)
S Ee,&(ve)
= E67§(U/6; U}izl Bp(aj)) + Ee)g(’wﬁ; Qp)
1
= B s(u U, By(ay)) + Eeo(we 2,) + 55/ 0.0,
QP
i.e.
/ 10:0uc)? < / 0,:0,wc|? . (3.4)
Q, Q,
Similarly,
1
Eea(ue Ui, Bylay) + 5 /Q Vue]?
p
1
< Ee 5(ue; U?Zl B,(a;)) + Eco(ue; Qp) + 56/ |3:,;8yu€|2
QP
= Ee,zi(ue)
< Ee,é(ve)
= Ees(usUl_; By(a)) + Ees(wi Q).
i.e.
1 2
Py |VU€| < Ee,&(we; Qp) . (35)
2 Ja

P

Hence by (3.4), (3.5) and [3], we obtain

/ 10:0,uc|® < Ko, (3.6)

Q,

/ |VU€|2 < K07 (37)

P

where K is a positive constant depending on €,. Thus (3.6), (3.7) and Lemma I
imply that

e K, (3.8)

1. <
Ccz(Q,) —
where K is a positive constant depending on €,. Therefore by (3.8) and Arzela-
Ascoli Theorem, we may complete the proof of Theorem II. Note that (3.8) provides
a bounded C'z-norm estimate of ue on £2,.

4. Estimate of a Single Vortex. In this section, we assume = B;(0) is a
unit disk with center at the origin, and 0 < § = O(¢") as € goes to zero, where N > 4
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is a constant independent of . From Theorem B and using energy comparison, we
have

i.e.

/|amayu€|2g/ 10,0, u§|* . (4.1)
Q Q

Then by (4.1), (1.10) and Holder inequality, we obtain

/|@@mﬁzokﬁy (4.2)
Q

Here we have used some properties of u§ (cf. [6], [12]).

From (1.11), (4.2) and extension theorem (cf. [1]), we may extend v, to a cube
Q1 = [—1,1] x [-1,1] such that

loel g,y = O(Voe™?), (4.3)

/\@@mﬁszﬂ. (4.4)
Q1

Here we have used the fact that 6 = O(e"V), N > 4 as ¢ goes to zero.

Now we want to prove Theorem III. Without loss of generality, we may assume
v is smooth on @ and satisfies

/ 0,02 < Ve 2, (4.5)

1

/ 10,02 < Ve 2, (4.6)

1

/ 10:0,v* < e 2. (4.7)
1
By (4.6) and Fubini Theorem, there exists zo € [—1, 1] such that

1
/ |0y ve (o, y)\2 dy < 2Woe 2. (4.8)

—1

From Theorem B, wu, is of fourfold symmetry on € i.e. v, is of fourfold symmetry on
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1. Hence we may set xg € [0,1]. Moreover,

1
/\%%@MV@

-1

1
§2/I%M%w—%meW@

—1
1
+ 2/ |0yve(z0,y)|*dy  (by triangle inequality)
-1
1 T 1
—2 [ | [ a0,utdsPay+2 [ o)y
—1 o —1
1
< 2|z — o] / 0,0, ve|* + 2/ |0yve(z0,y)|>dy  (by Holder inequality)
Q1 -1
<6Voe 2 (-(4.7),(4.8)),

for |z — 20| <V, ie.

1
/ 18, ve(z,y))? dy <6V6e 2 for z € ) =[x — V6,20 + V8] N[0,1].  (4.9)
1

Let Q2 = ([-1,1]\I1) x [-1,1]. Then (4.6) implies that

/ 0y ve|? dedy < V5e 2. (4.10)

2

Hence by Fubini Theorem and the fourfold symmetry of v, there exists z1 € [0, 1]\I1
such that

1
/ |0y ve(z1,y)|* dy < 2WVee?. (4.11)
—1
As for (4.9), we obtain

1
/ 10yve(z,y) P dy < 6VEe2  for x € I = [ — Vo, + VO] N[0, 1\[1. (4.12)
1

By induction, there exist zj € [0, 1]\ U?Zl I; such that
1
/ |Oyve(zr, y)|* dy < 2v6 e, (4.13)
—1

1
/ |0yve(z,y)|? dy < 6V6e 2, for x € Iy, (4.14)
1

for k=0,1,2,--- N, where
Iis1 = [ — V6,26 + VO] N[0, 1\ UE_, T,
Here N = O(1/V/6) is a positive integer such that

UN_ Iy = [0,1]. (4.15)
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Note that the interiors of Ij’s are disjoint to each other. Similarly, by (4.5) and the
same argument as (4.13)-(4.15), we may obtain y; € [0,1]\ U,_; Ji such that

1
/ |0pve (@, )2 do < 2v/6e 2, (4.16)
1

1
/ 0pve(z, )| de < 6V5e™2,  for y e iy, (4.17)
1

for1=0,1,2,--- M, where
Jis1 = Iy — Vo,u + Vo N[0, 1\ Uy i
Here M = O(1/+/3) is a positive integer such that
UM, g, =10,1]. (4.18)

