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INFINITE INTERVAL PROBLEMS ARISING IN THE MODEL OF A
SLENDER DRY PATCH IN A LIQUID FILM DRAINING UNDER
GRAVITY DOWN AN INCLINED PLANE

RAVI P. AGARWAL Y AND DONAL O'REGAN *?

Abstract.  Existence results are established for a second order bounda ry value problem on the
half line motivated from the model of a slender dry patch in a | iquid Im draining under gravity
down an inclined plane.

1. Introduction. Consider a thin Im of viscous liquid with constant density
and viscosity ~ owing down a planer substrate inclined at an angle (0 < 5)
to the horizontal. We adopt Cartesian coordinates {;y;z) with the x-axis down
the greatest slope and the z-axis normal to the plane. With the usual lubrication
approximation the height of the free surface z = h(x;y;z) satis es [4]

(1:1) 3hy=r :[h®r (gh cos r2h)] g sin [h%

where t denotes time, g the magnitude of acceleration due to gravity and the
coe cient of surface tension. We are interested in solutions symmetric abouty = 0,
and we seek a steady state solution for a slender dry patch for which the length
scale down the plane (i.e. in thex direction) is much greater than in the transverse
direction (i.e. in the y direction), so the equation (11) is approximated by [4]

(1:2) [h®( gh cos hyy)yly g sin [h®=0:

The velocity component down the plane isu(x;y;z) = w and so for a
slender dry patch of semi-width y. = y¢(x) the average volume ux around the dry

patch per unit width in the transverse direction down the plane (denoted by Q(x))
is approximately [4]

y
(1:3) Q= =" limy ! h(x; w)® dw:
3 o Ye(x)
We seek a similarity solution to equation (12) of the form h = f(x) G( ) where
= Y. Note G(1) =0 and (1:2) takes the form

Ye(X) "
(1:4) g cosf 2y2(G3GH° f 2(G3G
' 3gsin y3G2(f°Gy. fG%? )=0
with the corresponding expression forQ being
. Z
Q= ggif?’ im 1 Gw)dw:

1

For weak surface-tension e ects the second term in (4) can be neglected and so the
only relevant similarity solution is given (after a suitable choice of aigin in x) by

f(x)= b(cx)™ and ye(x)=(cx)¥
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where the coe cients b and ¢ and the exponents m and k are constants with
m =2k 1. Inthiscase 6 5 and so we may choose without loss of generality
b= cktan and so (14) becomes

(1:5) (G°+ )YGc®»° 7 = G%®=o0:

The unknown exponent k is determined by the requirement that the average volume
ux per unit width around the dry patch, Q, is independent of x. This is possible
onlyif m=0and G Gg>0 (aconstantyas !1 . Thus

g sin
3

(bGp)® andso m=0; k= %

Q:

Setting k = 3 in (1:5) yields
(1:6) (G*GY%+ (G%°=0:

Also the solutions to (1:6) must satisfy the boundary condition G(1) = 0 and the
far- eld condition lim ;3 G( )= Gp. As a result one is interested in the boundary
value problem

(G3GY%+ (G*°=0; 1< < 1

(1:7) G(1)=0; lim 4 G()= Go> O:

Keeping this problem in mind, in Section 2 we discuss the general boundary value
problem

(1:8) (G + PO Y™+ a) f (ty) = pPA)Y™; a<t<n
' y(@=0; y(n)= k>0

where n>a, G(z) = R;Z g(x) dx, GYy) = d‘it G(y(t)) and

x™: x 0

g(x): Xm. X<O

with m > 0 odd. A very general existence theory will be presented for (8) in Section
2. Our theory relies on the following nonlinear alternative of Leray{Schauder type[1,
2].

Theorem 1.1. Let U be an open subset of a Banach spadg, J : U! E a
continuous compact map,p’ 2 U andlet N : U [0;1]! E be a continuous compact
map with N; = J and Ng = p° (here N (u) = N(u; )). Also assume

(1:9) ué N (u) for u2 @Uand 2 (0;1]:

Then J has a xed point in U.

