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MINIMAL VARIANCE HEDGING FOR FRACTIONAL
BROWNIAN MOTION

FRANCESCA BIAGINI Y AND BERNT KSENDAL *

Abstract.  We discuss the extension to the multi-dimensional case of th e Wick-1t6 integral with
respect to fractional Brownian motion, introduced by [6]int  he 1-dimensional case. We prove a multi-
dimensional 1t6 type isometry for such integrals, which is  used in the proof of the multi-dimensional
It6 formula. The results are applied to study the problem of  minimal variance hedging in a market
driven by fractional Brownian motions.

1. Introduction. In the following we let H = (Hq;Ho;:::;Hy,) be an m-
tion (fBm ) with Hurst parameter H. This means that B(H)(t) = BH)(t;1); t 2 R,

I 2 is a continuous Gaussian stochastic process on a ltered probability space
( ;Ft(H); ) with mean

EB™())=0= BM(©0) forall t (1.1)
and covariance
E[Bi(H)(S)BJ-(H)(t)]: % ijZHi +jtj2Hi is thH‘ i (1.2)
where
o ( 0 if i6]
VT i =g 0 i m;

whereE = E denotes the expectation with respect to the probability law of B(H) ().

In other words, B (") (t) consists ofm independent 1-dimensional fractional Brow-
nian motions with Hurst parameters Hy;:::;Hn, respectively. If H; = % for all i,
then B(")(t) coincides with classical Brownian motion B(t). We refer to [11], [13]
and [18] for more information about 1-dimensionalfBm . Because of its properties
(persistence/antipersistence and self-similarity)fBm has been suggested as a useful
mathematical tool in many applications, including nance [10]. For example, these
features offBm seem to appear in the log-returns of stocks [18], in weather derivative
models [3] and in electricity prices in a liberated electricity market [20].

In view of this it is of interest to develop a powerful calculus for fBm . Unfor-
tunately, fBm is not a semimartingale nor a Markov process (unles$l; = % for all
i), so these theories cannot be applied tdBm . However, if H; > % then the paths
have zero quadratic variation and it is therefore possible to de ne apathwise integral
denoted by

z

f(t1)B M),
R
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by a classical result of Young from 1936. See [12] and the references therein. This
integral will obey Stratonovich type (i.e. \deterministic") integrati on rules. Typically
the expectation of such integrals is not 0 and it is known ([12], [15], [&], [19]) that
the use of these integrals in nance will give markets with arbitrage, even in the
most basic cases. In fact, this unpleasant situation (from a modelling poihof view)
occurs whenever we use an integration theory with Stratonovich integration ules in
the generation of wealth from a portfolio. See e.g. the simple examples of][dnd [19].
Because of this { and for several other reasons { it is natural to try other types
of integration with respect to fBm . Let LY2 be the set of (measurable) processes

f(;):R ! Rsuchthat f  ..<1,where
hZ Z Z i
f '12:=E f(s)f (t) (s;t)dsdt+ D, f(t)dt : (1.3)
R R R

In [6] a Wick-1t6 type of integral is constructed, denoted by
z
f(t;1)dBI(t) ;
R

where B(")(t) is a 1-dimensionalfBm with H 2 (3;1). This integral exists as an
element of L?( ) for all (measurable) processe$ (t;! ) such that f Lu2 < 1. Here,

and in the following,
(s;t)= n(s;)= HRH js tj?H 2 (ss)2R% 1<H< 1 (14)

and
Z

D,F = (s;t)DsF ds (1.5)
R

denotes the Malliavin -derivative of F (see [6, De nition 3.4]). If f(t;! ) is a step
process of the form

X
ftr)= " fi()Xgna)(t);  where ty <tp < <tpu ; (1.6)
i=1

and f 12 <1,then the integral is de ned by
z

x
f)dB™ =" (1) BM(tia) BM(h); (1.7)
R i=1

where denotes the Wick product. We have the following basic properties of the
Wick-1t6 integral:

hZ i
E f(!)dB™ @) =0 forall f2L%? (1.8)
h 2 z i
E f(t;1 )dBMH) (1) gt )dBM(t) = f;g 1o forall f;g 2L %% where
R R
(1.9)
hZ Z 4 4 i
f,g 12=E f(s)g(t) (s;t)dsdt+ D, f (t)dt D, g(t)dt : (12.10)
R R
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See [6] for details and proofs.

