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EXISTENCE OF POSITIVE SOLUTIONS FOR THE
ONE-DIMENSION SINGULAR P-LAPLACIAN EQUATION WITH
SIGN CHANGING NONLINEARITIES VIA THE METHOD OF

UPPER AND LOWER SOLUTION ™!

HAISHEN LU', DONAL O’REGAN#, AND RAVI P. AGARWALS

Abstract. A result concerning the existence of positive solutions for the Dirichlet boundary
value problem— (¢, (u')) = f(t,u), t € (0,1), u(0) = ¢ > 0and u (1) = 0, is given in this paper.
Here f (t,y) may change sign and may be singular at y = 0.

1. Introduction. This paper establishes a new result concerning the existence
of nonnegative solutions for the Dirichlet boundary value problem

e = F(t), te (01)
— (@¥p (U = yU), ’
(L.1) w(0) = ¢ >0, u(l) =0

here ¢p (z) = |£E|p_2 x, p > 1. For p = 2, the above problem models steady-state
diffusion with reaction ( see [1] ) and many results have been obtained in the literature
when f (t,u) < 0 or f(t,u) > 0, (see [2 — 4] and the references therein). However,
very few results are available when f (¢,u) changes sign.

For p # 2, the above problem occurs in the study of the n—dimensional p—Laplace
equation, non-Newtonian fluid theory and the turbulent flow of a gas in a porous
medium [5].

2. Main Results. Consider the boundary value problem

- (¢p (uY)™= F (t,u) forallte (0,1)

(2.1) w(0) = a, u(l) = b

where F': D — R is continuous function and D C (0,1) x [0, 4+00).

Definition 2.1. Let o € C([0,1],R) N C*((0,1),R) and ¢p (Y
C*((0,1),R). Now « is called a lower solution for problem (2.1) if (¢, (t)) €
for all t € (0,1) and

€

D
(op (@< F (t,a(t)), te(0,1)

a(0)<a, a(l) <b.

Let 3 € C([0,1],R)NC*((0,1),R) p(BY € C1((0,1),R). Now 3 is called an
upper solution for problem (2.1) if (¢, (¢)) € D for all ¢ € (0,1) and

—(pp (BY)) = F(t,8(), te(0,1)
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Lemma 2.1 [7]. Suppose «, § are lower and upper solution of problem (2.1) and
assume the following conditions are satisfied:

(H1) a(t) <B(t) forall 0 <t <1

(H2) Dag C D, here Dog = {(t,y)|0 <t <1, a(t) <y <B(t)};

(H3) there exists a continuous function ¢ € C (0, 1) such that

IF'(t,y) <q(t), V(ty) € Dap,

and

-

q(t)dt < +o0.
0

Then the BVP (2.1) has at least one solution u € C ([0,1],R) N C* ((0,1), R) with
op (u5 € C1((0,1), R) such that

at)<u)<pB@E), 0<t<1.

Theorem 2.1. Suppose the following conditions hold:

(H4) f :]0,1] x (0,400) — (—00,00) is continuous and limy o+ f (t,y) = —o0
uniformly on [0, 1];

(H5) there exist a constant a € (0,¢] and a continuous function ¢; : (0,00) —
(0, 00) such that

J

f(t,u) > —g1(u) fort €[0,1], u >0, g1 (s)ds < 400
0

Ld
and (G ()Y dx > ¢P;
0

here Gy (z) = I%lgl (s)ds, 0<xz<a,q= %;
(H6) there exists by > ¢, b1 € [0,b2) and a continuous function g» : (0,00) —
(0, 00) such that

L4,
f(tu) < go(u) for t €0,1], u > 0 and (G ()P dz > ¢P;
b1

here G (z) = ? g2 (s)ds, b1 <z < b.
Then (1.1) has at least one positive solution v € C1[0,1] N C (0,1).

Proof. We first prove the following four Claims.
Claim 1. The problem

1 O
(2.2) (op (89) = g1 (¢), t€(0,1)
¢(1) =0, ¢H1) =0, ¢(t) > 0for t € [0,1)

has a unique solution ¢ € C'[0,1] N C* (0, 1) with
0<¢(t)<a, VEe[0,1).
In addition

—(ep (8N f (1, 9) forte (0,1).
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Proof of Claim 1. From [9] we know that (2.2) has a unique positive solution. On
the other hand, since (pp (¢5) > 0 we have that ¢ is increasing. Using ¢{1) = 0 we
obtain ¢D§ 0.

