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MINIMAL VARIANCE HEDGING FOR FRACTIONAL
BROWNIAN MOTION *

FRANCESCA BIAGINIT AND BERNT QKSENDAL#

Abstract. We discuss the extension to the multi-dimensional case of the Wick-It6 integral with
respect to fractional Brownian motion, introduced by [6] in the 1-dimensional case. We prove a multi-
dimensional It6 type isometry for such integrals, which is used in the proof of the multi-dimensional
1t6 formula. The results are applied to study the problem of minimal variance hedging in a market
driven by fractional Brownian motions.

1. Introduction. In the following we let H = (Hy,Has,...,H,,) be an m-
dimensional Hurst vector with components H; € (%7 1) for i = 1,2,...,m, and we
let BU(t) = (B:EH)(t), .. ,B,(nH)(t)) be an m-dimensional fractional Brownian mo-
tion (fBm) with Hurst parameter H. This means that B (t) = BH) (¢, w); t € R,
w € () is a continuous Gaussian stochastic process on a filtered probability space
(Q,]-'t(H),,u) with mean

EB™ )] =0=BH(0) forall t (1.1)
and covariance
(B () B ()] = L{[s[2H 4 [t — |s — 1] )6, (1.2)

where

%:{0 i i

1 if i=j; 1 <1, <m,

where E = [E,, denotes the expectation with respect to the probability law p of B (),

In other words, BU?)(t) consists of m independent 1-dimensional fractional Brow-
nian motions with Hurst parameters H,..., H,,, respectively. If H; = % for all i,
then BUT)(t) coincides with classical Brownian motion B(t). We refer to [11], [13]
and [18] for more information about 1-dimensional fBm. Because of its properties
(persistence/antipersistence and self-similarity) fBm has been suggested as a useful
mathematical tool in many applications, including finance [10]. For example, these
features of fBm seem to appear in the log-returns of stocks [18], in weather derivative
models [3] and in electricity prices in a liberated electricity market [20].

In view of this it is of interest to develop a powerful calculus for fBm. Unfor-
tunately, fBm is not a semimartingale nor a Markov process (unless H; = % for all
i), so these theories cannot be applied to fBm. However, if H; > % then the paths
have zero quadratic variation and it is therefore possible to define a pathwise integral,
denoted by

/ £t w)sBU (1)
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by a classical result of Young from 1936. See [12] and the references therein. This
integral will obey Stratonovich type (i.e. “deterministic”) integration rules. Typically
the expectation of such integrals is not 0 and it is known ([12], [15], [16], [19]) that
the use of these integrals in finance will give markets with arbitrage, even in the
most basic cases. In fact, this unpleasant situation (from a modelling point of view)
occurs whenever we use an integration theory with Stratonovich integration rules in
the generation of wealth from a portfolio. See e.g. the simple examples of [4] and [19].

Because of this — and for several other reasons — it is natural to try other types
of integration with respect to fBm. Let E;’Q be the set of (measurable) processes

f(,) : R x Q — R such that ||fH£1,2 < 00, where
"

1712 ::E[//f(S)f(tw(s,t)dsdH (/D,‘f’f(t)dtﬂ. (1.3)
R R R

In [6] a Wick-Itd type of integral is constructed, denoted by
[ #wasmi,
R

where B#)(t) is a 1-dimensional fBm with H € ($,1). This integral exists as an
element of L?(p1) for all (measurable) processes f(t,w) such that HfHEI,Z < oo. Here,
@

and in the following,
B(s,t) = ¢p(s,t) = H2H — 1)|s — t|*72; (s, ) ER?, IT<H<1 (14)
and

Df’F:/qS(s,t)Dsts (1.5)
R

denotes the Malliavin ¢-derivative of F (see [6, Definition 3.4]). If f(¢,w) is a step
process of the form

=3 fi@) X (), where t <ty <o <tnpr, (1.6)
and HfHﬁLz < 00, then the integral is defined by
¢

| sttt Zﬁ (1) — B (1) | (1.7)

where ¢ denotes the Wick product. We have the following basic properties of the
Wick-Ito integral:

/f t,w)dBH) (¢ )} 0 forall fe [,1 2 (1.8)

/f t,w) dB /g t,w) dB(H) ))] = (f7g)L1,z for all f, g 6522 where
J P

(1.9)

(£.9) 1 = //f stdsdt+(/D¢f( 1) /D nat)].  (L10)
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See [6] for details and proofs.