This Wick-1t6 fractional calculus was subsequently extended to a white noise
setting and applied to nance in [9]. Later this white noise theory was generalized to
all H 2 (0;1) by [7].

All the above papers [6], [9] and [7] only deal with the 1-dimensional case. In
Section 2 of this paper we discuss the extension of this integral to then-dimensional
case, i.e. we discuss the integral

Z NG Z
f(t;!)dBH) () = fic;)dBM Ity for f=(fyfm) 203 (m)
R i=1 R

where BM)(t) = (B{M)(t);::1:BE (1) is m-dimensional fBm, = ( w,;:1% w,)
and Ll;z(m) is the corresponding class of integrands (see (2.5) below). We prove the
m-dimensional analogue of the isometry (1.9), which turns out to have some unex-
pected features (see Theorem 2.1). By combining the multi-dimensional fractional "
formula (Theorem 2.6) with Theorem 2.1 we obtain another fractional It6 isometry
(Theorem 2.7). Finally, we end Section 2 by proving a fractional integration by parts
formula (Theorem 2.9 and Theorem 2.10).

In Section 3 we apply the above results to study the problem of minimal variance
hedging in a (possibly incomplete) market driven by m-dimensional fBm . Here we
use fractional mathematical market model introduced by [9] and by [7]. For clasical
Brownian motions (and semimartingales) this problem has been studied by many
researchers. See for example the survey [17] and the references therein. It turns out
that for fBm this problem is even harder than in the classical case and in this paper
we concentrate on a special case in order to get more speci ¢ results.

2. Multi-dimensional Wick-It® integration with respect to fBm . Let

dent, we may regard as a product = 1 2 m Of identical copies
of some and write ! =(!q;:::;0 )2 .

Let F = F{™") pe the -algebra generated byf BlﬁH)(s; );s2R;k=1;2;:::;mg
and let F, = F{™") be the -algebra generated byfB{"'(s;);0 s tk =

1,2;:::;mg. If F: !ZR is F-measurable, 1 k m, we set
Dy F = . k(S;t)Dyt F dt (if the integral converges) (2.1)
where
=( 1300 m) (2.2)
WS = m (st = He@He 1)s t27% 2, (s;)2R% k=1;2:::;m

(2.3)
and Dy F = %(t;! ) is the Malliavin derivative of F with respect to ! , at (t;! )
(if it exists).

Let B = B(R) denote the Borel -algebra onR. Similarly to the 1-dimensional
case we can de ne the multi-dimensional fractional Wick-1t6 integral
z yn Z
. — . (H) 2
f(t;1 )dBMH) (1) = fi(t;!)dB, " (t) 2 L?( ) (2.4)
R k=1 R
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fx L2 <1 forall k=1;2;:::;m, where
« hZ Z z i
fi Lu2 = E fr(s)fk(t) k(s;t)dsdt+ Dk;t fr()dt (2.5)
K R
R R

Denote the set of all suchm-dimensional processed by L1;2(m). As in the 1-
dimensional case we obtain the isometries
h Z 5
E fkdBlﬁH) = fk |12 k=1;2:::;m: (2.6)
R k

integral (2.4) is well-de ned as an element ofL?( ) and by (2.6) we have

‘ fdg () X f
B 2t 2.7
R L), W @7

It is useful to have an explicit expression for the norm on the left hand side of (27).
The following formula is our main result of this section:

Theorem 2.1 ( Multi-dimensional fractional Wick-I1t6 Isometry | ). Let f;g 2
LY?(m). Then

h Z VA i
H H _ 5
E Rde( ) RgdB( ) = fg L12(m) (2.8)
where
f.g LY¥2(m)
=E fr(s)ok(t) k(s;t)dsdt+ D, fi(t)dt Dyt O (t)dt
k=1 R R k" =1 R R

(2.9)

Remark. Note the crossing of the indices’; k of the derivatives and the compo
nents f; g in the last terms of the right hand side of (2.9).

