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SEMI-TENSOR PRODUCT OF MATRICES AND ITS SOME
APPLICATIONS TO PHYSICS

DAIZHAN CHENG Y AND YALI DONG Y

Abstract. In this paper we rst give a general de nition of a new kind of m  atrix products,
called the semi-tensor product, which was rstly proposed i n [4]. Certain new properties related to
the later applications are proved. Using them, some problem s in physics are investigated. First of all,
the Carleman linearization of some dynamic physical system s is considered. It is used to investigate
the invariants. A rigorous proof for the solvability is pres  ented. Secondly, the problems of invariants
of planar polynomial systems is converted to the solvabilit y of a set of algebraic equations. Thirdly,
we consider the contraction of a tensor eld. A simple proof f or general contraction is obtained.

1. Introduction. A new matrix product, called the semi-tensor product was
introduced in [4]. Some of its applications have also been revealed there. In this par,
we rst generalize the de nition of semi-tensor product to matrices with arbitrary
dimensions. Then certain new properties are proved, which are necessary for further
investigation.

As an auxiliary tool, some properties of the commutation matrix are dso inves-
tigated.

Some physical problems are discussed in the paper by using semi-tensor products.
First, we consider the Carleman linearization of a nonlinear system, particulaly, a
polynomial system. We give a rigorous proof for the necessity of the equains for
the polynomial type of rst integrals. Moreover, for planar case, a moregeneral type
of rst integrals is considered. A set of algebraic equations are presented for the
existence of more general type of integrals.

Another problem considered is the contraction of tensor elds. A general proof
for the formula of contraction of tensor elds is presented. It is used a lot in geneal
relativity, but we did not see a proof for general case.

It is obvious that the new matrix product is useful in many other physical prob-
lems. The main purpose of this paper is to introduce this new matrix product and to
show some of its applications.

The rest of the paper is organized as the follows: In section 2 the general de nition
for left and right semi-tensor products are given. Several examples are presented in
section 3. The commutation matrix and its properties are discussed in sectior.
Section 5 gives a tensor form expression for polynomials. Some propertieshieh are
required in later discussion are presented in section 6. Section 7 gives certairrfioulas
and properties of Carleman Linearization. The invariants of a planar polynomial
systems is discussed in section 8. Section 9 devotes to the general property of the
contraction of tensor elds. Section 10 is the conclusion.

2. Semi-tensor Product of matrices. Given two matrices A 2 M, , and
B 2 M, ¢, where Mg  is the set ofs t matrices. In this section we consider the
left and the right semi-tensor products of A and B. We need the following notations:
Let a;b2 Z*, whereZ* is the set of positive integers. We denote bya” bthe largest
common divisor of a and b, and a _ b the least common multiplier. For instance,
6" 8=2and 6_8=24.
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Definition 2.1. let A2 Mm n, B2 My gand = n_p. Then the left
semi-tensor product of A and B, denoted byA n B, is de ned as

AnB=(A 1.)B I.): (2.1)
The right semi-tensor product of A and B, denoted byA o B, is de ned as
AoB=(l_ A)l_ B): (2.2)
Where is the Kronecker product of matrices.

Note that if n = pthese two products are degenerated to the conventional matrix
product. So both of them are generalizations of the conventional matrix product.

The following properties are fundamental. Using de nition, they can be proved
by straightforward but tedious computations. So the proofs are omitted.

Proposition 2.2.  The semi-tensor products satisfy
1. Distributivity

(A+B)nC=(AnC)+(BnC)
(A+B)oC=(A0C)+(Bo C);

Cn(A+B)=(CnA)+(Cn B): (2.3)
Co(A+B)=(CoA)+(Co B):
2. Associativity
(AnB)nC=An (BnC); 2.4)

(AoB)oC=Ao0 (Bo C):

Many properties of the conventional matrix product remain true for this (left or
right) semi-tensor product. For instance, we give the following:

Proposition 2.3. 1. (AnB)T=B"nAT; (AoB)"=BToAT.

