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PERIODIC BEURLING BOEHMIANS AND
ANALYTIC BOEHMIANS �

V. KARUNAKARAN y AND R. ROOPKUMAR z

Abstract. We de�ne Periodic Beurling Boehmians and analytic Boehmians. W e also de�ne
boundary value of an analytic Boehmian as a periodic Beurling Bo ehmian and prove that each
periodic Beurling Boehmian x can be written as x+ + �x � where x+ and x � are boundary values of
certain analytic Boehmians.

1. Introduction. In [4], a space of periodic Boehmians containing the space of
periodic distributions was introduced and a su�cient condition for a complex sequence
to be the Fourier coe�cients of a periodic Boehmian was given. A question regarding
how a Boehmian could be associated to the boundary value of an analytic function,
was raised. On the other hand, it is well known that (see for example [3]) every
periodic distribution having all negative Fourier coe�cients as zeros, can be written
as the boundary value of a Bieberbach function.

In this paper we introduce a Boehmian space (called periodic Beurling Boehmi-
ans) which contains the set of all periodic Beurling distributions [2] and see howwe
can associate boundary values of analytic functions, to the elements of this Boehmian
space. For this purpose we de�ne another Boehmian space whose top space consists
of analytic functions. We also de�ne the concept of the boundary values of these
Boehmians and prove that each periodic Beurling Boehmian can be expressed as a
sum of boundary values of analytic Boehmians. Since periodic Beurling Boehmians
are objects more general than periodic Beurling distributions, this representation is
perhaps the best that one can expect in this context. Thereby answering partially
the question posed in [4], in the most general set up.

We shall use the standard notationsC, T , U respectively for the �nite complex
plane, the unit circle and the open unit disc and as usualN , N 0, Z and R to denote
the set of all natural numbers, non-negative integers, integers and reals.

In section 2 we recall the classical theory stating the required theorems with
proper references. In section 3 the theory of periodic Beurling Boehmians is developed
and in section 4 the theory of analytic Boehmians is developed and in section 5 we
obtain results regarding boundary values of analytic functions associated withperiodic
Beurling distributions and establish our main result. Finally we give an example of a
periodic Beurling Boehmian not representing any periodic Beurling distribution.

2. Classical theory. We denote by for (k 2 Z), ek the function

ek (eit ) = eikt ; 8t 2 [� �; � ]:

In this section we brie
y recall the space of periodic Beurling distributions intro duced
in [2]. Let ! be a real valued function onZ satisfying the following properties:
( � ) 0 = ! (0) � ! (m + n) � ! (m) + ! (n); 8m; n 2 Z;
( � )

P

n 2 Z

! (n )
1+ n 2 < 1 ;
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( 
 ) there exist a 2 R and b > 0 such that ! (n) � a + blog(1 + jnj); 8n 2 Z;
( � ) ! is concave down onN 0 and is even.
Let P! denote the space of all integrable complex valued functions� on the unit circle
T with

k� k� =
X

n 2 Z

j �̂ (n)je�! (n ) < 1 ; 8� > 0:

with the Fr�echet space topology given by the sequence of semi-normsk � km , m 2 N .
Here �̂ (n) denotes the Fourier coe�cient of � de�ned by

�̂ (n) =
Z

T
�e � n d� =

1
2�

�Z

� �

� (eit )e� int dt;

where d� is the usual Haar measure [7, p.193] de�ned onT. The dual spaceP0
! is

called the space of Beurling distributions onT which is algebraically isomorphic to
the space of periodic Beurling distributions [2]. So throughout this paper we call
P0

! as the space of periodic Beurling distributions. In the article [2], it is remarked
that if ! (n) = log(1 + jnj); 8n 2 Z then P0

! is same as the usual Schwartz periodic
distributions.

Theorem 2.1. If � 2 P ! then the Fourier series
P

k2 Z
�̂ (k)ek converges to� in

P! .

Proof. Let � > 0 be arbitrary. If PN =
NP

� N
�̂ (k)ek then

k� � PN k� =
P

k2 Z
j �̂ (k) � P̂N (k)je�! (k )

=
P

j k j� N +1
j �̂ (k)je�! (k ) ! 0 asN ! 1 ;

being the tail end of the convergent series
P

k2 Z
j �̂ (k)je�! (k ) .

HencePN ! � as N ! 1 in P! .