This Wick-It6 fractional calculus was subsequently extended to a white noise
setting and applied to finance in [9]. Later this white noise theory was generalized to
all H € (0,1) by [7].

All the above papers [6], [9] and [7] only deal with the 1-dimensional case. In
Section 2 of this paper we discuss the extension of this integral to the m-dimensional
case, i.e. we discuss the integral

w (H) :m (T, w (H) or f=(f1,...,fm L2y
/Rf(t, B (1) ;/Rm, JABUO()  for f=(fi..., ) € Ly2(m)

where B (t) = (B;H)(t), ...,B{D (t)) is m~dimensional fBm, ¢ = (éu,,-.-,dH,,)
and [,;’Q(m) is the corresponding class of integrands (see (2.5) below). We prove the
m-dimensional analogue of the isometry (1.9), which turns out to have some unex-
pected features (see Theorem 2.1). By combining the multi-dimensional fractional 1t6
formula (Theorem 2.6) with Theorem 2.1 we obtain another fractional It6 isometry
(Theorem 2.7). Finally, we end Section 2 by proving a fractional integration by parts
formula (Theorem 2.9 and Theorem 2.10).

In Section 3 we apply the above results to study the problem of minimal variance
hedging in a (possibly incomplete) market driven by m-dimensional fBm. Here we
use fractional mathematical market model introduced by [9] and by [7]. For classical
Brownian motions (and semimartingales) this problem has been studied by many
researchers. See for example the survey [17] and the references therein. It turns out
that for fBm this problem is even harder than in the classical case and in this paper
we concentrate on a special case in order to get more specific results.

2. Multi-dimensional Wick-It6 integration with respect to fBm. Let
B (t) = (BgH)(t), .. ,Ban)(t)); t € R, w € Q be m-dimensional fBm with Hurst
vector H = (Hy,...,Hy) € (3,1)™, as in Section 1. Since the B,(CH)(~) are indepen-
dent, we may regard €2 as a product = Q7 x Qg X -+- X Q,, of identical copies
of some Q and write w = (w1,...,wn) € Q.

Let F = F™ be the o-algebra generated by {B,EH)(S, YseRkE=1,2,...,m}
and let F; = ]-"t(m’H) be the o-algebra generated by {B](CH)(S,');O < s <tk =
1,2,....,m}. If F: Q — R is F-measurable, 1 < k < m, we set

Df’t F= /R(bk (s,t)Dy F dt (if the integral converges) (2.1)
where
¢ =(01,--.,0m) (2.2)
Sr(s,t) = bm, (5,1) = Hy@Hy — D|s — |72 (s,) €R® k=1,2,...,m
and Dy F = g—i(t,w) is the Malliavin derivative of F' with respect to wy, at ((ffj;

(if it exists).
Let B = B(R) denote the Borel g-algebra on R. Similarly to the 1-dimensional
case we can define the multi-dimensional fractional Wick-1t6 integral

/R FitaB ) =3 / fult,0)dBI (1) € L2(n) (2.4)
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for all B x F-measurable processes f(t,w) = (f1(t,w), ..., fm(t,w)) € R™ such that

el 12 <00 for all k=1,2,...,m, where
H Hz:
Pk

Il ey =] [ [ feoiponsnasas ([ pf nwa)]. @3
R R

Denote the set of all such m-dimensional processes f by £(1b’2(m). As in the 1-
dimensional case we obtain the isometries

()
E[( fud B ) ]=|\f,€||£1,2; k=1,2,....m. (2.6)
R Pk

This is intuitively clear, since we (by independence of B:EH), ey &H)) can treat the
remaining stochastic variables wy,...,wg—1,wWk+1,-..,w, as parameters and repeat
the 1-dimensional approach in the wy, variable. It is also easy to prove (2.6) rigorously
by writing fx(t,w1,ws,...,wp) as a limit of sums of products of functions depending
only on (t,wy) and only on (w1,...,Wk—1,Wk+1,-- -, Wm), respectively.