2.fM 2Mpy pn,thenMnily,=MandMo I, = M;If M 2 Mpn n, then
ImNnM=MandlyoM =M.

In the following let A, B be two square matrices.

3.AnB andBn A ( Ao B and B o A) have the same characteristic function.

4. tr(An B)=tr( Bn A); tr(Ao B)=tr( Bo A).

5. If both A and B are orthogonal, (or upper triangular, or diagonal), then sois
AnB orAoB.

6. If either A or B is invertible, thenAn B BnAandAoB Bo A, where

means two matrices are similar.
7. If both A and B are invertible, then

(AnB) =B 'nA !l (AoB) =B oA &
8. The determinants of the products are
det(An B) = (det( A))7 (det(B))?; det(Ao B)=(det( A))(det(B))?;

where , n, and p are as in De nition 2.1.
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Proposition 2.4. 1. LetA2 My nandB 2 M, 4. ThenC = AnB =(CU),
i=1; m;j=1; g, with

Cc! = A'n B;: (2.5)

where A" is i-th row of A and B; is the j -th column of B.
2. Let A and B be split into blocks asA = (AY) and B = (Bjj ). Assume

dimrow(A¥) _n. 8t - k-
dim column(By) ~ p’ 1K
Then C = (C), with
X
cl = AknBy: (2.6)

k

It is worth to emphasize that the right semi-tensor product does not have similar
properties as in Proposition 2.4. So the left semi-tensor product is more comnient
in use. In the sequel, we consider the left semi-tensor product as a conventional
extension of conventional matrix product.

Let A2 My, h andm” n=1t. Setm = mgt and n = ngt, then mg and ng are
co-prime. We de ne a power ofA as

(
Al = A;
AL = An Ak, k1

Similarly,

Al = A
A0+ = A g A0k 1

As for the dimension of AK or A°k | it is easy to prove by mathematical induction
that A 2 Mk, nep @d A°K 2 My iy
0 0 0 0 )
Let A2 My 5, and B 2 M, 4. In practical problems the most useful case for
the semi-tensor product is eithern is a factor of p, i.e., nt = p for some integert, or
p is a factor of n, i.e., n = pt for some integert. For the rst case we denote

A (B: (2.7)
For the second case we denote
A B: (2.8)

In the rest of this paper we assume, without any exception, that
Al. Either (2.7) or (2.8) holds.

As a convention, sometimes we simply uséB = A n B. There is no confusion
because when the dimensions ¢k and B are suitable for conventional matrix product
the left semi-tensor product coincides with the conventional matrix product.
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3. Some Examples.
new matrix products.

D. CHENG AND Y. DONG

In this section we give some simple examples to show the

Example 3.1. Let X 2 R™ andY 2 R". Then
XnY=(X 1,)Y =(Xy1 Xiyn XmY1  XmYn)' = X Y
XoY=(lg X)Y=(X1y1 XmY1  Xi¥m XmYn)' =Y X;
Example 3.2. Let
0 1
b1 b
A= Q11 8 aiz A B = %bﬂ bzz%
1 Az a3 A :
be1  be2
Then =4 _ 6=12, =476=2,and
ARB=(A 1B Iy L
apihy + aizbuy @by + aabss  anibio + asbuy  @plpy + a1abs:
aobey + anabsy  apibir + asluy  aobsy + @by Ay bip + asshue
_ Baubp: + aishsy  aiobs + aiabsr  aubpe + auzhsy  @12bs2 + @14bso
b + axlyr  axpbp + axnbsy  axibix + axbuy  axby + axnbs,
Aoz + Apablsy  @p1big + @psbar  Apbsy + @nsbky  @nibin + axshsn
ax1hpy + agabsy  axlp + @nber  axiby + axsbsy  axley + abe:
AgB=(ls A)l, B)
a1 + apphyy + agshey + agsbyy  ag b + apphyy + a1zl + ajahu,
b1 + axplpy + axsler + azsbur  axibi + axnhyy + axslay + axsluy
_ B anbsi + aphs a11bs2 + a12be2
a1y + azpbs; ap1bsy + axbs
0 0
0 0 .
0 0
0 0
agzbiy + auaby; agzbi + ansby)
agabiy + azlbyy agabio + axby
apibsy + apphug + aisls + aaber  anibsy + appluy + assbsy + asbs
apiher + axluy + axsbss + azbsy  axibey + azluy + axslsy + axsbe
|