Definition 2.2. If u 2 P 0
! then the Fourier coe�cients û(k) of u are de�ned by

û(k) = hu; e� k i ; 8k 2 Z:

The proofs of the following theorems can be had from [2].

Theorem 2.3. If u 2 P 0
! then the Fourier series

P

k2 Z
û(k)ek converges tou in

P0
! .

Theorem 2.4. If u 2 P 0
! then there existC > 0 and � > 0 such that jû(k)j �

Ce�! (k ) ; 8k 2 Z. Conversely, given a sequence of complex numbers(ak )k2 Z with
jak j � Ce�! (k ) , 8k 2 Z for some C > 0 and � > 0, there exists u 2 P 0

! such that
û(k) = ak ; 8k 2 Z.

The above theorem characterizes the periodic Beurling distributions by a growth
condition on their Fourier coe�cients.
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Definition 2.5. If u 2 P 0
! then we de�ne �u by

h�u; � i = hu; �� i ; � 2 P ! :

Definition 2.6. Given u 2 P 0
! and � 2 P ! we de�ne the convolution by

(u � � )(eix ) = hu; � x
�� i ; 8x 2 [� �; � ];

where �� (eit ) = � (e� it ) and (� x � )(eit ) = � (ei ( t � x ) ); 8t 2 [� �; � ].

It is not di�cult to see that this convolution is same as the one de�ned in [2].

Lemma 2.7. If u 2 P 0
! and � 2 P ! then u � � 2 P ! � P 0

! and

(u � � )̂(n) = û(n) � �̂ (n); 8n 2 Z:

In [3], it is proved that given a periodic distribution u with all negative Fourier
coe�cients equal to zero, there exists an analytic function

f (z) =
1X

n =1

û(n)zn

on the unit disc U = f z 2 C : jzj < 1g such that the boundary value distribution

lim
r ! 1�

hf (reit ); � (eit )i

associated with f (z) is the original distribution u.

3. Periodic Beurling Boehmians. A Boehmian space is a generalized function
space consisting of equivalence classes of convolution quotients. For more detail we
refer the reader to [6]. In this section we shall construct Beurling Boehmians and
discuss some preliminary results. As in the context of Boehmians we take the additive
semi-groupG as the space of the periodic Beurling testing function spaceP! , S = G
and the delta sequences as the collection � of all sequences (� n ) from P! satisfying
the following usual properties:

(i)
R

T
� n d� = 1 ; 8n 2 N ;

(ii)
R

T
j� n jd� < M; 8n 2 N for someM > 0;

(iii) s(� n ) = sup fj t j : t 2 [� �; � ]; � n
�
eit

�
6= 0g ! 0 asn ! 1 .

We can easily prove the following lemma using Fubini's theorem, and the fact
that s(� n � � n ) � s(� n ) + s(� n ).

Lemma 3.1. If (� n ); (� n ) 2 � then (� n � � n ) 2 � .

Lemma 3.2. If � 2 P ! and (� n ) 2 � then � � � n ! � as n ! 1 in P! .

Proof. First we show that j�̂ n (k) � 1j � Ms(� n )jkj 8k 2 Z.
j�̂ n (k) � 1j = j

R

T
(� n e� k � � n )d� j

� 1
2�

�R

� �
j� n (eit )(e� ikt � 1)jdt

� 1
2�

�R

� �
j� n (eit )j � j kt jdt (By mean-value theorem)

� Ms(� n )jkj:
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Next consider for � > 0,
k� � � n � � k� =

P

k2 Z
j(� � � n )̂(k) � �̂ (k)je�! (k )

=
P

k2 Z
j �̂ (k)j � j �̂ n (k) � 1je�! (k ) (By Lemma 2.7 )

� Ms(� n )k� k�
P

k2 Z
jkje� ( � � � ) ! (k )

( where � � 3
b + �; with `b' as in property ( 
 ) of !: )

� Ms(� n )k� k� e� a( � � � ) P

k2 Z

jk j
(1+ jk j ) ( � � � ) b (By ( 
 ))

� M 0s(� n ) ! 0 asn ! 1 for some 0< M 0 < 1 :

Lemma 3.3. If � n ! � as n ! 1 in P! and � 2 P ! , then � n � � ! � � � as n ! 1
in P! .