In view of this it is clear that if f = (f1,...,fm) € Eég(m), then the Wick-Ito
integral (2.4) is well-defined as an element of L?(u) and by (2.6) we have

| [ ae)
R

It is useful to have an explicit expression for the norm on the left hand side of (2.7).
The following formula is our main result of this section:

L2(p) = ; kaHE;f ! (27>

THEOREM 2.1 (Multi-dimensional fractional Wick-Itd Isometry I). Let f,g €

E;’Q(m). Then

[( [ 7a5) - ( [ 98)] = (£:) ey (28)

where
(f 9)5;’2(m)
= E[E / / Fr(8)gi (D) dr (s, t)ds dt + ; ( / D}, fityat) - ( / Dy, gityit) .

(2.9)

REMARK. Note the crossing of the indices ¢, k of the derivatives and the compo-
nents fx, g¢ in the last terms of the right hand side of (2.9).

To prove Theorem 2.1 we proceed as in [6], but with the appropriate modifications:

In the 1-dimensional case, let Lik be the set of deterministic functions o : R — R
such that

(o, @)y, = |0¢|Zk = //a(s)a(t)(bk(s,t)dsdt <00 . (2.10)
R R
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Ifae Lik then clearly a € E;kz Hence we can define the Wick (or Doleans-Dale)
exponential

E(a) = exp® (/Ra(t)dB,(cH) (t)) = exp (/Ra(t)dB,(cH) (t) — %‘a’ik). (2.11)

See e.g. [6, (3.1)] or [9, Example 3.10].

Similarly, in the multidimensional case we put ¢ = (¢1, ..., ¢n) and we let L7 be
the set of all deterministic functions o = (aq,...,qam) : R — R™ such that oy, € Lik
fork=1,...,m. Ifa € Li we define the corresponding Wick exponential

£(a) = exp® ( / a(t)dB(H)(t)) = exp® (Z / ak(t)dB,gm(t))
R 1 /R
= exp (Z/ ar(t)dB™ (1) — %m@), (2.12)
k=1"R
where
|a|3, = Z/Rak(s)ak(t)¢k(s7t)ds dt = Z |oz|35,c . (2.13)
k=1 k=1

Let £ be the linear span of all £(a); « € Li. Then we have
THEOREM 2.2. ([6, Theorem 3.1]) £ is a dense subset of LP(F,u), for allp > 1.
and

THEOREM 2.3. ([6, Theorem 3.2]) Let g; = (gi1,---,Gim) € Li fori=1,2,....n
such that

Then E(q1),--.,E(gn) are linearly independent in L?(F, ).

If F e L?(F,p) and gj, € Lik we put, as in [6],

Dk,®<gk)F=ADf,tF-gk(t)dt- (2.15)

We list some useful differentiation and Wick product rules. The proofs are similar
to the 1-dimensional case and are omitted.

LEMMA 2.4. Letf—(fl,...7fm)€Li,g:(gl,...7gm)€Li. Then
(1) Dk‘bgk (Zf]RfldB( )Z(fkagk)¢k7 kzla"'am7

where

(fr>91)¢ //fk $)gr ()i (s, t)dsdt ; k=1,....,m, (2.16)

(i) D,js<§fRfidB§H) Jo Fr(wr(s,w)du ; k=1,....m,
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(i) Dya(g) E(f) =E(f) (forgk)en ;5 k=1,....m,

(iv) Dy E(f) =E(f) - fu fe(wer(s,u)du ; k=1,....m,

(v) E(f)o&lg)=E(f +9)

(vi) Fo [gedB = F. [ g1dBM — Dy ooy F, k=1,...,m,
provided that F € L*(F, ) and Dy a(g0) F € L?(F, ).

(vii) E[E(f)-E(g)] = exp(f, 9)¢ -
We now turn to the multi-dimensional case. We will prove

LEMMA 2.5. Suppose oy, € sz B € Li(, Dy o) F € L?(u) and Dy a(ay) G €
L2(u). Then

£[(ro foani) (6o [ st

= ]E[(Dl,é(ﬁg) F) . (Dk,é(ak) G) =+ (SngG(Ozk, 6k)¢k:| , (2.17)
where
1 if k=/¢
Oe = .
0 otherwise

Proof. We adapt the argument in [6] to the multi-dimensional case:
First note that by a density argument we may assume that

F=e() = e { [ f0an o - 4173}
and

G=¢E(g) = eXP{/Rg(t)dB(H)(t) - %|9|3>} ,
for some f € L2, g € L2,

Choose 6 = (01,...,0;m) € R™, v = (71,.-.,7m) € R™ and put 6 x f =
(01f1,-- -, 0mfm) and v X g = (7191, - -, Ymgm). Then by Lemma 2.4