The following example shows how the multi-fold of cross-product inR® be per-

formed semi-tensor product.

Example 3.3.
and

Consider the cross-product inR3. Lete; = i, & = j ande; = k,

i) =1;2,3
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Construct a matrix, called the structure matrix as 1
Cii Clo Ci3 Cy Cp G C3 Cip Ci
M = @C%l G CGs C Gy Gz G G (%3'6‘
JGi G oh G G G G G G
0 0
= @ A :
0 0

= OO

0O O
1 0
0 1

O O o
OOH
O r o
O O

ConsiderXs = (as;bs; )" 2 R%,s=1; ;n. Then it is easy to see that
X1 Xoa=MnXin Xy=MX1X3:
Since the semi-tensor product is associative, unlike the cross product we don't need
to worry about the order of the product. In general
( (X1 Xy) ) Xn=M"XX, Xy
|

The last example gives an additional reason for introducing the left semi-tensor
product.

Example 3.4. Let X;Y;Z;W 2 R". Then
XY TYZWT)2 M, n:
Let's do the following transformation (within conventional matrix pro duct) :
(XY Y ZWT) = X(YTZ)WT =(YTZ)XW T = YT (ZX)WT: (3.1)
The above transformation seems legal becausé’ Z is a scaler and the conventional
matrix product is associative. But nally we meet ZX , which is not de ned. Now if
we generalize the conventional matrix product to left semi-tensor product, the puzzle

is solved completely. Not onlyZX is well de ned but also the equality (3.1) holds
perfectly. O

4. Commutation Matrix. The commutation matrix was introduced in [8]. We
give a constructive de nition:

Definition 4.1. An mn  mn matrix Wy, is called a commutation ma-
trix if we label its columns by (11;12; ;1n; ;ml1;m2; ;mn) and its rows by
(11, 21, ;ml;  ;1n; 2n; ;mn), and set its entries in the(l; J )-th row and (i;]j )-
th column as (

. L, I=iandJd =j;
— 1y _ s '
Waay = i 0; otherwise @1
When m = n we denoteW,., 1 = Wip;.
Example 4.2. Let m=2and n=3, Wp.5 is expressed as

d1) (12) (13) (21) (22) (23

1 0 o0 0 o0 0 (11)
0 0 0 1 0 0 (21)

W _ 0 1 0 0 0 0 (12)
;3 ~ 0 0 0 0 1 0 (22)

0 0 1 0 o0 0 (13)

0 0 0 0 o0 1 (23)
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While W[3;2] is
d1l) (12) (21) (22) (31) (3
1 0 0 0 0 0 (112)
0 0 1 0 0 0 (21)
W _ 0 0 0 0 1 0 (31)
21~ 0 1 0 0 o0 0 (12)
0 0 0 1 0 0 (22)
0 0 0 0 0 1 (32)
o
We refer to [7] and [9] for the following properties.
Proposition 4.3. 1. The inverse and the transpose of a commutation matrix
are
Winm 1= Wiinn 1 = Wi |- (4.2)
2. Whenn = m (4.2) becomes
Win) = Wiy = W, (4.3)

Given a matrix A = (&) 2 Mn . We useVc(A) and V; (A) for its column
stacking form and row stacking form respectively. That is,

Ve(A)=(a11  a@m1; ;8  a@m)';

Vi(A)= (a1 am; a8mi  a@m)':

The commutation matrix can realize the swap between row and column stacking
forms of a matrix:

Proposition 4.4. Let A2 My, . Then

(
W[m;n ]Vr (A) = VC(A);

(4.4)
W[n;m ]VC(A) = Vr (A):

The following factorization property is very useful for simplifying the pro duct of
swap matrices etc.