Note that the interiors of J;’s are disjoint to each other. From (4.14), (4.15) and
Sobolev embedding,

Jocte, Moy yyy < CoVae?, (419)

for z € [0,1], where Cj is a positive constant independent of z,y, e and §. Similarly,
by (4.17), (4.18) and Sobolev embedding,

o)l oy gy < CoVoe?, (4.20)
for y € [0,1]. Thus (4.19) and (4.20) imply that

—2
1vell 03 o1y, < Cr VOE (4.21)

where C is a positive constant independent of € and 0. Therefore by (4.21) and the
fourfold symmetry of v., we may complete the proof of Theorem III.
Now we want to prove Theorem IV. From (1.5) and (1.10), we have

Ave — 6020, ve = 60207 ug + Ne(ve) (4.22)
where
N (00) = =€ [=(1— Jup o+ 201 - vy + 2(uf - v o+ o + [oc[20] . (4.23)
By (1.11) and (4.23), it is easy to check that
INc(vo) |22 () = O(V3e™). (4.24)

Here we have used the assumption that 0 < § = O(e"), N > 6 as € goes to zero.
Hence by (4.22), (4.24) and [3], we obtain

[ Ave — 60202 ve|| 2 () = O(Voe ™). (4.25)
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Let P € C§°(2) be a real-valued test function defined later. Then using integration
by parts, we have

/ P Av, - (Av, — 585812/ Ve) = / P|Av > — 5/ P Av, - 6§8§ Ve
Q Q Q
:/ P|Av6\275/ P@ivs-ﬁiﬁjvef(;/ P 2v. - 9207 ve
Q Q Q
1
:/ P|Av5\2+5/ PI020,u.|? — 502P 0%
Q Q
1
43 [ P00~ S0P il
Q
ie.

/QPAve-(AvE—é(?i&;ve) z/QP|AUE|2+5/QP(|838yv6|2+|5§8xve|2)

- %5/0 2P |02ve? + O2P [O7vel* .

(4.26)
Now we define the test function P by
2n
P(z,y)=e 1= | for (z,y) € Q, (4.27)
where n > 0 is a small parameter. Then it is easy to check that
3§P,8§P < 0 for 2®+y*<1—1, (4.28)
8§P,8§P gaon_Q for 1—n< 2 +y? <1, (4.29)

where agy > 0 is a universal constant independent of 7. Hence (4.26), (4.28) and (4.29)
imply that

1
/PA’UG-(A’UG—(58283’U€)Z/ P|Av€|2——a05n_2/ 10202+ 020 2.
o 2 2 2 r Y
Q Q 1-n<z2+4y2<1
(4.30)

From (4.24), (4.27) and Holder inequality, we have

/ P Ave - (Ave — 00202 ve) < ||P Ave|lz2(0) | Ave — 69207 vell 120
Q

1 1

< §||P Ave||72 () + §||Av5 — 0020 vl 320
1

< 5/ PlAv,? dedy +O@Fe8) (- (4.24), (4.27)),

Q
i.e.
1
/ P Av, - (A, — 50207 v,) < 5/ P|Av|2 dzdy + O(65¢). (4.31)
Q Q

Hence (4.30) and (4.31) imply

/ P|Av|* < agdn™? / |020c]* + [Ojvel? dody + O(6e %) . (4.32)
o 1-n<a24+y2<1



REGULARITY OF THE d-WAVE MINIMIZER 93

Hence by (1.15), (4.32) and Fatou’s Lemma,
/ Av? = 05 5. (4.33)
Q

Therefore by (4.33) and standard theorems for WP estimate and Sobolev embedding,
we may complete the proof of Theorem IV.

REMARK. From [11], the minimizer u. of (1.9) is a weak solution of (1.5). How-
ever, e may not be a global minimizer of E, 5 on V,,. We will prove that u. is a local
minimizer of E, 5 on Vg, if d is sufficiently small. From Theorem B and Theorem III,
(1.14) becomes

1 1 1 1
Qe(w) = /Q §|Vw|2 ~ 5l Jug|?)|w]? + E—Q(US “w)? 4 55\wmy\2d$ dy

+ €20l + ) ol o (110))
1 2 1 02 2 1 0 2
> [ 51Vl = 5z 0= WPl + (- w) dedy

+O(WVoe ) |wl2., (. (1.13))

i.e.
Qc(w) > QY(w) + O(Vée™) [w]7: , (4.34)
for w € Vj, where
0 — 1 2 1 02y, 2 L Lo 2
Qe(w) = [ SIVw[” = 551 = fuc|)|w|” + 5 (ue - w)” dedy.
Q 2 2¢2 €2

By (4.34) and [17], we have

Qc(w) >0 for weVy,|wlr: #0, (4.35)
provided

0<d=0(A ), 0<Ae=o0(1), (4.36)
where o(1) is a small quantity which tends to zero as € goes to zero. Actually, Aj ¢ is

the minimization of Q%(w) for w € H}(Q), ||w||z2 = 1(cf. [11], [17], [18]). Therefore
we have

COROLLARY I. Under the same assumptions as Theorem III and (4.36), the
fourfold symmetric vortex solution u. is stable.

