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SELF-SIMILAR SOLUTIONS FOR
NONLINEAR SCHRODINGER EQUATIONS *

CHANGXING MIAO', BO ZHANG?#, AND XIAOYI ZHANGS
Dedicated to Professor Yulin Zhou on the occasion of his eightieth birthday

Abstract. In this paper we study self-similar solutions for nonlinear Schrodinger equations
using a scaling technique and the partly contractive mapping method. We establish the small global
well-posedness of the Cauchy problem for nonlinear Schrédinger equations in some non-reflexive Ba-
nach spaces which contain many homogeneous functions. This we do by establishing some a priori
nonlinear estimates in Besov spaces, employing the mean difference characterization and multipli-
cation in Besov spaces. These new global solutions to nonlinear Schrédinger equations with small
data admit a class of self-similar solutions. Our results improve and extend the well-known results
of Planchon [18], Cazenave and Weissler [4, 5] and Ribaud and Youssfi [20].

1. Introduction. This paper is devoted to the study of the Cauchy problem for
the nonlinear Schrodinger equation

iug + Au = plulu, zeR™ t>0
u(0,z) =¢(z), =z eR",

A/.\
—_ =
[Nl
~—

where 1 € R is a constant, u = u(t, z) is a complex-valued function defined on R x R™
and the initial data v is a complex-valued function defined in R™. The Cauchy problem
(1.1)-(1.2) for the Schrédinger equation, which models many physics phenomena, has
been studied extensively by many authors, and in particular, the well-posedness and
the scattering theory in Sobolev-type spaces have been established using the Strichartz
estimates and other analytic methods (see, e.g. [2, 6, 8, 9, 10, 11, 23, 24, 27]).

In this paper we study the global well posedness in B;COO of the Cauchy problem
(1.1)-(1.2) with small data for o ¢ 2N, where s, = n/2 — 2/a. These new global
solutions to the nonlinear Schrodinger equation with small data admit a class of self-
similar solutions. Our results improve and extend the well-known results of Planchon
[18], Cazenave and Weissler [4, 5] and Ribaud and Youssfi [20]. From the scaling
principle it is easy to see that if u(¢, x) is a solution of the Cauchy problem (1.1)-(1.2)
then uy(t,z) = )\c%u()\zt,)\x) with A > 0 is also a solution of (1.1)-(1.2) with the
initial data t(z) replaced by Aa ) (Az). We thus have the following definition.

DEFINITION 1.1. wu(t,z) is said to be a self-similar solution to the Schridinger
equation (1.1) if

up(t,x) = A& u(N2t, Az) = u(t,xz), VYA>0. (1.3)
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REMARK 1.1.
(i) It is well-known that the self-similar solution to (1.1) is of the form
(t,) =75V (7) (14)
u(t,z) =t =V (—=). .
Vit
(ii) Self-similar solutions to nonlinear evolution equations can be studied through
the study of the associated nounlinear elliptic equations. For example, if V()
is a solution of the elliptic equation

AV — §V— %a:~VV:u|V|O‘V, (1.5)

then wu(z,t), defined by (1.4), is a self-similar solution to the Schrédinger
equation (1.1) (see [11, 12]). However, it is usually very difficult to solve the
elliptic equation (1.5).

(iii) Another important way of looking for self-similar solutions for the nonlinear
Schrodinger equation (1.1) is to study the small global well-posedness in some
suitable function spaces of the associated Cauchy problem (1.1)-(1.2). These
new global solutions admit a class of self-similar solutions. In fact, let the
initial data ¢ satisfy ¢ (x) = )\%1/)()\9:) with A > 0 (for example, ¥ can be
taken as

!/
v =20 o T (16

lalE 2]

where the function (z’) is defined on the unit sphere in R™). Then, if u(¢, z)
is the unique solution of the Cauchy problem (1.1)-(1.2) with the initial data
¥ given by (1.6) then wu(t,x) is a self-similar solution for the Schrédinger
equation (1.1).

(iv) It is necessary to point out that the self-similar solution given by (1.4) with V'
being the solution of the elliptic equation (1.5) is different from that defined
by the solution of the Cauchy problem (1.1) with homogeneous data (1.2)
(see [14] for details).

Self-similar solutions for nonlinear evolution equations are very important since
they describe the large time behavior of general global solutions to the evolution
equations under certain conditions. For example, global solutions of the nonlinear
heat equation have been shown to be asymptotically close to the self-similar solutions
[11, 14]. Also, for the nonlinear Schrédinger equation (1.1) it has been proved that
the long time asymptotic behavior of general solutions can sometimes be governed by
self-similar solutions (see [4]). On the other hand, if u(¢,z) is a self-similar solution
to the problem (1.1)-(1.2), then the function u(0,z) = ¥(z) = /\%w()\z) so 1) is
homogeneous of degree —2/«. Such homogeneous functions, in general, do not belong
to the usual spaces where the global well-posedness of the Cauchy problem holds.
Thus, in order to construct self-similar solutions of the problem (1.1)-(1.2) we have
to choose a suitable Banach space X which includes the homogeneous data of degree
—2/a and to show that the problem (1.1)-(1.2) generates a global flow in X.

