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SELF-SIMILAR SOLUTIONS FOR
NONLINEAR SCHRODINGER EQUATIONS

CHANGXING MIAO Y, BO ZHANG %, AND XIAOYl ZHANG X
Dedicated to Professor Yulin Zhou on the occasion of his eightieth birthday

Abstract. In this paper we study self-similar solutions for nonlinear  Schmedinger equations
using a scaling technique and the partly contractive mappin g method. We establish the small global
well-posedness of the Cauchy problem for nonlinear Schied inger equations in some non-re exive Ba-
nach spaces which contain many homogeneous functions. This we do by establishing some a priori
nonlinear estimates in Besov spaces, employing the mean die rence characterization and multipli-
cation in Besov spaces. These new global solutions to nonline ar Schmdinger equations with small
data admit a class of self-similar solutions. Our results im prove and extend the well-known results
of Planchon [18], Cazenave and Weissler [4, 5] and Ribaud and Youss [20].

1. Introduction.  This paper is devoted to the study of the Cauchy problem for
the nonlinear Schredinger equation

iug+4u= juu x2R"; t O (1.2)
u@O;x)= (x); x2R"; 1.2)

where 2 Ris a constant,u = u(t; x) is a complex-valued function de ned onR R"
and the initial data  is a complex-valued function de ned inR": The Cauchy problem
(1.1)-(1.2) for the Schmdinger equation, which models many physics phenomena, has
been studied extensively by many authors, and in particular, the well-posedness and
the scattering theory in Sobolev-type spaces have been established using the Strichart
estimates and other analytic methods (see, e.g. [2, 6, 8, 9, 10, 11, 23, 2#]R

In this paper we study the global well posedness iIBQSfl of the Cauchy problem
(2.1)-(1.2) with small data for  622N; wheres; = n=2 2=: These new global
solutions to the nonlinear Schredinger equation with small data admit a class 6 self-
similar solutions. Our results improve and extend the well-known results of Plaachon
[18], Cazenave and Weissler [4, 5] and Ribaud and Youss [20]. From the scalj
principle it is easy to see that if u(t; x) is a solution of the Cauchy problem (1.1)-(1.2)
then u (t;x) = ;u( 2t: x ) with > 0 is also a solution of (1.1)-(1.2) with the
initial data  (x) replaced by z (X ): We thus have the following de nition.

Definition 1.1. u(t;x) is said to be a self-similar solution to the Schmedinger
equation (1:1) if

utx)= “u( 2t x) utx);, 8> O (1.3)
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Remark 1.1.
(i) It is well-known that the self-similar solution to (1.1) is of the fo rm

u(t;x) = t Lvu&%y (1.4)

(ii) Self-similar solutions to nonlinear evolution equations can be studied thraigh
the study of the associated nonlinear elliptic equations. For example, iV (x)
is a solution of the elliptic equation

RVARRRY Iéx FV = ViV (1.5)
then u(x;t); de ned by (1.4), is a self-similar solution to the Schmdinger
equation (1.1) (see [11, 12]). However, it is usually very di cult to solve the
elliptic equation (1.5).

(iii) Another important way of looking for self-similar solutions fo r the nonlinear
Schmdinger equation (1.1) is to study the small global well-posedness in some
suitable function spaces of the associated Cauchy problem (1.1)-(1.2). These
new global solutions admit a class of self-similar solutions. In fact, let lhe

initial data  satisfy (x) = . (x) with > 0 (for example, can be
taken as
(x9 0
X) = ;OXTE = 1.6
(0= 5 o (1.6)

where the function ( x9 is de ned on the unit sphere in R"). Then, if u(t;x)
is the unique solution of the Cauchy problem (1.1)-(1.2) with the initial data
given by (1.6) then u(t;x) is a self-similar solution for the Schmdinger

equation (1.1).

(iv) It is necessary to point out that the self-similar solution given by (1.4) with V
being the solution of the elliptic equation (1.5) is di erent from that de ned
by the solution of the Cauchy problem (1.1) with homogeneous data (1.2)
(see [14] for details).