E[(E(f) 0 E(6 x a)) - (E(g) © E(v x B))] (2.18)
=EE(f+dxa)-E(g+vxP) =exp(f+dxa,g+7x )y
— exp { 3 / /(fi + 6;00) () (g + i) () bi(s, t)ds dt}. (2.19)
=R R
We now compute the double derivatives
32
0610,

of (2.18) and (2.19) at 6 = = 0. We distinguish between two cases:
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Case 1. k#/¢
Then if we differentiate (2.18) we get

82

B 0 €06 x ) (€g) o £ x O]y
_ %E[(S(f) o €5 x a) O/Ra,ch,th) (E@eErx )]
:E[(g(f)o/RakdB,@) : (5(g)045¢dB§H>)}. (2.20)

On the other hand, if we differentiate (2.19) we get

2
3507 [exp(f + 0 x o, g+ 7 5)45]6:7:0

— Biw [exp(f—l-é Xa,g+7xB)g //ak(s)(gk —I-wgﬂ;c)(t)qﬁk(s,t)olsalt](S
R R

= exp(f,g)e - / / o ()91 ()i (s, £)ds i - / / Bo(s) felt)de(s, )ds dt
R R

R R

=v=0

= exp(f, 9)¢ - (ak; gr)gy, - (Bes fo)g,

= ]E[g(f) ’ (5[7f€)¢e ’ g(g) ’ (almgk)(bk]

=E[Dy.a(3,) E(f) - Di.a(ar) E9)] - (2.21)
This proves (2.17) in this case.

Case 2. k=1.
In this case, if we differentiate (2.18) we get

aéfawE[(S(f) o E(F % a)) (Elg) o E(y x A]s_ _,

_ %E[(S(f)og(éxa)o/

[ awaB™) - (E(g) o £y < )]
:E[(E(f)o/RakdB,iH)) : (5@)0/{{{5@3,@)]. (2.22)

On the other hand, if we differentiate (2.19) we get

6=~v=0

2
iy [P 4% £l

_ 5% [exp(f +8x 0,947 % B)s //ak(s)(gk i) (0) (s, 1)

6=vy=0
R R
= exp(f,9)a [(@ngi)on - (G fidow + [ [ an(o)uon(s dsat]
R R
=E[Dy.08,) E(f) - Di,o(an) E(9) + E(HE(9) (k. Br)g,] - (2.23)

This proves (2.17) also for Case 2 and the proof of Lemma 2.5 is complete. O

We are now ready to prove Theorem 2.1:



354 F. BIAGINI AND B. @KSENDAL

Proof. We may consider fR Tr(t dB( )( t) as the limit of sums of the form

N
S it o (B (tin) = BY (1))
i=1

when At; = tiv1 — i — 0, &1 < ta < -+ < tn, N = 2,3,... Hence
m 2

E {(IR de(H))z} = ]EK > fR fkdBl(cH)) } is the limit of sums of the form
k=1

> E[(fulti) o (B (tisn) = BIV@)) - (fulty) o (BI(t51) — BIV (1),

i.3,k.L

which by Lemma 2.5 is equal to

s Fit tig1tjt1
i%;ZE[(i/thfk dt /D )dt)—t—ékzi/ tj/fk(ti)fk(tj)qzﬁk(s,t)dsdt].

When At; — 0 this converges to

Zm: /D it dt /D“fz dt +’é//fk qskst)dsdt}

k, =1
(2.24)
This proves (2.9) when f = g. By polarization the proof of Theorem 2.1 is complete.
O

Using Theorem 2.1 we can now proceed as in the 1-dimensional case ([6, Theo-
rem 4.3]), with appropriate modifications, and obtain a fractional multi-dimensional
1t6 formula. We omit the proof.

THEOREM 2.6 (The fractional multi-dimensional It6 formula). Let X(t) =
(X1(2),..., Xn(t)), with

dX;(t) = oy (t,w)dB(2) 5
i=1
where o; = (041, -, 0im) € E;’Q(m) ;o 1<i<n. (2.25)