In Section 3 we discuss the following boundary value problem on the half line

(Go(y) + p(t) ym )0+ q(t)f (t,)/) = pO(t) ym; a<t< 1
y(@)=0; y bounded on B;1);

and our existence theory will then be applied to (17).
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2. Existence theory on nite intervals. In this section we rst establish the
existence of a solution to
2:1) (GA) + p(t) y™)°+ oD f (ty) = pAYY™; a<t<n

y(@=0;y(n)=h>0
(here n>a) where G(z) = R;Z g(x) dx and

xm: x 0

g(x) = X™ = jxj™; x< 0

and with m > 0 odd. Note G%y) = & G(y(t)) and

( Zm+1 .
Z_— -z 0
G(Z): m;,:!,'ﬂ _ ] ij+1 . .
m+l  ~  m+l z< 0

By a solution to (2:1) we mean a functiony 2 Cl[a; n], with G(y) 2 C[a;n], GYy) +
py™ 2 AC[a;n]\ C(a;n] which satises y(a) = 0, y(n) = by and the di erential
equation in (2:1) on (a; n).

Theorem 2.1. Suppose the following conditions are satis ed:

(2:2) f :[a;n] R! R is continuous
(2:3) q2 C(a;n]\ La;n] with g>0 on (a;n]
(2:4) p2 Clla;n] with p 0 on [a;n]
(2:5) f(t;0) O for t2 (a;n)

and

(2:6) f(t;by) O for t2 (a;n):

Then (2:1) has a solutiony with 0 y(t) by for t2 [a;n].
Proof. Consider the boundary value problem
2:7) G+ py™)°= f *(ty); a<t<n
y(@=0; y(n)= >0 0< 1
with

E ) f(t0)+y;, y<o0
f2y)= . at)fy)+ pA)y™; 0 y b
©oat)f(tbo)+ PAY Y +y by y>bo:

Solving (2:7) is equivalent (see [2]) to nding a y 2 C[a; n] which satis es
z t z t
(2:8)  y(t)=G At a) p(s)y™ (s)ds+ (t x)f7(xy(x)) dx)

a a
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where

R R
_ G(m)+ ' p(s)y™(s)ds () f7xy(x) dx,

(2:9) A P

De ne the operator N : C[a;n]! CJa;n] by
z t z t
N y(t)=G Y(A(t a) p(s)y™ (s)ds+ (t x)f70cy(x) dx):

a a

The argument in [2] guarantees that N : C[a;n]! C]Ja;n] is continuous and com-
pletely continuous. We now show any solutiony to (2:7) (0< 1) satis es

(2:10) 0 G(y(t)) G(bn) for t2[a;n]:
If (2:10) is true then
(2:11) 0 y() by for t2][a;n]:

SupposeG(y(t)) < 0 for somet 2 (a;n). Then G(y) has a negative minimum at say
to 2 (a;n), so GYy(tg)) = 0. Also there exists 1> 0; »> 0 with (to 1;to+ 2)
[a;n] and with

G(y(t)) <0 for t2(tp 1;to+ 2)
and G(y(to 1)) = G(y(to+ 2))=0:

Now for t 2 (to 1;to + 2) we have
GAym)+ pOY"t)N°= qO®f(E0)+ y(t) <0

so integration from to to to+ » yields

(2:12)

GAy(to+ 2)+ p(to+ 2)Y"(to+ 2) < p (to) Y™ (to):
Now y(to+ 2)=0, so (note m isodd, p 0 and y(tp) < 0)
(2:13) GAy(to+ 2)) < p (to)y"(to) O
Thus there exists 3> 0, 3< > with
(2:14) GUy(t)) < 0 for t2 (to+ 3ito+ 2):
As a result
0=0G(y(to+ 2)) <G(y(to+ 3));

and this contradicts (2:12). Thus 0 G(y(t)) for t 2 [a;n], so 0 y(t) for t 2 [a;n].
Next suppose G(y(t)) > G (ky) for some t 2 (a;n). Then G(y) has a positive
maximum at say t; 2 (a;n), so GYy(t1)) = 0. Also there exists 4> 0; 5> 0 with
(t1 4;t1+ 5)  [a;n] and with