5. Proof of Theorem V. From Theorem A (ii), we obtain
1
/ ee(u.) = mlog - +0(1), (5.1)
Q
where e, is the energy density of E. o and is defined by

1
VUP + 4—(1 — |u\2)2 .

1
eﬁ(u) = 5‘ €2
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We let
o ue if |uel <1,
YT ue/ud i Juel > 1.
Then . satisfies
[t <1 in Q, (5.2)
and
R 1
/ ec(te) < / ec(ue) < mlog — 4 My, (5.3)
Q Q €

where My is a positive constant independent of e. By (5.2), (5.3) and the proof of
Proposition 1.1 in [15], @, has only one essential zero a€ in § and deg(%, 0B) =1,
where B = B (a) and a € (0,1). Without loss of generality, we may assume that
a® = 0. Now we want to prove

LeEmMA II. For each Ry > 1, there exists a positive constant C' depending only
on Ry such that

1
/ ec(le) > mlog— —C(Rp), ase—0+. (5.4)
Q\Bc g, (0) €

Proof of Lemma II. Fix Ry > 1 arbitrarily. Let € = € Ry. Then (5.3) implies

1
/eg(ae)g/ .(ity) < 7log * + M), (5.5)
Q Q €

where M} = My + wlog Ry. Again, by (5.2), (5.5) and the proof of Proposition 1.1 in
[15], @i has only one essential zero a€ in 2 and deg( wT OB’) =1, where B’ = B:a(af)
and & € (0,1). Moreover, by the same argument of Lemma 2.2 in [14] and [15], we
obtain

and

where M is a positive constant independent of e.
Now we claim that

1
/ ee(lhe) >m(l—a)log= — K, (5.8)
B'\Be(0) €

where K is a positive constant independent of e. Without loss of generality, we may
assume that B’ = By, (0), 0y = €*. Then (5.7) implies that

0
/ eeliie) < log 2 4+ M. (5.9)
B, (0) €
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Moreover, we may rescale the spatial variable and rewrite (5.7) as
1
/ ee, () <7 (1—a)log z + My, (5.10)

where €; = €179, By (5.10) and Fubini theorem (cf. [14]), there exists 0; € (€29, &%)
such that

9&/‘ ee (1) < C(@, My),
9Bgy 0, (0)

and that

\UI

Hence by the same argument of Lemma 2.2 in [14] and [15], we have

deg( 8B9091( )) =1.

1
/‘ ee(iic) > 7 log — — My, (5.11)
Bag (0)\ By o, (0) 01
and
~ 90 91
ez(tie) < mlog + M + Mo, (5.12)
B, 0, (0)

where M5 is a positive constant satisfying My < Cy 0y. Here Cj is a positive constant
independent of e. Thus by induction, we may obtain 0y, - ,6,, € (€2%,&%) such that
€= 00919m and

1
/ ee(te) > mlog — — My1, (5.13)
Bog...0,_, (0\Bag .0, (0) Ok
and
-0 k41
/ ee(tie) < log = by Z M;, (5.14)
Bog..-0,,(0) € j=1
for K = 1,---,m, where M;’s are positive constants satisfying Mp41 < Cp Hk for
k+1
k > 0. Note that Z M; < My + Cy Z 9J < C1, where (1 is a positive constant
j=1

independent of € and k. Therefore by (5 13) we may obtain (5.8). By (5.6) and (5.8),
we obtain (5.4) and complete the proof of Lemma II. Here we have used the fact that

ee(le) >

Q\B:(0) Q\Bz(0)
From Lemma II, it is obvious that

ez(ti.) because of Ry > 1.

1
/ e(ue) > mlog + — C(Ry), (5.15)
Q\ B gy (0) €
Hence (5.1) and (5.15) imply that

/ ec(us) < K(Rog), VRo>1, (5.16)
Be vy (0)
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where K is a positive constant depending only on Ry. Since te(x,y) = uc(ex,ey),
for (z,y) € 1 Q, then (5.16) implies that

/ er(i) < K(Ry), YRo>1. (5.17)
Br, (0)

Thus [[@el| g1 (B, (0)) < K'(Ro) for all Ry > 1, where K’ is a positive constant inde-

pendent of €. Therefore we may obtain that @. converges to @ weakly in H (R?) as

€ goes to zero(up to a subsequence). Moreover, by (1.7), it is obvious that @ is a weak
solution of (1.19) if § = o(€?), and @ is a weak solution of (1.20) if § = A\e?, where A
is a positive constant independent of e. By Theorem III, [6] and [12], we may obtain
= f(r)et? if § = O(e"), N > 4, where f satisfies (1.21), and we complete the proof
of Theorem V.
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