Before discussing self-similar solutions and stating our main result, we need to in-
troduce several definitions and notations. Denote by S(R™) and S'(R™) the Schwartz
space and the space of Schwartz distributions respectively. For integer m, C™(R")
denotes the usual space of m-times continuously differentiable functions on R™, and



SELF-SIMILAR SOLUTIONS FOR NONLINEAR SCHRODINGER EQUATIONS 121

for 1 <r < oo, L"(R™) denotes the usual Lebesgue space on R™ with the norm || - ||-.
For s € Rand 1 < r < oo, let H*"(R") = (1 — A)~2L"(R"), the inhomogeneous
Sobolev space in terms of Bessel potentials, let H*"(R") = (—A)~% L"(R"), the ho-
mogeneous Sobolev space in terms of Riesz potentials, and write H*(R") = H*2(R")
and H*(R") = H®2(R"). For s € R and 1 < r,m < oo, denote by By, (R") the
Besov space defined as the space of distributions u such that {27°|¢; * ul|,}52, € £™,
where * stands for the convolution and {¢;} is a dyadic decomposition on R"™, and
by B,ﬁm(R") the homogeneous Besov space defined as the space of distributions u
modulo polynomials such that {27%(|); * ull,}32_ € €™, where {¢);} is a dyadic de-
composition on R™\{0}. For the detailed definitions of the above function spaces see,
e.g. [1, 15, 22, 25, 26]. We shall omit R™ from spaces and norms. For any interval
I C R and any Banach space X we denote by C(I; X) the space of strongly continuous
functions from I to X, by L?(I; X) the space of strongly measurable functions from I
to X with ||u(-); X|| € LI(I), and by C,(I; X) the space of functions in L>°(I; X) that
are continuous in the distributional sense. For a given function space X we denote
by X its homogeneous space. Finally, for any g > 0, ¢’ stands for the dual to g, i.e.,
1/g+1/¢ =1.

By using the Strichartz and nonlinear estimates in Besov spaces, Cazenave and
Weissler in [6] established the local well-posedness in H® with s > g — g > 0 for

the problem (1.1)-(1.2) and in particular, the global well-posedness in tﬁe critical
space H® with s, = n/2—2/«a provided that ||1)(2)] gs. < 1. However, homogeneous
functions such as ¢ given in (1.6) do not belong to the usual Sobolev space H® with
s >0, so the results in [6] do not apply for constructing self-similar solutions for the
problem (1.1)-(1.2).

Recently in his Ph.D. dissertation [3], Cannone constructed self-similar solutions
in some Besov spaces to the Navier-Stokes equations employing the Littlewood-Paley
theory. Planchon then shown that these self-similar solutions provide the large time
asymptotic behavior of the global solutions [17]. It was proved in [14] that these
results are also valid for the heat equation:

up — Au = plul®u, eR® teR, u(0,z)=1¢(z), =zeR" (1.7)

observing that, though ¢ given by (1.6) is not in the Sobolev space H#»P it is in the
Besov space Bp's with s, = n/p—2/a. In establishing the above results in [3, 14, 17]
an important role was played by the fact that

supt~F|H()yp = [¥ll, , 520, (1.8)
t>0 pyoo

where H(t) = e'®. However, unlike the heat semigroup H(t), the Schrédinger semi-
group S(t) = e’ does not provide an equivalent norm for B;’OO since it does
not satisfy (1.8). Thus, to study self-similar solutions for the Schrédinger equa-
tion, Cazenave and Weissler [5] (also Ribaud and Youssfi [20]) introduced the new
function space Es, = E, ,(R x R™) which consists of all Bochner measurable func-
tions u : (0,00) — H®P(R™) such that lule,, = sugt””u(t,x)ﬂgs,p < 00, where

t>

2<p<o0,0<s<n/pand

1/2 n
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They then established existence of global self-similar solutions in Ej ,, for the problem
(1.1)-(1.2) under the condition that ||¢; Es ,(R")|| < e, where

Es p(R") = {p(z) € H*P(R") | ||4lle., = iggt”lls(t)w\lgs,p < oo}

Recently, Furioli [7] improved the result of Ribaud and Youssfi [20] by extending the
range of the nonlinear growth parameter from o + 1 to a with o < 1.

