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DISCRETE APPROXIMATIONS WITH ADDITIONAL CONSERVED
QUANTITIES: DETERMINISTIC AND STATISTICAL BEHAVIOR

RAFAIL V. ABRAMOV Y AND ANDREW J. MAJDA VY Z

Abstract. Discrete numerical approximations with additional conser ved quantities are devel-
oped here both for barotropic geophysical ows generalizin g the 2D incompressible uid equations
and suitable discretizations of the Burgers-Hopf equation.  Mathematical, numerical, and statistical
properties of these approximations are studied below in var ious di erent contexts through the sym-
biotic interaction of mathematical theory and scientic co  mputing. The new contributions include
an explicit concrete discussion of the sine-bracket spectr al truncation with many conserved quanti-
ties for 2D incompressible ow, a theoretical and numerical comparison with the standard spectral
truncation, and a rigorous proof of convergence to suitable weak solutions in the limit as the number
of Fourier modes increases. Systematic discretizations of the Burgers-Hopf equation are developed,
which conserve linear momentum and a non-linear energy; car eful numerical experiments regarding
the statistical behavior of these models indicate that they  are ergodic and strongly mixing but do not
have equipartition of energy in Fourier space. Furthermore , the probability distribution of the values
at a single grid point can be highly non-Gaussian with two str  ong isolated peaks in this distribution.
This contrasts with earlier results for statistical behavi or of dierence schemes which conserve a
quadratic energy. The issues of statistically relevant con served quantities are introduced through a
new case study for the Galerkin-truncated Burgers-Hopf mode |I.

1. Introduction.  Stan Osher has made numerous world class contributions to
numerical analysis and scienti c computing including the numerical analysis of dis-
crete initial boundary value problems, systematic new di erence schemes for com-
pressible uid dynamics, level set methods, and novel applications in image processing,
computer vision, etc. Stan and the second author had an intense scienti ¢ collabo-
ration in the mid 1970's with research topics spanning hyperbolic mixed poblems,
numerical analysis of linear hyperbolic problems with rough initial data [13, 14], and
the systematic design of di erence schemes for nonlinear conservation laws that aid
nonlinear instability and satisfy a discrete form of the entropy condition [15, 16].
These last works were one byproduct of a seminar at UCLA in 1976-1977 as welk a
graduate course taught by the second author on the research topic of nonlinear hyper
bolic conservation laws inspired by Peter Lax's research program [6, 9)Jim Ralston,
Bjorn Engquist, and Michael E. Taylor were all signi cant contributors to this semi-
nar besides Osher and the second author. It is a pleasure to contribute a paper to a
volume honoring Stan Osher on his ) birthday discussing discrete approximations
as models for important contemporary problems involving deterministic and statis-
tical behavior for problems with additional conserved quantities. Even though the
scienti c emphasis here is completely di erent, the results below make some contact
with the older joint work of Majda and Osher mentioned above and the style blends
discrete numerical analysis and scienti c computing in a manner which Osher both
advocates and appreciates.

In many challenging nonlinear problems of interest in contemporary science such
as climate modeling or protein folding, the questions of interest are inherentlystatis-
tical and involve quantifying the potential for enhanced predictability at lar ge scales,
in a given problem with multiple scales of behavior and many degrees of freedom
(see [8, 12, 17, 18], and the extensive references therein). The second author, in join
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work with Timofeyev and others, has been utilizing simple energy conserving discrete
approximations to the Burgers-Hopf equation such as the Fourier-Galerkin truncdion
and the Kruskal-Zabusky nite di erence scheme as elementary models with intrinsic
stochastic behavior with many degrees of freedom where such statistical ises can
be addressed in a concise scienti ¢ fashion with rm mathematical underpinnings as
a guideline [2, 8, 17, 18]. In the model discrete approximations for the truncated
Burgers-Hopf equation, there is at least one additional conserved quantity, an en-
ergy, besides the discrete linear momentum which is essential to allow energy tnafer
from the small scales back to the large scales and simultaneously yield ergaity
with strong mixing. Several new discrete models of this sort, motivated by Talmor's
signi cant systematic generalization [23] of ideas roughly originating injoint work of
Osher and the second author [15, 16], are developed in Section 4 of this paper. New
computational results on the statistical behavior of these models as well as arief
discussion of accessible new mathematical issues are presented in Section 4.

In another di erent but related topic, there has been an intense debate over the
last twenty- ve years regarding the relative importance of the formally i n nite list of
conserved quantities for geophysical ows for the coarse-grained statisticabehavior
at large scales [4, 7, 11, 12, 20, 22]. The simplest geophysical model diist sort
is barotropic two-dimensional ow with topography in periodic geometry, which is
described by the equations

q=  +h (1a)
v=r? = Y (1b)
X
@q —q-
@t+v r q=0; (1c)
In (1), qis the potential vorticity, ! = is the relative vorticity, v is the incom-

pressible uid velocity, is the stream function, and h is the prescribed topography.
When h is zero, (1) become the equations for 2D incompressible ow. Non-zero to-
pography often has profound impact on the large scale ow [4, 7, 12, 22]. Herand
below we assume a 2-periodic geometry in both the x and y variables which are also
denoted by x;, X, whenever convenient. The equations in (1) conserve kinetic energy,

4 Z Z
1 1 1
E= = 2 — - | = 1 h): 5
RL I AL @
as well as the in nite number of conserved quantities,
z
Qp(q) = Tqu; p=1;23;:::: 3)

R
In (2), (3), ;. denotes integration over the period domain in periodic geometry,
where the total circulation, Qq, satises Q; 0. The quadratic conserved quantity,
the enstrophy

E= 2Qu(a); @



DISCRETE APPROXIMATIONS WITH MANY CONSERVATION LAWS 153

is singled out in some statistical theories for large scale ow [4, 7, A2as having special
signi cance, while the higher generalized enstrophiesQ,(a), for p 3 are ignored in
these theories. Other researchers [20] claim that the entire in nite list of conserved
quantities in (3) is statistically signi cant for describing the coarse-grained features at
large scales. These various statistical theories, their relative strengtland weakness,
new statistical approaches and potential applications [11] are discussed by Mda
and Wang [12] in a recent monograph which contains many additional references and
discussion. In particular, the recent contributions of Turkington [24] are espedcally
signi cant. One way to address these issues is to study the statistical behavior fo
discrete approximations to (1) conserving the energy in (2), and in addition other
discrete approximations to the generalized enstrophies in (3). This is the main tpic

in Sections 2 and 3 of this paper. In Section 2 we review the standard pseudo-spectral
method for (1) and present a concrete self-contained introduction to the sine-bracket
truncation, developed independently in an abstract form by Zeitlin [25] and in the go-
pendix of [20]. The sine-bracket truncation is a discrete spectral approximatiorof (1)
with many additional discrete conserved quantities, mimicking (3), in addition to en-
ergy. Algorithms for time discretization and simple numerical experimentscontrasting
the basic properties of these schemes are also developed in Section 2. In Sectiont 3, i
is proved that the numerical approximations discussed in Section 2 converge to a wka
solution of (1) with nite enstrophy as the number of Fourier modes increases; th
answers a question raised in [20] regarding the convergence of these methods. Fipal
the authors [3] have utilized the numerical methods developed in Section 2 to show
that a suitable discrete approximation to Q3(q) is a statistically relevant conserved
quantity for the large scale behavior besides the energy and enstrophy in a suikde
regime for the sine-bracket truncation with over 500 degrees of freedom. Once again
the pseudo-spectral approximation to the Burgers-Hopf equation provides an impor
tant simpli ed model for the issues of statistically relevant conserved quanities; see
the recent paper of the authors [2] for a detailed discussion as well as a collection
of accessible mathematical issues. As an introduction to the issues of statisally
relevant and irrelevant conserved quantities, in Section 5 we present new simulains
in regimes for the Galerkin-truncated Burgers-Hopf model, where the Hamiltonian
statistically relevant, besides the energy, and show that the failure of a lineatilt in
partition of energy coincides with the failure of strong mixing at large scaks.

2. Spectral Truncations of Quasi-Geostrophic Flow with Additiona I
Conserved Quantities. Here we develop the explicit mathematical properties of two
di erent nite-dimensional truncations for the quasi-geostrophic equations in (1) in
Fourier space with both conservation of energy as in (2) and conservation ofupdratic
enstrophy in (4). For the traditional spectral truncation these are typicall y the only
conserved quantities while for the sine-bracket spectral truncation [20, 25] thex is a
much larger family of suitable discrete approximations to the higher order enstophies
in (3) that is conserved. The properties of the sine-bracket truncation are developed
explicitly below. Second order accurate symplectic time integrators are developefbl-
lowing McLachlan's method [19] and Strang splitting. Simple numerical experimeis
are presented below to demonstrate the explicit conservation properties of the ta
numerical methods and various discrete time integrators.

2.1. Some Basic Facts about Hamiltonian Systems. We consider the equa-
tions for a nite-dimensional Hamiltonian system
dy
—— = J()r H(y); ©)

dt
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wherey is the column vector of dynamical variables,H is a Hamiltonian function and
J is a symplectic matrix which is skew-symmetric and satis es the Jacobi identity

X
(JpI@qu + Jy @]pq + Jql@]rp) =0 8p;qg;r N; (6)
|

where N is the dimension of the system. The Jacobi identity essentially tells us that
the system can be represented in its canonical action-angle variables (see [21] and
references therein). We will be proving the Jacobi identity here for a few cases below;
however, as the reader will see, in this work we never really take any advantagef the
Jacobi identity in the numerical methods.