Self-similar solutions for nonlinear evolution equations are very importan since
they describe the large time behavior of general global solutions to the evolubin
equations under certain conditions. For example, global solutions of the nonlinear
heat equation have been shown to be asymptotically close to the self-similaolutions
[11, 14]. Also, for the nonlinear Schmedinger equation (1.1) it has been provedhat
the long time asymptotic behavior of general solutions can sometimes be gewned by
self-similar solutions (see [4]). On the other hand, ifu(t;x) is a self-similar solution
to the problem (1.1)-(1.2), then the function u(0;x) = (x) = = (x)so is
homogeneous of degree 2=: Such homogeneous functions, in general, do not belong
to the usual spaces where the global well-posedness of the Cauchy problem holds.
Thus, in order to construct self-similar solutions of the problem (1.1)-(1.2) we have
to choose a suitable Banach spac¥ which includes the homogeneous data of degree

2= and to show that the problem (1.1)-(1.2) generates a global ow inX:

Before discussing self-similar solutions and stating our main result, we needtin-
troduce several de nitions and notations. Denote by S(R") and SYR") the Schwartz
space and the space of Schwartz distributions respectively. For integem; C™(R")
denotes the usual space ofn-times continuously di erentiable functions on R", and
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forl r 1 ,L"(R")denotes the usual Lebesgue space dr" with the norm k k;.
Fors2 Rand1l<r< 1,letHS"(R")=(1 4 ) :L"(R"); the inhomogeneous
Sobolev space in terms of Bessel potentials, l¢dS" (R") = ( 4 ) 2L"(R"); the ho-
mogeneous Sobolev space in terms of Riesz potentials, and wrikgS(R") = HS2(R")
and HS(R") = HS2(R"): Fors2 Rand1 r,m 1 , denote by BS, (R") the
Besov space de ned as the space of distributions such that f 2iS k' i uk gjlzO 2°m,
where stands for the convolution andf' ;g is a dyadic decomposition onR"; and
by By, (R") the homogeneous Besov space de ned as the space of distributions
modulo polynomials such thatf2Sk ; uk, gjlz 1 2°™; wheref jgis a dyadic de-
composition on R"nf0g: For the detailed de nitions of the above function spaces see,
e.g. [1, 15, 22, 25, 26]. We shall omiR" from spaces and norms. For any interval
I R andany Banach spaceX we denote byC(l ; X ) the space of strongly continuous
functions from | to X; by L9(l; X) the space of strongly measurable functions fromi
to X with ku(); Xk 2 L9(1); and by C (I ; X) the space of functions inL* (I ; X) that
are continuous in the distributional sense. For a given function spaceX we denote
by X its homogeneous space. Finally, for any > 0; ° stands for the dual to q; i.e.,
1=g+1=d’=1:
By using the Strichartz and nonlinear estimates in Besov spaces, Cazenave and

Weissler in [6] established the local well-posedness iHS with s % 2 0 for

the problem (1.1)-(1.2) and in particular, the global well-posedness in the critcal
spaceH 3¢ with sc = n=2 2= provided that k (X)kysc 1. However, homogeneous
functions such as given in (1.6) do not belong to the usual Sobolev spacél s with

s 0, so the results in [6] do not apply for constructing self-similar solutions fo the
problem (1.1)-(1.2).

Recently in his Ph.D. dissertation [3], Cannone constructed self-similar solubns
in some Besov spaces to the Navier-Stokes equations employing the Littlewood-Fsl
theory. Planchon then shown that these self-similar solutions provide the larg time
asymptotic behavior of the global solutions [17]. It was proved in [14]that these
results are also valid for the heat equation:

u 4 u= juju x2R"; t2R; u0;x)= (x); x2R"; a.7)

observing that, though given by (1.6) is not in the Sobolev spacdd 3¢ P; it is in the
Besov spaceBpf1 with Sp = n=p 2=: In establishing the above results in [3, 14, 17]
an important role was played by the fact that

Bs»l; s 0 (1.8)

supt zkH(t) k, =k k

t 0
where H (t) = e“.1 . However, unlike the heat semigroupH (t); the Schredinger semi-
group S(t) = €*' does not provide an equivalent norm for Bg;l since it does
not satisfy (1.8). Thus, to study self-similar solutions for the Schmdinger equa-
tion, Cazenave and Weissler [5] (also Ribaud and Youss [20]) introduced the new
function spaceEsp = Esp (R R") which consists of all Bochner measurable func-
tions u : (0;1)! HSP(R") such that kukg,, = supt ku(t;x)kys, < 1 ; where

t>0

2 p<1,0 s<n=pand
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They then established existence of global self-similar solutions ik, for the problem
(1.1)-(1.2) under the condition that k' ; Es;, (R")k <"; where

Esp(R") = ' (x) 2 H*P(R") jk' ke, =supt kS(t)' kys, < 1g:
0

Recently, Furioli [7] improved the result of Ribaud and Youss [20] by extending the
range of the nonlinear growth parameter from +1to with < 1

