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PERIODIC BEURLING BOEHMIANS AND
ANALYTIC BOEHMIANS

V. KARUNAKARAN Y AND R. ROOPKUMAR *?

Abstract. We de ne Periodic Beurling Boehmians and analytic Boehmians. W e also de ne
boundary value of an analytic Boehmian as a periodic Beurling Bo ehmian and prove that each
periodic Beurling Boehmian x can be written as x+ + x where x+ and x are boundary values of
certain analytic Boehmians.

1. Introduction. In [4], a space of periodic Boehmians containing the space of
periodic distributions was introduced and a su cient condition for a complex sequence
to be the Fourier coe cients of a periodic Boehmian was given. A question regardng
how a Boehmian could be associated to the boundary value of an analytic function,
was raised. On the other hand, it is well known that (see for example [3]) every
periodic distribution having all negative Fourier coe cients as zeros, can be witten
as the boundary value of a Bieberbach function.

In this paper we introduce a Boehmian space (called periodic Beurling Boehmi-
ans) which contains the set of all periodic Beurling distributions [2] and see howwve
can associate boundary values of analytic functions, to the elements of this Boehian
space. For this purpose we de ne another Boehmian space whose top space consists
of analytic functions. We also de ne the concept of the boundary values of these
Boehmians and prove that each periodic Beurling Boehmian can be expressed as a
sum of boundary values of analytic Boehmians. Since periodic Beurling Boehmians
are objects more general than periodic Beurling distributions, this representatn is
perhaps the best that one can expect in this context. Thereby answering partially
the question posed in [4], in the most general set up.

We shall use the standard notationsC, T, U respectively for the nite complex
plane, the unit circle and the open unit disc and as usuaN, N, Z and R to denote
the set of all natural numbers, non-negative integers, integers and reals.

In section 2 we recall the classical theory stating the required theorems with
proper references. In section 3 the theory of periodic Beurling Boehmians is developed
and in section 4 the theory of analytic Boehmians is developed and in section 5 we
obtain results regarding boundary values of analytic functions associated withperiodic
Beurling distributions and establish our main result. Finally we give an exanple of a
periodic Beurling Boehmian not representing any periodic Beurling distribution.

2. Classical theory. We denote by for (k 2 Z), e the function
e(e)=é€";8t2[ ; I

In this section we brie y recall the space of periodic Beurling distributions intro duced
in [2]. Let ! be a real valued function onZ satisfying the following properties:
() q3= 'O !'(m+n) !'(m)+!(n); 8M;n2Z;
() <1
n2z

1+ n?
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138 V. KARUNAKARAN AND R. ROOPKUMAR

() there exista2 R and b > 0 such that! (n) a+ blog(1+ jnj);8n 2 Z;

() ! is concave down onN o and is even.

Let P, denote the space of all integrable complex valued functions on the unit circle
T with

X
kk =  jY(nje' M<1; 8> 0
n2z

with the Fechet space topology given by the sequence of semi-normk kg, m 2 N.
Here '\(n) denotes the Fourier coe cient of de ned by

Y4 Y4

M= e nd =& (e M
T 2

where d is the usual Haar measure [7, p.193] de ned oT. The dual spaceP? is
called the space of Beurling distributions onT which is algebraically isomorphic to
the space of periodic Beurling distributions [2]. So throughout this paper we call
P? as the space of periodic Beurling distributions. In the article [2], it is remaked
that if ! (n) = log(1 + jnj); 8n 2 Z then P? is same as the usual Schwartz periodic
distributions.

P
Theorem 2.1. If 2 P, then the Fourier series ’\(k)a< converges to in
k22
P, .

m
Proof. Let > 0 be arbitrary. If Py = '\(k)a< then
N

PN B et ®
k2

k  Pnk

i"(k)je! @1 0asN11 ;
ki N+1 p
being the tail end of the convergent series  j"(k)je' *.
k2Zz

HencePy ! asN!1 inP,.