We denote the Poisson bracketfor F(y) and G(y) by

fF;Gg=(r F;Jr G); (7

where (; ) denotes the scalar product of two vectors. Due to the skew-symmetry of
J we have

fF;Gg= f G;Fg: (8)
In this notation the time evolution for any F(y) can be written in the form

Z—T:(rF;y):(rF;JrH):fF;Hg; 9)

thus from (8) and (9) we have

%—T:fH;Hg: f HiHg=0; (20)
i.e. H is the conserved quantityof the system.
Generally, the conserved quantities of the system (5) depend on bothh andH . Let
us take the basis of the kernel kerd) to be spanned byK(y); 0<j  dim(ker(J)).
If for some K (y) (let us denote it as K;, (y)) we can nd Cy(y) such that

K (y) =1 Ckl(y); (11)
then
Jr Ck(y) O

This condition automatically guarantees

% =fC;Hg= f H;Cxg=(r H;Jr C¢)=0;
i.e. Cy is conserved in time regardless of the Hamiltonian and, therefore is a property
of the symplectic structure J alone. These conserved quantities are called th€asimir
invariants. For simple Poisson brackets the Casimir invariants are easy to nd, ad if
we are looking for the conserved quantities of a system, then the Casimir wariants
are the best candidates to be found quickly.
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2.2. The Equations for Barotropic Flow in Fourier space. The two-
dimensional vorticity equation in (1) on a double-periodic plane transformed through
two-dimensional Fourier series takes the form of an in nite system of ODE's:

d Xk KO
T%: Womkt)(q w A o) (12)

kQ:k9=1

Here ¢, denotes the spectral coe cient associated with the two-dimensional wave
vector k, whose components are iBtegers. The skew-symmetric scalar produkt k°

is kikd  kok?, and the norm jkjis = kZ + k3. Sinceqis real, thend =4 . In order

to derive (12), rst we look at the equation in (1a) and conclude that in Fourier space
it becomes

6 = j kiz" +h,; (13)
so that
A = jk%wk A): (14)

Now, let us write , y, Gk, 0y in terms of Fourier coe cients:

X :
x = (|k1) Akel(k1X+ sz);

y = (ik ) "kei(k1X+ kzy);
k

X
O = (ikl)q<ei(k1><+ sz);

X _
q = (ikz)q<e|(k1>(+ k2y).

k

Then we write the dynamic equation (1c) in terms of Fourier coe cients,
d X _ X X .
G Ge” = (KK k3KDY "\ coQy ool (K KX
Y

Now we substitute k = k°+ k°and collect terms with equal exponents:

X 0 0 N
7dIQ< = (koki  kikz) "yof o
kO

Changing k!  k°yields

x AN
aokz (K KYGiio” o

kO

and, substituting the expression in (14) for '\k, we obtain (12).

It is well-known that the quasi-geostrophic equations in (1) are a Hamiltonian
system in physical space with the Hamiltonian given by the energy in (2), whie the
higher order enstrophies in (3) are Casimir invariants [21, 22]. Here weecord the
corresponding formal Hamiltonian structure in Fourier space in order to motivate the
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nite-dimensional spectral approximations developed below. The in nite-dimensional

equation (12) has the Hamiltonian structure

d. . @H
aq( - Jkko@(

with

Jo= (k K9G, o

The Hamiltonian H is given by the energy since

o 1X 6 A2
H=E=3> [Kj\i%=5 o'
2 . 2 " iKj
@H_ 1 .
@ = W(q k h K);
The fact that Jy o is skew-symmetric follows fromJyo = Jyok.

of the Jacobi identity follows directly from the de nition in (6).

X
(Ji @I + I @I + Jj @i ) =

X
= (i DG kGt

I:)'£+ k

+ (kDO DGyt

I=i+]

+ (G Dk DGijiy =

I=k+i

= (i G+kNG Kbyt

I=)'%+k

+ (ko (+0 DGyt

=i+

+ (G k+ik DG.juy =

I=k+i

(15)

(16)

(173a)

(17b)

The formal proof

(18)

= (i DG k) (kDO kGt

I;(]+k

+ (kDG D) G KOG DGkt

I>:(i+j

+ (G Kk B @ jk DGijy =0:

I=k+i

The system (12) also has Casimir invariants of the form

0 1
X W
Cn = @ ¢, A; arbitrary N

P L
Nk=o =l

(19)
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which are the Fourier space analogues of (3). The proof of conservation is als direct

calculation:
0 1

= N! (k k) 6Gn =0

|Nm|:0 |

sincek k 0. The conservation of potential vorticity (which is the rst Casimir
invariant) now becomes trivial since

dQi(q) _ dg,

it - oa %

The enstrophy is essentially the second Casimir invariant,
X
E=3 jad®
k

2.3. The Traditional spectral truncation of the equations for barotr opic
ow. We truncate the quasi-geostrophic equations in (1) by projecting them onto the
nite 2 M +1) (2M +1) set of Fourier modes. With help of the projection operator

X .
P.f (%) = Rerk; n= 2 (20)
jkijijkzj M

where we adopt the notation
P.f £

we write the standard Galerkin projection of the quasi-geostrophic equationsn (1)
as

== P [div(vq); (21a)

q = "+ h'; (21b)

v=r?": (21c)
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The following three integrals of motion survive the truncation: the projected spatial
integral of the potential vorticity Qj, the projected energyE", and the projected
enstrophy E". In the framework of (20) and (21) the proofs of conservation are trival:
taking into account the fact that the standard inner product (g';f) = (g;f") for all
g;f, we write

Vorticity
VA "
@ = Qq = i w ! " = "
@t .. @t T2dlvP (vqg)=0; (22)
Energy
Z . Z
- R
z’ oz (23)
= “div(vq)= div( ¥q)=0;
T2 T2
Enstrophy
. Z "
€= %= druvea-
Tz T 2 (24)
= gdiv(vq)= = div(gv'q)=0:
T2 2 T2

We note that the Galerkin truncation in (21) of the quasi-geostrophic equations
in (1) can be interpreted as the Fourier space equations in (12) limited to the nite
(2M +1) (2M + 1) domain of the Fourier coe cients:

d X ke
d—%: Wq+ko(q w Ao (25)

k?:k9= M

provided that we extend the nite domain of the Fourier coe cientsup to (4 M +1)
(4M + 1) by using the periodicity rule

G = Yuromay (26)

In this fashion, the equations in (21) can be reinterpreted as a nite truncation of (12).
However, the traditional spectral truncation (25) does not retain the Hamilt onian
structure of the original Hamiltonian system from 2.2, because the Jacobidentity
fails for straightforward truncation of (16).

2.4. The Sine-Bracket Truncation with Many Additional Conserv ed
Quantities.  Here we consider the sine-bracket truncation as an approximation to the
guasi-geostrophic dynamics in (1) through the spectral representation in Sectior2.2.
This nite dimensional set of equations for the Fourier coe cients is given by

d. X 1sinCk k9 .2
o e Ge@ e e = s @)

k%:k9= M

so that the summation occurs on the (M +1) (2M + 1) domain of the Fourier
coe cients, and, as in Section 2.3, the coe cient ¢} have period M +1in k. The name
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of the truncation follows, rst, from the presence of a sine function, and, second, due
to the fact that the truncation can be written in its \bracket” form as a comm utator
de ned on the group of unitary 2M +1) (2M + 1) matrices, which we will show
later. Note that for M !'1  and givenk and k% " tsin("k k9 =k k%°+ O("?),
so that the equations in (27) are formally consistent with the spectral fom of the
guasi-geostrophic equations discussed in 2.2. This truncation possesses a Heaomian
structure with the symplectic operator

Jio = %sin("k k96, o (28)
and Hamiltonian
e X aan 1X g Ryj?
H_E_ékaHkJ_ékT’ (292)
@H 1
@ @ ho (290

There is no need in demonstrating the direct proof of the energy conservation in
the sine-bracket truncation (27) like we did for the traditional truncation (2 5) in
Section 2.3, since the energys the Hamiltonian for (27), and the conservation of the
Hamiltonian is the general property of a Hamiltonian system, which is shevn in (10).