To prove Theorem 2.1 we proceed as in [6], but with the appropriate modi cations:
In the 1-dimensional case, IelLZk be the set of deterministic functions :R! R
such that
ZZ

(; ), = = (s) (1) k(s;t)dsdt< 1 : (2.10)
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if 2 sz then clearly 2L 1;k2. Hence we can de ne theWick (or Doleans-Dale)
exponential

Z z
E( )=exp (tydBM(t) = exp mdaem) 1 7 o (211)
R R
See e.g. [6, (3.1)] or [9, Example 3.10].

Similarly, in the multidimensional case we put = ( 1;:::; m)and we letL? be
the set of all deterministic functions =( 1;:::; m):R! R™ suchthat ¢ 2 sz
fork=1;:::;m. If 2 L? we de ne the corresponding Wick exponential

Z 0 VA
E( ) = exp ()dBM) (1) =exp «(DdB{ (1)
R k=1 R
X z (H) 1; 2 .
= exp k(MdB (1) 3] 7 (2.12)
k=1 R
where
jic= k(s) k(1) k(si)dsdt= " j j° : (2.13)
k=1 R k=1

Let E be the linear span of allE( ); 2 L2. Then we have
Theorem 2.2. ([6, Theorem 3.1]) E is a dense subset ofP(F; ), forall p 1.
and

Theorem 2.3. ([6, Theorem 3.2])Let g = (gi1;:::;Gm) 2 L2 fori=1;2:::;n
such that

jok  Ok] .60 if i6j k=1;:::;m: (2.14)

If F2L2(F; )and gk 2 L% we put, as in [6],
VA
Di;(goF = Dy F a(t)dt: (2.15)
R

We list some useful di erentiation and Wick product rules. The proofs are similar
to the 1-dimensional case and are omitted.

Lemma 2.4. Letf =(fq;:::;fm)2 L%, 9g=(0;:::;0m) 2 L2. Then
i PR g™
() Dk ( g0 - r fidB; =(fi;ok) » k=1;::5;m,
where
Z Z
(fok) = fr(S)ak(t) «k(s;t)dsdt; k=1;:::;m; (2.16)
R R

P R R
(i) Dys SfidBM) = T f(u) k(siudu; k=1;:m,
i=1
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(iii) Dk;(gk)E(f)zE(Q (fr;ok) .3 k=1;:::;m,
(iv) Dy s E(f)= E(f) gfk(u) «(s;u)du; k=1;:::;m,
(v) E(F)E(9)= E(f +d)g
i (H) _ (H) — e
(VI) F ngdBk = ngdBk Dk;(gk)F , k=1;:::;m,
provided that F 2 L%(F; ) and Dy. ( ¢,)F 2 L%(F; ).

(vii) E[E(f) E(9)] = exp(f;g)
We now turn to the multi-dimensional case. We will prove

Lemma 2.5. Suppose x 2 L%, -2L%,D-( ,F2L? )andDy( G2
L2( ). Then

h z z i
E F B G -d)
R R
=EMD( HyF) Dk o8+ «FG(«; «) (2.17)
where
_ o 1f k="
k 0 otherwise

Proof. We adapt the argument in [6] to the multi-dimensional case:
First note that by a density argument we may assume that

nZ 0
F=E®Ff)=exp f()dBM(t)  1jfj2
R

and
nZ o)

G = E(9) = exp g(dBM(t)  3jg?
R

for somef 2 L2, g2 L2.

Choose = ( 1;:::; m) 2 R™, = 15575 m) 2 R™ and put f =
(1f1;00 mfm)and  g=( 101;:::; mOm). Then by Lemma 2.4
E[(E(f) E( ) (E(9) E( D) (2.18)
= E[E(f + ) E(g+ )] =exp(f + g+ )
nyn £ Z 0
=exp (fi+ i )G + i i)(t) i(s;t)dsdt : (2.19)
=l g R

We now compute the double derivatives

@
@@

of (2.18) and (2.19) at = =0. We distinguish between two cases:
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Case 1.k 6 °
Then if we di erentiate (2.18) we get