For the critical Sobolev spaceH 3 with s = n=2 2=, there is naturally the
Besov spaceBgf1 such that the homogeneous function given by (1.6) is in Sfl

but not in H3¢: In the case when 2 2N n fQOg; global self-similar solutions have
been established for the Cauchy problem (1.1)-(1.2) by Planchon in [18, 19] sy
the generalized Strichartz estimates in Lorentz spaces and nonlinear estimates in
Besov spaces together with the paraproduct decomposition and the Littelewood-Paley
characterization of Besov spaces. In this paper, we extend Planchon's result in §1
19] to the case when 622N n f0g: This we do by employing the mean di erence
characterization and multiplication in Besov spaces in deriving the a priori noninear
estimates for the nonlinear growth parameter :

2. Preliminaries.

2.1. Besov spaces. In this subsection we introduce some equivalent de nitions
and norms for Besov spaces needed in this paper. The reader is referred to the well-
known books [1, 16, 25, 26] for details.

We rst introduce the following equivalent norms for the Besov spacesBg.., and
Bs;m :

X ‘1 "
kvkg, t ™ supkM @vkgT : (2.1)
' i j=N 0 jyl t
kaBS;m "k vkp + kka_&m ; (2.2)
where
My, v+ oyvoo2y yv()=v( y);
@, .
= Q'@ ", =—; i=1; n
@e=-@e @ B
=( 1; ; n)yands= N+ with a nonnegative integerN and 0< < 2:In the
special case whers is not an integer, (2.1) is also equivalent to the following norm:
1
X ‘1 dat
kvkg, t MG B supkm, @vkg“T ; (2.3)
CdEs ° it
whereM y v() = yv v and [s] denotes the largest integer not larger thans: In

the case whenm = 1 , the norm kaB;-l in the above de nition should be modi ed
as follows: '

X
kvkg. supsupt kM @vk,; s2R (2.4)
B St 0jyj ot
N
kvkg, supsupt S kM, @vk,; s62Z: (2.5)

B 0jyj
jisrs VT
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We now introduce the Paley{Littlewood de nition of Besov spaces. Let g 2
C! (R) with

(
L il 5
" = 2.6
o= 5 i 2 (2.6)
be the real-valued radial Bump function. It is easy to see that
N()=r0 1) 27
N)=r0@7T) M@ I ) j22 2.7)
are also real-valued radial Bump functions satisfying that
sup2l j@ (i< 1; j2z;
2R"
sup2llj@ ™ ()j<1; j2z:
2R"
We have the Littlewood{Paley decomposition:
X N
Mo( )+ i()=1, 2R (2.8)
o
5( n —1- n .
i()=1; 2R"nfog; (2.9)
j2z
_ Iiml “N()=1; 2 R": (2.10)
v
For convenience, we introduce the following notations:
4if=F YNFf= ; f |22 (2.11)
Sf=F ™Ff=", f |2z (2.12)

Then we have the following Littlewood-Paley de nition of Besov spaces:

1

X
f 2 SYR") kf kgs, = kSof ky + 259K4 ; f Kkl
j=1

s
Bp:q

X @
) fkp+ 2qukj fkg <1 ;
=1

1

f 2SYR") kf k 25944 £kl

j2z

£

B‘S;q
1
. q
29k fki o<1
j2z

S

1 f 2 SYR") kf k =sup2jsk4jfkp=sgrz)215kj fkp<1 ;

S
B3 j2z j

By f 2 SYR") kf ke, =suptzkH(t)fky< 1g; > O
’ >0
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wherel p 1 ,1 g<1;s2RandH(t)= € isthe heat semigroup.
Beside the classical Besov spaces, we also need the so-called generalized Besov
spaces.

Definiton 2.1.  For s2 R, 1 g 1 and any Banach spaceE; de ne B9 as

X .
BpY = ffjkf;Bg9%=( 2%9k4,;fki)s < 1g (2.13)
i2z
where 4 j is the Littlewood-Paley operator onR" de ned in (2.11).
Remark 2.1. .
(i) One easily veri es that for s < 0; BZ can be characterized equivalently as
. . X L
BpY = ffjkf;Bg9%=( 2%9kSjfki)s < 1g;
j2z

where §; is the Littlewood-Paley operator on R" de ned in (2.12).
(ii) Similarly to the classical Besov spaces, we have the following equivaht norms

for BgY :
I 1
‘ X Z, dt. q
kf; B9k = t 9 supkM @fki— ;
i j=N 0 jyj ot t
X
kf;BS' k= supt kM @fke;
jj:Njyj(t

wheres= N+ and0< < 2 Inthe special case whers 6 0; we also have

: x 21 dt! g
kf;Bg9k = t 9 D supk M, @Fki —
Pgts © it '
kf;BS! k= supt & Bk M, @f ke;
=S Vit

where M, and Mj denote the rst and second order di erence operators, re-
spectively, as de ned at the beginning of this subsection.
(iii) If E is the Lorentz spaceL”" (R"); then