Due to the sine function in (28) the symplectic matrix is skew-symmetric and the
Jacobi identity also holds: 8 i;j;k we have

X (Ji @I + Jw @jj + Jj @) =
:X [sin("i (j+ Kk))sin("j k)+sin("k (i+j))sin("i j)+
+sin("j  (k+i)sin("k  D)]G+j+k =[sin("i  j)cos('i  Kk)sin("j k)
cos('i  j)sin("k i)sin("j k)+sin("k i)cos('k j)sin("i j)
cos('k i)sin("j Kk)sin("i j)+sin("j k)cos('j i)sin("k i)
cos('j Kk)sin("i j)sin("k )]6+j+k =O0:

As shown below, the sine-bracket truncation in (27) conserves @ independent
Casimir invariants of the form

X
Cn = §,:::6, cos[A(ir; 1INl

ZN
X (30)

ZN =f(iy;:iin); ij=0g 1 N 2M;
j=1

where
A(ig;:inin) =g dptig (ip+i)+ iii+in (ip+ i+ iy 1)

The Casimir invariant C, is a multiple of the enstrophy sinceA(i; i) =0. However,
the higher Casimir invariants Cy for 3 N 2M are suitable regularizations of
those in (12), or, equivalently, (3).
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In order to prove the existence of the Casimir invariants in (30), let us congder
the family of (2M +1) (2M + 1) matrices D, which have the form
Dn - n1n2:29n1hn2;
where the unitary (2M +1) (2M + 1) matrices h and g satisfy
hg= gh and ¢g?™* = h2M*1 = | (31)

We choose (M + 1) to be prime and

For our choice of the matrices g and h are

0 1 0 1
1 0 O 0 010 0
0 0 0 0 0 1 0
g= 0o °? 0 ; h= oo T
: : . : 0 0O 1
0 0 O M 1 0 O 0

We can see that ifh is applied to the given matrix from the left, it shifts the given
matrix upwards, and if it is applied from the right, it shifts the given ma trix to the
right. Taking this into account, (31) can be easily proven. First, g™ * = | is
obvious for our choice of . Second,h® *1 = | becauseh shifts itself 2M times into
the identity position. Then,

0 1 0 1
0 0 0 0
0 0 2 0 0 0 2 0
hg=g : : "~ and gh = : P
0 0 O M 0 0 O M
1 0 O 0 M0 0 0

and since 2M*! =1 we obtain hg= gh.
The set of D's is the group of unitary matrices which satisfy the following rela-
tions:

Dy=D ,=(Dn) %4 (32a)

DyDnm=exp(i"(m n))Dpem; (32b)
;Tr(D y= 02 (32¢)
2M +1 m m:

where" =2 =(2M +1). We present the proof for the three statements in (32) below.
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Proof of (32a):

D, =exp AT (gupre) tmexp 20T (e g =
sexp I (mep(gey =eq A (gt = DY
= exp 225; inlz g "th "2=D ,:

Proof of (32b):

2i (n1n2 + mlmz)

- NipN2a M1 M2 =
DnDm =exp M+ 1 g"th"2gMth
exp 2i (n;rl\l/lz‘:]l”-f'llmz) mikgnipnz kgmipme+k =

21 (n1n2+ m1m2+2m1n2) mi+n, +
hmg na =
exp M +1 9
20 [(mg+ mp)(ni+ na)+ (MmN mang)l o wn i moen, _
P 2M +1 g =

=exp(i"(m Nn))Dnim:
Proof of (32c): rst note that

Tri(Dy) = k2=2Tr(ghrhk2):
Then, Tr(g)=0for j 6 (2M +1)s;, s; 2Z, because

R
exp

p=0

4ijp
M +1

=0; j62M +1)s;:

Now we can see that Trgg hk) =0 for k 6 2M +1)s,, s, 2 Z, becausehX
shifts non-zero entries ofg o the diagonal position. Otherwise, we obtain
Tr(gh)=Tr(1)=2M +1for j =(2M +1)s; andk = (2M +1)s,. Taking
into account that our indices are between M and M we have

_ 2M +1; k=0;
(D) = 0, k6 O0;
which gives the third statement of (32).

From (32) immediately follows

[Dn:Dm]=2isin("(m n))Dnim;

(33)
[Dn;Dm]s =2cos("(m  Nn))Dn+m;
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where [; ] and [; ]+ are the commutation and anti-commutation operators, respec-
tively de ned as follows:

Xyl=xy yx [xyl =xy+yx

Now we will show how to write the sine-bracket equation in its \bracket" form
via the commutation rule (33). We denote

X X
Q= 6.D, and F = fnDn;
n n
where
fr = @H
k - _!
@

and H is an arbitrary Hamiltonian. We write the analogue of the sine-bracket trun-
cation (27) with the arbitrary Hamiltonian in the form

Q= LIQF] (3

In order to show that (34) is true, we rst write down the commutator [ Q;F],

i i X X X X
?[Q;F]: ? qun fmDm fmDm qun =
n m m n
i X 1X H n
= > 6, fm(DnDm DmDn) =+ sin(*(m  n)®,fmDm+n =
n:m n;m

1 X
= = sin("(k m))q(+mf mDk:

k;m

Here we denotek = m + n and then changem to m. Now we write Q as

X
Q_: Q(Dk;
k
and (34) becomes
X 11X
&Dy= + Sm("(k m))Q<+mf mDk: (35)
k k;m

The matrices Dy are linearly independent; therefore the equality (35) must hold
separately for eachD, hence (34) is equivalent to (27).

We expect Casimirs to be traces ofQX. To show this, rst note that from the
commutation rule in (33), we can see that TrD ;D] = 0: From (32), QX is a linear
combination of D's so that time-derivative of QK is a set of D -commutators, therefore
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the traces, Tr(QX), are conserved in time with an arbitrary Hamiltonian. Explicitly

k 1 X
A VI | GD; =
1 X
:2M +1| .... i Q1;.”;QkTr(DI1;”';D|k)—
X o k . . . . . .
= G g expfi"liz itz (in+ i)+ (36)
Jklj:O
+:::-i;<ik 1 (ir+ i+ ik 2)]g=
:P G, cod iz ip+iz (in+ i)t
kIj=0

+oiitik 1 (ic+ i+ ik 2]g;

i.e. (36) coincides with (30).

The fact that the sine-bracket truncation conserves the same low-order quantities
as the traditional truncation makes it a very convenient model to study the dynamics
of a truncation for quasi-geostrophic ow with many conserved quantities in can-
parison with the traditional energy-enstrophy conserving truncation. A systematic
statistical study is presented by the authors in [1] and [3].

In the Section 2.6 we will show that the standard numerical time integrators
preserve energy, but do not preserve enstrophy and higher order Casimir invariants.
The special type of integrator which allows us to preserve all Casimirnvariants with
machine precision is presented in the next section.

2.5. The Symplectic Numerical Time Integrator for the Truncation
with Many Conserved Quantities. In this section we describe the special kind of
time integrator which allows us to preserve the Poisson bracket. This itegrator was
suggested by R. I. McLachlan [19]. If the symplectic structure is preserved expitly,
then the Casimir invariants associated with corresponding Poisson brdeet will be
conserved with machine precision. The integrator we describe here uses the symplectic
splitting method, the idea of which is that if the Poisson bracket is linear with respect
to ¢ (also called Lie-Poisson bracke), then, splitting the Hamiltonian in a special
way, we can make the system linear. Of course, splitting the Hamiltonian calf for
an approximate solution, and here we describe the rst-order symplectic integrabr
followed by the simple second-order accurate extension. The integrator can as well
be used to integrate the traditional truncation (25) despite the fact that it | acks the
Hamiltonian structure and the family of Casimir invariants (30). | n that case it is
shown below that only the enstrophy is preserved with machine precision.

Our symplectic matrix Jy o is linear with respect to ¢,

Jico = %sin("k K96+ ko

Let us de ne the special subset of the two-dimensional space of integers such
that

Z % Jo=0 8k;k°2 :
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If the Hamiltonian is

H(Ok,;::56,)= H() (37)
for someky;:::;k, 2 then the system
d,  _ @H
k= Jkkc’@x«o

is linear. This happens because the variables, 6, which belong to the Hamiltonian,
are conserved in time. For the linear system we can nd an analytic solution.

The Hamiltonian in (23) does not belong to such a class. However note that the
Hamiltonian is a sum of small pieces, and each piece depends on a single spectral
coe cient 7g,. We split the Hamiltonian into smaller pieces such that each of them
separately has the structure in (37):

X
H = Hj( j);[j Z 2; Jko=0 8k;|(02 j]8j:
j

Now for a small time step we can integrate the system sequentially forlaH; ( j) which
will give us a rst-order approximation to the exact solution. What we essentially do
is that we analytically integrate the same Poisson bracket with di erent Hamiltonians,
therefore the Casimirs (which are the property of Poisson bracket alone) e preserved
with machine precision.

In our case with the sine-bracket equation for anyk = ( ky; ky) we denote

(ky)=fnk: M n Mg

To split the Hamiltonian we need the set K which consists of several vectors; to

satisfy the following: let us denote (K)= [; (k;), then (K) should be such, that
8mi;my 2 [ M;M ]we would havem 2 (K). Also K should satisfy (ki)\ (kz) =

; 8ky; ko 2 K. In other words, K should be such that (K) would be a disjoint set

which covers the whole lattice. When (2V +1) is a prime number, one possible choice
of K is

K=fO;lg[f@m: M m Mg (38)

We can see that for this choice (K) is not completely disjoint, but the point at the
origin never evolves in time, so (38) su ces. Then for the Hamiltonian we have

1 X g, A2 X

H== — = Hk;
2n1;n2: N jn]2 k2K
1 X (g Fa)@ ok Aok
Hy = > kP : (39)

In the above equation we should take into account that the expressiomk in the
denominator of Hy is aliased, i.e. whenevenk is out of bounds, the value is aliased
from the opposite side of the domain by the periodicity rule (26).
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Now we need to solve§-= Jr Hy (sequentially for all k 2 K, of course). For the
aforementionedK we can write (27) in the form

X
Zy = anZm n; (40)
n= M

where zy = +mk, j =(0;));0<] M fork =(1;0) andj = (j; 0);0<]j M for
the rest of k's 2 K (Here we took into account the fact that ¢, = 4 ,,, so that we
can solve only for the half of the lattice). Also

sin("nj k) foL):
n — "jnkj2 (Chk nk)-
The system (40) is linear and therefore can be solved analytically. The fotiwing trick
helps us to diagonalize the system. Note that (40) is essentially discretized coolu-
tion, hence using the discrete Fourier transform yields the disjoint set of equations

2W +1 20 +1 W
zp - Zme 2ipm= (2M +1) — anZm n€ 2ipm= (2M +1) —
m=0 m=0 n= M
X/I ZMXZL n
- anzse 2ip (n+s)=2M +1) _—
n= M s= n
) 2Mygl n .
- a,e 2ipn= (2M +1) z.e 2ips= (2M +1) :/apzp:
n= M s= n
Thus (40) in Fourier space has the form
_ : _ & =] -
4= 5%, i = 0: i6] , Whered = FFT(a)

which is explicitly integrable:

2o(t+ t)=e ' m2(t);

and (40) can be written in the explicit form

z(t+ t)= FFT e ' FFTz(1):

Thus, each equationg = Jr Hy can be solvedexactly using fast Fourier transform 3M
times (forward, backward and for a,). This means that the conservation of symplectic
matrix properties (such as Casimirs) should happen close to round-o error. Bking
into account that we have 2(M +1) k's 2 K, the whole amount of FFT's is 6M (M +1)
for each step of integration.