Suppose that for all j =1,...,m there exists §; > 1 — H; such that

supE[(03;(u) — 05;(v))?] < Clu—o|"  if lu—v| <5 (2.26)

i
where § > 0 is a constant. Moreover, suppose that

Jim, {supEI(DL o (w) = o35(0) )] = 0. (2.27)
lu—v|>0 B

Let f € CH2(R x R™) with bounded second order derivatives with respect to x. Then,
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fort >0,
FLX (1) = 70, X(0)) + / %S,X(s))m / > g, (o XX
/ {Z 8%6% Zazk ))}ds (2.28)
= (‘3f (s, s))oii(s,w H) (g
= FO.XO) + [ G5 X()ds +z/ X(8))o(s,0)| B (5
+/ Tr [AT(5) fru(s, X (s))]ds . (2.29)
0
Here A = [Aij] € R™ ™ with
D= DL () 1<isa, 1<j<m. (30
2
foa = {%Lq%n eR™ (2:31)

and ()T denotes matrix transposed, Tr[] denotes matriz trace.

If we combine Theorem 2.6 with Theorem 2.1 we get the following result, which
also may be regarded as a fractional It6 isometry:

THEOREM 2.7 (Fractional It6 isometry II). Suppose f = (fi,..., fm) € E;’Q(m),
Then, for T >0,

/D £u() dt /D¢tfg )dt)}

:E/ fult /D Fu(s)dBI (s) + fult /D (s)dB{"™ (s) }at] (2:32)

Proof. By the It6 formula (Theorem 2.6) we have

ef( [ s ([ sani

—E| / T{fm)D,ft / t fz(s)dBéH)(5)>+fk(t)th< tfk<s>dB,iH><s>)}dt]

/ {fk /D ()dB™) (s) + fo(t /D (s)dBI (s )}dt}

t

T
+ 5sz / / (f )+ folt) fu(8)Ybu(s, t)ds dt], (2.33)
0
where we have used that, for u > 0,

kt/fg )dBI (s /thg )dB{™ (s) +5u/ Fu(8)bu(t, s)ds . (2.34)
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(See [6, Theorem 4.2].)
On the other hand, the It6 isometry (Theorem 2.1) gives that

! ) ! ()
E[( [ faB{™)- [ fean|
0

_E /D“fk t)dt /D fultyde) + 0wl £l ] (235)

Comparing (2.33) and (2.35) we get Theorem 2.7. O

We end this section by proving a fractional integration by parts formula. First
we recall

THEOREM 2.8 (Fractional Girsanov formula). Suppose v = (y1,...,%m) €
(L2R)™ and 4 = (41, -,9m) € Li are related by

Vk(t):/%(s)qbk(s,t)ds; LR, k=1,...,m. (2.36)
R
Let G € L*(u). Then

E[G(w +)] = E[G(w) exp® (v, 4))] = E[C(w)e /]R 4aB™)]. (2.37)

For a proof in the 1-dimensional case see e.g. [9, Theorem 3.16]. The proof in the
multi-dimensional case is similar.

If FeL?u) and v = (71,...,%m) € (L*(R))™ the directional derivative of F in
the direction -y is defined by
F - F
DyF(w) = lim L@V = ) (2.38)

e—0 12

provided the limit exists in L?(u). We say that F is differentiable if there exists a
process Dy F(w) = (D14 F(w), ..., Dyt F(w)) such that Dy ¢ F(w) € L?(dp ® dt) for
allk=1,...,m and

- / DF(w)-A(t)dt  for all € (L2(R))™ . (2.39)
R

THEOREM 2.9 (Fractional integration by parts 1). Let F,G € L?*(u), v €
(L2(R))™ and assume that the directional derivatives DF, DG exist. Then

E[D.F - G] :]E[F-G-/&dB(H)} —E[F-D,G]. (2.40)
R

Proof. By Theorem 2.8 we have, for all € > 0,

E[F(w +7)G(w)] = E[F(w)G(w = e7) exp®(e(w, )] -
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Hence

E[D,F - G] = E| lim - {Fw+€'y) (w)}G(w)}

[l
E | lim - E{F (G(w — e7) exp®(e(w, ) = G}
E{F et -enew (e [0 - 32pE)} ]
7

Flw / 7dB<H>} E[F(w)D,G(w)]

=E

We now apply the above to the fractional gradient

DYF = /RDSF - (s, t)ds = é/RD,@’S F - ¢p(s,t)ds = DyF(w) (2.41)

THEOREM 2.10 (Fractional integration by parts IT). Suppose F, G € L?(u) are dif-
ferentiable, with fractional gradients DfF, DfG. Then for eacht € R, k € {1,...,m}
we have

E[D},F-G) =E[F-G-B" (1) -E[F Df,G]. (2.42)

Proof. Choose a sequence ﬁ,(ﬂj) € Lik; j=1,2,..., such that lim ’y(]) = d;(+) (the

Jj—oo

point mass at t), in the sense that if we define
0(5) = [ 305,y
then ¢\ (-) — ¢x(-,) in L2(R). Then by Theorem 2.9

E[D{,F-G] =E| lim D

]—N)O ¢(7

F- G] = lim E[D, ;) F- G

o0 ¢(J

~ lim E[F-G- / DaB| ~E[F- D, G|
A .