Definition 2.2.  If u2 P2 then the Fourier coe cients 0(k) of u are de ned by

0(k) = hu;e i; 8k2 Z:

The proofs of the following theorems can be had from [2].

P
Theorem 2.3. If u 2 P? then the Fourier series 0(k)ex converges tou in

k2z
PO.

Theorem 2.4. If u2 P? then there existC > 0 and > 0 such thatja(k)j
Ce' (K): 8k 2 Z. Conversely, given a sequence of complex numbetay )2z Wwith
jagj Ce' ), 8k 2 Z for someC > 0and > O, there existsu 2 P such that
a(k) = a 8k 2 Z.

The above theorem characterizes the periodic Beurling distributions by a growth
condition on their Fourier coe cients.
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Definition 2.5.  If u2 P? then we de ne u by
hu; i = hu; i 2P, :

Definition 2.6. Givenu2P? and 2P, we de ne the convolution by
(u )E)=tu «i;8x2[ ; I
where (€)= (e "Yyand( 4 )(€')= (€t X)), 82 ; 1.
It is not di cult to see that this convolution is same as the one de ned in [2].
Lemma 2.7. fu2P?and 2P, thenu 2P, P ?and

(u ﬁ\(n) = u(n) A(n); 8n2Z:

In [3], it is proved that given a periodic distribution u with all negative Fourier
coe cients equal to zero, there exists an analytic function

R
f(z)= a(n)z"

n=1
on the unit disc U = fz 2 C : jzj < 1g such that the boundary value distribution
lim H (re"); (e)i
rt 1
associated withf (z) is the original distribution wu.

3. Periodic Beurling Boehmians. A Boehmian space is a generalized function
space consisting of equivalence classes of convolution quotients. For more dittae
refer the reader to [6]. In this section we shall construct Beurling Boehmians and
discuss some preliminary results. As in the context of Boehmians we take the adiile
semi-group G as the space of the periodic Beurling testing function spac®, , S= G
and the delta sequences as the collection of all sequences () from P, satisfying
the following usual properties:

0] nd =1;8n2N;

R
@iy jnjd <M; 8n2 N for someM > 0;
T

(i) s(n)=supfitj:t2[ ; 1, » € 60g! Oasn!1l

We can easily prove the following lemma using Fubini's theorem, and the fact
that sS(n  n) S(n)+ S( n)

Lemma 3.1. If (1);( n)2 then(, )2
Lemma 3.2. If 2P, and(,)2 then n! asn!l inP,.

Proof. First wegshow that % (k) 1  Ms( n)jkj 8k 2 Z.
Mk 4 = j (nex n)dj

.
R . .
s ia(e)(e ™ 1Djdt

R .
2i i n(€Y)j jktjdt (By mean-value theorem)
Ms ( n)jkj:
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Next consider for > _0,
k o k = iC k) it ®

Bz oA _—
= i(K)j (k) 1je' O (By Lemma 2.7)
k27

P
Ms( n)k k jkje ¢ 1
k27
( where % + ith "b alslin property ( ) of I:)

Ms( )k ke )7 I o @y ()
k2z

MS%(,)! Oasn!l for some 0<M %< 1 :

Lemma3.3. If ! asn!l inP, and 2P,,then , ! asn!l
in P, .

Proof. Let > 0 be Igtrbltrary Using Lemma 2.7 we get
Kn k = M) Ak k) AK)e! ()
k22 P
k ki Jhk) “jet ©
k22
= k kik n k ! Oasn!l
Hence the lemma.

Lemma 3.4. If ! asn!1l inP, and () 2 then , ! as
n!'l inP,.
Proof. We havek , k k n n nk +k n k:
By Lemma 3.2, the secongterm tends to zero as ! 1 . Consider the rst term
kn n nk = k) Wi (ke 0
k2z

MK k : (using property (ii) of ( ):)
This completes the proof of the lemma.