Second order symplectic integrator. The Casimir invariants (30), including
enstrophy, should be conserved with machine precision with the above method of
symplectic integration. However, the energy (23) is not a Casimir invariat, and
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therefore the extent to which the energy is conserved is determined by the order
of approximation provided by the time integrator. So far we described a synplectic
integrator of the rst order, which requires rather small time steps to conserve energy.
A simple extension of the rst order symplectic integrator to second order accuracy
can be obtained with almost complete absence of additional complexity via Strang
splitting.

When we sequentially integrate the system for the HamiltoniansH; ( j) we use
the fact that

e WA*B) = g Mg B 4 O( t?);

whereA; B are matrices, that is why we have the rst order accurate integrator. Using
the fact that

e WA*B) = o =25 1B o tA=2 4 o( t3);

or, for many matrices,

e HAITEFAY) = o A1=2... 0 Ay 12 tAng Ay 152...9 tA1=2 4 o( t3):

we readily construct a second order accurate symplectic integrator. The second order
symplectic integrator is twice as slow as the rst order symplectic integraor, but it
reduces the relative errors in energy by roughly four orders of magnitude for typical
time steps.

2.6. Numerical Experiments with the Sine-Bracket and Tradition al
Spectral Truncations. In this section rst we present the results of a numerical
validation study of the second order symplectic integrator derived in 2.5 for tie two
truncations. We check that the traditional truncation preserves the energy (23) and
the enstrophy (24), and does not preserve any other Casimir invariants from(30),
and that the sine-bracket truncation preserves the energy, enstrophy, and also these
Casimir invariants. Moreover, we check that neither truncation preserves the eactly
truncated versions of the in nite-dimensional Casimir invariants in (19), which we
here refer to asCy . In addition, we show that the standard numerical time integra-
tors do not preserve the enstrophy and the high order Casimir invariants with small
time steps.

2.6.1. Conservation of the energy and the Casimir invariants. For the
all numerical experiments we choose random initial conditions with xed energy and
enstrophy. We take an 11 11 square domain of Fourier coe cients and integrate the
system for the time T = 5200 with the time step t =0:01. We pick the energy to
be E =7, and enstrophy E = 20.

We expect both the traditional (25) and sine-bracket (27) truncations to preserve
energy and enstrophy when used in combination with the second order symplectic
integrator. The results of numerical validations for energy and enstrophy areshown
in Figure 1 for the traditional truncation, and Figure 2 for the sine-bracket tr uncation.
As we can see, the energy is preserved within a 40 ° relative error for the traditional
truncation, and 1:2 10 ° for the sine-bracket truncation. The enstrophy is preserved
with machine precision for both truncations.
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Fig. 2. The conservation of energy and enstrophy for the sine-brack et truncation

Next, we show that the sine-bracket truncation preserves the Casimir invari-
ants (30), and the traditional truncation does not preserve them. In addition, we also
make sure that neither truncation preserves the truncated versions of the in nite-
dimensional Casimir invariants in (19). The results are shown in Figues 3 for the
traditional truncation, and 4 for the sine-bracket truncation. Figure 3 shows the time
evolution of &, and the relative error of C, conservation for the traditional truncation.
The quantity €4 jumps within 800 and 1300, which means that the relative error for
¢, is about 50%. The relative error for C, for the traditional truncation is 30%, thus
neither C4 or €, is conserved for the traditional truncation. Figure 4 shows the time
evolution of €, and the relative error of C, conservation for the sine-bracket trunca-
tion. The &, again, jumps within 800 and 1300, which means that the relative error
for €, is about 50%, and the sine-bracket truncation does not conserv€,. However,
the relative error for the Casimir C, is within 3:5 10 ? for the sine-bracket trunca-
tion, which means that C,4 is conserved within machine precision by the sine-bracket
truncation.
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Fig. 4 . The time evolution of ¢, and the conservation of C, for the sine-bracket truncation

2.6.2. Unstable behavior of standard numerical schemes. One can ask the
following question: is there any real need to use the complicated symplectic integtor
while there is plenty of standard high-order methods of integration like Runge-Kutta
or the Adams-Bashforth family? In this section we check whether the two standad
methods of integration can be used to solve at least the traditional truncatbn with
two conserved quantities. It happens that both methods preserve the energy quite
well, but the enstrophy is not conserved by both methods.

We perform the computations with the traditional truncation (25) using standa rd
methods of integration. We calculate the sum on the right-hand side of (25) usinghe
Fast Fourier Transform, which yields NZlog(N) oating point operations per time
step. To exclude the modes which exceed the range of the lattice we use the twice-
extended in both directions array for the Fast Fourier Transform. For the int egration
in time we use two methods:
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Fig. 5. The conservation of energy for the two standard time integra tors, 11 11 truncation size

the standard Runge-Kutta method of 4th order,
the Adams-Bashforth-Moulton predictor-corrector method of 4th order.

We compute the traditional truncation (25) for the 11 11 size of truncation
for the time T = 5200 and the time step t = 0:001. The same values of energy
and enstrophy (E =7, E = 20) were used for this numerical experiment. As we can
see, the conservation of energy is satisfactory for this integration timeas shown in
Figure 5. However, the enstrophy is conserved only up to the timeT 400, and
then its relative error goes sky-high, beyond 1000%, both for both Runge-Kuttaand
Adams-Bashforth-Moulton methods, as shown in Figure 6.

This blow up e ect for enstrophy is the well-known nonlinear instability of spec-
tral methods for uid ow with standard time integrators. The usual remedy is a
spectral Iter in Fourier space proposed originally by Majda and Osher [13]. Seehe
paper by E and Shu [5] for an important application. We have shown above thathis
standard nonlinear instability does not occur with the second order accurate symplec-
tic integrator and the traditional truncation. However, this integrator i s much more
expensive to use, while the spectral Iter destroys the exact conservation of enstighy.

3. Convergence of the Traditional and Sine-Bracket Truncation s to
Weak Solutions of the Quasi-Geostrophic Equations. Here we sketch a proof
of the fact that both the traditional spectral truncation discussed in 2.3 and the sine-
bracket truncation described in 2.4 converge to weak solutions of the quasi-gewsphic
equations with nite enstrophy, Q2(q(x;t)) < 1 , provided that the initial data gy(x)
satises Q2(qp(%)) < 1. The proof relies on the key fact established in Section 2
that these truncations conserve both the energy and the enstrophy of the initial data
in time combined with a straightforward adaptation of the arguments in Chapter 10
of the book by Majda and Bertozzi [10] to weak solutions formulated in termsof
the vorticity-stream equations in (1) rather then the primitive variable fo rmulation.
Clearly, the existence of weak solutions in the vorticity-stream formulation imposes
more stringent requirements beyond the primitive variable formulation. To avoid
needless repetition, the material below is presented as if the reader has Chapter 10
of [10] readily available.

With (1), we formulate the following
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Definition 1.  The potential vorticity, g=! + h, de nes a weak solution of the
quasi-geostrophic equations with initial datagy(x) 2 L1(T?), provided that

() g2 LY([0;T] T? forany T >0,
(i) v satises

curlv= (v)y +(V2x=q h (41a)

divv=0 (41b)

in the sense of distributions,
(i) vg2 LY([0;T] T3,
(iv) for any test function 2 C1([0;T] T?)
Z Z

(%, T )gdx (3; 0)qp dx =
T 7.2 T

= (tg+r (vg) dxdt:

0 T2

Definition 2.  As discussed in 10.2.3 of [10], a sequence of smooth functisng’
and v, is an approximate solution sequence withLP-vorticity control for the quasi-
geostrophic equations provided that

(i) o max k' kp(t) C(T), o max kv ko(t) C(T), 8T > 0.
(i) curlvy' =q, ' =0i,divy =0, hgi =0.
(42)

(iiiy g (t) is uniformly Lipschitz continuous in some negative normed 8bolev space
H Y(T?) fora xed L.

(iv) Weak consistency for any smooth test function, (x;t)
VAR 4
(g +r (Wq)dxdt! Oas"! O

0 T2
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R -
Here and belowkf k, = 1, jf P P denotes the standard_P-norm on the torus with
H i the mean off over the period.