@
Q@@

E(E(f) EC ) (E(@ E( ) -

@ vA ) i

@t EDEC ) kdB,"')  (E(9) E(C )

h Z Rz i

E E(f) «dB™ E(g) dag) (2.20)
R R

= =0

On the other hand, if we di erentiate (2.19) we get

@

@ expf + ;g + )

k%h i
@ exp(f + g+ ) ()G + k(M) k(sidsdt
ZZ RR 72
=exp(f;g9) k(S)0k (t) «(s;t)dsdt (s)f+(t) (s;t)dsdt
R R R R
exp(f;9) (ko) . ().
E[E(f) ( :f) . E@) ( ki) ]

ED‘;( )E(f) Dk;( k)E(g) . (221)

This proves (2.17) in this case.
Case 2. k= ".
In this case, if we di erentiate (2.18) we get

@
@@

E (E(f) E( ) (E(9) E( ))
@ h z ) i
@E E(f) E( ) kdBy (E(9) E( )
h Z Rz i
E E(f) «dB" E(g) wdB{) (2.22)
R R

= =0

On the other hand, if we di erentiate (2.19) we get

@ .

@@, P e : 77 .
@h i
=@ Pt e+ ) (S)(G+ () K(sihdsdt

h R%z i
=exp(f;g)  (wok) « (kife)  + «(5) k(1) K(s:tydsdt
R R

= E Dk oE(f) D¢ oE@Q+ EOEQ( ki «) « (2.23)

This proves (2.17) also for Case 2 and the proof of Lemma 2.5 is complet8.

We are now ready to prove Theorem 2.1:
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R
Proof. We may consider Rfk(t)dBl((H)(t) as the limit of sums of the form

ft) B (ta) B (1)

i=1

WIP‘ePZ tp = iti+1 hti I 0, t; < tiz < < tn, N = 2:;3;::: Hence
2

E fdBM * =E <FdB{™) " s the limit of sums of the form

k=1
h (H) (H) (H) H)
E (fu(ti) (B "(ti+r) By "(t) (F-(t) (B (+a) BI(Y))
ks

which by Lemma 2.5 is equal to

X h @1 Z 7+ @ i
E D‘;t fi(ti)dt Dk;t fo(t)dt + fr(ti)fi(ty) «(s;t)dsdt :

ik t; tj t tj

When t; ! 0 this converges to

E D., fi(t)dt D, f()dt +
k" =1 R R Y

i
fr(s)fk(t) k(s;t)dsdt :

k=1 r R

(2.24)
This proves (2.9) whenf = g. By polarization the proof of Theorem 2.1 is complete.
O

Using Theorem 2.1 we can now proceed as in the 1-dimensional case ([6, Theo-
rem 4.3]), with appropriate modi cations, and obtain a fractional multi-dim ensional
It6 formula. We omit the proof.

Theorem 2.6 ( The fractional multi-dimensional 1t6 formula). Let X (t) =

X0
dX; (t) = i (1) () ;

j=1
where =( i1;:::; im)2Ll;2(m); 1 i n: (2.25)
Suppose that for allj =1;:::;m there exists j > 1 H; such that
SUpE[( j (u) (V)3 Cu v' if ju vj< (2.26)
I

where > 0 is a constant. Moreover, suppose that

,im - SUpELD,,f 5 (W) 5 (W =0 (2.27)
ju ;/]! 0 Ll

Let f 2 CY2(R R") with bounded second order derivatives with respect to. Then,
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fort> 0,
Z Z 50
f(EX (1) = f(0;X(0) + t@és X (s))ds + t O X (s)dXi(s)
0 -1 @x
z thn o @f o
v ., ®@x ———(s; x(s)) L (S)Dys (X (s)) ds (2.28)
z hye
- roxons t@ésx@)d“ T e ) (1) 4B (9
ji=t 0 =1 @x
ZI
+ T (9 (siX(9) ds: (2.29)
0
Here = j 2R" ™ with
X0
ij (8) = kDs(Xj(s); 1 i n; 1 j m; (2.30)
k=1
h i
- o 2R" " (2.31)

fo, = —
“T @x@x 1 n
and ()T denotes matrix transposed,Tr[ ] denotes matrix trace.