Now we can construct the space of Boehmians as follows:
A pair of sequences (();( n)) is said to be a quotient if

n m= m ns 8m;n 2 N:

The collection of all quotients is denoted byA and each quotient is denoted by =,
Now we de ne an equivalence relation onA by =, n=nif o "m= m n
for all m;n 2 N. The collection of equivalence classes is denoted b, and each
equivalence class containing ,=, is denoted by [,=,], and is called a periodic
Beurling Boehmian. It is easy to verify that if ! (n) =log(1+ jnj) then B, is same as
the space of periodic Boehmians de ned in [4, 5].

The algebraic operations such as addition, scalar multiplication and the conglu-
tion of a Boehmian and periodic Beurling testing function are de ned by

@ [n=nl*+[n="n]l=0(n "n*+ n )= n nl
() [n=nl=[ n=nl
© [n=n] =[(n )=nl

Eachu 2 P? is identi ed as a Boehmian whose representative is )=, where
(n) 2 is arbitrary.

Definition 3.5. We say that a sequencéx,) of Boehmians is -convergent to
a Boehmian x if there exists( m) 2  such that

Xn mi;X m2P:;; 8mn2N
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and for eachm 2 N,
Xn m! X pmasn!l

We write X, ! xasn!l

We denote this limit x as I|m Xn. -convergence normally does not induce

a topological convergence, however it does possess many desired properties. For
example the limit of a convergent sequence is unique; a subsequence of a convergent
sequence is convergent to the same limit; the sum of two convergent sequence is
convergent to the sum of their limits.

Lemma 3.6. (See [6])x, ! xasn!1 ifand only if there exist representatives
nk = k; k= k Of X, and x respectively such that for eactk 2 N,
nk! kasn!l inPy.

Definition 3.7. If x=[ h=n]2B, thendene x=[ ,=,].

We can prove that the x for eachx 2 B, well de ned, by using the fact that
( ) = X 8 ; 2 P! .

The proofs of the following two theorems are straight forward and we predr to
omit the details.

Theorem 3.8. If x;y 2B, then (i) (x+y)=x+y; (i) (x)= x; (i) x=x
Theorem 3.9. The mapx 7! x is a homeomorphism ofB, onto itself.

Definition 3.10. Givenx =[ n=,]2B, andk 2 N de ne the Fourier coe -

cient of x by #(k) = = if 4, (k) 6 0.

We note that given k 2 N, there existsn 2 N such that A (k) 6 0 because
n(k)I lasn!l . If ,(k)606 n(k),theequality , m = m . implies

(k) — " (K)
that (k) — P (K)
Moreover if X = [ n=n] =[ n="n] and % (k) 6 0 6 " (k) then we get ~() =
"m (K)

Ao (K) by using the equality » 'm = m n. Thus the de nition is independent of
the choice of the representative and hence (k) is well de ned.

P
Theorem 3.11. If x =[ ,=,]2B,, then the Fourier series  R(k)ex
k2z
-converges tox.

Proof. To prove this theorem we shall show that for eachj 2 N,

R(k)ee ;! jasN!1l inP:

] . ] R . )
Now R(K)ex | (€°) R(K) L €k D (eh)dt
k= N k= N

. R .
N k(k)e’ks ZL e ikt J-(e")dt

R(k)e A (k):
N
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If ~; (k) = O then, for this k 2 Z, we can nd | 2 N such that (k) 6 0. Now
i 5= 1 implies (k) 4 (k)= " (k) A(k). Therefore it follows that (k) = 0.
If ~(k) 6 0, then by de nition of "x(k), we get X(k) " (k) = ",—(k). Therefore

) M )
R(K)E*s A (K) = " (k)éks which converges to j in P, by Theorem 2.1.
k= N k= N

Hence the result.