Example: smoothing the initial data. Consider any initial data, gy = ! g+ h
with h 2 LP and ! 3 2 LP and approximate ! o;h by smooth functions ! 4;h" which
converge inLP to 'g;h as" !'1 . Let g (xt) = ! "(xt)+ h" denote the global

smooth solution of (1) with this initial data (see Chapter 3 or 4 of [10] for a proof),
then g ;¥ de nes an approximate solution sequence withLP vorticity control (see
Chapter 10 in [10]).

Proposition 1. Both the traditional spectral and sine-bracket truncations pre-
sented above in Sections 2.3 and 2.4 de ne approximate solah sequences(q ;")
with L2 vorticity control for the quasi-geostrophic equations proided that the initial
data for these two nite-dimensional spectral methods is gign by the Fourier coe -
cients of an initial potential vorticity, ¢ 2 L?(T?) with

@=!o+h 192L%T?); hy2L3T?: (43)

Here, as in Sections 2.3 and 2.4 above, is given by" = 2 =(2M + 1) in de ning
q;v , whereM denotes the number of Fourier modes irx;y, i.e. jkjj M,j =1;2

Proposition 1 is intuitively clear given the conservation properties for the tradi-
tional and sine-bracket truncations established in Sections 2.3, 2.4 above; we pp®ne
a detailed proof until the end of the section.

The main result of this section in the following

Theorem 1. Assume the initial potential vorticity satises g = !¢+ h for
02 LP(T?) and h 2 LP(T?). If p> 4=3, then there is a weak solution of the quasi-
geostrophic equations with this initial data. This weak saltion can be constructed
by taking the global smooth solutions with the smoothed iétl data ! y;+, from the
Example above and passing to the limit. Furthermore, folp > 4=3, any approximate
solution sequence withL P-vorticity control converges (by passing to subsequencesp t
a weak solution of the vorticity-stream formulation which inherits the a priori bounds
in (42)(i),(ii),(iii), as well as the stronger L9(T?) velocity bound in (48) below.

By combining Proposition 1 and Theorem 1 we have the immediate

Corollary 1. Consider initial data for the potential vorticity, g = !¢+ h
with 19 2 L?(T?), g 2 L?(T?). Then both the traditional spectral truncation and
the sine-bracket truncation converge (by passing to subsesnces) asM ! 1 to weak
solutions of the quasi-geostrophic equations in vorticityseam form with both nite
energy and nite enstrophy.

An extremely interesting open mathematical problem is to establish for initial
data oo with Qp(p) < 1 for all large p, that the additional conserved quantities in

various Q, asM 'l nevertheless yield additional regularity beyond Corollary 1 for

the weak solutions which are limits of this truncation. Next we present the

Sketch of the proof of Theorem 1. From Theorem 10.1 in [10], under the
above hypothesis we already know by passing to a subsequence that there exist!
with

divv=0; curlv=1 (44)

and
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A) !'" converging weakly to! in L ([0;T ];LP(T?)),

Z - (45)
B) kv’  wki(s)ds! Oforany T > 0.

0

The key fact needed to complete the proof of the theorem is to establish that
¥ 2 LY[0;T ] T?2) with

Z: Z
lim W' wh)=0 (46)
0o 72
for any test function and any T > O for either the speci c approximate solution
sequence from the Example or a more general sequence satisfying De nition 1. Since
the period domain, T2, is compact, it is no loss of generality to considerp with
4=3 < p < 2. Then with (ii) from (42), elliptic regularity, and the Sobolev inequalit y
on page 400 of [10], we have

o_ 2p .

kv (t)kpe Ck! “()kp; p°= 7 b (47)

where that constant C depends only onp. From (i) of (42) we obtain the additional
estimates

OrrtliaTx kv (t)kzz_pp C,; (48a)

¥(t) 2 LY ([0;T ;L7 7 (T2)): (48b)
Sincep > 4=3, we havep<p 1)< 2p<2 p), so the Holder inequality and (48) give

kv ky(t) Kk ! (Dkpkv(Dk 2, CK! (Dkpk¥(DK 20 ; (49)

so that v 2 L. Also, (48) and the convergence in (45B) combine with standard
interpolation (pg. 399 of [10]) to guarantee that for p > 4=3

Zq
. kv' vkpp_l(s)ds! 0 as "! O (50)
Thus, we have
Z:2 Z,2 Z:2
CAREE D v W)+ v, (51)
0 T2 0 T2 0 T2

and the rst term in (51) tends to zero by (50), (42)(i) and the same Holder es-
timate as utilized in (49); the second term in (51) tends to zero becausev 2
L (O;T ;L7 1(T?))and !~ ! tends to zero weakly inL? ([0;T J;LP(T2)). This
completes the sketch of the proof of Theorem 1.

Sketch of proof of Proposition 1. As established in 2.3 and 2.4 above, both
the traditional spectral and sine-bracket truncations conserve energy and enstrophy
so that forany t with 0  t< 1,

kg (t)ka k qoko; kv (ke K voky; (52)
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while (42)(ii) is satis ed automatically by these approximations. The b ounds in (52)
and (49), applied to ! "; %', guarantee for either approximation

Kl "% ki(t) C(k! oka + khky)?: (53)

First we consider the standard spectral truncation from 2.3 which can be writen as

@ _

@t
with P. the projection operator given by (20). Since, by Sobolev's Lemmal? is
continuously injected into H $(T?) for s > 1=2, and P- is a uniformly bounded oper-
ator from H Rto H R, (53) and (54) guarantee that @ q=@4 uniformly bounded in
H (D (T2) for s > 1=2 for any interval of time; thus, (42)(iii) is satis ed. With (54),
the check of weak consistency reduces to the fact that

Z: Z

lim r( P )vq)dxdt=0: (55)
PO o T2

P-[div(vd)l; Pq=4d; (54)

Since for a smooth test function

i W) g |
0n?aoT( r@ P)jL@! o

andv g is uniformly bounded in L by (53), the requirement in (55) is clearly satis ed
and the proof is nished for the standard truncation.

Next, we check weak consistency for the sine-bracket truncation. First, since the
sine-bracket truncation satis es both the bounds in (52) and (53), by approximating a
smooth test function in the C* norm in space-time by nite trigopnometric polynomials
in %, we can repeat the reasoning utilized in (53) to establish that it is su cient to
check the weak consistency in (42)(iv) for test functions

X
= K (t)e” (56)
jkj Lo

with Lo xed. Interpreting (42)(iv) Fourier component-wise via the Plancherel for-
mula, the check of weak consistency for the test function in (56) is satis ed proviled
that with " =2 =(2M + 1) the sum

X sin("(k  k9)

. 0 A
a1 L K90k 20 e (57)
kO
tends to zero for a xed k with jkj Lo. We split k%into two groups of wavenumbers.
For wavenumber k© with jkY Land xed k, we have
sinC(k_ k9 ) "
(kK9
so that
X "o "
C-kq (t)k3  C—kqoka: (58)

kot
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On the other hand, for xed k, the decay of (57) with jk§ implies that

X .
C kq ()kZ  C kgpkZ: (59)
jk9 !

Thus, by choosing = "2, (58) and (59) guarantee the fact needed in (57) to
check the weak consistency for the sine-bracket truncation. The proof of the uniform
Lipschitz bound in (42)(iii) for this truncation follows directly from t he estimate for
the Fourier coe cients similar to (59) with =1 which yields

%t (t) Cjkj(kq (t)k3 + khk3)  Cjkj(kqokz + khkz)?: (60)

This guarantees the uniform Lipschitz continuity in H *1 (T?) for s > 1=2. The
proof of Proposition 1 is now complete.

4. The Statistical Behavior of Discrete Approximations to the Burge rs-
Hopf Equation with a Nonlinear Energy. The statistical behavior of nite dif-
ference approximations to the Burgers-Hopf equation

1
ut+§u2X:O (61)
which conserve a discrete form of the momentum
Z
M= udx (62)

as well as the standard quadratic energy
E=Z> u?dx (63)

is studied recently by Timofeyev and the second author [18] through a combination
of mathematical theory and numerical experiments. Two nite di erence schemes are
studied in [18], the Kruskal-Zabusky scheme and a ve point energy conserving method
besides the Galerkin spectral truncation to the Burgers-Hopf equation. Numerical
experiments indicate that

The Kruskal-Zabusky scheme has equipartition of energy andreng mixing
through exponential decay of correlations.

(64)

The ve-point di erence scheme has equipartition of energy but the failure of strong
mixing at a few isolated Fourier modes due to resonance in an interesting fashioii8].
Furthermore, as expected from the equilibrium statistical predictions in [18] andcon-
rmed below,

The statistical behavior of the Kruskal-Zabusky scheme at dirent grid points
is essentially uncorrelated and the probability density foction (PDF) of the
values at a single grid point is a Gaussian distribution.

(65)
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Here we build discrete approximations to (61) that conserve both linear momernim
and a discrete version of the nonlinear energy
z z

_a 2 b 4
Eapb = > ucdx + 1 u” dx (66)
with a+ b=1,0 a 1, so thatthe special case witha = 1 and b= 0 coincides with
the Kruskal-Zabusky scheme. These discrete approximations are built through the
elegant systematic procedure of Tadmor (Theorem 4.1 in [23]) which has somd ds
ancestral roots in earlier work by Osher and the second author on nonlinear stabilit
and entropy inequalities [15, 16]. We utilize careful numerical experiments tanalyze
the statistical behavior of the di erence schemes with the conserved quantities i{62)
and (66). The results reported below forb > 0 contrast completely with those in (64)
and (65) for the Kruskal-Zabusky scheme withb= 0. In fact, the statistical behavior
of the di erence schemes conserving (66) reported below is the following:

For b > 0O, the di erence scheme has statistical behavior that is ergtic and
mixing but

(1) The quadratic energy in (63) in Fourier space is not equiparitioned
among the individual Fourier modes
(67)
(2) The probability distribution of values at a single grid poirt is non-
Gaussian with two peaks, increasing in strength a® increases.
(3) For b6 0, the statistical behavior at di erent grid points is much more
strongly correlated than for b= 0 and increasing with b.