Proposition 4.5 [5].

Wipar1 = (g Wipr D(Weigr  10) = (e Wipig)(Wipirp 1a); (4.5)

Wipgir1 = (Wiprp 1)l Wigir) = (Wigrp  1p)(lg - Wipyr)): (4.6)
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5. Tensor Form of Polynomials. Denote by BX the set of k-th homogeneous
polynomials in R". It is obvious that x¥ is a basis. That is, letp(x1; ;Xn) 2 BK.
Then there exists a row vectorF 2 R"* such that

p(x)= FxX (= Fn f(n_{zl)f): (5.1)

k
Of course x¥ is a redundant basis. So the coe cient array F is not unique. F is
a symmetric coe cient array, if for same monomials (such asx2x, and x»x?), the

corresponding coe cients are equal.
A natural basis, denoted by Xy, is
—gkegk 1y .. K 1.y kyT.
X(k) _(Xlixl X2; i Xn lxn 5Xn) ’

that is, arrange the set ofk-th degree monic monomials in alphabetic order.
It can be proved by mathematical induction that the dimension of Xy is

(n+k 1)
ki(n 1)’

Then there exist two matrices Ty (n; k) 2 M« s and Tg (n; k) 2 Mg ,«, such that

s = dim (X)) = k 0 n L

xK = T (M KXy X = Te (nk)xK:
Moreover, it is an immediate consequence of the de nition that
Tg (N, K)Tn (N; k) = 1s:
Now given ap(x) 2 BX, which is expressed as
p(x) = Fx* = Gxx);

then FTy = G.
But since x¥ is redundant, GTg is only the symmetric expression ofF .
Next, we consider the di erential of a matrix with di erentiable function entri es.

Definition 5.1. Let H = (hy (x)) be ap g matrix with the entries h; (X) as
smooth functions ofx 2 R". Then the di erential of H is dened as ap nqg matrix
obtained by replacing each elemerftj by its di erential dhj = ( @g))ix); : @géx)).

Our goal is to apply it to polynomials. We construct an nk*1  n**1 matrix
as

Xk
kK = I ns W[nk s;n]: (52)
s=0
Then we have the following di erential form of xX, which is fundamental in the further
approach.
Proposition 5.2 [5].

D(xK*1)= n x*: (5.3)
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6. Some Properties. In this section we give a few properties of the semi-tensor
product. Most of the proofs can be obtained by de nitions and straightforward com-
putations.

Proposition 6.1. AssumeA 2 My, | is given.
1. Let Z 2 R! be a row vector. Then

AnZ=Zn W n AnWin;=2Zn (Ie A): (6.1)
2. Let Z 2 R! be a column vector. Then

Zn A= Wi n An Winyn Z=(1y A)n Z: (6.2)
3. Let X 2 R! be a column,Y 2 RS be a row. Then

XY =Yn Wygsn X (6.3)

Proposition 6.2. Let A2 My , andB 2 My 4. Then
Wimp)(A B)Wign; =(B  A): (6.4)
Particularly,

(Ip A)Whnpy = Wimpi(A - 1p); (6.5)

The following property of swap is very useful.