For the critical Sobolev space H® with s. = n/2 — 2/a, there is naturally the
Besov space B;COO such that the homogeneous function ¢ given by (1.6) is in BSCOO
but not in H*:. In the case when o € 2N\ {0}, global self-similar solutions have
been established for the Cauchy problem (1.1)-(1.2) by Planchon in [18, 19] using
the generalized Strichartz estimates in Lorentz spaces and nonlinear estimates in
Besov spaces together with the paraproduct decomposition and the Littelewood-Paley
characterization of Besov spaces. In this paper, we extend Planchon’s result in [18,
19] to the case when a ¢ 2N\ {0}. This we do by employing the mean difference
characterization and multiplication in Besov spaces in deriving the a priori nonlinear
estimates for the nonlinear growth parameter c.

2. Preliminaries.

2.1. Besov spaces. In this subsection we introduce some equivalent definitions
and norms for Besov spaces needed in this paper. The reader is referred to the well-
known books [1, 16, 25, 26] for details.

We first introduce the following equivalent norms for the Besov spaces B;m and
By

1

% e\ "
ol =~ / 7 sup || a2 oo %) (2.1)
BS Z 0 <t Y Py

la|=N ly|<
Il == ol + 10l (2.2)
where
AY v E T+ T_yv — 2, T1y0() = v(- £y),
0 .
9% = 921957 ... §on, &:axi’ i=1,--n,
a= (a1, ,a,)and s = N + o with a nonnegative integer N and 0 < o < 2. In the

special case when s is not an integer, (2.1) is also equivalent to the following norm:
1
> —m(s—[s]) a, [|m (A
Il = 3 (] sup || &, 00l | (2.3)
jal=ls) \"° Jul=t

where A4y v(-) = T4yv — v and [s] denotes the largest integer not larger than s. In
the case when m = oo, the norm ||v[| 5.  in the above definition should be modified
500

as follows:
HU”B; = Z sup sup t || Ai 0%l,, seR (2.4)
’ la|=N t>0 |y|<t
lWlg, =~ > supsupt* Ll a, 0%, s¢Z (2.5)
pee >0 |y|<t

| =[s]
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We now introduce the Paley—Littlewood definition of Besov spaces. Let ¢y €
C(R) with

~ o ]-7 |£‘ é ]-7
Po(§) = {07 €] > 2 (2.6)

be the real-valued radial Bump function. It is easy to see that

$;(6) = ¢o(277¢),  jez,
Di(€) = o(277€) — po(2791YE),  jeZ (2.7)

are also real-valued radial Bump functions satisfying that

sup 27111924, (€)| < 00, j € Z,
EER

sup 2j|°‘||8“¢j(§)\ < oo, jEL.
EER™

We have the Littlewood—Paley decomposition:

Go(€) + > 1§ =1, £eR™ (2.8)
=0

D i(§) =1, £eR™\{0}, (2.9)
JEZ

Jim @) =1, ¢eR™ (2.10)

For convenience, we introduce the following notations:

Nif =F " Ff=vxf, jeL, (2.11)
Sif=F ¢ Ff=wjxf, jeL. (2.12)

Then we have the following Littlewood-Paley definition of Besov spaces:

By, = {f e S'(R")

1fllss., = 10 fl, + (sz‘sanjfng)
j=1

—llgo fl+ (2% 15) " < oo},

j=1
1

. q
by = ( 2o 11)

JEZ

£

By, = {f € S'(R")

1

(Zzﬂ'swj*fng)“ < oo}7

JEZ

o]
Bp700

/]

{f € S'(R")

by =SR2 1, = sup 2y Sl < o0,
P ey JEZ

B;go = {f e §'(R")

1711552, =suptFIH@OF], < o0} o >0,
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where 1 <p < 00,1 <¢q<o0,s€Rand H(t) = e!® is the heat semigroup.
Beside the classical Besov spaces, we also need the so-called generalized Besov
spaces.

DEFINITION 2.1. For s € R, 1 < ¢ < 00 and any Banach space E, define By? as
By = {f1 115 By = Q2912 fl1%)7 < oo} (2.13)
JEZL
where A; is the Littlewood-Paley operator on R™ defined in (2.11).