The models presented below should be very useful for predictability studies with
non-Gaussian variables [8, 12]. Next, we follow Tadmor [23] and build the dicrete
approximations for (61) which conserve both (62) and (66).

4.1. Discrete Approximations to the Burgers-Hopf equation Conse rv-
ing a Nonlinear Energy. The nonlinear functions, au?=2 + bu*=4, 0 a 1,
a+ b=1, are additional convex conserved quantities for the Burgers-Hopf equation
in (61). In Theorem 4.1 of [23], Tadmor gives a recipe for designing a conservee
three-point di erence scheme which also preserves any prescribed convex entropy for
a system of conservation laws. Applying this procedure to the Burgers-Hopf equatio
with the convex conserved quantitiesau®=2 + bu*=4 results in the following family of
discrete approximations

@y

@ + Fj +1 =2 Fj 1= =0 (68)

with the ux functions, Fj.;-; and F; 1-, given by

1 a(ufy + Uy + uf)
6 xa+ b(u?,; + Ujq U + U?)

Fit1=2(Uj+1;u5) =

(69a)
3 blufy + Ul U+ Ul uP U U+ ul)

+ ]
10 x a+ b(u?,; + Ujs Uy + U?)

’

Fi 122 = Fjaa=2(uj; 4 1): (69Db)
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By design, this di erence scheme conserves both the discrete linear momentum,
X
uj; (70)
j

and the nonlinear discrete energy,

1 2 1 .

| Sau; + 4bL{1 . (71)
While (70) is obvious, it is a tedious exercise for the reader to check explicitlyhat (71)
is conserved by (68) with (69a) and (69b). Here and below, we consider solutis
of (68) with discrete periodic boundary conditions on the interval [C;2 ]. Thus, we
assume that there are A + 1 distinct discrete points with (2 N +1) x =2 and
discrete valuesu; (t) = u(j x;t) where 2 -periodicity requires

Uj+2N+1 = Uj! (72)

Unlike the Kruskal-Zabusky scheme,the di erence approximations in (68) do not
satisfy the Liouville property [12, 17, 18, 22]n the u; -coordinates. It is an interesting
mathematical problem to determine if there is a nonlinear change of coordinates so
that the equations transformed from (68) satisfy the Liouville property. If this is true
the invariant probability measure for (68) with b > 0 would be explicit and allow for
statistical predictions which might explain the behavior in (67) for b > 0 which we
establish below. Also, are there di erence schemes which conserve (71) and directly
satisfy the Liouville property?

4.2. Numerical experiments for the Statistical Behavior. In this section
we present the results of the numerical study of the nite dierence scheme (68)
with (69a) and (69b). The numerical experiments are performed for the three dierent
regimes of the numerical scheme ffa = 1;b = 0g, fa = 0:5;b = 0:5g, and fa =
0;b = 1g. For the time integration we use the standard fourth order Runge-Kutta
integrator with the discrete time step t=2:5 10 4. The numerical scheme (68) is
used with the N = 200 discretization points in physical space. The initial data for the
numerical simulations is u; (0) = 2sin(2 j=N ). The overall time used for statistical
computations is T = 10000 units. During the computations we check that the relative
error in the conservation of both the momentum (62) and the nonlinear energy (66)
does not exceed 10° at any time of integration for all fa; by regimes presented below.
In contrast to the situation in Section 2, no symplectic integrator is needed hereto
track the conservation of (71) accurately [2, 17, 18].

Probability density functions. First we present the probability density func-
tions of the numerical solutions of (48) in physical space, for the three numerida
regimes: fa =1;b=0g, fa=0:5b=0:59, and fa = 0;b=1g. The probability
density functions (PDFs) are computed using the \bin counting" procedure, which is
described in [2]. The results are presented on the Figure 7. The equilibrium stasiti-
cal theory [18] for the Kruskal-Zabusky scheme predicts Gaussian probability densyt
functions. Each picture in Figure 7 features the numerically computed PDF (solid
line) and the analytical Gaussian PDF with the same mean and variance (dashed
line). We can see that for (68) in the casefa = 1;b = 0g (Kruskal-Zabusky nite
di erence scheme, Liouville property satis ed) the numerically computed probability
density function coincides with its Gaussian t. However, the PDFs for the other
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% -4 2 0 2 4 6
. o . The numerical PDF (solid line) and the analytical
The numerical PDF (solid line) and the analytical . . .
Gaussian (dashed line) for the regime

fa=0:5b=0:59. The PDF mean is
3:808 10 7 and variance is1:832

Gaussian (dashed line) for the regimefa =1;b=0g.
The PDF mean is 5:647 10 ' and variance is2

4 6

The numerical PDF (solid line) and the analytical
Gaussian (dashed line) for the regimefa =0 ;b =1 g.
The PDF mean is 1:523 10 ’ and variance is1:875

Fig. 7. The probability density functions for the di erent numerica | regimes of (68): fa =
1;b=0g (rst picture), fa =0:5b=0:5g (second picture), fa =0;b=1g (third picture). Solid
line { numerical PDF, dashed line { analytical Gaussian with t he same mean and variance. The
numerical PDF and analytical Gaussian coincide on the rst pi cture.

regimes are strongly non-Gaussian, and each PDF possesses two distinct peaksiet
increase with b. While the means of the probability density functions stay very small
for all regimes, the variances for the non-Gaussian regimes are slightly leghan that
for the Gaussian regime (1832 and 1875 versus 2, relative di erence 6.25-8.4%).

Spatial correlations.  Here we present the spatial correlation functions for the
numerical scheme (68) with (69a) and (69b). It is clear that all the physicalnodes are
statistically equivalent due to the translational invariance of the numerical scheme
in physical space, however it is unclear how fast the solutions decorrelate in the
neighboring physical space nodes. The spatial correlation functions

z To+ T XN
uk x;tu((k+j) x;t)dt
. To =
i x= 4k T10+T X (73)

[uk x;t)])%dt
To k=1
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Absolute values of spatial correlations
Node, fa=1;b=0g | fa=0:5b=0:5g | fa=0;b=1g
0 1 1 1
1 0:007 0:03 0:06
2 0:005 0:08 0:08
3 0:005 0:05 0:06
4 0:005 0:035 0:05
5 0:005 0:015 0:02
6 0:004 0:01 0:02
7 0:005 0:005 0:009
Table 1

The absolute values of the spatial correlation functions fo r dierent regimes of the numerical
scheme

show the extent to which the physical space nodes, separated ly x, are correlated.
In Figure 8 we can see how di erently the spatial correlations behave for the dierent
regimes: for the regimefa = 1;b = 0g the physical space nodes are completely
decorrelated (or -correlated), for the regimef a = 0:5; b= 0:5g the spatial correlations
extend up to 6 physical space nodes, and for the regiméa = 0;b = 19 the spatial
correlations extend up to 9 physical space nodes. Table 1 shows the absolute values
of the spatial correlation function for several physical space nodes for all remes.
We observe that the absolute values of spatial correlations for the nite dierence
scheme (68) withfa =0:5;b=0:5g and fa=0;b=1g, for the neighboring physical
space nodes can be an order of magnitude greater than those for the Kruskal-Zabusky
nite-di erence scheme.

Energy partition and mixing. The equilibrium statistical theory for the
Kruskal-Zabusky nite di erence scheme predicts the equipartition of the energy (63)
in Fourier space:

B = hi%i = o (74)

where Ey denotes the energy per Fourier mode, andhi is time-averaging. Here we
observe the non-equipartition of the energy (63) for the regimeda = 0:5;b = 0:5g
andfa=0;b=1g (which is not a conserved quantity for these regim@sshown on the
Figure 9. Each of the two pictures on the Figure 9 features the numerically measud
partition of the energy (63) (circles), and the equipartition of energy predicted by the
equilibrium statistical theory for the Kruskal-Zabusky nite di erence scheme. As
we can see, the partition of the energy (63) for the regimesa = 0:5;b = 0:5g and
fa=0;b= 1g possesses non-uniform structure, peaked at the Fourier wavenumbers
k= 70forfa=0:5b=0:5gandk = 75forfa=0;b=1g, and having the smallest
value at the Fourier wavenumbersk = 100 for both regimes (we do not mention the
wavenumberk = 0 which does not contribute to the dynamics and is conserved). We
also observe that the non-uniform energy structure retains the general shape asand
b vary, and the general trend is that the non-equipartition of energy is more severe
for greater b.