]—>DO

—R[F-G-B" ()] —E[F - Dy, G .

3. Application to minimal variance hedging. Consider the multidimen-
sional version of the fractional mathematical market model introduced by [9] and by
[7], consisting of n + 1 independent fractional Brownian motions B;H) (t),..., Br(nH)(t)
with Hurst coefficients Hy, ..., H,, respectively (% < H; < 1), as follows:

(bond price) dSo(t) =r(t,w)dt; Sp(0)=s9, 0<t<T (3.1)
(stock prices)  dS;(t) = wi(t,w)dt + > oy (t,w)dBY (1) 5 8;(0) =si,  (3.2)
j=1
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Here r(t,w), p;i(t,w) and o;;(t,w) are ]—'t(H)—adapted processes satisfying reasonable
growth conditions. We refer to [7], [9], [14] and [21] for a general discussion of such
markets.

We say that ¢ = (g1,-..,9m) is an admissible portfolio if g(t) is Ft(H)—adapted,
go € E;’Q(m) and ]E[fOT o lgi(t)pi(t)|dt| < co. Here we denote by o the volatility
matrix [o]; ;(-) = 0;(-). Suppose we are only allowed to trade in some, say k, of the
securities Sp,...,S,. Let K be the set of i € {1,...,n} such that trading in S; is
allowed. Then, according to our model, the wealth hedged by an initial value z € R
and an admissible portfolio g(t) = (g;(t,w))iex € R¥ up to time ¢ is

V(t) =V *z+2/gl )dS; (u 0<t<T. (3.3)

i€

Now let F(w) be a T-claim, i.e. an f;H)—measurable random variable in L?(y).
The minimal variance hedging problem is to find a z* € R and an admissible
portfolio g* such that

E[(F - VY (T))’] = mf E[(F - VI(T))] . (3.4)

Z,9

This is a difficult problem even in the classical Brownian motion setting. See e.g. [§],
[17] and the references therein. For a recent general martingale approach see [5]. For
fractional Brownian motion markets a special case is solved in [1] by using optimal
control theory.

Here we will discuss the two-dimensional case only, and we will simply assume
that

dSo(t) =0, dSi(t)=dB™ ()  and dSy(t) = dB{™(t).

Assume that only trading in Sy and S is allowed. Then the problem is to minimize

s =E[(F - (:+ [ nas)))’] 55)

over all z € R and all admissible portfolios ¢; .
By the fractional Clark-Haussmann-Ocone formula ([9, Theorem 4.15]) we can
write

T T
F(w) = E[F] + /0 oo /O Fo(H)aBS (@) (3.6)
where
fi(t) =E[D;, F | FX7] i=1,2.

Substituting this into (3.5) we get, by (1.8),
T T 9
I g0) = B[ (EIF) 2+ [ (5~ g)aB + / faaBy™) ]
0

:(E[F]—Z)2+E[(/OT<f1 g)dBY /de (3.7)
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Hence it is optimal to choose z = z* := E[F]. The remaining problem is therefore to
minimize

nton =[( [ (51~ o0an®™ + [ )’ (33

From now on we assume that f; € E;’f for i = 1,2. By a Hilbert space argument
on L?(p) we see that g minimizes (3.8) if and only if

5[( [ monant [ pang™) ([ aan)] <o

for all adapted v € L} . (3.9)

By Theorem 2.1 (3.9) is equivalent to

T T
// f1(t) — g1(8))v(s)p1 (s, t)ds dt + /D —q(t dt /Dlt'y
00
/th2 dt /DQt’Y
=0 for all adapted 7€£¢ . (3.10)

From this we immediately deduce

ProproSITION 3.1. The portfolio

minimizes (3.8) if and only if

T
/ DY, f2(t)dt =0 a.s. (3.11)
0

This result is surprising in view of the corresponding situation for classical Brow-
nian motion, when it is always optimal to choose g1(t) = g7 (t) = f1(t).