Proposition 6.3. Let Xi 2 R",i=1; ;m. Then

In, Ini + Whinial  Inie Inm X1 Xi 1 XiXi+s1 Xje2 X
= X1 Xj 1 Xia1 XiXije2 Xm:
6.6)

A natural question is: why we need semi-tensor product? Before ending this
section, we should like to answer this question. It can be seen easily that a semétisor
product can be expressed by conventional matrix product with Kronecker product.
But the point is: if an expression has both conventional and Kronecker products, he
associativity doesn't exist. But since conventional product is a particular semitensor
product, the associativity remains true between them. This advantage makes man
manipulations of matrix products possible. In later discussion it can be seen &im
time to time. Without semi-tensor product, some formulas are just impossibe (not
only di cult) to be deduced.

7. Carleman Linearization. In this section the tensor product form will be
used to analyze the Carleman linearization. Using the linearization form, a knd of
rst integrals are investigated and a general formula is obtained.

Consider a dynamical system

x=f(x); x2R"; (7.1)
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wheref (x) is an analytic vector eld with f (0) = 0.

J. Carleman has proposed a method to embed it into an in nite dimensional
linear system. We refer to [11], [1] and the references there in for details and lat
development.

Choosingx, x?, as a basis, the system (7.1) can be expressed as

X = Fix+ Fox?+ Fax®+ (7.2)

whereF; isann n matrix and F, is ofn  n2 and so on.
We may considerx?, x3 etc. as a set of independent arguments and calculate
their derivatives to get the Carleman linearization form as

0
Ain A Az Ay

0 1 10 1

X X

x2 0 Axn Ax Ax x2

=B 0 0 Az Ax 3¢ - (7.3)

Theorem 7.1. In Carleman linearization form (7.3) the coe cients A; are
determined by the following equations.

8 .
<Ay =F; 1L
) 1 (7.4)
. Ak;k+s = Ini Fs+1 Ink 10
i=0

Proof. According to chain rule, we have

d X1 R KL
a(xk): XIX_Xk i 1_ XIFS+1X

i=0 s=0 i=0

k i+s.

Using equation (6.2), we have
X' Fsar X ™S = (1 Fear )N XK"S= (1 Ferr e 1 1)xK*S:

The equation (7.4) follows. O

We can formally express (7.3) in a linear form as
X_= AX; (7.5)

where A is an in nite dimensional block upper triangular matrix.
An in nite dimensional block upper triangular matrix has some special properties,
which make the expression (7.5) meaningful. We give a brief discussion here:
Denote the upper left (leading) k blocks minor of an in nite dimensional block
upper triangular matrix A by Ay. That is

0 1
A A Ak

% 0 Ay Azkg
Ay = . :

0 0 Ak
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We say a block upper triangular matrix with square diagonal blocks to havea
set of structure constants Ki;kz; ) if the dimensions of the diagonal blocks are
dim(Aj) = ki kj. For instance, for equation (7.3) the structure constants are
(n;n?;n%, ). For statement ease, we identify Ay with it extension: an in nite
dimensional block upper triangular matrix, A§ with Ay as its upper-left minor and
zero for all other elements. Using this convention, the coe cient matrix, A, can be
considered as

A= Ilim Ag:
k!l

This limit is well de ned because if we denote the {j )-th element of A, as a&

ij
then the sequence of a}} ; k=1;2; ¢ has the form as

(aj:af; saf; )=0; ;00;ciG: )

i.e., itis a constant sequence except the rst nite terms. Based on the same argument
the following notations are well de ned.

Definition 7.2. 1. Let A and B be two block upper triangular in nite dimen-
sional matrices with same structure constants. Then we de B the product of A and
B as

AB = lim AyBy:
k!l kEk
2. AssumeA; ;i =1;2; are invertible, then we de ne

A t:=lim AL
ki1

e = lim ex:
k!l
Now it is natural to use linear solution
X = M X

as the solution of the non-linear system (7.3). In fact, we can use only nite tem to
approximate the solution.
Denote the (i;j )-th block of e*! by Ei‘f (t). Then it is easy to see that

ES ()= Ef(t); s>k ij ki
Hence we can de ne

oy K
X"(t) = Ef(DXp:
k=1

From (7.3) it is clear that if

X(0) = lim X"(t)
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exists, then it is the solution of (7.1) with X (0) = X.