REMARK 2.1.
(i) One easily verifies that for s < 0, Bs’q can be characterized equivalently as

Byt = {1 11: Byl = O 27918 f|%)7 < oo},
JEZ

where S is the Littlewood-Paley operator on R™ defined in (2.12).
(ii) Similarly to the classical Besov spaces, we have the following equivalent norms

for B‘fE’q:
1
2D / 1 sup | o3 o pln )
|oz\*N 0 |y|
1Byl 2 S sup 7)) 42 0%F s,
lo|= _ N lvl<t

where s = N 40 and 0 < o < 2. In the special case when s # 0, we also have

1

. o0 dt
s BRI = g / =9~ 1D sup || A, 0 ,
I1f; Bl (0 \Ip” fHEt

lee|=[s]

IF: Byl Y sup t= 7D A, 07 f|| g,

laf=[s] V1<t

where A, and A denote the first and second order difference operators, re-
spectlvely, as deﬁned at the beginning of this subsection.
(iii) If E is the Lorentz space LP'"(R™), then

T S 1
Bt = Byt = {f € I || F B | = (S 2|8, f1L )i < o).
JEZL
This norm is useful in the study of self-similar solutions. Another type of
generalized Besov spaces can be obtained if F is taken as the Morrey space
MP.
(iv) Let E = LY(I; L") with I = R or I C R being an interval. Then we have
LI By ,) = Bl
r s s 1
= {f € Lq(I L )| ”f BLqp[Lr ZQJ p”A f”Lq([ L) )” < OO},
JEZ

LU B ) = Bl
= {f e LUL L) |(If; Byogron | =sglz>2jsllﬂjf\lma;m < oo},
J

where 1 <¢g< oo, 1 <r<ocand 1< p< 0.
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REMARK 2.2. In the above definitions of Besov spaces, LP-type spaces are chosen
as the base spaces. More general Besov spaces can also be defined with the LP space
replaced by the Lorentz space LP'", the time-space Banach space L?(R, L") and the
Morrey space M.

2.2. Strichartz estimates. Consider the Cauchy Problem (1.1)-(1.2) with the
data ¢ € H®. It is well known that S(t) = F~!exp(—i|¢[*t)F = "2 only generates a
Co-semigroup in the Sobolev space H® (s € R). Let v(t,x) = F " exp(%i|£|*t) Fy(x)
and define

Eq.sp(N) = [o(At, Az) ||Lq(JR;Hs,p)7
Es,2(A) = [l (A2) | g7

Then v € LY(R*; H*P) implies that the degree of the polynomials &, ¢ ,(\) and & 2(\)

of X is the same so
2 1 1
—=n ( - ) . (2.14)
q 2 p

2
2<p< 2= n, for n> 2,
n—2

2<p<oo, for n=2

Moreover, if

(2.15)
2<p<oo, for n=1,

then v € LY(R; H”’) with ¢ and p determined by (2.14). The pair (g,p) satisfying

both (2.14) and (2.15) is called as an admissible pair. The set of all admissible pairs

will be denoted by A.
It is easy to check that

u(t, z) = Sy (z) + /Ot S(t = r)g(r,x)dr 2 S (x) + Gy(t, )
solves the following Cauchy problem for the linear Schodinger equation

g+ Au=g(t,z), zeR" teR, u(0,z)=1¢(x)reR"
Let ] = R or I C R be any interval with 0 € I and let (q,p), (¢;,p;) (j = 1,2) be
admissible pairs. As a result of the TT*-method and interpolation (see [8, 13]), we

have the following Strichartz estimates:
(i) For any v € L2, S(-)¢ € LI(I; LP) N C(I; L?) and

1SC)YllLacrsery < Cllpll - (2.16)
(ii) For g € L9(I; LP2), Gg € C(I; L?) N L% (I; L**) and
IGg; L™ (I; LP)| < Cllg: L% (I; L%2)). (2.17)

Since (—A)~ % is a holomorphic mapping from B;,e into ijf and B, , = B;ZHLP
when s > 0, we have the following Strichartz estimates in Besov spaces:
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(i) For ¢ € H*, S(-)3 € C(I; H*) N LY(I; By ,) and

1S ()5 LUTL; BE I < Cllll 7o (a,p) € A (2.18)

(ii) For (q1,p1), (ga.p2) € A and g € Lqé(I;B;,wQ), Gg € C(I; H*) N L™ (I; B}, ,)
and

1Gg; L (I; By, 5)|| < Cllg; L= (I; By ,)||- (2.19)

(iii) For (q,p), (q1,p1), (g2,p2) € A, ¢ € H® and g € L%(I; By, ,), we have S(-)¢ €
C(I; H*)N LYI; B, ), Gg € C(I; H*) N L™ (I; B, ) and

p
IS(-)eb; LI(T; By o) < Cli | e, (2.20)
1Gg; L (I; By, ,)I| < Cllgs L% (15 By, ,)|I- (2.21)

The following generalized Strichartz estimates follow directly from the Strichartz
estimates and interpolation theorem (see [13, 18] for details).