4. Analytic Boehmians. In this section we de ne a Boehmian space whose top
spaceG consists of analytic functions in the open unit discU of C, called analytic
Boehmians. To construct this space we takeG = S = ff(z) = az® tjayj

k=0
Ce ' 0 8k 2 Ny; and foreach > 0g. Here the constant C may depend on .
Note that G H (U) ( the collection of all holomorphic functions on U ). We also
take the multiplication in G as the Hadamard product de ned by

X s P
az*? bz*=  (a h)z“
k=0 k=0 k=0

Lemma 4.1. If f;g 2 Gthenf?g 2 G.

P P
Proof. Let f (z) = az’; 9(z) = z"2 G. Now (f?g)(2) =  (ax h)z“.
k=0 k=0
Consider for > 0, jax bje' ® = jajez' ® jhjez' K C; C, whereCy;Co
are such thatjayj Cie z' ®: jhj Ce z' (K. Thereforef?g 2 G. Hence the
lemma follows.
The proof of the following lemma is obvious.

Lemma 4.2. If f;g;h 2 Gand 2 C; then
(@ f?2g=g9g~f.
(b) (f?g)?h=f?(g?h).
() (f+g)?2h=(f?2g)+(f?h).
d (f?g9)=(f)?g

We de ne semi-norms onG by P (f) = sup jagje' ). Itis easy to verify that
k 0

fP (): > 0gis an increasing family of semi-norms and hence the topology in-
duced by this family of semi-norms is the same as that de ned byfP,(): m 2 Ng.
Therefore this space becomes a metrizable topological vector space.

Now we prove that this space is complete.

Theorem 4.3. G is a complete metric space.
Proof. Let (f,) be a Cauchy sequence irG. Then for each > 0, givenr > 0,
there existsN( ) 2 N such that P (f, f,) <r 8n;m N() If fn(2) =

ank z¥ then for all k 2 N, we have
k=0

jank  amkj P (fn fm)<rn 8nm N();

and hence a,x converges to ax uniformly in k 2 Ngy. Hence we get that
supjax  amkje' ® 1, 8m N(). ()
k 0
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To prove f 2 G we consider (for each > 0)
supjagje’ supjax  an( yxie' ) +supjan(yxiet ©
k 0 k 0 k 0

r+ P (fN( ))< +1:
Thereforef 2 G. By () we getthat f, ! f asn!1 in G. Hence the lemma.
Now we de ne delta sequences.
Definition 4.4. A sequence(d,) in G is said to be a delta sequence i, (z) =

dnk Z¥ and
k=0
1. There existsM > 0 such thatjdnxj M; 8n2 N; 8k 2 Nyg.
2. There exists a non-negative sequendg ) converging to0, such that

jdmk ” njkﬁ 8k 2 N(ﬂ
Lemma 4.5. If (d,) and (e,) are delta sequences, thefd, ? &,) is also.

P k P k
Proof. Put d,(z) = dnk 2% en(2) = enk Z¢; then
k=0 k=0

X
(dh ?&)(2) = (dnk  €nk )Zk:
k=0

Let M1;M2 be such thatjdnkj M1, jenkj M28n2 N;k2 Noand ( n), ( n)
satisfy the property (2) of delta sequence, corresponding tod;,), (e,) respectively.
Now jdnk €nkj] M1 M28n2N; k2 Ny, and
jonk ek Y Jduk Y jenk L+ jdnk L+ jenk 1

(M1 +1) njki+ ajkj+ ajkj:
Hence the lemma.

Lemma4.6. Iff,! f asn!l inGandg2 Gthenf,?g! f?gasn!l
P k P k P k
Proof. Let > O andf,(2) = ank 2¢; f(2) = az; 9o(z) = b z¥.
k

k=0 k=0 =0
Now the following inequalities complete the proof of this lemma

P(fn?g f29) = supj(am  a) bje' )

Pi(QP (fn f):
Lemma 4.7. If f 2 G and (dy)is a delta sequence thefi?d, ! f asn!1l in
G.
Proof. For > 0, consider
P(f?dn f) = supjax dnx axje' ®
k 0
n Supjay] jkje' () ( by property (2) of (dn))
= P (f)supe ' Wijkje' &) (where 2+ )
k 0
= P (e D supggi—y
WP (f)e @ )1 Oasn!l
Therefore the lemma follows.
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Lemma48. If f,! fasn!1l in Gandd, is a delta sequence theh,?d, ! f
asn!l inG.