Proof. Let � > 0 be arbitrary. Using Lemma 2.7 we get
k� n � � � � � � k� =

P

k2 Z
j �̂ n (k) � �̂ (k) � �̂ (k) � �̂ (k)je�! (k )

� k � k1
P

k2 Z
j �̂ n (k) � �̂ (k)je�! (k )

= k� k1k� n � � k� ! 0 asn ! 1 :
Hence the lemma.

Lemma 3.4. If � n ! � as n ! 1 in P! and (� n ) 2 � then � n � � n ! � as
n ! 1 in P! .

Proof. We have k� n � � n � � k� � k � n � � n � � � � n k� + k� � � n � � k� :
By Lemma 3.2, the second term tends to zero asn ! 1 . Consider the �rst term
k� n � � n � � � � n k� =

P

k2 Z
j �̂ n (k) � �̂ (k)j � j �̂ n (k)je�! (k )

� M k� n � � k� : ( using property ( ii ) of (� n ):)
This completes the proof of the lemma.

Now we can construct the space of Boehmians as follows:
A pair of sequences ((� n ); (� n )) is said to be a quotient if

� n � � m = � m � � n ; 8m; n 2 N :

The collection of all quotients is denoted byA and each quotient is denoted by� n =�n .
Now we de�ne an equivalence relation� on A by � n =�n � � n =' n if � n � ' m = � m � � n

for all m; n 2 N . The collection of equivalence classes is denoted byB! and each
equivalence class containing� n =�n is denoted by [� n =�n ], and is called a periodic
Beurling Boehmian. It is easy to verify that if ! (n) = log(1 + jnj) then B! is same as
the space of periodic Boehmians de�ned in [4, 5].

The algebraic operations such as addition, scalar multiplication and the convolu-
tion of a Boehmian and periodic Beurling testing function are de�ned by

(a) [� n =�n ] + [ � n =' n ] = [( � n � ' n + � n � � n )=(� n � � n )].
(b) � [� n =�n ] = [ �� n =�n ].
(c) [� n =�n ] � � = [( � n � � )=�n ]:

Each u 2 P 0
! is identi�ed as a Boehmian whose representative is (u � � n )=�n where

(� n ) 2 � is arbitrary.

Definition 3.5. We say that a sequence(xn ) of Boehmians is � -convergent to
a Boehmian x if there exists (� m ) 2 � such that

xn � � m ; x � � m 2 P ! ; 8m; n 2 N



PERIODIC BEURLING BOEHMIANS AND ANALYTIC BOEHMIANS 141

and for eachm 2 N ,

xn � � m ! x � � m as n ! 1 :

We write xn
�! x as n ! 1 .

We denote this limit x as � � lim
n !1

xn . � -convergence normally does not induce

a topological convergence, however, it does possess many desired properties. For
example the limit of a convergent sequence is unique; a subsequence of a convergent
sequence is convergent to the same limit; the sum of two convergent sequence is
convergent to the sum of their limits.

Lemma 3.6. (See [6]) xn
�! x as n ! 1 if and only if there exist representatives

� n;k =�k ; � k =�k of xn and x respectively such that for eachk 2 N ,
� n;k ! � k as n ! 1 in P! .

Definition 3.7. If x = [ � n =�n ] 2 B ! then de�ne �x = [ �� n =�� n ].

We can prove that the �x for each x 2 B ! well de�ned, by using the fact that
(� �  �) = �� � � ; 8�;  2 P ! .

The proofs of the following two theorems are straight forward and we prefer to
omit the details.

Theorem 3.8. If x; y 2 B ! then (i) (x + y�) = �x + �y; (ii) (�x �) = � �x; (iii) ��x = x:

Theorem 3.9. The map x 7! �x is a homeomorphism ofB! onto itself.

Definition 3.10. Given x = [ � n =�n ] 2 B ! and k 2 N de�ne the Fourier coe�-

cient of x by x̂(k) = �̂ n (k )
�̂ n (k ) if �̂ n (k) 6= 0 .

We note that given k 2 N , there exists n 2 N such that �̂ n (k) 6= 0 because
�̂ n (k) ! 1 asn ! 1 . If � n (k) 6= 0 6= � m (k), the equality � n � � m = � m � � n implies

that �̂ n (k )
�̂ n (k ) = �̂ m (k )

�̂ m (k ) .