Additionally, we check the correlation time scaling for the Fourier modes. The
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Correlation function for u,
a=1, b=0, T=10000, N=200, Correlation length is 0.03121
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The spatial correlation function in the physical space

for the regimefa=1;b=0g
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Correlation function for u
a=0.5, b=0.5, T=10000, N=200, Correlation length is 0.03578
12 T T T T T T T
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The spatial correlation function in the physical space

for the regime fa =0:5;b =0 :5g

Correlation function for u,

12 T T

=0, b=1, T=10000, N=200, Correlation length is 0.03755

0.4 05 0.6 0.7

The spatial correlation function in the physical space

for the regimefa=0;b=1¢g

Fig. 8. The spatial correlations for the di erent numerical regimes
fa=0:5;b=0:5g (second picture), fa=0;b=1g (third picture). The solutions in
the physical space nodes for the Kruskal-Zabusky scheme are

(‘rst picture),

0015 T T T T T T T T T

P
u >

0005

Wavenumber
The energy partition in the Fourier space for the
regimefa =0:5;b =0 :5g, circles { numerical
simulation, dashed line { Kruskal-Zabusky
equipartition prediction for the same initial data

Fig. 9. The energy partition for the Fourier modes, regimes

of (68): fa=1;b=0g

-correlated

0015 T T T T T T T T T

>
<o,

0.005F E

L L L L & L L L L

Wavenurber
The energy partition in the Fourier space for the
regimefa =0 ;b =1 g, circles { numerical simulation,
dashed line { Kruskal-Zabusky equipartition prediction
for the same initial data

fa=0:5b=0:5gand fa=0;b=1g.
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Correlation times. Correlation times.
2=05,b=05 a=0, b=1

ES 40 45 50 0 5 10 15 ES 40 45 50

20 25 30 20 25 30
Number of mode Number of mode

The spatial time correlation scaling in the Fourier The spatial time correlation scaling in the Fourier
space for the regimefa =0 :5;b = 0 :5g space for the regimefa=0;b=1g

Fig. 10 . The time correlation scaling for the Fourier modes, regimes fa = 0:5;b = 0:5g and
fa=0;b=1g.

time correlation function of a Fourier mode t is de ned by

1 z To+ T
= — O ()0, (t+ )dt; 75
()= 75 . O+ ) (75)
where the averaging windowT is large, T = 10000, and the skipping time To = 1000.
The correlation time of a Fourier mode U\ is de ned by
A

Tk = jajd: (76)

The correlation time scaling for the Galerkin-truncated Burgers-Hopf equation ha
been studied in [17, 18], and con rmed for the statistically relevant values ofHamil-
tonian in [2]. The results of the numerical study of the correlation time scalng
show non-uniform time correlation structure for the Fourier modes with the large
scale Fourier modes possessing longer correlation times. Decay of these coriela
functions provides convenient numerical evidence for strong mixing in this dynamical
system. Here in Figure 10 we present the correlation time scaling for the nuserical
scheme (68) for the regimeda = 0:5;b=0:5g and fa = 0;b= 1g. Apparently, the
di erent conservation regimes do not visibly a ect the time correlation structur e in
Fourier space. Also we observe the same trend as for the Galerkin-truncated Burgers
Hopf equation, with large scale modes having longer correlation times, whicimeans
that the Galerkin truncation and the truncation (68) have similar mixing pro perties.

5. The Spectral Tilt in the Truncated Burgers-Hopf Model { A Case
Study in Statistically Relevant Conserved Quantities. The Fourier-Galerkin
truncation of the Burgers-Hopf equation (TBH),

1
(u)+ éP u?>  =0; (77)
where P is de ned as in (20) with denoting the number of degrees of freedom,
has been introduced recently as a prototype model with solutions exhibiting intrnsic
stochasticity and a wide range of correlation scaling behavior which can beredicted
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successfully by simple scaling arguments [17, 18]. Solutions of the truncated Bgers-
Hopf equations possess the three conserved quantities

4
u dx=M; Momentum;

Z
P(u?)dx = E; Energy;

Z
P(u®)dx = H; Hamiltonian:

The equilibrium statistical theory, based of the maximum entropy principle, predicts
the equipartition of the energy in the Fourier space under the constraint of xed
energy. However, it was rst established by Kovact and the authors in [2], that the
truncated Burgers-Hopf model is a Hamiltonian system with Hamiltonian given by the
integral of the third power. This additional conserved quantity, beyond the energy, has
been ignored in previous statistical mechanics studies of this equation. The questio
of the statistical signi cance of the Hamiltonian, beyond that of the energy, hasbeen
studied in [2]. For statistically relevant values of the Hamiltonian, the direct numerical
simulations showed a surprising spectral tilt rather than equipartition of energy. This
spectral tilt was predicted and con rmed independently by Monte-Carlo simulations
based on equilibrium statistical mechanics together with a heuristic formula fo the
spectral tilt,
8H? (+1) =2 k
5E3 '
where denotes the number of degrees of freedonE is energy, andH is Hamiltonian.
However, Kovact and the authors in [2] studied the problem when the dimension-
less ratio H ?=E® was very small, so a linear t like the one in (78) could be expected.
Here we show that such a spectral tilt remains linear as long as the statistial theory

is itself valid, as we increase the values of the cubic Hamiltonian in the TBH while
keeping the energy xed. In the current study we address four distinct objectives:

%hjokai -E 1. (78)

(i) The values of the Hamiltonian for which the spectral tilt becomes nonlinear;

(i) The values of the Hamiltonian for which the formula in (78) for the t ilt fails;

(iii) We establish that the failure of strong mixing (i.e. the failure of exponential
decay of correlations) occurs whenever (i) takes place, which means that the
spectral tilt is linear whenever the direct numerical simulations yield a mixed
statistical equilibrium, and vice versa;

(iv) We also show that the failure of the spectral tilt formula (78) occurs just before
strong mixing fails, as the Hamiltonian increases.

We performed the direct numerical simulations for the xed energy E = 0:1, the
truncation sizes ranging from =10to =100, and the values of the Hamiltoni an
ranging from H = 0:01 to H = 0:15. The typical integration time in the numerical
simulations was T = 20000, and the discrete integration time step was t = 2
10 4. The relative errors in the conservation of the energy and the Hamiltonian did
not exceed the values of 10'? and 10 !, respectively, for all attempted numerical
simulations at any times of integration. We show the gures with the spectral tilt
and the time correlation mixing (75) for the truncation sizes =20 and =10 O.
Table 2 contains the summary of the data from all experiments.
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Spectral Tilt, Linearity, Fit, and Mixing

| H?=E? | Linear | Fit (78) | Mixing
10 0:1 Yes Yes Good
10 0:4 Yes No Marginal
10 1.6 No No Fails
20 0:1 Yes Yes Good
20 0:4 Yes No Marginal
20 1.6 No No Fails
20 4.9 No No Fails
50 0:1 Yes Yes Good
50 0:169 Yes Yes Good
50 0:289 Yes No Good
50 0:4 Yes No Marginal
50 1.6 No No Fails
50 4.9 No No Fails
50 10 No No Fails
100 0:1 Yes Yes Good
100 04 Yes No Marginal
100 1.6 No No Fails
100 4.9 No No Fails
100 10 No No Fails
100 | 225 No No Fails

Table 2
The energy-Hamiltonian H2=E?3 ratio, tilt linearity, prediction, and mixing for the trunc ation

sizes =10 ;20;50; and 100

5.1. The Linear Spectral Tilt and the Failure of Strong Mixing for
Large Values of the Hamiltonian. Here we concentrate on the connection of the
nonlinearity in the spectral tilt and the failure of mixing. We present the gures with
the spectral tilts and the time correlation functions of the largest Fourier mode for
the two cases =20 and =100.

For the case with = 20 we observe the following trends. We begin with the
small value of the Hamiltonian H = 0:01, and for this small value the tilt is linear and
the mixing is strong, as shown in Figure 11 and Table 2, where all time corlations
decay very quickly, within time T = 40. For the next, larger value of the Hamiltonian,
H = 0:02, the spectral tilt is still linear, and the mixing is still good, as shown in
Figure 12 and Table 2, however the time correlations in the rst Fourier mode becane
somewhat longer (never decay to zero within timeT = 200). For the values of the
Hamiltonian H = 0:04 andH = 0:07 the spectral tilt is nonlinear and the failure of
mixing is observed, as shown in Figures 13, 14 and Table 2.

For the case with = 100 we observe similar trends. We begin with the smal
value of the Hamiltonian H = 0:01, and for this small value the tilt is linear and the
mixing is strong; as shown in Figure 15 and Table 2, all time correlatios decay very
quickly, within time T = 20. For the next, larger value of the Hamiltonian, H = 0:02,
the spectral tilt is still linear, and the mixing is still good, as shown in Figure 12 and
Table 2, however the tine correlations in the rst Fourier mode become somewhat
longer (within time T = 100). For the values of the Hamiltonian H = 0:04; 0:07; 0:1;
and 0:15 the spectral tilt is nonlinear and the failure of mixing is full-scale, as shan
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in Figures 16, 17, 18, 19, 20 and Table 2.

As we can see, the nonlinearity in the spectral tilt occurs whenever mixing fails.
Since the linear spectral tilt is predicted by the equilibrium statistical mechanics,
and the failure of mixing draws a bound of validity for the equilibrium stati stical
mechanics, we conclude that the linearity of the spectral tilt is valid whenever the
statistical predictions are applicable. We do not present the plots for the cases wit

=10 and =50, but the trends for them are very similar to the cases with =20
and =100, and are summarized in Table 2.