Multiply both sides of (2.1) by ¢"and then integrate from s to 1, to obtain

3 . 3
(pp @TON VAN dE = g1 (6 (1)) 658) dt,

S S

SO

Lo (0'®)
, pp () dz = G1((s))-
Now use
- 1
op 't (s)ds =~ [ul®,
to obtain
S =61 0)
Thus
o™= —g7 (G1(6))7
SO
=
Ll = —gb (1—1) for t € [0,1].
t (G1(9))P
Consequently
) , )
(2.3) (G1(x))® de=qP (1 —1) fort €[0,1].
0
Let
d _
Hi (u) = . (G1(2))™® dux.
Then

]

1
¢(s)=Hit 7 (1—s)

is a solution of (2.2) . Now ?(0) (G1 (x))%l dr = g and I?(Gl (x))%l dz > qb imply
0 < ¢(0) < a. Also since ¢—< 0 we have

(2p (8F) + F (£.0) = (0p (#) g1 (¢) = 0 for t € (0,1).

Claim 2. The problem

1 _
(2.4) —(pp (0)) =g2(0), t€(0,1)
0(0) = by, 040) =0, 0 (t) > 0 for t € (0,1]
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has a unique solution § € C'[0,1] N C* (0, 1) such that
(2.5) by < 0(t) < by, Vte(0,1].
In addition

—(iop (0> £ (¢,6) for t € (0,1).

Proof of Claim 2. From [9] we know that (2.4) has a unique positive solution. On
the other hand since — (¢p (69)”> 0 we have that 6is decreasing. Using §0) = 0
we obtain 69< 0. Let

), B
Hy (z) = (G2(s))™® ds, 0 <z < by.
X
Argue as in Claim 1 to obtain
() B .
(2.6) (G2 (z))™® dx =qgrtfort € (0,1].
o(t)

Then
1 1

0(t)=Hy' ¢ot forte (0,1]

Lol

is a solution of (2.4) . Now since %1) (G2 (x))_Tl dx = q% and | * (G2 (x))_Tl dx > q
we have b; < 6 (1) < bp. Moreover

(p (09) ™+ £ (£.0) < (12p (09) "+ g2 (8) = O for t € (0,1).

Tl

Claim 3. ¢ (t) < 6(t) for all t € (0,1).

Proof of Claim 3. If a < by then ¢ () < a < by < 0(t) for t € (0,1). We now
consider the case b1 < a. We easily obtain that

G1(u) > 0foru € (0,a), G2 (u) > 0 for u € (b1,b2)

and
. Ho 3 L B
qr = (G1(x))™ da + (G (x))™ dxfor t € (0,1).
0 8(t)
Let
Ld B ), .
® (u) = . (G1(x)) ™ dv+ (G2 (z))® dx for u € [by,qa].

It is obvious that ® € C [by, a] N C? (b1, a) with

®Nu) = (Gr ()P — (G2 ()™ for u € (b1, a),

and

—p®™u) = (G2 (W)™ g1 () + (Ga ()P gz (u) for u € (by,a).
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If ®Hug) = 0 for ug € [b,a], then Gi(ug) = G2 (up) > 0. On the other hand,
91 (uo) + g2 (uo) > 0, so

—p@Mug) = (G4 (Uo))%l_l (91 (uo) + g2 (uo)) > 0.

Consequently, ® has no locally minimum point in (b1, a). Notice

- N L, N Ly, . .
d (b)) = . (G1(z))™ dz+ . (G2 (z))™ dx > . (G2 (z))™ dx > gP.
Since a < b, we have
[;‘ -1 Ijblz —1 Q —1 1
D (a) = , (G1(z))™ dx+ (G2 ()P dx > . (G1(z))™ dx > gP.
Consequently
d Lo bk L ,
(2.7) ® (u) = (G1(z))™ dx+ (G (2))™® dx > qP for u € [b,q].
0 u

Suppose there exists tg € (0,1) such that 6 (tg) < ¢ (to). Then by < 0 (to) <
¢ (to) < a. By (2.3) and (2.6) we have

. Hoo L Mo L o B
7> = (G1(2))® da+ (G2 (2))® dz+ (G2 ()7 da
2 8(to) o (to)
Ig(to) _1 Ijblz 1
2 (G1(x))P dx+ (G (x))P du
0 ®(to)
=@ (¢ (to))

> q% (see (2.7)),

a contradiction.

Claim 4. There exists n € C'[0,1]NC*(0,1) such that ¢ (t) <n(t) <O (t), Vt €
(0,1) and

- (SDD (UQ)DZ f (tﬂ?) ) te (07 1)
n(0)=¢, n(1)=0.