Moreover if x = [ � n =�n ] = [ � n =' n ] and �̂ n (k) 6= 0 6= '̂ m (k) then we get �̂ n (k )
�̂ n (k ) =

�̂ m (k )
^' m (k ) by using the equality � n � ' m = � m � � n . Thus the de�nition is independent of
the choice of the representative and hence ^x(k) is well de�ned.

Theorem 3.11. If x = [ � n =�n ] 2 B ! , then the Fourier series
P

k2 Z
x̂(k)ek

� -converges tox.

Proof. To prove this theorem we shall show that for eachj 2 N ,

NX

k= � N

x̂(k)ek � � j ! � j as N ! 1 in P! :

Now

 
NP

k= � N
x̂(k)ek � � j

!

(eis ) =
NP

k= � N
x̂(k) 1

2�

�R

� �
eik (s� t ) � j (eit )dt

=
NP

k= � N
x̂(k)eiks 1

2�

�R

� �
e� ikt � j (eit )dt

=
NP

k= � N
x̂(k)eiks �̂ j (k):
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If �̂ j (k) = 0 then, for this k 2 Z, we can �nd l 2 N such that �̂ l (k) 6= 0. Now
� l � � j = � j � � l implies �̂ l (k) � �̂ j (k) = �̂ j (k) � �̂ l (k). Therefore it follows that �̂ j (k) = 0.
If �̂ j (k) 6= 0, then by de�nition of ^x(k), we get x̂(k) � �̂ j (k) = �̂ j (k). Therefore

NP

k= � N
x̂(k)eiks �̂ j (k) =

NP

k= � N
�̂ j (k)eiks which converges to� j in P! by Theorem 2.1.

Hence the result.

4. Analytic Boehmians. In this section we de�ne a Boehmian space whose top
spaceG consists of analytic functions in the open unit discU of C, called analytic

Boehmians. To construct this space we takeG = S = f f (z) =
1P

k=0
ak zk : jak j �

Ce� �! (k ) 8k 2 N 0; and for each� > 0g. Here the constant C may depend on� .
Note that G � H (U) ( the collection of all holomorphic functions on U ). We also
take the multiplication in G as the Hadamard product de�ned by

1X

k=0

ak zk ?
1X

k=0

bk zk =
1X

k=0

(ak � bk )zk :

Lemma 4.1. If f; g 2 G then f ? g 2 G.

Proof. Let f (z) =
1P

k=0
ak zk ; g(z) = bk zk 2 G. Now (f ? g)(z) =

1P

k=0
(ak � bk )zk .

Consider for � > 0, jak � bk je�! (k ) = jak je
�
2 ! (k ) � jbk je

�
2 ! (k ) � C1 � C2 where C1; C2

are such that jak j � C1e� �
2 ! (k ) ; jbk j � C2e� �

2 ! (k ) . Therefore f ? g 2 G. Hence the
lemma follows.

The proof of the following lemma is obvious.

Lemma 4.2. If f; g; h 2 G and � 2 C; then
(a) f ? g = g ? f .
(b) (f ? g) ? h = f ? (g ? h).
(c) (f + g) ? h = ( f ? g) + ( f ? h ).
(d) � (f ? g) = ( �f ) ? g.

We de�ne semi-norms onG by P� (f ) = sup
k � 0

jak je�! (k ) . It is easy to verify that

f P� (�) : � > 0g is an increasing family of semi-norms and hence the topology in-
duced by this family of semi-norms is the same as that de�ned byf Pm (�) : m 2 N g.
Therefore this space becomes a metrizable topological vector space.

Now we prove that this space is complete.

Theorem 4.3. G is a complete metric space.

Proof. Let ( f n ) be a Cauchy sequence inG. Then for each � > 0, given r > 0,
there exists N (� ) 2 N such that P� (f n � f m ) < r; 8n; m � N (� ). If f n (z) =
1P

k=0
an;k zk then for all k 2 N 0, we have

jan;k � am;k j � P� (f n � f m ) < r; 8n; m � N (� );

and hence an;k converges to ak uniformly in k 2 N 0. Hence we get that
sup
k � 0

jak � am;k je�! (k ) � r; 8m � N (� ). (I)
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To prove f 2 G we consider (for each� > 0)
sup
k � 0

jak je�! (k ) � sup
k � 0

jak � aN (� ) ;k je�! (k )) + sup
k � 0

jaN (� ) ;k je�! (k )

� r + P� (f N (� ) ) < + 1 :
Therefore f 2 G. By (I) we get that f n ! f as n ! 1 in G. Hence the lemma.