. . oo . X i 1
by = By = ff 2 LPTjKf BT k= (1 2%9k4 fKE )< 1g:
j2z
This norm is useful in the study of self-similar solutions. Another type of
generalized Besov spaces can be obtainedHf is taken as the Morrey space
MpP:
(iv) Let E = L9;L")with | = Rorl R being an interval. Then we have

L9(BY ) = Bl

X . 1
FE 2 LI0LD)IKE B, k= (2% k4 Tk, ) < 10;
j2z

L9183 )= Bl
ff 2 L9l ;L’)jkf;B.E;ql(l;L,)k=sl;g 25k4 jfkagory < 19 ;
J

wherel g1 ;1 r 1 andl < 1:
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Remark 2.2. In the above de nitions of Besov spacesl P-type spaces are chosen
as the base spaces. More general Besov spaces can also be de ned with ltRespace
replaced by the Lorentz spacelP", the time-space Banach spacé. 9(R;L") and the
Morrey spaceM .

2.2. Strichartz estimates. Consider the Cauchy Problem (1.1)-(1.2) with the
data 2 HS: Itis well known that S(t)= F Yexp( ij jt)F = €'* only generates a
Co-semigroup in the Sobolev spacél® (s 2 R). Let v(t;x) = F Yexp( ij j?t)F (x)
and de ne

Eqsp( )= kv( %t x LRICHEY
Es2( )=k (X )kgs:

Thenv 2 LYR"; H>P) implies that the degree of the polynomialsEys;p ( ) and Es;2( )
of is the same so

2 1 1
“=n = = - 2.14
q 2 b (2.14)
Moreover, if
8
32 p 2:n2n2; for n> 2
32 p<l; for n=2; (2.15)

"2 p 1 ; for n=1;

then v 2 LY(R; H5P) with g and p determined by (2.14). The pair (q;p satisfying
both (2.14) and (2.15) is called as anadmissible pair The set of all admissible pairs
will be denoted by

It is easy to check that

z t
UEX)= SO 0+ St )g(ix)d 2 5(t) (x)+ Go(tx)
solves the following Cauchy problem for the linear Schedinger equation
iup+4u=g(t;x); x2R";, t2R; u(0;x)= (x);x2R":

Let| = Rorl R be any interval with 0 2 | and let (g;p, (q;p) (j =1;2) be
admissible pairs. As a result of theT T -method and interpolation (see [8, 13]), we
have the following Strichartz estimates:
() Forany 2 L2 S() 2L9(I;LP)\ C(I;L?) and
KS() kpag.ey Ck ke: (2.16)
(i) For g2 L%(I;LP?), Gg2 C(I;L2)\ L%(I;LP*) and
kGg; L% (1;LP )k  Ckg;L%(I:LP?)k: (2.17)

Since (4 ) 2 is aholomorphic mapping fromB;. into B§+ andBg. = B5-\ LP
when s > 0, we have the following Strichartz estimates in Besov spaces:
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() For 2 HS,S() 2C(I;H)\ LI(I;BS,) and

kS() ;L9(I;Bs )k Ck kyei (P2 (2.18)

(i) For (u;p); (ip2) 2 and g2 L%(1;BS,,); Gg 2 C(I;H)\ L%(15B;, )
and

kGg; L% (I;B3, )k Ckg; L%(1; B3 p)k: (2.19)

(i) For (g;p; (qu;py); (p;p2)2, 2HSandg2 ng(l ;Bsg;z), we haveS() 2
C(I;H%)\ L9(1;B5.), Gg2 C(1;H®)\ L% (1;B;,.,) and

KS() ;L9(I;BS)k  CK ks; (2.20)
kGg; L% (1B, ))k  Ckg; L% (1; B3 p)k: (2.21)

The following generalized Strichartz estimates follow directly from the Strichartz
estimates and interpolation theorem (see [13, 18] for details).