Proof of Claim 4. Let R = mint oy O (t) > 0 and

I:E(ty, y>R
(t,y), tR)}, 0<y<R
S o

First we prove that F : [0,1] x [0,00) — (—00, 00) is continuous. By (H4), there exist
d,0 < 0 < R, such that f (¢t,y) < f (¢, R) for all (¢,y) € [0,1] x (0,d]. As a result

F(t,y)=f(t,R) for (t,y) € [0,1] x (0,0],

so F:]0,1] x [0,00) — (—00, 00) is continuous.
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By Claim 1 and Claim 2, we have

—(pp ()= F (1,0 () = — (2p (05))) ™~ F (1,0 (1) 2 0, t € (0,1)

—(p (8H1)) = F (t,0 (1)) < = (p (61))) = F (t,6(1)) <0, t€(0,1)
and
0<¢p(0)<e<h(0), d(1)=0<6(1),0<¢(t) <O(¢t) forte (0,1).

From Lemma 2.1, we know the problem

has a solution n € C'[0,1] N C(0,1) with ¢ (t) < n(t) < 0(t), V¢t € (0,1). Since
F(t(’ y) )Z f(ty), (ty) € (0, ) x (0,00), we have — (pp (1)) > £ (£, (1)) for all
€ (0,1).

Proof of Theorem 2.1. Forn € {3 4,---}, consider the problem

t O € O
2.8 #n ( ZE( i tr EF
28 ol
From Claim 1 and Claim 4, we have
I:I c1 0
(op (1) Elf ) . Pan
n0) = ey TSy B
n
and
—1 1,0
—(#p ( Q (54) ,
$(0)<e, ¢ TR < B

Then 7 is an upper solution and gis a lqﬁsr solutipy of pr@lem (2.8). On the
other hand 0 < ¢ (t) < n(t),t € 0,1—L% and f: 0,1 -2 X Dgq — (—00,00)

Is gegtinugup. d‘rom@mmﬁ Ijproblem (2.8) hpprat lepsy pne solution zn €
C ,Tl R NnCt O,Tl ,R and ¢ (25) € C* O,%l R such that

o) <zn(t) <n(t) for 0 <t < 2

n

[ [
Fix ng € {3,4, - }. Now lets look at the interval 0,1 — n—lo . Let
L1 L1 ! L1 L1
Rn, =sup |f(t,u)|:te 0,1— p— and u € Degn
0
1 1

The Mean Value Theorem implies that there exists 7 € 0,1 — X  with [25(7)| <
(| (| °

3supg 177 (t) = Lny. Hence for t € 0,1 — L we have

No

1
2Ol <@gt lan (1] + ij' (z) dxa:l (#p (Lno) + Rng) ™™
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where cp;l is an inverse function of ¢p.

As a result

(I 1 1
{zn}:’:no is bounded, equicontinuous family on 0,1 — —
no

The Arzela-Ascoli theorem guaragptges the existence of a subsequence Nn, pfjintegerg—
1
no
as n — oo through Np,. Similarly

with zn converging uniformly to un, on 0,1 — L

and a function up, € C' 0,1 — no

1 (I
1

no+ 1
[ [
so there is a subsequence Npg+1 of Npg aﬁl a functilo__rll Une+1 € C 0,1 — 1

{zn}aozno is bounded, equicontinuous family on 0,1 — ,

no+1

1 as n — oo through Npg+1.

with zn converging uni%)lrmly toI:ulno...l on 0,1— 357
Note ung+1 = un, on 0,1 — n% since Npg+1 € Np,. Proceed inductively to obtain

subsequence on integers
Nng 2 Nng+1 2+ 2 N 2 -+

and functions

(| L .
Uk € 0, 1-— E
with
1 ) 1
zn converging uniformly to ux on 0,1 — T as n — oo through Nk
and

1] 1

Uk+1 = Uk ON OJ—E

Define a function u : [0,1] — [0,00) by w (t) = uk (t) on %I,l - %Dand u(l) = 0.
Notice u is well defined and ¢ (¢) < u(t) < n(t) for ¢t € (0,1). Next fix t € [0,1) and
let m € {ng,no+1,---} be such that 0 <t < 1 .Let N, ={n € Nm:n>m}.
Let n € Ny andlet a=0,b=1— 1.