P P P ‘
Proof. Let f(2) = ank Z; f(2)= azk; dn(z) = dnk 2¢. For > 0,
k=0 k=0 k=0
we haveP (f,?d, f) P (fp?d, f?d,)+ P (f?d, f)andthe second term
of the above inequality tends to zeroasmn!'1 , by Lemma 4.7. Now consider
P (fn?dy f?dn) = supjanx &j jdn;kje! (k)
k 0

M supjank  aje' 1 Oasn!1l
k O

Now we can de ne the space of analytic Boehmians in the usual way.
P
If F(2) = az with ja,j Ce' ) k 2 Ny, for some positive real numbers

C and ther|1( \?ve can identify F in Ba by the Boehmian whose representative is
(F ?dy)=d, where (d,) is any delta sequence.

It is an easy exercise to verify that the above identi cation is well de ned and is
one-to-one.

5. Boundary value theory.

P oAk P A ‘
Lemma 5.1. Let 2 P,. If f,(2) = kK)z, f (2) = ( k)z* then
k=0 k=1
forf 2Gand = |||m1 fe(re)+( Iilm1 f (re)) (where these limits are taken in
r! r!

P).

P N k . A - | Kk
Proof. Dene f, (z) = (k)z¥. Since for each > 0, (k)] k ke ' (),
k=0

. P .
8k 2 Z we getf, 2 G. Now dene . (€') = “(k)ekt . First we show that
k=0

+ 2P, :Now for > 2 wherebis as in the property ( ) of !,
P A L P \

i(k) e kke!®
k=0 k=0

P
k ke? W <1: (Bythe property ( ):)
k=0
Therefore the above series converges uniformly to. and hence
N .
A (k) = (k) |_f k2 NO.
0 if k62Ng:
This shows that + 2P, .

Now for r 2 (0}), if g (') = f, (re) then, for > 0,
ke gk = j@ ) “kie' ®
k1 p .
1 kijkje ®
L P k 3
(1 nkke )k TR for some > 2+

C(1 r)! Oasr! 1 (forsomeO<C< 1)

P
By a similar argument we can show that if f (z) = " K)zX thenf 2 G,
k=1
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. : . . P A N
!lrrl1 f (ret)= (")in P,,where (e')= ( k)X and
r! k=1

A (k) = k) if k2N

0 if k62N:
Note that for each k 2 Z, (+ + (k)= " (k)+ " ( k) = "(k). Hence by
Theorem 2.1, we get = . + . Hence the lemma follows.

P P
Lemma 5.2. Letu 2 P2, If Fi(2) = a(k)zk, F (z) = a( k)z* then
k=0 k=1
Fi;F 2Gandu= I.'ml F. (rel) + ( Iilml F (re')) (where these limits are taken
r! r!

in PP).

Proof. By Theorem 2.4, we havga(k)] Ce' ; 8k 2 Z forsomeC > 0; > 0.
By a remark mentioned in [5], we get lim supj()(k)jkl 1.
k!l

P
We dene F. (z) = a(k)zk, then F. is analytic on U. First we show that
) k=0
!inl1 F. (re) exists in P2, Let 2P,
r:

b, (ret); (eb)i + R F. (re) (€')dt

RP . .
= Zi a(k)rkekt  (et)dt
k=0 R
= a(k)rk Zi (e")ekt dt
k=0
( since the series converges uniformly )