ProposITION 2.1. Let I = R or I C R be an interval with 0 € I and let
S(t) = e'ts.
(i) [13] For (q,7) € A we have

1S (-5 L92(1; L™2) || < |2, (2.22)
| [ St —s8)f(x,s)ds; L L) S f; L9 L)), (2.23)
s<t
| [ St —s)f(x,s)ds; LY2(L; L) | S |1 f5 L2 L72))], (2.24)
s<t

where < denotes the presence of a constant depending on q and r.

.. 2a(a + 2)
18] Let & A =—= T
(ii) [18] Let = < a < =5 and [ I—(n—2a hen
oo o n 2
IS LA L) S Wl se= -2 (229

where < denotes the presence of a constant depending on o+ 2 and 3.

3. Self-similar solutions in B;Coo with s. = n/2 — 2/a. In this section we

establish existence of self-similar solutions in B;COO (se =n/2 —2/a) for the Cauchy
problem (1.1)-(1.2) or equivalently its integral form:

u(z,t) = S(t)yp(x) — i,u/o St — s)|u(s,z)|*u(s, z)ds. (3.1)

In the case when a € 2N, global self-similar solutions have been established by
Planchon in [18, 19] for the Cauchy problem (1.1)-(1.2). More precisely, where, for
(g,r) € A,

G (R X R™) = {0(t,) | sup 2 [ Aj0l| sy < o0}
J
with L% and L%? standing for the Lorentz spaces and A (j € Z) being the

Littlewood-Paley operator defined in the last subsection, Planchon established the
following result (see [18, 19]).
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THEOREM 3.1. [18, 19] Let n > 3, o > 4/(n — 2) and o € 2N. For (q,r) € A
(including the endpoint case, i.e. (q,7) = (2,2n/(n —2)) € A) there exists an € > 0
such that if ¥ € Bye with ||1; B3, || < € then the problem (1.1) — (1.2) has a unique

2,00 ,00

global solution u € C,(R; B;COO) with

we LR B3 )N [ Ger(R xR, (3.2)
(g,r)EA

Our main result, which generalizes Theorem 3.1 by removing the restriction o €
2N, can be stated as follows.

THEOREM 3.2.
(i) Let

4/n < a < oo, forn =2,
4/n < a<4/(n-2), forn > 3.

For (q,r) € A and (8, a + 2) satisfying that
2 1 s, 1

(this is, (B,a +2) is an sc-admissible pair), there exists an € > 0 such that
if ¥ € B3, with ||¢; B3y || < & then the problem (1.1) — (1.2) or (3.1) has a

2,00

unique global solution u € Cy(R; B;COO) with

ue LR B3e ) NLA®R; L) () Ger(RxR").  (3.3)
(g,m)EA

In particular, u € Gy 2 (R x R™) in the case when n > 3.

(ii) Let 3<n <5, a>4/(n—2) and o € 2N. For (q,r) € A (including the endpoint
case, i.e. (q,r) = (2,2n/(n — 2)) € A) there exists an € > 0 such that if
(NS BS”OO with ||¢,B§OOH < ¢ then the problem (1.1) — (1.2) has a unique
global solution u € Cy(R; B;OO) satisfying (3.2).

(iii) Letn > 6 and let 4/(n —2) < a < a_ or a; < a < o0 with

n—vn? —32 n+vn? — 32

o= oy = 1

4
For (q,r) € A (including the endpoint case, i.e. (q,7) = (2,2n/(n —2)) € A)
there exists an ¢ > 0 such that if ¢ € By, with ||¢; B3, || < ¢ then the

2,00 00

problem (1.1) — (1.2) has a unique global solution u € C,(R; BSCOC) satisfying
(3.2).

REMARK 3.1. (i) Let ¢(z) = Aath(Az) with A > 0 in Theorem 3.2. Then the
problem (1.1) —(1.2) or (3.1) has a unique global self-similar solution v € C,(R; ijoo)
satisfying Theorem 3.2.

(ii) Theorem 3.2 only deals with the case oo > 4/n. If, instead of using the Besov
space BS?OO(R"), we use the function space E;_,(R"™) then the restriction oo > 4/n
can be removed (see [5, 7, 20]).
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(iii) The condition on « in Theorem 3.2 (iii) is related to the regularity issue
Sc <

To prove Theorem 3.2 we need the following lemma which was proved in [21].