(2:15) G(y(t)) > G (bp) for t2 (ty st + 5)
and

(2:16) G(y(ts  4)) = G(y(t1+ 5)) = G(ko):
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Also for t 2 (t3 4;t1+ 5) we have
Gyt + pMY"()°=  ag®f (tbo)+ pADE + (y(t) ho)
> p Aty

so integration from t; to t; + 5 yields (note (2:16))

GUy(ti+ s)+ p(ta+ s)H > p (t)y"(t))+ b [p(tr+ 5) p(to)l:
Thus

GAy(ta+ s) > p (t)[y"(t1) H'1 0
since p 0. As a result there exists > 0, g< 5 with
GUy(t)) > 0 for t2 (t1+ & ti+ s);

SO

G(o) = G(y(ts + 5)) > G(y(t1 + 6));
and this contradicts (2:15). Thus G(y(t)) G(kyp) for t 2 [a;n], so (211) holds.
Now Theorem 1.1 applied to N with E = C[a;n], U = fu 2 E
SUPan jU(t)j <bg+1g and p’= G ! SR 3 gyarantees that N; has a xed
point y 2 U. Thus vy is a solution of (27); and the argument above guarantees that
0 y(t) by fort2[a;n]. As aresulty is a solution of (21). O

Remark 2.1. It is possible to replacep 0 on [a;n] by p 0 on [a;n] and
the result in Theorem 2.1 is again true; we leave the details to the reader.

Keeping our application in Section 1 in mind we now discuss the situation when
our solution to (2:1) is positive on (a; n]. Suppose the following conditions hold:
8
< 9 2Cla;n] with G( )2 Ca;n]; GY )+ p ™ 2 AC[a;n]
(2:17) A\ C¥a;n] with by > 0 on (&n]; (@=0; (n) Iy
“oand (GY )+ p MO+ anf( ) pAY) M(t) on (a;n)

foreach t 2 (a;n) we have q(t)[f(t;y) f(t, (t)] O
for 0 vy (1)

(2:18)
and
(2:19) p°> 0 on (a;n):

Also in this case we discuss the boundary value problem

. (Y™ y9%+ p(y™)°+ qf(ty)=0; a<t<n
(2:20) y(a)=0; y(n) = by> O

By a solution to (2:20) we mean a functiony 2 C[a; n]\ C(a;n] with G(y) 2 C'[a;n],
y™ y02 C(a;n] which satis es y(a) =0, y(n) = by and the di erential equation in
(2:20) on (a; n).
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Theorem 2.2. Suppose(2:2){(2:6), (2:17), (2:18) and (2:19) are satis ed. Then
(2:1) has a solutiony with (t) y(t) Iy for t2 [a;n]. In addition y 2 C(a;n]
with Gy) = y™ y° on (a;n) and y is a solution of (2:20).

Proof. Theorem 2.1 guarantees that (21) has a solutiony with 0 y(t) Iy
for t 2 [a;n]. Next we claim that

(2:21) y(t) (t) for t2[a;n]:

Suppose G( (1)) > G (y(t)) for some t 2 (a;n). Then G(y) G( ) has a negative
minimum at say tg 2 (a;n), so GYy(tg)) = G (to)). Also there exists 1> 0; ;>
0 with (tg 1;to+ 2) [a;n] and with

(2:22) Gy(t)) <G( (1)) for t2(to 1;tot+ 2)
and
(2:23) G(y(to 1))= G( (to 1)) and G(y(to+ 2))= G( (to+ 2)):
Also for t 2 (tg  1;to+ 2) we have (note 0 y ly on[a;n])
G+ pyMAD) (G )+ p MAY  av)f(t (1) f(Ey®)

sl S OO ()
<0

since p°> 0 on (a;n). Integrate from to to to+ - to obtain
GAy(to+ 2))+ plto+ 2)y"(to+ 2) GUy(to))  p(to) y™ (to)
<SGY (to+ 2)+ plto+ 2) M(to+ 2) GX (to)) P(to) ™(to);
so (note (223))
GAy(to+ 2)) G (to+ 2) <p(to)ly"(to)) M(to)] O;
sincep 0 on [a;n]. Thus there exists 3> 0, 3< , with
GUy(t)) GY (1) <0 for t2 (to+ 3;to+ 2):
As a result