P A
= a(k)r<"\( k):

k=0
Now
P A . P A .
Ioak) ( Kk)j jak) (k)
k=0 k=0
Ck k e NK:. 8> (
k=0

P
By using the property ( ), for alarge weget e ( (K <1,
k=0

]
This implies that rka(k) '\( k) is convergent atr = 1. By applying Abel's

=0
limit theorem [1, p.41] we get

A

* *
lim rkak) "( k)= a(k)
"o k=0

AN

( k):

P
If we put u, ()= a(k) "( k)thenus : P, | C is clearly a linear mapping.
k=0
To show that u. is continuous, let ! Oasm!1 in P,. Now
. . P .
jusCm)i = 000k “m( ki
= D | |
CKk mk e (. )& forasuciently large > O;
k=0
Cik mk forsome0O<C;<1:
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Since ! Oasm!1 ,u:(pm)! Oasm!1l . Thereforeu. ZPP.
N _ _ o a() if j2Ng
Now 0. (j) = OO(k) e i( k= OP it | 6No:
Similarly we can show that if F (z) = 0(k)zX then F 2 H(U) and if u =
k2N

o( k) if k2N
0 if k62N:

Hence we get (. + u J(k) = 4, (k) + 4 ( k) = (k). By using Theorem 2.3,
the lemma follows.

Iirrll F (re')thenu 2P, with & (k)=
r!

Definition 5.3. y 2 BAP is said to be regular if there exists a representative
fn=d, of y such thatd,(z) = An(k)zk for some( ) 2
k=0

Let a regular Boehmian fn=ch] 2 Ba be given. By Lemma 5.1, we have
!irrl1 fn(re") exists in P, , and we denote the limit as ,(€"'), 8n 2 N. First we
r!

show that =, is a quotient. We have the following equalities :
X N
fn(z) = W(K)ZX; 822 U
k=0

and hence (by using the fact thatf,=d, is a quotient) we get
MK k) = Tnk) (k) 8m;n2 N; k2 Ng:

This implies that ( n = m)(K)=( m  n)(K); 8m;n 2 N; 8k 2 Ng:
Using ",( k) =0; 8k 2 N;8n 2 N, with the above equalities we get

(n = m of(k);8min2N; 8k22Z:
Theorem 2.1 implies that
hn m= m n;8Mn2N:

Hence [,=nr] 2B, .
[
Next we show that if g,=g, f,=d, ande,(z2) = A (K)ZX for some () 2 , then

n=n n=n Where ,(et)= Iim1 gn(ret). f, 2en = On ?dy;8m;n 2 N implies
r!

that "y (k) An(k) =" m(k) "n(k); 8m;n 2 N; 8k 2 No.
Thus we have ( m5\(k):( m n?(k); 8m;n 2 N; 8k 2 Ny.
Since,( k)=",( k)=0;8n;k 2 N we get that

(n wJK=(m JK:8MN2N; 8k2Z:

Hencewe have, = m n; 8m;n 2 N: Now we can de ne the following:
Definition 5.4. Boundary value of a regular Boehmian[f,=d,] 2 Ba is de ned
by[ n=n] where , = Iim1 fn(z),and ( ,) 2 corresponds to(d,).
r
The following theorem is the main result of this paper.

Theorem 5.5. Any given x 2 B, can be written asx+ + x wherex, and x
are boundary values of certain analytic Boehmians.



PERIODIC BEURLING BOEHMIANS AND ANALYTIC BOEHMIANS 147

Proof. Let x =[ ,=,]2B, be given. De ne for eachn 2 N,

)4 N
fn(z) = n(K)Z; z2 U;
k=0

X N
dn(2) = W(K)ZX; z2 U:
k=0

By Lemma 5.1, we get thatf,;d, 2 G for eachn 2 N.