Proposition 2.1. Let | = Rorl R be an interval with 0 2 | and let
S(t)= €'
(i) [13] For (g;r) 2 we have
5 kS() ;L%2(1;L")k. k ky; (2.22)
k St s)f(s)ds Lt (I;L9)k. ki;LT2(1;L" "2)k; (2.23)
Z s<t

k St s)f(xs)dsLY92(1;L52)k. kf;L2(1;L"")k; (2.24)

s<t
where. denotes the presence of a constant depending @pand r:

) _ 2 ( +2)
(i) [18] Let 2 < < A and = PR Then

kS(t) ;L1 (;L *)k. k Kgse ;S = (2.25)

2
where. denotes the presence of a constant depending on+2 and :

3. Self-similar solutions in sfl with s = n=2 2= . In this section we
establish existence of self-similar solutions irE\;f1 (sc = n=2 2= ) for the Cauchy
problem (1.1)-(1.2) or equivalently its integral form:

z t
u(x;t) = S(t) (x) i S(t  s)ju(s;x)j u(s;x)ds: (3.2)
0

In the case when 2 2N; global self-similar solutions have been established by
Planchon in [18, 19] for the Cauchy problem (1.1)-(1.2). More precisely, Wwere, for

(N2
Ggr (R R") = fv(t;x)j sup2°ckd | VK a2(riLr2y < 19
i
with L9 and L%2 standing for the Lorentz spaces and4; (j 2 Z) being the

Littlewood-Paley operator de ned in the last subsection, Planchon established the
following result (see [18, 19]).
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Theorem 3.1. [18, 19]Let n 3, 4=(n 2)and 2 2N. For (q;r) 2
(including the endpoint case, i.e.(q;r) =(2;2n=(n 2)) 2 ) there exists an" > 0
such that if 2 B35 with k ;B5% k<" then the problem(1:1) (1:2) has a unique
global solutionu 2 C (R; B3¢ ) with

\
u2 L' (R;B3 )\ Gqr(R R"): (3.2)
(a;r)2

Our main result, which generalizes Theorem 3.1 by removing the restriction 2
2N; can be stated as follows.

Theorem 3.2.
(i) Let
(

4=n< < 1 ; forn=2;
4=n< < 4=(n 2);,forn 3

For (g;r)2 and(; +2) satisfying that

2 1 s 1
—_ = n —_ —
(2 n +2

)

(thisis, (; +2) is an sc-admissible pair), there exists an" > 0 such that
if 2 Sfl with k ; Sfl k<" then the problem(1:1) (1:2) or (3:1) has a
unique global solutionu 2 C (R;B37; ) with

\
u2 L' (RiB35 )\ LY (RL ")) Ggr(R R"): (3.3)
(ar)2

In particular, u 2 GZ;%(R R") in the case whenn 3
(i) Let3 n 5 4=(n 2) and 62N: For (q;r) 2 ( including the endpoint
case, i.e. (q;r) = (2;2n=(n 2)) 2 ) there exists an" > 0 such that if
2 B3, with k ;B35 k <™ then the problem(1:1) (1:2) has a unique
global solutionu 2 C (R; B§§1 ) satisfying (3:2):
(i) Letn 6 andletd=(n 2) < or < < 1 with

n pn2 32, _

4

n+pn2 32
2 .

For (g;r) 2 ( including the endpoint case, i.e.(g;r)=(2;2n=(n 2)) 2 )
there exists an" > 0 such that if 2 B3, with k ;B3 k <" then the
problem (1:1) (1:2) has a unique global solutioru 2 C (R; Sfl ) satisfying
(3:2):

Remark 3.1. (i) Let (x) = = (x)with > 0in Theorem 3.2. Then the
problem (1:1) (1:2) or (3:1) has a unique global self-similar solutioru 2 C (R; B5¢, )
satisfying Theorem 3.2.

(i) Theorem 3.2 only deals with the case > 4=n: If, instead of using the Besov
spaceB5% (R"); we use the function spaceEs ;,(R") then the restriction > 4=n
can be removed (see [5, 7, 20]).
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(iii) The condition on in Theorem 3.2 (iii) is related to the regularity issue
Sc <

To prove Theorem 3.2 we need the following lemma which was proved in [21].

Lemma 3.1. Let ,=n max(O;% 1) and m 2 N with m 2. Suppose

X 1 11 X 1
min — < 1 —= —+ —; =12, m:

k=1,; o r ] o r
m e Tk P B kej 'k

If s> ,, then there exists a constantC > 0 such that
0 1

X Y
kfy  fmiBpgk C  @kfjiBS k kfi;L™*kA
j=1 k6 j

yn
forall (f;; ;fm)2 Bpg\ L':
j=1
Proof of Theorem 3.2. We rst prove (i). For convenience, we only consider the
caset > 0: The caset < 0 can be shown similarly.
Let

(

LY (RT;BS )\ LT (RT;L i) \L (2R B, ,); forn = 2;
LY (R";B3, )\ LT (RT;L 21 )\L (R B>, ); forn 3;
! Ln 2

where =2 ( +2)94 (n 2) ];sc=n=2 2= and(( +2); +2)2 ;and
de ne the complete metric space K ;d) by

X =fu2 X jkukx Mg;
d(u;v) = ku  v;Li T (RT;L "1 )k

where M is a constant depending onk ;B3 k and is to be determined later. Set
f(u)= i juj uand dene Tu as the right-hand side of the integral equation (3.1),
that is,

Tu(t;x) = S(t) (x)+ Gféu(t;x))
t

S(t) (x) i S(t  9)ju(s; x)j u(s;x)ds: (3.4)
0

We now prove that for some small constantM the mapping T is contractive from X
into itself.