If we combine Theorem 2.6 with Theorem 2.1 we get the following result, which
also may be regarded as a fractional It6 isometry:

Theorem 2.7 ( Fractional It6 isometry Il ). Supposef = (fq;:::;fm) 2 L12( m).
Then, for T > 0,
h Zr Zq i
E D., fx(t)dt Dy, f(t)dt
0 0
hZ tn Z, Zq o i
= E fi() Dy f(9)dB™(9)+ F:(t) D fr(s)dB{)(s) dt (2.32)
0 0 0

Proof. By the It6 formula (Theorem 2.6) we have

h Z+ Zq i
E fidB{™ f-d{)
0 0
hZ 1t n Z, Z, o i
= E fi (D f-(s)dB)(s) + f(t)D-, fe(s)dB{M)(s) it
0 0 0
hZtn Z, Z, 0 i
=E fi() Dy F(9dBM(8)+ £-(1) D fi(s)dB{™(s)
0 0 0
hZ 2t i
+ E ffc(®fk(s)+ f-(Df(s)g «(s;t)dsdt ; (2.33)
0 0

where we have used that, foru > 0,
Z u Z u Z u
Dy f-()dBM(s) = Dy f(99dBM(8)+ 0 fi(s) k(ts)ds: (2.34)
0 0 0
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(See [6, Theorem 4.2].)
On the other hand, the It6 isometry (Theorem 2.1) gives that
h Z1 Zq i
E fodB") f-dB{)
0 0
h Z+ Zy ) i
=E D, fx(t)dt Dy fr(t)dt + o fi k: (2.35)
0 0

Comparing (2.33) and (2.35) we get Theorem 2.70

We end this section by proving a fractional integration by parts formula. First
we recall

Theorem 2.8 ( Fractional Girsanov formula). Suppose = ( 1;:::; m) 2
(L2(R)™ and A = (" 1;:::;%n) 2 L? are related by
z
k()= "(s) «k(s;t)ds; t2R; k=1;::;m: (2.36)
R
Let G2 L?( ). Then
h z i
E[G(! + )]= E[G(! )exp (N; ~i)]= E G(')E  ~B M) (2.37)
R

For a proof in the 1-dimensional case see e.g. [9, Theorem 3.16]. The proof in the
multi-dimensional case is similar.

IfF2L2% )and =( 1;:::; m) 2 (L3(R))™ the directional derivative of F in
the direction is de ned by

D F(l)= |j||m0':(! 1) RO, (2.38)

provided the limit exists in L?( ). We say that F is di erentiable if there exists a
processD{F (! )= (D1t F(!);:::;Dmy F(!)) such that Dy F(!) 2 L?(d dt) for

y
D F(!)= D(F(!) (dt foral 2 (LAR)™: (2.39)
R

Theorem 2.9 ( Fractional integration by parts ). Let F;G 2 L%( ), 2
(L2(R))™ and assume that the directional derivativedD F, D G exist. Then

h VA [
EDF G]l=EF G «BM EF D G]: (2.40)
R

Proof. By Theorem 2.8 we have, for all" > 0,

E[F( +")G()]I= E[F()G( " )exp ("R; ")) :
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Hence
h 1 i
E[D F G]=E Jim ZfF( +" ) F(1)gG(!)
' i
= E fim STF(IGE " )exp (N M) G()lg
h " 4n Z ,0 i
=EF()m G ")exp " M) 1v2a
. R "=0
h Z i
ZEFQ)G(!) ~BM  EF(C)D G()]
R
O
We now apply the above to the fractional gradient
z s Z
D,F = DsF  (s;t)ds= Dws F «(s;t)ds=D F(!) (2.41)
R k=1 R

Theorem 2.10 ( Fractional integration by parts Il ). SupposeF; G 2 L2( ) are dif-
ferentiable, with fractional gradients D, F, D, G. Then foreacht 2 R, k 2f 1;:::;mg
we have

E[D, F Gl=EF G B ()] E[F D, Gl: (2.42)

Proof. Choose a sequence&j") 2 sz ;] =1;2;:::, such thatl_l!ilm ",9) = () (the
point mass att), in the sense that if we de ne
z
Q)= A w(sindr
R

then fj)() I «(;t)in L%(R). Then by Theorem 2.9
h i
E[Dk't F G] =E |Im DghF G = |Im E[D o F G]
' in k 7 o k

|
=lim EF G ~igg™M)  E[F D ) G]
N 3

R
EF G B (1) E[F Dy G:

3. Application to minimal variance hedging. Consider the multidimen-
sional version of the fractional mathematical market model introduced by [9]and by

(bond price) dSe(t) = r(t;! )dt; Sp(0)=sp; O t T (3.1)

X0
(stock prices)  dSi(t) = (t;! )dt+ i (6)dBM (M) si0)=s; (3.2
j=1

i=1;::5n Ot T
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Herer(t;!); i(t;! ) and j (t;w) are Ft(H)—adapted processes satisfying reasonable
growth conditions. We refer to [7], [9], [14] and [21] for a general discugsn of such
markets.

We say that g f(91.::;0m) is an admissible portfolio if g(t) is Ft(H)-adapted,

g 2L™(m)andE o I, jG(t) i(t)jdt < 1 . Here we denote by the volatility
matrix [ Ji; ()= 4 (). Suppose we are only allowed to trade in some, sal, of the

securities Sgp;:::;Sy. Let K be the set ofi 2 f1;:::;ng such that trading in S; is
allowed. Then, according to our model, thewealth hedged by aninitial value z 2 R
and an admissible portfoliog(t) = (g (t;! ))i« 2 R* up to time t is
z t
V()= Vit)= z+ g (u)ds; (u) ; 0O t T: (3.3)
ik 0

Now let F(! ) be aT-claim, i.e. an F#H)—measurable random variable inL?( ).
The minimal variance hedging problemis to nd a z 2 R and an admissible
portfolio g such that

E[(F V] (T))Z]:igfg E[(F VAT (3.4)

This is a di cult problem even in the classical Brownian motion setting. See e.g. B],
[17] and the references therein. For a recent general martingale approach see [5]. For
fractional Brownian motion markets a special case is solved in [1] by uisg optimal
control theory.

Here we will discuss the two-dimensional case only, and we will simply assume
that

dSo(t) =0; dSy(t)= dB{")(t)  and dSy(t)= dB{™M (1) :

Assume that only trading in Sp and S; is allowed. Then the problem is to minimize

h Zq i
J(z;a)= E F z+ 0:.dS; (3.5)
0
over all z 2 R and all admissible portfolios g;.
By the fractional Clark-Haussmann-Ocone formula ([9, Theorem 4.15]) we can
write
Z; z

;
F()= E[F]+  fy)dB{™M )+ fo(t)dB{™) (1) (3.6)

0 0

where
fi(t)= BDy FjFMT; i=1:2:
Substituting this into (3.5) we get, by (1.8),
h Zq Zq 2
Jz;a)= E E[F] z+ (f; g)dB{™+  faB{"
0 0
h Z+ 4

T Al
=(E[F] 2°+E  (f. g)dB{"+ fdBf" : @37
0 0
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Hence it is optimal to choosez = z := E[F]. The remaining problem is therefore to
minimize
h Z+1 ) Zq ) ol
Jo(an) = E (f1 g)dB; " + f2dB; : (3.8)
0 0

From now on we assume thatf; 2 L 122 fori =1;2. By a Hilbert space argument
on L2( ) we see thatg, minimizes (3.8) if and only if

h Z+ Z Z i
E (fr g)dB{™ +  f,aB{M) a " =0
0 0 0
for all adapted 2L *2: (3.9)
By Theorem 2.1 (3.9) is equivalent to

hZ Z Z Z
E () G(®) (O asivdsdts Dy (i) g®)dt Dy (Ot

Z Zq i
+ Dy, fa(t)dt D,, (t)dt
0 0

=0 forall adapted 2L%?: (3.10)

From this we immediately deduce

Proposition 3.1.  The portfolio

au(t) = 9;(t) = fa(t)

minimizes (3.8) if and only if
Zy
Dy, fa(t)dt=0 as. (3.11)

This result is surprising in view of the corresponding situation for classicalBrow-
nian motion, when it is always optimal to chooseg;(t) = g, (t) = f1(t).