Now we de�ne delta sequences.

Definition 4.4. A sequence(dn ) in G is said to be a delta sequence ifdn (z) =
1P

k=0
dn;k zk and

1. There existsM > 0 such that jdn;k j � M; 8n 2 N ; 8k 2 N 0.
2. There exists a non-negative sequence(� n ) converging to 0, such that

jdn;k � 1j � � n jkj; 8k 2 N 0:

Lemma 4.5. If (dn ) and (en ) are delta sequences, then(dn ? en ) is also.

Proof. Put dn (z) =
1P

k=0
dn;k zk ; en (z) =

1P

k=0
en;k zk ; then

(dn ? en )(z) =
1X

k=0

(dn;k � en;k )zk :

Let M 1; M 2 be such that jdn;k j � M 1; jen;k j � M 2 8n 2 N ; k 2 N 0 and (� n ), ( � n )
satisfy the property (2) of delta sequence, corresponding to (dn ), (en ) respectively.
Now jdn;k � en;k j � M 1 � M 2 8n 2 N ; k 2 N 0, and
jdn;k � en;k � 1j � j dn;k � 1j � j en;k � 1j + jdn;k � 1j + jen;k � 1j

� (M 1 + 1) � n jkj + � n jkj + � n jkj:
Hence the lemma.

Lemma 4.6. If f n ! f as n ! 1 in G and g 2 G then f n ?g ! f ?g as n ! 1 .

Proof. Let � > 0 and f n (z) =
1P

k=0
an;k zk ; f (z) =

1P

k=0
ak zk ; g(z) =

1P

k=0
bk zk .

Now the following inequalities complete the proof of this lemma
P� (f n ? g � f ? g) = sup

k � 0
j(an;k � ak ) � bk je�! (k )

� P1(g)P� (f n � f ):

Lemma 4.7. If f 2 G and (dn )is a delta sequence thenf ? d n ! f as n ! 1 in
G.

Proof. For � > 0 , consider
P� (f ? d n � f ) = sup

k � 0
jak � dn;k � ak je�! (k )

� � n sup
k � 0

jak j � j kje�! (k ) ( by property (2) of ( dn ))

= � n P� (f ) sup
k � 0

e� �! (k ) jkje�! (k ) ( where � � 2
b + � )

= � n P� (f )e� a( � � � ) sup
k � 0

jk j
(1+ jk j ) ( � � � ) b

� � n P� (f )e� a( � � � ) ! 0 asn ! 1 :

Therefore the lemma follows.
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Lemma 4.8. If f n ! f asn ! 1 in G and dn is a delta sequence thenf n ?dn ! f
as n ! 1 in G.

Proof. Let f n (z) =
1P

k=0
an;k zk ; f (z) =

1P

k=0
ak zk ; dn (z) =

1P

k=0
dn;k zk . For � > 0,

we haveP� (f n ? dn � f ) � P� (f n ? dn � f ? d n ) + P� (f ? d n � f ) and the second term
of the above inequality tends to zero asn ! 1 , by Lemma 4.7. Now consider
P� (f n ? dn � f ? d n ) = sup

k � 0
jan;k � ak j � j dn;k je�! (k )

� M sup
k � 0

jan;k � ak je�! (k ) ! 0 asn ! 1 :

Now we can de�ne the space of analytic Boehmians in the usual way.

If F (z) =
1P

k=0
ak zk with jak j � Ce�! (k ) ; k 2 N 0, for some positive real numbers

C and � , then we can identify F in BA by the Boehmian whose representative is
(F ? dn )=dn where (dn ) is any delta sequence.

It is an easy exercise to verify that the above identi�cation is well de�ned and is
one-to-one.

5. Boundary value theory.

Lemma 5.1. Let � 2 P ! . If f + (z) =
1P

k=0
�̂ (k)zk , f � (z) =

1P

k=1
�̂ (� k)zk then

f + ; f � 2 G and � = lim
r ! 1�

f + (reit ) + ( lim
r ! 1�

f � (reit )�) (where these limits are taken in

P! ).