0=0G(y(to+ 2)) G( (to+ 2)) <G(y(to+ 3)) G( (to+ 3));

G( (to+ 3)) <G(y(to+ 3));

and this contradicts (2:22). Thus G( (t)) G(y(t)) for t 2 [a;n], so (t) y(t) for
t 2 [a;n] i.e (2:21) is true.
In particular note y(t) > 0 for t 2 (a;n]. Also

z
ymr(t) ! m
—PEAL @ peY"(s)ds

a

t

+ ()0 g0f 6y (x) + pAx) y™ (x)] dx

a
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where A is given in (2:9) with = 1 and f?(x;y(x)) = qx)f(xy(x)) +

pAx)y™(x). Since 'y > 0 on (a;n] we have y° 2 C(a;n]. Then the change of
variables theorem [3 pp. 181] guarantees thaiGYy) = g(y) y°= y™ y° on (a;n). Also
for t 2 (a;n) we have

Z,
ay)y’=A py"+ [ ax)f(y(x)+ pAx)y™ (x)]dx;

so g(y) y°2 C'(a;n). Thus for t 2 (a;n) we have
af(ty)+ p°y™ = (g(y) y°+ py™)°= (g(y) y)°+ (py™)",
so y is a solution of (220). O
Suppose the following condition is satis ed:

2 9 2 CJa;n]\ CYa;n] with G( )2 Cl[a;n];
(2:24) o Mm 2Cian; by > 0 on (&n; (@=0; (n)
“and (M 9%+ p( MO+ q)f(t ) O on (an):

Then we have the following theorem.

Theorem 2.3. Suppose(2:2){ (2:6), (2:18), (2:19) and (2:24) are satis ed. Then
(2:20) has a solutiony with  (t) y(t) by for t2 [a;n].

Proof. Now the change of variables theorem [3 pp. 181] guarantees thaB¥ ) =
g( ) °= ™ Oon(a;n), sofort2 (a;n) we have
(G )+ p M+ af(t )=( ™ % p M°%+aqf(t )
=( ™ 9%+(p M+ af(t )
(P ™M° p(M=p" ™

Thus (2:17) holds and the result follows from Theorem 2.2. O

3. Existence theory on in nite intervals. In this section we rst establish
the existence of a solution to
(3:1) (GAy) + p) Y™+ oD f (ty) = pPAY™; a<t< 1

y(a)=0; y bounded on p;1)

where g and G are as in Section 2 andm > 0 is odd. By a solution to (3:1)
we mean a functiony 2 BCJ[a;1 ) (bounded continuous functions on [Q1 )) with
G(y) 2 Cl[a;1), GYy)+ py™ 2 ACic[a;1 )\ Cl(a;1 ) which satises y(a) = 0
and the di erential equation in (3 :1) on (a;1 ).

Theorem 3.1. Suppose the following conditions are satis ed:

(3:2) f:[a;1) R! R is continuous
(3:3) q2 C(a;1 )\ Li.[a;1) with g>0 on (a;1)

(3:4) p2 Clla;1) with p 0 on [a;1)
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(3:5) f(;0) O for t2(a;1)
(3:6) 9by> 0 with f(t;bg) O for t2(a;1)
and

9 2Li.[al) with jf(tu)j  (b)

(3:7) fora.e. t2[a;1) and u 2 [0;ky]:

Then (3:1) has a solutiony with 0 y(t) by for t2[a;1).