Define the operator, L : C [ag, bo] — C [ag, bo] by

_ 1
m

S =) 1
(Ly) () =y(a)+ ot Ay+  q(7)f(ry(r)dr ds
ag s
where Ay satisfies
O, = O 1
ept Ay+  f(my(n)dr ds=y(bo) —y(ao).
aop S

Let yn — v uniformly on [ag,bo]. As the proof in Theorem 2.451 if we
show limp_, oo Ay, = A, then this together with @;1 continuous, implies that

n
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L : Clag,bo] — C [ao, bo] is continuous. Associate Ay, with yn and notice
I — 1 1 111
(i » (g B (g
ep Ayt flny(m))dr —gpm Ayt f(ry(n))dr ds

ao s s

= ¥n (bo) — yn (a0) — y (bo) + y (ao) -

The Mean Value Theorem for integrals implies that there exists nn € [0, 1] with

. = 1
ept Ayt fry(m))dr —gpt Ay+ f(ry(n)dr
Nn Nn
_ Yn (bo) = yn (a0) —y (bo) +y (a0)
bo — agp ’

and since yn — y uniformly on [ag, bp] we have limp , oo Ay,, = Ay.
Now since zn converges uniformly on [ag,bo] to uw as n — oo and Lzn = zn we
obtain Lu = u, i.e.

— (op (W)= f (tu), a0 <t < bo.

We can do this argument for each ¢ € (0,1) and so — (¢p WHH)) = f(tu), 0<t<
1. It remains to show u is continuous at 1.

Let € > 0 be given. Now since 0 < ¢ (t) < n(t),t € (0,1) and ¢ (1) =n(1) =0,
there exists § > 0 with

0<o(t)<n(t) < %forte 1-46,1].
This together with the fact that ¢ (t) < un (t) < n(t) for ¢t € (0,1) implies that
O(t) <un(t) <n(t) < % for t € [1—4,1].
Consequently
0< o) <ult)<n(t) < % for t € [1 — 6,1]

and so u is continuous at 1. Thus u € C'[0,1] N C*(0,1) and u is a positive solution
of (1.1). The proof of Theorem 2.1 is complete.

Remark 2.1. The ideas in this section can be used to discuss the BVP

1
—(pp (W)= f (t,u), te(0,1)
u(0) =0, u(1l) =¢>0.

Only minor adjustments are needed, so we leave the details to the reader.
To illustrate the above ideas we consider the following problem

I:_I((pp(uq — Xa(t Eh—u% for t € (0,1)

(2.9)

here A >0,a € C[0,1] and a(t) >0fort € [0,1],0<a<1and 0 < g.

Corollary 2.1. (2.9) has at least one positive solution u € C*[0,1] N C (0, 1) if
A > 0 is chosen sufficiently small.
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Proof. To see this we will apply Theorem 2.1. Let f (¢t,u) = Aa (¢) I%b
Then f : [0,1] x (0,400) — (—00,00) is continuous and limy_ o+ f (¢,u)
uniformly on [0,1].

In conditions (H5) and (H6) we let a = ¢, by = 2¢, by = 0. Also we let

Ado
do = tr&gj)i]a (t) and g1 (u)= uo for u € (0,00).

Then g3 : (0,00) — (0,00) is a continuous function and

1

1
Aa(t) uP — a > —g1(u) for t € [0,1], u >0,
- (s)d gAdod Ao 1-a
s)ds = —ds = a 00
0 91 0 sA l—«
Also we have
]
Ao Ao 4
G = —d = o
(@) o u® l-«a
and
= Lo B
(G1(x))™ dz = x P dx
0 Ado 0
1
_ 1—a P p a+pE+1
Mo a+p+1
Then l%](Gl (x))%1 dx > q%, provided
|
1 — p a+p+1
2.10 AP < AR : e
(2.10) qdo atptl ©
Next let
g2 (1) = MdouP for u € (0,00).
Then g : (0,00) — (0, 00) is a continuous function and
1 1 —1
Aa (t) uB—u—a < g2 (u) for t €[0,1], u >0,
and
o Mo T s )
Gz (z) = g2 (u) du = (2)P* — 2B for z € (0,2¢).
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Thus

Then

(2.11)

H. LU, D. O'REGAN AND R. P. AGARWAL

Ll B S A =1
; (G (2)) 7P do = T (2c)P*t _ gP*1 dx
1 [ 2 | ]
_ p+10P dx
= = =
Ado 0 (20)'3+1 B+ z
1
Fh1 e gy
= : (20) P 1
)\do 0 [1 _ yB+1]6
N I%]-l-l (2 )pfpfl
= Mo ¢
Ib%; (G2 (917))%1 dz > q%, provided with
1

my A+l P ek

1
AP <A
qdo

Thus if 0 < AP < min { A\GAMH the conditions of Theorem 2.1 are satisfied. As a
result problem (2.9) has at least one positive solution.

=)
O 3 X 3D

[7] Q.
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