Proof. De�ne f + (z) =
1P

k=0
�̂ (k)zk . Since for each� > 0, j�̂ (k)j � k � k� e� �! (k ) ,

8k 2 Z we get f + 2 G. Now de�ne � + (eit ) =
1P

k=0
�̂ (k)eikt . First we show that

� + 2 P ! : Now for � > 2
b , where b is as in the property (
 ) of ! ,

1P

k=0
j �̂ (k)eikt j �

1P

k=0
k� k� e� �! (k )

� k � k� e� a�
1P

k=0

1
(1+ jk j )b� < 1 : (By the property ( 
 ):)

Therefore the above series converges uniformly to� + and hence

�̂ + (k) =
�

�̂ (k) if k 2 N 0

0 if k 62N 0:
This shows that � + 2 P ! .

Now for r 2 (0; 1), if gr (eit ) = f + (reit ) then, for � > 0,
k� + � gr k� =

P

k � 1
j(1 � r k ) � �̂ (k)je�! (k )

� (1 � r )
P

k � 1
k � j �̂ (k)je�! (k )

� (1 � r )k� k� e� a( � � � ) P

k � 1

k
(1+ k )b( � � � ) for some� > 3

b + �

� C(1 � r ) ! 0 asr ! 1� ( for some 0< C < 1 )

By a similar argument we can show that if f � (z) =
1P

k=1
�̂ (� k)zk then f � 2 G,
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lim
r ! 1�

f � (reit ) = � � (eit ) in P! , where � � (eit ) =
1P

k=1
�̂ (� k)eikt and

�̂ � (k) =
�

�̂ (� k) if k 2 N
0 if k 62N :

Note that for each k 2 Z, (� + + �� � )̂(k) = �̂ + (k) + �̂ � (� k) = �̂ (k). Hence by
Theorem 2.1, we get� = � + + �� � . Hence the lemma follows.

Lemma 5.2. Let u 2 P 0
! . If F+ (z) =

1P

k=0
û(k)zk , F� (z) =

1P

k=1
û(� k)zk then

F+ ; F� 2 G and u = lim
r ! 1�

F+ (reit ) + ( lim
r ! 1�

F� (reit )�) (where these limits are taken

in P0
! ).

Proof. By Theorem 2.4, we havejû(k)j � Ce�! (k ) ; 8k 2 Z for someC > 0; � > 0.
By a remark mentioned in [5], we get lim sup

k !1
jû(k)j

1
k � 1.

We de�ne F+ (z) =
1P

k=0
û(k)zk , then F+ is analytic on U. First we show that

lim
r ! 1�

F+ (reit ) exists in P0
! . Let � 2 P ! ,

hF+ (reit ); � (eit )i = 1
2�

�R

� �
F+ (reit )� (eit )dt

= 1
2�

�R

� �

1P

k=0
û(k)r k eikt � � (eit )dt

=
1P

k=0
û(k)r k 1

2�

�R

� �
� (eit )eikt dt

( since the series converges uniformly )

=
1P

k=0
û(k)r k �̂ (� k):

Now

j
1P

k=0
û(k) � �̂ (� k)j �

1P

k=0
jû(k) � �̂ (� k)j

� Ck� k�

1P

k=0
e� ( � � � ) ! (k ) ; 8� > 0:

By using the property ( 
 ), for a large � we get
1P

k=0
e� ( � � � ) ! (k ) < 1 .

This implies that
1P

k=0
r k û(k) � �̂ (� k) is convergent at r = 1. By applying Abel's

limit theorem [1, p.41] we get

lim
r ! 1�

1X

k=0

r k û(k) � �̂ (� k) =
1X

k=0

û(k) � �̂ (� k):

If we put u+ (� ) =
1P

k=0
û(k) � �̂ (� k) then u+ : P! ! C is clearly a linear mapping.

To show that u+ is continuous, let � m ! 0 asm ! 1 in P! . Now

ju+ (� m )j = j
1P

k=0
û(k) � �̂ m (� k)j

� Ck� m k�

1P

k=0
e� ( � � � ) ! (k ) for a su�ciently large � > 0;

� C1k� m k� for some 0< C 1 < 1 :
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Since� m ! 0 asm ! 1 , u+ (� m ) ! 0 asm ! 1 . Therefore u+ 2 P 0
! .