We also get

Proposition 3.2.  Supposeg; (t) minimizes (3.8). Then

hZ t i
E ) (f1(t) g (t)dt =0: (3.12)

Proof. This follows by choosing (t) deterministic in (3.10). O
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Now assume thatD . (f1(t)) and D,,(g.(t)) are dierentiable with respect to

D, and that D, f(t) is di erentiable with respectto D,.; for all s2 [0;T]. Then
we can use integration by parts (Theorem 2.10) to rewrite equation (3.1pas follows:

hZ
E f(f1(t)  gu() (8) 1(s;t)+ Dy (Fa(t) @u(t) Dyg (9)
0 0 .
|
+ Dy fao(t) Dyg (s)gdsdt
yARvdl
= E[(f2(t)  au(t) 1(s;1) (8)+ Dyy(Fa(t) au(t) (9)B{™(9)
00
Dys Dye(fa(t)  au(t) (8)+ Day folt) (9)B5")(s)
Dy Dy f2(t) () dsdt
hZ 1 i
=E K(s) (s)ds =0; (3.13)
0
where
Zq
K(s) = G(s;t)dt; (3.14)
0
with

G(si) = (fa(t) qu(®) 1(si)+ Dy (Fa(t)  @u(t)BI™(S)
Dy Dy (fa(t)  Gu(t)+ Dy f2()BS)(9) Dy Dyyfa(t):  (3.15)

Since (s)is FM) -measurable we get from (3.13) that

0= E[K (s) (s)]ds = E E[K(s) (s)jF{M] ds
0 0
Zy hZ 1 i
= E (S)EK(s)jF{M]ds=E EK(s)jF{M (s)ds : (3.16)
0 0

Since this holds for all adapted 2L 12 we conclude that

EK(s)jF{f]=0 foraa. (s;!): (3.17)

or, using (3.14),
Zq
. fESIf1(t)  qu(t)] 1(sit)+ EsDy (Fa(t  au(®)1BI(9)

Es[Dys Dy (Fa(t)  qu(t)]+ Es[Dyy f2(0IBS(S)  Es[Dys Dy f2(t)]gdt =0 ;
(3.18)

where we have used the shorthand notation

Es[1= E[ jF{M]:
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We have proved:

Theorem 3.3. Suppose the claimF represented by (3.6) is such that
D;s Dy fa(t) and D, Dy, fo(t) exist for all s;t 2 [0; T]. Supposeg, (t) is an adapted
process inL"? such thatD ., & (t) and D Dy, G:(t) exist for all s;t 2 [0; T]. Then
the following are equivalent:

(i) ¢.(t) is a minimal variance hedging portfolio for F, i.e. §;(t) minimizes (3.8)

over all adaptedg (t) 2 L 12
(i) gi(t) = ®1(t) satis es equation (3.18).

Note that the same method also applies if we assume a fractional exponential
dynamics for the asset prices, which represents a more realistic nancial model.
To illustrate this result we consider the following special case:

Example 3.4. Supposef(t) =0 and

D, f2(t) = h(t) ; a deterministic function : (3.19)
We seek a minimal variance hedging portfoliog, (t) for the claim
Z
F(1)=  ft)dBM (1) : (3.20)
0
In this case (3.18) gets the form
Zq
f E@] a(si) EsDyy 0u(01B1"(8) + EslD 15 Dy Ga(0)]
+h(t)B{")(s)gdt=0  fora.a. (s;!): (3.21)
Let us try to choose g; (t) such that
Dy u(t)=0: (3.22)
Then (3.19) reduces to
Eslau(t)] w(sid)dt= B (s)  h(t)dt (3.23)
0

or, sinceg; is adapted,
Z. Z; Z;
a(t) i(sipdt+  Es[au()] w(sidt= BS(s) h(dt s2[0;T]: (3.24)
0 S 0
In particular, if we chooses = T we get the equation
Z; Z;
() o(T;H)dt= B (T)  h(t)dt; (3.25)
0 0

which clearly has no adapted solutiong; (t). (However, it obviously has anon-adapted
solution.) Therefore an optimal portfolio g;(t) = g, (t) for the claim (3.20), if it exists,
cannot satisfy (3.22).
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