Proof. Fix n2 N = f1;2;:::g with n a+1 and consider the boundary value
problem

(3:8) (GYy) + p(t) y™)%+ q(t) f (ty) = pAt)y™; a<t<n
' y(@=0; y(n)= >0

Theorem 3.1 guarantees that there exists a solutiony, to (3:8) (i.e. yn 2 CJ[a;n],
with G(yn) 2 C[a;n], GYyn)+ py™ 2 AC[a;n]\ Cl(a;n]) with 0 y,(t) ko for
t 2 [a;n]. We now claim that there exist constants A; and A, (independent of n)
with
z t z t
(3:9) iGAyn ()] A1+ A, jpYs)jds+ (s)ds for t2 [a;n]:
a

a

The mean value theorem guarantees that there exists 2 (a;a+1) with Gy, ()) =
G(yn(a+1)) G(0), and so

iGAya( )i G(bv) Ko

To prove (3:9) we consider rst the case whent 2 [a;n] and t > . Integrate (3:8)
from to t to obtain (note (3:7)),

IGAYn ()] | GO(Yn%))j +jpt) y™" O Y™ ()]
t t
+H ipYs)ids+ (s)ds
Ko+ jo( )ijy™ (1) y;( )i+ ip®)  p()iy™ (1)
t t
+H jpYs)ids+ (s)ds

a a Z
t
Ko+2k5 sup p(s)+ b pYs) ds

s2[a;a+1]
t t
+ by’ jip%s)j ds + (s)ds
a a
Z t
Ko+2H' sup p(s)+2k  jpXs)ids

s2[a;a+1] a
z t

+ (s)ds;

a
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so (39) is true in this case. Next consider the case whert < . Note in particular
that t<a + 1. Integrate the di erential equation in (3 :8) from t to  to obtain

iGAyn(1)j Ko+ JE( )iy™ (1) y;( )i+ i) p( )iy™ (1)

+H jpYs)ids+ (s)ds
t t
z a+l

Ko+2 by sup p(s)+2 Ly ipYs)j ds

s2[a;a+1] a
a+l
+ (s) ds;
a
so (39) is again true.
Thus (3:9) is true in all cases, so fort; s 2 [a;n] with s<t we have
z t
IG(Yn(s)) Gm(1))j= GAyn(x)) dx  Aqjt sj
) z t z X z t z X
+ A, ip%z2)j dz dx + (x) dz dx:

S a S a

We can do this argument for eachk 2 N with k n. Dene for k n an integer

_ Wk(X); x 2 [aK]
Uie(x) = b;; x2[k1);

SO

_ Gw(x); x2[aK]
Glu(x)) = G(b;); x2[k1):

It is easy to see that
z t z X
jG(uk(s))  G(uk(t)j Asjt si+ Az ipY2)j dz dx
Z . Z . S a
+ (xX)dzdx for t;s2[a;1):
S a
Consider fukgi- . The Arzela{Ascoli theorem guarantees that there is a subsequence
N7 of fn;n+1;::g and a function G(z,) 2 C[a;n] with G(uk) converging uniformly
on[a;n]to G(z,) as k!1 through N?. This together with the fact that G ?!
is continuous and G(uk(t)) 2 [0;kp] for t 2 [a;n] implies ux converges uniformly
on[a;n] to z, as k ! 1  through N?. Note 0  z,(t) b for t 2 [a;n].
Let N, = N7Znfng. Also the Arzela{Ascoli theorem guarantees the existence of
a subsequenceN,;,; of N, and a function G(zy+1) 2 Cla;n + 1] with G(uy)
converging uniformly on [a;n +1] to G(z,+1) as k! 1 through NZ,;, and so
ux converges uniformly on f;n+ 1] to zy,+; as k ! 1 through NZ,;. Note
0 Zya1(t) Iy for t2 [a;n+1] and z,+1 = z, on [a;n] since N7, N,. Let
Nn+1 = N/Z,; nfn+1g. Proceed inductively to obtain for m2fn+2;n+3;:::g a
subsequenceN,’, of Ny, 1 and a function z,, 2 C[a;m] with uyx converges uniformly
onfaym] to z, ask!1l through N?. Note 0 zy,(t) Iy for t 2 [a;m] and
Zm = Zm 1 0n [a;m 1]. Let Ny, = N2 nfmg.