5.2. The Validity of the Heuristic Formula Predicting the Spectra | Tilt.
Above we established the direct logical connection between the linearity of the specat
tilt, and the applicability of equilibrium statistical mechanics which predicts t his tilt.
However, the next question we address here is the bounds of applicability of the
heuristic formula (78) for the spectral tilt. The formula in (78) was valid for all values
of Hamiltonian studied in [2], however H = 0:01 was the largest value considered
there. Here we start with the largest Hamiltonian considered in [2],H = 0:01, and
increase its value. We nd that this value of the Hamiltonian, H = 0:01, is exactly
where the bound of applicability of the heuristic spectral tilt formula (78) li es. In
the case with =20 we can see that for the Hamiltonian H = 0:01, the spectral tilt
formula (78) is the perfect match. Figure 11 shows that the predicted tilt (dot-dashed
line) coincides with the solid line of least squares t to the numerical data. Howe\er,
as the Hamiltonian increases, the predicted tilt slope is steeper than the actualdot-
dashed line goes steeper than the solid line). The di erence between the actual and
predicted tilt slopes becomes more severe as the value of the Hamiltonian incress
(Figures 12, 13, and 14). The same tilt failure of the predicted linear tilt is observed
for the truncation size = 100. The predicted tilt coincides with the actual one for
the Hamiltonian H = 0:01, and fails to predict anything for any other value of the
Hamiltonian above H = 0:01 (Figures 15, 16, 17, 18, 19, and 20). We do not plot
the results for the rest of the truncation sizes, instead summarizing them in Table2.
Overall we can see that the linearity of the tilt and mixing generally last longer than
the tilt slope prediction (up to H =0:02 andH = 0:01, respectively).
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ported as a postdoctoral fellow through these grants.
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The energy spectrum for the simulation with =20 , o @™ w e @0 w0 0 w0 a0
H =0:01. Solid line { linear t found by least The time correlation function for the Fourier mode
squares, dash-dotted line { linear t (78), dashed line k=1, =20 ,H =0:01

shows equipartition

Fig. 11 . The spectral tilt and the time correlation function for thec ase =20 , H =0:01. The
correlation function con rms mixing, the spectral tilt is | inear, and the predicted tilt coincides with
the actual slope
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H =0:02. Solid line { linear t found by least The time correlation function for the Fourier mode
squares, dash-dotted line { linear t (78), dashed line k=1, =20 ,H =0:02

shows equipartition

Fig. 12 . The spectral tilt and the time correlation function for the ¢ ase =20 , H =0:02. The
weak mixing is still present, the spectral tilt is still line ar, but the predicted tilt is steeper than the
actual slope
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shows equipartition
Fig. 13 . The spectral tilt and the time correlation function for the ¢ ase =20 , H = 0:04.

Long correlations show failure of mixing, the spectral tilt  is nonlinear and the predicted tilt is much

more steeper than the actual slope
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shows equipartition
Fig. 14 . The spectral tilt and the time correlation function for the ¢ ase =20 , H = 0:07.

Long correlations show failure of mixing, the spectral tilt  is nonlinear and the predicted tilt is much

more steeper than the actual slope
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shows equipartition

Fig. 15. The spectral tilt and the time correlation function for the ¢ ase =100 , H = 0:01.
The correlation function con rms mixing, the spectral tilt is linear, and the predicted tilt coincides
with the actual slope
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shows equipartition

Fig. 16 . The spectral tilt and the time correlation function for the ¢ ase =100 , H = 0:02.
The weak mixing is still present, the spectral tilt is still | inear, but the predicted tilt is steeper than
the actual slope
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The time correlation function for the Fourier mode
k=1, =100 ,H =0:04

shows equipartition

Fig. 17 . The spectral tilt and the time correlation function for the ¢ ase =100 , H = 0:04.
Long correlations show failure of mixing, the spectral tilt  is nonlinear and the predicted tilt is much
more steeper than the actual slope
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The time correlation function for the Fourier mode
k=1, =100 ,H =0:07

shows equipartition

Fig. 18 . The spectral tilt and the time correlation function for the ¢ ase =100 , H = 0:07.
Long correlations show failure of mixing, the spectral tilt  is nonlinear and the predicted tilt is much
more steeper than the actual slope
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Fig. 19 . The spectral tilt and the time correlation function for the ¢ ase =100 , H = 0:1.

Long correlations show failure of mixing, the spectral tilt  is nonlinear and the predicted tilt is much
more steeper than the actual slope
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The energy spectrum for the simulation with =100
H =0:15. Solid line { linear t found by least
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The time correlation function for the Fourier mode
k=1, =100 ,H =0:15

shows equipartition

Fig. 20 . The spectral tilt and the time correlation function for the ¢ ase =100 , H = 0:15.
Long correlations show failure of mixing, the spectral tilt  is nonlinear and the predicted tilt is much
more steeper than the actual slope



(1]

(2]

E]
4
(5]
(6]
(7]
(8]
El
(10]
(11]
(12]
(13]

(14]

(15]
(16]
(17]

(18]

(19]
[20]
[21]

[22]
(23]

[24]

(25]

R

G

DISCRETE APPROXIMATIONS WITH MANY CONSERVATION LAWS 189

REFERENCES

. Abramov , Statistically Relevant and Irrelevant Conserved Quantiti  es for the Equilibrium
Statistical Description of the Truncated Burgers-Hopf Equ ation and the Equations for
Barotropic Flow , PhD thesis, RPI, June 2002. Supervised by A. Majda and G. Kov  &€.

. Abramov, G. Kova cic, and A. Majda , Hamiltonian Structure and Statistically Relevant
Conserved Quantities for the Truncated Burgers-Hopf Equat ion, Comm. Pure Appl. Math.,
(2002).

. Abramov and A. Majda , Statistically relevant conserved quantities for truncate d quasi-
geostrophic ow , Proc. Natl. Acad. Sci., (2003), in preparation.

. F. Carnevale and J. S. Frederiksen , Nonlinear stability and statistical mechanics of ow
over topography, Journal of Fluid Mechanics, 175 (1987), pp. 153{181.

W. E and C. W. Shu , Small scale structures in Boussinesq convection , Phys. Fluids, 6 (1994),

A

G

R

P

pp. 49{58.

. Harten, J. M. Hyman, and P. D. Lax , On nite di erence approximations and entropy
conditions for shocks , Comm. Pure Appl. Math., 29 (1976), pp. 297{322.

. Holloway , Eddies, waves, circulation, and mixing: Statistical geou id mechanics, Annu.
Rev. Fluid Mech., 18 (1986), pp. 49{65.

. Kleeman, A. Majda, and |. Timofeyev , Quantifying predictability in a model with sta-
tistical features of the atmosphere , Proc. Nat. Acad. Sci., (2002), in press.

. D. Lax , Hyperbolic systems of conservation laws and the mathematic al theory of shock
waves, volume 11, SIAM Regional Conference Lectures in Applied Ma thematics, 1972.

. Majda and A. Bertozzi , Vorticity and Incompressible Flow , Cambrige University Press,
2002.

. Majda, B. Turkington, K. Haven, and M. DiBattista , Statistical equilibrium predictions
of jets and spots on Jupiter , Proc. Natl. Acad. Sci., 98 (2001), pp. 12346{12350.

. Majda and X. Wang , Nonlinear Dynamics and Statistical Theories for Basic Geoph  ysical
Flow, Cambridge University Press, 2003, in press.

. J. Majda, J. McDonough, and S. Osher , The Fourier method for non-smooth initial
data, Math. Comp., 32 (1978), pp. 1041{1081.

. J. Majda and S. Osher , Propagation of error into regions of smoothness for accurat e
di erence approximations to hyperbolic equations , Comm. Pure Appl. Math., 30 (1977),
pp. 671{705.

. J. Majda and S. Osher , A systematic approach for correcting nonlinear instabilit ies,
Numer. Math., 30 (1978), pp. 429{452.

. J. Majda and S. Osher , Numerical viscosity and the entropy condition , Comm. Pure Appl.
Math., 32 (1979), pp. 1{42.

. J. Majda and I. Timofeyev , Remarkable statistical behavior for truncated Burgers-Ho pf
dynamics, Proc. Natl. Acad. Sci. USA, 97:23 (2000), pp. 12413{12417.

. J. Majda and |. Timofeyev , Statistical mechanics for truncations of the Burgers-Hopf
equation: a model for intrinsic stochastic behavior with sc aling, Milan Journal of Mathe-
matics, 70 (2002), pp. 39{96.

. I. McLachlan , Explicit Lie-Poisson integration and the Euler equations. , Phys. Rev. Lett.,
71 (1993), pp. 3043{3046.

. Miller, P. Weichman, and M. C. Cross , Statistical mechanics, Euler's equations, and
Jupiter's Red Spot , Phys. Rev., A45 (1992), pp. 2328{2359.

. J. Morrison , Hamiltonian description of the ideal uid , Reviews of Modern Physics, 70

(1998), pp. 467{521.

. Salmon , Lectures on Geophysical Fluid Dynamics , Oxford Press, New York, 1998.

. Tadmor ,The numerical viscosity of entropy stable schemes for syste ms of conservation laws ,
Math. Comp., 49 (1987), pp. 91{103.

. Turkington , Statistical equilibrium measures and coherent states in tw o-dimensional tur-
bulence, Comm. Pure Appl. Math., 52 (1999), pp. 781{809.

. Zeitlin , Finite-mode analogues of 2D ideal hydrodynamics: Coadjoin t orbits and local
canonical structure , Physica D, 49 (1991), pp. 353{362.



190 R. V. ABRAMOV AND A. J. MAJDA