We also get

PROPOSITION 3.2. Suppose g5 (t) minimizes (3.8). Then

T
B [ (510~ gitenir] =o. (3.12)

Proof. This follows by choosing «y(¢) deterministic in (3.10). O
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Now assume that th(fl(t)) and th(gl(t)) are differentiable with respect to

Dfs and that D‘f’t f2(¢) is differentiable with respect to Dg”s for all s € [0,7]. Then
we can use integration by parts (Theorem 2.10) to rewrite equation (3.10) as follows:

o[ fune

{(f1() = g1 (®))7(5)d1(5,t) + DT (f1(t) — g1(t)) - DY, ~(s)

O\ﬂ

Dl,t fa(t) - Dg,s v(s)}ds dt
T T
= / / E[(f1(t) = 91(1))$1(s,£)7(s) + DY, (f1(1) = g1 (D)) (s) B (s)
0 0

_ Dis D(lb,t (f1(®) —g1(®))v(s) + D(lb,t fo (t)’Y(S)BéH)(S)
- Dgs D(f,t fa (t)W(S)} ds dt

T
:E{ 0 K(s)’y(s)ds] ~0, (3.13)
where
T
(s) = /0 G(s, )t | (3.14)
with
G(s,1) = (f1(t) — g1(£))b1(5,1) + DY (f1(t) — g1 (1)) B (s)

t) —
— Dy, D},(1(t) — g1(t)) + DY, f2(t) B (s) — Dy DY, fo(t) . (3.15)

Since v(s) is FH _measurable we get from (3.13) that
T T
0= [ BK(N I = [ EEKE) | FD]ds
0 0
T T
= / E[y(s)E[K (s) | )] ds = E[ / E[K(s) | f§H>]7(s)ds} . (3.16)
0 0
Since this holds for all adapted v € E;’Q we conclude that

E[K(s) | FH)] =0 for a.a. (s,w) . (3.17)

or, using (3.14),

/ {ELA(t g1()]o1(s,t) + ]ES[Dit(fl (t—a1 (t))]B%H)(s)

E.[Dy, DY,(f1(t) — 1 (t)] + Es[DY, f2()]BS™ (5) — Eo[ DS, DY, fo(t)]}dt =0,
(3.18)

where we have used the shorthand notation

E,[] =E[ | F{'].
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We have proved:

THEOREM 3.3.  Suppose the claim F represented by (3.6) is such that
Dfs th f1(t) and D;is th fa(t) exist for all s,t € [0,T]. Suppose §1(t) is an adapted
process in /.3(11)’2 such that D(ﬁt g1(t) and Dfs Dﬁt §1(t) exist for all s,t € [0,T]. Then
the following are equivalent:

(i) g1(t) is a minimal variance hedging portfolio for F', i.e. g1(t) minimizes (3.8)

1,2
over all adapted g1 (t) € L,
(ii) g1(t) = g1(t) satisfies equation (3.18).

Note that the same method also applies if we assume a fractional exponential
dynamics for the asset prices, which represents a more realistic financial model.
To illustrate this result we consider the following special case:
EXAMPLE 3.4. Suppose f1(t) =0 and
th fa(t) = h(t), a deterministic function . (3.19)

We seek a minimal variance hedging portfolio g7 (¢) for the claim
T H
F) = [ 20dB™ 0. (3.20)
0
In this case (3.18) gets the form
! ()
/O {~Es[1(8)]1(s.t) — Eo[DY, 91 ()] By (5) + Eg[DY, DY, g1(2)]
+ B (s)ydt =0 for aa. (s,w). (3.21)
Let us try to choose gi(t) such that
D} gi(t)=0. (3.22)
Then (3.19) reduces to
T " T
| Edlorteons. ot = Bs) [ hioyae (3.23)
0 0

or, since g; is adapted,

s T T
/ 91 (6) (5. )t + / Ealg1 (1)) (s, £)dt = BS (s) / Wtde, se(0.T]. (3.24)
0 s 0

In particular, if we choose s =T we get the equation

/ " ()61 (T )t = BE (1) / " bty (3.25)
0 0

which clearly has no adapted solution g, (¢). (However, it obviously has a non-adapted
solution.) Therefore an optimal portfolio g1 (t) = g3 (¢) for the claim (3.20), if it exists,
cannot satisfy (3.22).
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