372 R. P. AGARWAL AND D. O'REGAN

De ne a function y as follows. Fix x 2 (a;1 ) and let | 2 fn;n +1;::g with
X |. Thendene y(x)= z(x) soy2Cl[a;1) and 0 y(t) Ip on [a;1). Also
for n 2 N, we have
Z X
G(un(x)) = Ai(x a) p(s) uy' (s) ds
Z, a

+  (x s)[ As)f(s;un(s)+ pYs)up (s)]ds

a

where
Z,
Al @)= Gua())+  p(s)uy (s)ds
Z, 2
(I 9 as)f(s;un(s) + pYs)up (s)] ds:

a
Let n!1 through N; to obtain
Z X
G(zi(x))= A7 (x a) p(s) z" (s) ds
VAN a

+  (x 9 As)f(siz(s) + pAs)Z" (s)]lds

a

where
Z,
AT( @)= G)+  p(s)z"(s)ds
Z, 2
(I s as)f(siz(s)+ pAs)z"(s)] ds:
Thus
ZX
G(y(x)) = A7 (x a) p(s)y™ (s) ds
Z, a
+  (x s)[ q(s)f(siy(s) + pYs)y™(s)l ds
where
Z,
Al (I @)= Gy(I)+  p(s)y™(s)ds

a

Z |
(I 9 ae)f(s;y(s) + pAs)y™ (s)] ds:

a

We can do this for each x > a and so the above integral equation yields for each
2N and t2 [a;]] that
z t
Grym)= pOY" M+ AT+ [ as)f(siv(s) + pIs)y" ()] ds;

a

so G2 Cla;l], GYy)+ py™ 2 AC[a;1]\ Ci(a;l] and
(GAY) + py™M)At) = at) f Ly (1) + pXt)y™ (1) for t2 [a;l]:
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Keeping the application in section 1 in mind it is important to discuss the situation
when our solution to (3:1) is positive on (a;1 ). Suppose the following conditions hold:

g 9 2BC[ajl) with G( )2Ca;1); GY )+p ™
2 ACioc[a;1 )\ CH@;1) with by > 0 on (a1 );

G105 @=0and (G )+ p MAN+ AVIE ) PO ")
on (a;1)
. foreach t 2 [a;1 ) we have q(t)[f(t;y) f(t; ()] O
(3:11) for 0y (1)
and
(3:12) p°> 0 on (a;1):

Also in this case we discuss the boundary value problem

(3:13) (@) Y9+ p(y™)°+ af(ty)=0; a<t< 1
; y(a)=0; y bounded on B;1):

By a solution to (3:13) we mean a functiony 2 BC[a;1 )\ CY(a;1 ) with y™y°2
Cl(a;1 ) which satis es y(a) =0 and the di erential equation in (3 :13) on (a;1 ).

Theorem 3.2. Suppose(3:2){(3:7), (3:10), (3:11) and (3:12) hold. Then (3:1)
has a solutiony with 0 y(t) Iy for t 2 [a;1 ). In addition y 2 C(a;1 ) with
GYy)= y"™y%on (a;1) and y is a solution of (3:13).

Proof. Fix n2 N = f1;2;:::;g with n a+1 and consider (3.8). Theorem
2.2 guarantees that there exists a solutiony, to (3:8) with (t) ya(t) by for
t 2 [a; n]. Essentially the same reasoning as in Theorem 3.1 guarantees that:@ has a
solution y 2 BC[a;1 ) with G(y) 2 Cl[a;1 ), GYy)+ py™ 2 ACic[a;1 )\ Ci(a;1)
and with (t) y(t) Iy for t 2 [a;1). In particular note y > 0 on (a;1 ). Fix
I 2fn;n+1;::9 and considert 2 [a;1]. We know (see Theorem 3.1) that

m+1 Zt
ym—flt):/;?(t ) PEY"(Sds
t
P 9L A9 sy + pY9yT (9] ds
where
Z,
ATO @)= G+ pe)y"(9)ds

a

Z |
(I 9 ae)f(s;y(s) + pAs)y™ (s)] ds;

a
and sincey > 0 on (a;l] we have y°2 C'(a;l). Then [3 pp. 181] guarantees that
Gqy) = 9(y)y°= y™ y° on (a;l). Also for t 2 (a;l) we have
z t
gy Y°= A7 py"+ [ As)f(s;y(s)+ pAS)y" (s)]ds;
a