1
LEMMA 3.1. Let 0, = n-max(0,— — 1) and m € N with m > 2. Suppose
p
1 1 1 1
min » — <1, S=—4Y —  j=12--m
k=1,--,m ot Tk p by oy TLk

If s > 0y, then there exists a constant C' > 0 such that

1o fms By gll < €D 1633 By, ol TT s 741
j=1 k#j

for all (f1,--+ , fm) € [[ By, NL™.
j=1

Proof of Theorem 3.2. We first prove (i). For convenience, we only consider the
case t > 0. The case t < 0 can be shown similarly.
Let
L®(RT; Bye, ) N LB (RF; LoF200) 0 LY@ F2)2(RY; BRer L), forn =2,
T L(RY; By ) N LA (RY; LoF2°) N L2(RT; BS5Y ), forn > 3,
) [ n-2

where 8 = 2a(a+2)/[4 — (n —2)al, s =n/2 —2/a and (y(a+2),a+2) € A, and
define the complete metric space (X, d) by

X={ueX||ullx <M},
d(u,v) = [ju — U;LB’M(R"’;LO‘H’“)H,

where M is a constant depending on |[¢; B;COOH and is to be determined later. Set
fw) = —ip|u|*u and define Tu as the right-hand side of the integral equation (3.1),
that is,

Tu(t, x) == S(t)(x) + G f(ult, z))
= St)y(z) — i,u/o S(t — s)|u(s,z)|“u(s, x)ds. (3.4)

We now prove that for some small constant M the mapping 7 is contractive from X
into itself.

First it follows from Proposition 2.1 and the Littlewood-Paley characterization of
Besov spaces that

ISC)ellx < Cllws Bseyll. (3.5)

Next from the Strichartz estimates (i.e. Le-L¥ estimates) and the generalized
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Young inequality it follows that
||g(f(u) - f('U)), LB’OO(]RJF; La+2,00)H

t
< t — sl (G55 _ o
<[ [e-s 1) = S gy |
t
= ‘ / [t = 8| G775 flu = v gz ([l Fasane | + 0] Farz)ds
0 PR
S [l LP20 (RY; LOH220) | 4 [lo; LP>° (R LoH20) |12
X|lu = v[| oo m+;Latz.o0), (3.6)
where use has been made of the fact that
1 a+1l 1 2(a+2)
— 1= -, = —
3T T T e T T
In particular, we have
G f(w); LP>°(RY; LOT220) || S flu; LO°(RT; LOT20) (|2 (3.7)

4 2
Since (y(a+2),a +2) = (M,a +2) € Aand 0 < s, < 1, it is easy to obtain

by (3.5)-(3.7) and Proposition 2.1 that
G £ (u); L= (RT; By )|V (1GF (w); £7F22(RT; B |

oo

S I (w); By

LW(<¥+2)/12(R+;L(a+2)/,2)H
= sup T*Sc” Ay f(u(t7 .));L’Y(OHrQ) ,2(R+;L(a+2) ,2)”

ly| <t
< sup 7% || Ay UHLC““vzHu”%a”mHLw(aH)’@
ly| <™
< ‘s‘up T75C|| Dy u||L7(a+2)‘2(R+;La+2,2)Hu||%'y(rx+2),oo(R+;La+2,oo)
y|<7
< CHUHm<a+2>,2(R+;Bzgfm)HU“%v(an)m(R+;La+2vw)v (3.8)

where a V b = max(a, b). In particular, when n > 3, by the Holder inequality and the
Sobolev embedding theorem L (R¥; Bye, ) < L*(R¥; L) we have

— —Se

i

L2+ LR ?) )
SO s T By Ul g prza 2 | (gl + [u|®): L= (R; LF>°))|
T lyl<T ;

. BSer™®

LT (RT. RBSe a
B s L2 (RT3 By oo )1

~

Thus we obtain that

1 Tullx < C(lv; Bse || + lull ),
d(Tu,Tv) < C[||lu]|% + |[v]|%]d(w,v), u,veX.

Let M = 2C|[¢; Bi<, || be small enough (e.g. M < [1/(2C)]'/*) so that T is a

,00
contraction mapping from X into itself. By the Banach contraction mapping principle
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we conclude that there is a unique solution uv € X for the problem (1.1)-(1.2) or
equivalently (3.1). As a direct consequence of the Strichartz estimates, we have u €
Gor(RT x R™) for any (¢,r) € A. We now prove that u € C,(R";B3<), that is,
u(t, z) is weakly continuous at ¢t = 0, by employing Planchon’s idea [18]. From the
localized Strichartz estimates (which can be obtained from Proposition 2.1) and the
following Bernstein inequality

2% 2| A (fu)ls S 27| A f(ul] etz

it follows on noting (3.8) that

2797 2,6 W) S [ 27T (w)ads
0

S 4T | )y £ 2R By )|

L(at2)",2

< 47 u .