First it follows from Proposition 2.1 and the Littlewood-Paley char acterization of
Besov spaces that

kS() kx Ck ;B3 k: (3.5)

Next from the Strichartz estimates (i.e. LP-LP° estimates) and the generalized



SELF-SIMILAR SOLUTIONS FOR NONLINEAR SCHRODINGER EQUATIO NS 129

Young inequality it follows that

KG(f (u)zf(v));L51 (R*;L *21 )k
t
it sj "G )k (u) fk =z, ds

0 L1
Zt
it s "E ku vk e (Kuk, woa K+ Kvk L. )ds
0 L1
kupL 't (RTGL "2 )k + kviL P (RT5L "2 )k
k u VkL; 1 (RTL *2it ), (36)
where use has been made of the fact that
+ +
E+j|_: 1+}; or = 72( 2);
q n
In particular, we have
KGf (u);L*Y (R";L "21)k. ku;L't (R*;L "2 )k *1: (3.7)
. 4( +2) o .
Since (( +2); +2)=( - ; +2) 2 and 0 <s;< 1,itis easy to obtain

by (3.5)-(3.7) and Proposition 2.1 that
KGF (u); LT (R* ;B35 Jk_kGF (u);L "2 2(R*; B L)k
kf (U), B_EC;(l +2) OiZ(R* L +2) O:Z)k

= sup kM f(ut )L (PR LO %2k

iy

sup Sc k I\/ly UkL +2;2kUkL 251 L ( +2) 02

1yi

.S_Up SCk le UkL ( +2) ;2(R+ L*2 ;Z)kUkL ( +2) 1 (R* ;L 21 )

1yl

CkUkL ( +2) ;2(R+ :B_ic;iz z)kUkL ( +2) i1 (R+ ;L +2 51 ), (3.8)

wherea__ b= max(a;b): In particular, when n  3; by the Helder inequality and the
Sobolev embedding theoreni! (R*;B3% ) | L' (R*;LZ" ) we have

f (u); B+t . = su Sck My f (u)k o0
(u) L 2(re 4 jyj<l3 M f (u) Lo(re L 2
sup kM y uk ., k(G yuj +juj )L (RT;LTT K

ivi< Le(ReiLr =)

uB>?t

L, kuLt (RY;BSY )k -
L2(RT LT 2°2)

Thus we obtain that

kTukx  C(k ;B35 K+ kuk,™);
d(Tu;Tv) Clkuky + kvky ld(u;v); u;v2X:

Let M = 2Ck ; S;Cl k be small enough (e.g. M < [1=(2C)]** ) so that T is a
contraction mapping from X into itself. By the Banach contraction mapping principle
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we conclude that there is a unique solutionu 2 X for the problem (1.1)-(1.2) or
equivalently (3.1). As a direct consequence of the Strichartz estimates, we have 2

Ggr (R* RM) for any (q;r) 2 : We now prove that u 2 C (R";B3 ); that is,

u(t;x) is weakly continuous att = 0; by employing Planchon's idea [18]. From the
localized Strichartz estimates (which can be obtained from Proposition 21) and the
following Bernstein inequality

+1

dse A= Dika (f (u)k, . 2"SCk4jf(u)kL%;2;

it follows on noting (3.8) that
2 1T K4 G (U)ks . 217
0

ok | (u)kyds

.t kf (U),L (+2) 0;2(R+;B-EC(;1+2) o;z)k

.t kuk,

This implies the weak continuity of u(t;x) at t = 0; which completes the proof of (i).
We now prove (ii) and (iii). Note rstthat s;= n=2 2= 1: Let

Y=L (R";BS )\L 3(RT B>, )
; | 20y
and let us introduce the complete metric space
Y= u2Yjkuky M

with the metric
d(u;v) = ku  vky;

whereM is a constant depending ork ;B3¢ k and to be determined later. Consider,
in the metric spaceY; the operator T de ned by (3.4). It is easy to see by using the
localized Strichartz estimates in frequency and the Littlewood-Paley characterizéion
of Besov spaces that

kS(t) ky Ck ;B3 k: (3.9)

Now, for the nonlinear term f (u) we have the following estimates:

fupBs?t . kuB>t . kkuiL! (RY;BS )k (3.10)
LZ(R";Ln*Z‘ ) LZ(R";Ln 2% !
0y} pScil .pScil a1 . c 1.
FAU B SR ey - KU B_LZ(R‘r iL %:Z)kku’ LY (R™:B3 )k 5 (3.11)
where ™ = % ands; = n=2 2= < under the assumptions in (ii) and (iii).