Now we show that (d,) is a delta sequence in the context of analytic Boehmians.
Using mean-value theorem, we get that

(k) 1 £ je Ko gji L (b)jdt

R . .
& jkt9j n(t)jdt  (for somet®between 0 andt)

. . 1 R . .
s( n)ikiz= j n(t)jdt
Ms( n)jkj; (by the property (ii) of ( n):)
Again by using the property (i) of ( ) we getj’\n(k)j M 8n 2 N; k 2 Z. Therefore
(dn) is a delta sequence.
n=n IS aquotient impliesthat , m= m n; 8M;n 2 N:
Therefore we get that ( m5\(k) =(m n5\(k); 8m;n 2 N; k2 Ny:
e, MK “mKk = "n(k) "W(k); 8m;n 2 N; k2 N:
_ FD N N Kk — P N N K —
Now (fn ?dm)(z) = “n(k)'m(K)Z®= " "m(k)'n(k)z* = (fm ?dn)(2). Hence
[fn=ch] 2 Ba. |
Using Lemma 5.1, we get that IIirln fn(re") exists for eachn 2 N. We denote
r!
this limit as ;. Now we show that [ =, is a quotient. For all k 2 Ny,
(r w0="000 W)= "mk) Wk=( 5 oIk
If k 62 No then ™ (k) = ™ (k) = 0 which implies (;  m)(k)
=(f m5\(k). Hence by Theorem 2.1, it follows that

r m= m n, 8m;n2N:

Thereforex. =[ t=,]12B,.
By de nition x. is the boundary value of f,=d,]. Further we have
_ R(k) if k2Npg
200= 077 it keNg:
Similarly, we can show that if we de ne

X, . X . §
On(2) = n( k)z%; and e\ (2) = n( K)Z%;
k2N k2N
then [g,=&,] 2B, and if , = Illrn1 o (ret) then x =[ ,=,]2B, and hencex
r!
is the boundary value of g,=6,].

We also note that X (k) = AC k) it k2N

0 if k62N:
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Finally, we have (x» + x J(k) = %(k); 8k 2 Z. Hence by Theorem 3.11 our
result follows.

By the following theorem we establish the consistency of this theory with the
boundary value theory on P.

Theorem 5.6. Letu2P?andx=[(u n)=,]for some( )2
If u= us +u whereu,;u are boundary values of somé&, ;F 2 H(U) respectively,
and x = x4+ + X wherex,, x are boundary values of somg. ;y 2 Ba respectively
in accordance with Theorem 5.5. Thenx, =[(u+ n)=nl; X =[(u n)=n] for
some( )2 andy: =[(F+ ?dh)=ch];y =I[(F ?d,)=d,] for some delta sequence
(dh).

Proof. From the proof of Theorem 5.5, we haveyy. = [fh,=d,]; ¥ =[dgh=&]
where

* % * *
fa@= (U J0Z= k) WK = kP A(K)
k=0 k=0 k=0 k=0

P
and d,(z) = A (K)Z¥ and hencef ,(z) = (F+ ? dy)(2).
k=0

Similarly we get

% * % %
W@= (U WJOKZ= a0 k) MK 2?7 A K);
k=1 k=1 k=1 k=1

P
where e, (z) = " ( k)zK and henceg, (z) = (F ?&,).

k=1
Therefore we gety. =[F:+ ?dy,=d,]Jandy =[F ?e,=]. This completes the proof
of the theorem.

Example 5.7. Let ( ) be a sequence of continuous functions of satisfying
~2K)=0; 8k n and properties (i), (ii) , (iii) of delta sequence. For the existstence
of ( ) we refer the reader to [5]. Put , = , , where( n) is arbitrary delta

P )

sequence. TherF = @I (22t = | 2B, and F(2¢) = & (); k 2
k=1

N. Hence F 62 B nP?, by Theorem 2.4,

The above example shows that the space of periodic Beurling Boehmians is prop-
erly larger than the space of periodic Beurling distribution. If we change the de nition
of as the collection of all sequences () satisfying

There existsM > 0 such that j\, (k)] M; 8k 2 Z,
There exists a sequence (,) converging to zero such that " (k) 1]
nikj; 8k 2 Z,
then we get that all analytic Boehmians are regular.
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