This implies the weak continuity of u(¢,x) at ¢ = 0, which completes the proof of (i).
We now prove (ii) and (iii). Note first that s, =n/2 —2/a > 1. Let

Y = L®[R"; Bye,) N L2(RT; Bs“ff L)
and let us introduce the complete metric space
Y= {UEY | ully §M}

with the metric
d(u,v) = |lu—vlly,

where M is a constant depending on ||9; BS“ |l and to be determined later. Consider,
in the metric space ), the operator 7 deﬁned by (3.4). Tt is easy to see by using the
localized Strichartz estimates in frequency and the Littlewood-Paley characterization
of Besov spaces that

IS@)¢lly < Clivs Byl (3.9)

Now, for the nonlinear term f(u) we have the following estimates:

flu); B> Sl B> 2 llus L (RF; B3 )[*, - (3:10)
L2(R+;L7F2 %) L2(R+;L7

"(u); By ar ey || S llws B;’ZI;L 2,0 lllws (R B ) 1° 7, (3.11)

where ¢ = % and s, = n/2 —2/a < « under the assumptions in (ii) and (iii).

We first prove (ii) and (iii) under the assumption that the estimates (3.10) and (3.11)
hold and then show that the estimates (3.10) and (3.11) are actually true.
From Proposition 2.1 and (3.10) it follows that

1Gf(w): Y < llus stw Hllu L=(RY; Bye, )| (3.12)
L2(RFL 7z
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On the other hand, since
1
£ = £0) = [t 0u—v))do(u— v),
0
it follows from Lemma 3.1, (3.11) and the embedding relation Bgfoo < ["/2 that

u— v; B%™
L2 ]R+ Ln 2 )

1G(f(u) = F); Y S

Z llw; L (RY; B2 )|

+ju — v; L(RT; B w; B>,
( 2000 w;v\l PR 2)||
XYl L2 (R B, ) (3.13)

wW=u,v

Thus, by (3.9), (3.12) and (3.13), we have

ITully <€ (1103 Biooll + llus Y|+,
d(Tu, Tv) < Clluly + [o]3] - du,v), w,ve .

Let M = 20||¢,BS“ | be small enough (e.g. M < [1/(2C)]Y/*) so that T is a
contraction mapping from Y into itself. By the Banach contraction mapping principle
we conclude that there is a unique solution v € Y for the problem (1.1)-(1.2) or
equivalently (3.1). As a direct consequence of the Strichartz estimates, we have u €
Ggr(RT x R™) for any (¢,7) € A. The weak continuity of u(t,z) at ¢ = 0 can be
proved by using Planchon’s idea [18] (cf. the proof of (i)). This proves (ii) and (iii).

To complete the proof of Theorem 3.2 we now need to prove the estimates (3.10)
and (3.11). First it is easy to verify that f(z) = |2|*z € Cl*)(C, C) with

FR0)=0, [fP(2) <Cl*TF, 0< k<[5,

|f([sc])(21) _ f([sc])(22)| < {

C(|za|* 7ol 4 |zg )27y 2y — 29|, for a > [sc]

|a+17[sc]

|21 — 22 , for v < [s].

Without loss of generality, we may assume that f is a real-valued function. We first
prove (3.10). We need the following equivalent norms for Besov spaces:

8,00 —(s—
H B g I a%”m(wmffbg)’
L2(RT;Ln+2°7) loo|=[s] lyl<T ’
E sup 77| A 8°‘v||
2(R+; Ln+2 2y
la|= — lul<r

where s = N + o with a nonnegative integer NV and 0 < ¢ < 2 and Af/ is as defined
n (2.1). We distinguish between the following two cases.

Case 1. 1 < s. < 2. Since

3 100 = /) 85w+ 3 b / (Wit (1= M) — f(u)]d,
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and noting that o > 1, it follows that

|85 F)] S @I 85 ul + Y| by ul (gl + Ju]* 7).
+

n+2 n-2 . 2

Note that [s.] =1, = +a— and

2n 2n no

n+2 s. (1 sc—|[s]+e n 1 s —c¢ +2(a71)
2n n \x1 n X2 n no
where € > 0 is a sufficient small constant and
_ 2n _ 2n
XM= T3 2T n—s.+1—¢
From the Hélder inequality and the embedding
Sc, c—[sc]+ ISe c [sc] 2S¢ e,

B Bloatiia sy, By = BT — BruSY, By — L,
it is easy to see that

BSL’OO = i A n

Hf L2 L7 >H e 7N Ay O g 2y
< sup 79| A2 ||L2(R+ . [[ul| no o

lyl<r

+sup T —(sc—[sc] +s)|| Ay u||L2(R+ Ly 2)

lyl<r
x sup { sup 7 Ayl e 658 )
teRT |y|<T
25Sc, . HSe—[sc]te,00
S B | Wl e+ s Bl
x sup (||u; B2 [ul 058 )
teERT
u; B |l 2 (R Bl
L2(R+; Lt

Thus (3.10) is proved in this case.