We rst prove (ii) and (iii) under the assumption that the estimates (3.10) and (3.11)
hold and then show that the estimates (3.10) and (3.11) are actually true.
From Proposition 2.1 and (3.10) it follows that

KGf (u); Yk . ku;BLSZ;1 ., Kku; LY (R*;B3Y )k (3.12)
L2(R* ;L1 2% '
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On the other hand, since
z 1
f(u fv)= fYu+ (u v)d@u v);
0

it follows from Lemma 3.1, (3.11) and the embedding relation Sfl ! L"" 2 that

, X
KG(f (u) f(v);Yk. u v;B>' kw; L' (R*;BS% )k
LZ(R"';Ln 2') W= v ,

X .
+u viL' (R";B3) kw; B> SN

2Rt LA 22
W= Uy LE(RL )
X

kw;L* (R";B3y )k (3.13)

W= uv

Thus, by (3.9), (3.12) and (3.13), we have

kTuky C k ;B3 k+ ku;Yk ™1
d(Tu;Tv) Clkuky + kvky] d(u;v); u;v2Y:

Let M = 2Ck ;B3 k be small enough (e.g. M < [1=2C)]*" ) so that T is a
contraction mapping from Y into itself. By the Banach contraction mapping principle
we conclude that there is a unique solutionu 2 Y for the problem (1.1)-(1.2) or
equivalently (3.1). As a direct consequence of the Strichartz estimates, we have 2
Gqr(R" R") for any (qg;r) 2 : The weak continuity of u(t;x) at t = 0 can be
proved by using Planchon's idea [18] (cf. the proof of (i)). This proves (ii) and(iii).
To complete the proof of Theorem 3.2 we now need to prove the estimates (3.10)

and (3.11). First it is easy to verify that f (z) = jzj z 2 CI*](C; C) with

f‘k’(0)=c%; if @i Cizg "™ % 0 k [scl;

C(jizaj B+ jzpj el)jzy  zy); for [Sc]

if @D (2.} f (seD (2.)i
J ( l) ( Z)J sz +1 [Sc]; for < [Sc]:

Without loss of generality, we may assume thatf is a real-valued function. We rst
prove (3.10). We need the following equivalent norms for Besov spaces:

X
asil _ (s [s) .
Pl j j:[s]jfjlip KMy OVK e iy’
X
) i =N jjjlip kW @VK (e s

wheres = N + with a nonnegative integerN and 0< < 2 and I\/ﬁ is as de ned
in (2.1). We distinguish between the following two cases.

Case 1. 1 s;< 2 Since

4

1
FL yu+r@  Hu fYuld;
0

X
M f(u)= fu) M u+ My u
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and noting that > 1; it follows that
X

IM Wi JFAWi M Ui+ My uP§oyup e )

n+2 n 2 2
Note that [s.]=1; — = + — and
[scl 2n 2n n
n+2 s _ 1 s¢ [s]+" 1 [s] " 20 1)
2n n_ n 5 n n

where" > 0 is a su cient small constant and

2n _ 2n
n 3+" %27 n s +1 "

1=

From the Helder inequality and the embedding

S¢;1 Sc [scl+ ™ c ¢l " [sc] "1, c
B— 2 a! B-LZ(R*' L 12)1 S;]_ :! B—[sz;]l r! 2.1 ’ B—;;l :!

L2(R*; |_n+2 )

it is easy to see that

f (u); B L, = sup kM f (u)k

L2(RLT2) i L2(R LA
j;lip k M ukLz(R+ ;annz‘z)kUKL -
+ Sup (sc [scl+ ")k IV[), ukLz(R+ L 1;2)
jyi<
supf sup @ kM, uk o1 kuk ot g
2R jyj< L2
.RpScil Sc [scl*+ "
u,B_LZ(R*f-L nznziz) I(UkL it + kU B-LZ(RJr L 12)
sup ku; Bt kkuk =
t2R* 2
uB> Y kuLt (RTIBSY K

L2(R*;LM 27
Thus (3.10) is proved in this case.
Case 2. s 2 Letsc=[sc] 1+ : Thenl < 2and[s] 1

calculation using the Leibniz rule of derivatives gives that forj j =[s(]