Now û+ (j ) =
1P

k=0
û(k) � ê� j (� k) =

�
û(j ) if j 2 N 0

0 if j 62N 0:
Similarly we can show that if F� (z) =

P

k2 N
û(k)zk then F� 2 H (U) and if u� =

lim
r ! 1�

F� (reit ) then u� 2 P ! with û� (k) =
�

û(� k) if k 2 N
0 if k 62N :

Hence we get (u+ + �u� )̂(k) = û+ (k) + û� (� k) = û(k). By using Theorem 2.3,
the lemma follows.

Definition 5.3. y 2 BA is said to be regular if there exists a representative

f n =dn of y such that dn (z) =
1P

k=0
�̂ n (k)zk for some (� n ) 2 � .

Let a regular Boehmian [f n =dn ] 2 BA be given. By Lemma 5.1, we have
lim

r ! 1�
f n (reit ) exists in P! , and we denote the limit as � n (eit ), 8n 2 N . First we

show that � n =�n is a quotient. We have the following equalities :

f n (z) =
1X

k=0

�̂ n (k)zk ; 8z 2 U

and hence (by using the fact that f n =dn is a quotient) we get

�̂ n (k) � �̂ m (k) = �̂ m (k) � �̂ n (k); 8m; n 2 N ; k 2 N 0:

This implies that ( � n � � m )̂(k) = ( � m � � n )̂(k); 8m; n 2 N ; 8k 2 N 0:
Using �̂ n (� k) = 0 ; 8k 2 N ; 8n 2 N , with the above equalities we get

(� n � � m )̂(k) = ( � m � � n )̂(k); 8m; n 2 N ; 8k 2 Z:

Theorem 2.1 implies that

� n � � m = � m � � n ; 8m; n 2 N :

Hence [� n =�n ] 2 B ! .

Next we show that if gn =en � f n =dn and en (z) =
1P

k=0
�̂ n (k)zk for some (� n ) 2 �, then

� n =�n � � n =�n where � n (eit ) = lim
r ! 1�

gn (reit ). f n ? em = gm ? dn ; 8m; n 2 N implies

that �̂ n (k) � �̂ m (k) = �̂ m (k) � �̂ n (k); 8m; n 2 N ; 8k 2 N 0.
Thus we have (� n � � m )̂(k) = ( � m � � n )̂(k); 8m; n 2 N ; 8k 2 N 0.
Since �̂ n (� k) = �̂ n (� k) = 0 ; 8n; k 2 N we get that

(� n � � m )̂(k) = ( � m � � n )̂(k); 8m; n 2 N ; 8k 2 Z:

Hence we have� n � � m = � m � � n ; 8m; n 2 N : Now we can de�ne the following:

Definition 5.4. Boundary value of a regular Boehmian[f n =dn ] 2 BA is de�ned
by [� n =�n ] where � n = lim

r ! 1�
f n (z), and (� n ) 2 � corresponds to(dn ).

The following theorem is the main result of this paper.

Theorem 5.5. Any given x 2 B ! can be written asx+ + �x � where x+ and x �

are boundary values of certain analytic Boehmians.
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Proof. Let x = [ � n =�n ] 2 B ! be given. De�ne for eachn 2 N ,

f n (z) =
1X

k=0

�̂ n (k)zk ; z 2 U;

dn (z) =
1X

k=0

�̂ n (k)zk ; z 2 U:

By Lemma 5.1, we get that f n ; dn 2 G for each n 2 N .
Now we show that (dn ) is a delta sequence in the context of analytic Boehmians.

Using mean-value theorem, we get that

j�̂ n (k) � 1j � 1
2�

�R

� �
je� ikt � 1jj � n (t)jdt

� 1
2�

�R

� �
jkt0jj � n (t)jdt (for some t0 between 0 andt)

� s(� n )jkj 1
2�

�R

� �
j� n (t)jdt

� Ms(� n )jkj; (by the property (ii) of ( � n ):)
Again by using the property (ii) of ( � n ) we get j�̂ n (k)j � M 8n 2 N ; k 2 Z. Therefore
(dn ) is a delta sequence.