Case 2. s, > 2. Let s, =[scJ]— 1+ 0. Then1 <o <2and [s.]—1 2 1. A direct
calculation using the Leibniz rule of derivatives gives that for |y| = [s.] —

Sa]—1

k
" fu ————fﬂ“) dPiu. (3.14)
Z:: B+ ;k v, k! HJ 1ﬁJ JI;[1

15;1>1
For simplicity set

F(U) = f(k) (U), U= Tyua w = T—yua
u; = i, v; = v, w; = i,
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k
Then the second-order difference of the term f (k) H 9%y can be computed as
Jj=1

k k k :
A2 7 (u) H@ﬁ-"u = F(v) ij + F(w) ij —2F(u) Huj

j=1 j=1 j=1
k k k k k
Toi+1w —2]]w ]| +F@) -F@) | [[o,-][w
j=1 j=1 j=1 j=1 j=1

k k k
#(7() =) ([T =TT | + (700 Pl =200 T
ZA2UJ HvaHub ZZ —ylj - Dyu,) HvaHub

a<j b>j j i<g a<j b<J
E E A_yuj - _yui)Huanb
i i>7 a<i b>1
a#j
50 ) S 2 T T
a<j b>j
2
—(F( E VAN ujHuanb—&—F )AyuHuj
a<j  b>j J

1
+/O (F'(6v+ (1 — 0)u) — F'(u))dO(v — u) 1;[“1

1 8
+/ (F' (0w + (1= 0)u) — F'(u)do(w —u) [Ju; =Y I
0 j k=1

We now evaluate each Ij.
Estimation of I; and Ig. Let

do = (a+1—k) G_‘;)

1 c— |Ba .
da:__s‘iw, 1<a<k and a#j,
2 n
d__n—?_sc—(|5j|+0)éi
J 2n n X1

Since 1/2 — s./n > 0, it follows that d, > 0 for a = 0,1,--- , k. It is easy to verify
that

Noting that the Besov spaces are translation invariant, we obtain by the Holder in-
equality and Sobolev’s embedding theorem that

1]

s <l

Bae_ A7 ullpxa 2. (3.15)
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Similarly, and letting

1 B
o= 3~ n| o a=1,---,Fk,
n—2 S.—ocna 1
di1 = - =—,
2n n X2
we have
6l 22, > < llullse |l R FPe (3.16)

where use has been made of the fact that

k+1
2

We may estimate I and I3 similarly. In fact, let

1 c a .
da—__siwa a#la]?

2 n
L1 s (Al+5) a1
i 2 n XS’
g2 se—(6+3) a1
J 2n n X4

Then it is easy to verify that d, > 0 for a = 0,1 k and

so it follows from the Hélder inequality and the Sobolev embedding theorem that

2]l 2y 25 Ml 2y 2 < el

L n+2°

Bac ool By till sz || Bty ujllpxae (3.17)

To estimate I, and I5, let

do:(a—k)(%—%>,
1

1 _
da:——scilﬁ”7 <a<k and a#}j,
2 n
Lon=2 se—(Bl+5) a1
J 2n n X5
1 sce—2 21
dk+1:§_ CnQZE

Then arguing in exactly the same way as in deriving (3.15)-(3.17) it can be obtained
that

Mall 2py 20 (51 2p, 2 < llullge,

L n+2° Ln+2’

By " bty ujlli 2l Axy ullzxes.  (3.18)
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Finally, I7 and Ig can be estimated similarly as above by letting

1 _
daziisc |ﬂa|’ a:]‘?"'vka
n
i _n=2 Se— iRl
+ 2n n X7
d :177807a+q_kéi
2 = g " s
and noting that d, >0 fora=1,--- /k+2 and
li:ld n a—k _n+2
=1 “ dk+2 2n ’
and we have
—k
170l 2y 2 (Ml 2p, 2 < HUIIE%II Dsy ullpxrz | Dty ull7xse- (3.19)

Noting that

BSC,OO (I BU+|BJ|7OO
2n

Bsc,oo M Ba,oo

2 2 2
L2202 Lx1 ’ 12202 Lx2:2)
58,00 51851+ 5,00 5Sc 51851+%
BL s 2 - BLX?V2 ) B2,oo - BX47°° )
o
58,00 51651+ 00 55c 53
BL"2’2,2 - BLX5,2 ) BZ,oo - BX67°07
n
B> Ba+‘{7k,oo B < Ba+({7k
L"21L2’2 LX7:2 ) 2,00 X8,00

the estimate (3.10) follows from (3.14)-(3.19) and the equivalent norm of Besov spaces.
The estimate (3.11) can be shown similarly as above by noting that

Se 1 se n—2 S

n 2n n’
This completes the proof of Theorem 3.2. 0O
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