[sx] 1 x |
@f (u) = ﬂkif (k)(U) @'u

k=1 1t o+ k= k! j=1 j° j=1
IR

For simplicity set

Fy= fOW: va yu w=

Uy =@u Vvi=@v, w=@w

1: A direct

1

(3.14)
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W
Then the second-order di erence of the termf )(u) @' u can be computed as
=1

0 1
W YK W YK
42@® W) @uA=F() vi+FWw w 2F(U) u
i=1 i=1 i=1 i=1
0 1 0 1
YK YK YK K YK
SFW@ v+ w2 uyAHFY) FW@ v uA
i=1 J'=ol i=1 1 i=1 i=1

YK Y YK
+(F(u) Fw)@ WA +(F(V)+ Fw) 2F(u)

j=1 j=1 =1
X Y] Y : X X Y : Y
=F(u) 47y Va Up F(u) (4 yu 4yu)  Va U
j asi b i€ asi b
X Y Y
+F(u) 4 yuy 4 yu) Ug W
i :fﬁlj b>i
X Y
HF(v) F() 4y va U
j agj b>j
X Y Y Y
(F(uy FW) 4 yu  ua W+ FAW4ju
i agj b>j j
+ (Fqv+@ Hu) FYupd(v uw) y
0 i
24 Y X
+ (FYw+@ Hu FYupdw u) uy= I
0 i k=1

We now evaluate eachly:
Estimation of |, and | 4: Let

1 s
do = +1 k) = = ;
1 scj aj .
dy = > %; 1 a k and a6 j;
_n 2 s (it )a 1,
g = = —
2n n 1
Since B2 s¢.=n > 0; it follows that dy > 0 fora=0;1; ke It is easy to verify
that
X n+2
a=1

Noting that the Besov spaces are translation invariant, we obtain by the Helder in-
equality and Sobolev's embedding theorem that

Kitk 2. k ukB?S;cl kMG ujky iz (3.15)
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Similarly, and letting

1 s
b=( Kk 5
_ 1 sc 4 .
d; = 5 ; . oa=1; k;
d n 2 s 4 i
k+1l — on n = 2.
we have
Klek 22 K Ukgse kMG Uk oiz2; (3.16)
where use has been made of the fact that
5(‘—1 +2
do+ dp= 2.
2n
a=1

We may estimate |, and I3 similarly. In fact, let

1 s
=( +1 k) = X .
do=( + ) 5
1 scj aj o
da= 3 e Jn . ae i
g= 1 S (jij+3)a 1,
i — 5 - T T
2 n 3
_n 2 sc (jjitz)a 1,
d = 2.
2n n 4

Then it is easy to verify that d, > 0 fora=0;1; ;k and

X _n+2
T oon

so it follows from the Helder inequality and the Sobolev embedding theorem that
Kigk 2o oiKlsk 25, K ukB;;l KM y Uik, 52k My Uik 4 (3.17)

n+.

To estimate |, and I 5; let

1 s
do = ( k)éﬁ‘:;

1 scj aj .
dazé %; 1 a k and a6 j
_n 2 s (ji+3)a 1,
d = 2 1.
2n n 5
_ 1 S 34 1,
dk+1—2 e

Then arguing in exactly the same way as in deriving (3.15)-(3.17) it can be btained
that

Kigk 2 o0 Klsk 2y, K ukBé; KMy Uk s2kM yuk 61 :  (3.18)
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Finally, 1; and I g can be estimated similarly as above by letting

1 scj aj
Qo= 5 —— a=1; ;K
a2 n
d _n 2 S =g x4l
k+t = o n = -
d _1 S k4 1
k2 = 5 n = .
and noting that d; > 0 fora=1; ;k+2and
Kt k n+2
da+ = )
a1 dk+2 2n
and we have
Kizk 2o 20 Klgk 20 . K Ukfsc KM yuky 72kM yuk &0 (3.19)
Noting that
Sc;l + 1, Sc;l H
B—L n2n2;2 1! 1;21 y B—L n2n2;2 1! B-L 2:21
By ) BT - U
Ln 2
. i ijt 51 —
B'EE"’Zlnz;z ! ! J5];2Z ; S;Cl L B-ze;l ;
; -l K.
B .t BT Bl BT

the estimate (3.10) follows from (3.14)-(3.19) and the equivalent nom of Besov spaces.
The estimate (3.11) can be shown similarly as above by noting that

1

SC 1 Sc n 2 SC
_ = 1 _ —~)+ .
S EaC 0G Y

2n n’

This completes the proof of Theorem 3.2. O
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