374 R. P. AGARWAL AND D. O'REGAN
so g(y) y°2 Cl(a;l). In addition for t 2 (a;l) we have
af(ty)+ p°y™ = (g(y)y°+ py™)°= (g(y) y)°+ (py™)"
We can do this for eachl 2 N, so y is a solution of (313). O
Remark 3.1. If lim ¢ (t) = by (here by is as in (36)) then the solution y

to (3:1) (guaranteed from Theorem 3.2) is a solution of the boundary value problem

. (9(y) y9°+ p(y™)°+ qf(ty)=0; a<t< 1
(3:14) y(8)=0; limey  y(t) = ho:

Suppose the following condition is satis ed:

8

< 9 2BCla;1)\ C¥a;1) with G( )2 Cl[a;1);
(3:15) oM 02cCcia;l);m > 0on (@1); (a)=0

“and (M 9%+ p( M+ a)f(t ) 0 on (@1):
Then we have the following theorem.

Theorem 3.3.  Suppose(3:2){ (3:7), (3:11), (3:12) and (3:15) hold. Then (3:13)
has a solutiony with (t) y(t) by for t2[a;1).

Proof. Now [3 pp. 181] guarantees thatGY )= g( ) °= ™ O%on (a;l) for
each| 2 N, so fort 2 (a;l) we have
(G )+p MP+af(t; )=( ™ %+p MO+ af(t )
=( ™ 9%+ (p M°+af(t )
(P ™M° p(M=p" ™
Thus (3:10) holds and the result follows from Theorem 3.2. O

Remark 3.2. If lim (t) = by (here by is as in (36)) then the solution y
to (3:13) (guaranteed from Theorem 3.3) is a solution of (3L4).

Example. (Slender dry patch in a liquid Im).
From Section 1 consider the boundary value problem

(v3y9o+ t(y3)°=0; 1<t< 1

(3:16) y(1)=0; limu  y(t)= Go > O

We will now use Theorem 3.3 (with Remark 3.2) to show that (316) has a solution.
To see this consider
3,,0 30— ,3.
(3:17) (y y_+t_y)—y, 1<t< 1
y(1)=0; y bounded on [11):

Remark 3.3. Notice y 0 is a solution of (317).
Let m=3;a=1;p=tq Of(ty) 0;bp= Gy and

22z 0

9(2) = 23 = jzj, z< O
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Clearly (3:2){(3:7), (3:11) and (3:12) hold. Let

ZI
3s?
t)= A — d
where
_ Go
A= R e :
. exp 3G, ds

Note (1)=0 and ©°= A exp 3t Also for t 2 (1;1 ) we have

2Go
Z, 2
3s? 3t?
(3 9041t( 0= A%  exp 2 ds [3exp oo
3t ex 3—'[2 t ex 3752 ds]
G 26, , P 3G,
Z, 2
3s? 3t2
+3tA°3 ex ——  ds ex i
A P3G, TN
t 2 2 2
3s 3t
=3tA° ex ~——_  ds ex =
R TeN P3G,
A Z 3s?
1 2 A
ZGO ) exp TN s
t 3s? 2 3t2
+3 A% ex ~—  ds ex -
R TeN PG
0;
since
R 2
A 2t oo 352 fon L exp 3% ds .
=~ PY =R
G 2G 1 2
0 1 0 , exp 3% ds

Thus (3:15) holds so Theorem 3.3 guarantees that (37) has a solutiony with  (t)
y(t) Gg for t 2 [1;1 ). Also since lim;; (t) = Gp then y is a solution of (3:16).
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