� n =�n is a quotient implies that � n � � m = � m � � n ; 8m; n 2 N :
Therefore we get that (� n � � m )̂(k) = ( � m � � n )̂(k); 8m; n 2 N ; k 2 N 0:
i.e., �̂ n (k) � �̂ m (k) = �̂ m (k) � �̂ n (k); 8m; n 2 N ; k 2 N 0:

Now (f n ? dm )(z) =
1P

k=0
�̂ n (k)�̂ m (k)zk =

1P

k=0
�̂ m (k)�̂ n (k)zk = ( f m ? dn )(z). Hence

[f n =dn ] 2 BA .
Using Lemma 5.1, we get that lim

r ! 1�
f n (reit ) exists for eachn 2 N . We denote

this limit as � +
n . Now we show that � +

n =�n is a quotient. For all k 2 N 0,
(� +

n � � m )̂(k) = �̂ n (k) � �̂ m (k) = �̂ m (k) � �̂ n (k) = ( � +
m � � n )̂(k):

If k 62 N 0 then �̂ +
n (k) = �̂ +

m (k) = 0 which implies ( � +
n � � m )̂(k)

= ( � +
n � � m )̂(k). Hence by Theorem 2.1, it follows that

� +
n � � m = � +

m � � n ; 8m; n 2 N :

Therefore x+ = [ � +
n =�n ] 2 B ! .

By de�nition x+ is the boundary value of [f n =dn ]. Further we have

x̂+ (k) =
�

x̂(k) if k 2 N 0

0 if k 62N 0:
Similarly, we can show that if we de�ne

gn (z) =
X

k2 N

�̂ n (� k)zk ; and en (z) =
X

k2 N

�̂ n (� k)zk ;

then [gn =en ] 2 B ! and if � �
n = lim

r ! 1�
gn (reit ) then x � = [ � �

n =�� n ] 2 B ! and hencex �

is the boundary value of [gn =en ].

We also note that x̂ � (k) =
�

x̂(� k) if k 2 N
0 if k 62N :
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Finally, we have (x+ + �x � )̂(k) = x̂(k); 8k 2 Z. Hence by Theorem 3.11 our
result follows.

By the following theorem we establish the consistency of this theory with the
boundary value theory on P0

! .

Theorem 5.6. Let u 2 P 0
! and x = [( u � � n )=�n ] for some (� n ) 2 � .

If u = u+ +�u� whereu+ ; u� are boundary values of someF+ ; F� 2 H (U) respectively,
and x = x+ + �x � wherex+ , x � are boundary values of somey+ ; y� 2 BA respectively
in accordance with Theorem 5.5. Thenx+ = [( u+ � � n )=�n ]; x � = [( u� � � n )=�n ] for
some(� n ) 2 � and y+ = [( F+ ? dn )=dn ]; y� = [( F� ? dn )=dn ] for some delta sequence
(dn ).

Proof. From the proof of Theorem 5.5, we have,y+ = [ f n =dn ]; y� = [ gn =en ]
where

f n (z) =
1X

k=0

(u � � n )̂(k)zk =
1X

k=0

û(k) � �̂ n (k)zk =
1X

k=0

û(k)zk ?
1X

k=0

�̂ n (k)

and dn (z) =
1P

k=0
�̂ n (k)zk and hencef n (z) = ( F+ ? dn )(z).

Similarly we get

gn (z) =
1X

k=1

(u � � n )̂( � k)zk =
1X

k=1

û(� k) � �̂ n (� k)zk =
1X

k=1

û(� k)zk ?
1X

k=1

�̂ n (� k);

where en (z) =
1P

k=1
�̂ n (� k)zk and hencegn (z) = ( F� ? en ).

Therefore we gety+ = [ F+ ? dn =dn ] and y� = [ F� ? en =en ]. This completes the proof
of the theorem.

Example 5.7. Let (� n ) be a sequence of continuous functions onT satisfying
�̂ (2k ) = 0 ; 8k � n and properties (i), (ii) , (iii) of delta sequence. For the existstence
of (� n ) we refer the reader to [5]. Put � n = � n � � n where (� n ) is arbitrary delta

sequence. ThenF =
��

1P

k=1
e2k ! (2 k ) �̂ n (2k )ei 2k t

�
=� n

�
2 B ! and F̂ (2k ) = ek! (k ) ; k 2

N . Hence F 62 B! n P0
! , by Theorem 2.4.

The above example shows that the space of periodic Beurling Boehmians is prop-
erly larger than the space of periodic Beurling distribution. If we change the de�nition
of � as the collection of all sequences (� n ) satisfying

� There exists M > 0 such that j�̂ n (k)j � M; 8k 2 Z,
� There exists a sequence (� n ) converging to zero such that j�̂ n (k) � 1j �

� n jkj; 8k 2 Z,
then we get that all analytic Boehmians are regular.
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