We are particularly interested in the upper triangular matrices obtained by Car-
leman linearization. In the Carleman linearization form (7.3) supposeF; = Aj; is
stable (anti-stable), i.e., Re (A1) < 0 (Re (A11) > 0), then A is invertible. In fact,
we have

Theorem 7.3. Assume F; = Aq; has eigenvalues as (App) = f 1; ' n0,
then A ; i 2 have eigenvalues

Ai)=f i+ + ik k=1, ;ng

Proof. First, we assume the eigenvalues & 1; are distinct and their corresponding
eigenvectors are

f1, 5 nQ
Then a straightforward computation shows that
Ailkkn n )= kK+ + k)N n o)
To avoid notational mess, we show it for onlyi = 2. By (7.4) we have
Az =1ln An+An In:
Then
Axn(in j) = (In Aun+Au 1)(in j)
= (In Aw)(in )+(Au 1)(in j)
= jin j+ iin j:
Since all ; are distinct, we can claim that all
fin jjij =1, ing

are linearly independent. In fact, since ; are distinct, all ; are linearly independent.
Now a straightforward computation shows that

(15 3n) (o s )=Cz110 5 1ns 5 n1y o)

The claim follows.
Hence the eigenvalues oA, are

(A)=f i+ ;jiij =1; ;ng

By continuity, the eigenvalue structure is also true even the multi-fold eigemalues
exist. O

Next, we consider a polynomial system
X = Fix+ Fox?+  + Fexk: (7.6)

The Carleman linearization technique is used to investigating its rst integrals of
the form

H(tx)=e 'P(x):
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Particularly, this kind of rst integrals of Lorenz systems were discussed n [11],
of Lotka-Volterra systems were discussed in [1].

AssumeP(X) = Pg+ Pix + + Pgx3, with symmetric coe cients Pq; Ps.
(Where \symmetric" means the coe cients for the same monomial terms with di er -
ent factor orders are the same. Say, the coe cients forx2x,, x1xpx; and xpx? are
the same.) It is easy to see that if 6 0, then Py = 0. So we simply assumeP, = 0.

Setting dH (t; x)=dt = 0, we get

0

0 1
1 X
A Ak 2
P PIB E% : §

Ass AS;S+k 1 Xs+.k 1

0 1
X
X2
= (Py; ;Ps)%:§:
x's

(7.7)

Since the basis,x¥, is redundant, the coe cients are not unique. Using this
form to search rst integral may be too conservative. In other words, the canditions
obtained may not be necessary, because under another equivalent coe cients another
kind of rst integral may also be obtained.

To get necessary and su cient condition we have to convert the system into the
natural basis. Set

Pi= PiTe(n;i); Ay = Ta(n;i)Aj Tn(nij):

Putting them into (7.7), it turns out to be

0 1 0 « 1
A1 Ak X2
(P, QPS)E’,D 2%) . §
A-ss A-s;s+k 1 X(s+.r 1)
0 1
X
X(2)
= (P ' Ps) : .
X(s)

Theorem 7.4. Denoteh; = P, Bj = A . Then system (7.6) has rst integral
H(t;x), i, there exists  such that the following equations have non-zero solution
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le BsZ Bss hs hs
0 1

Bsi11  Bsi2 Bs+ s 0 1 (7.8)
: hq

By 1 By 2 Bys h2§ _o
0 By+12 B+t s :
) he
0 0 Bs+k 1ls

Next, we consider the solution form of equation (7.8). We need some a new
notation: Let Id(l;nX) be the set ofk-th fold indexes. Thatis, | = (iy; ;ix) and
let iy goes from 1 ton rst, then iy ; and so on. e.g.,

ld(l;2%) = (111;112 121; 122 211; 212 221; 222).
A row of vector h 2 R is said to be symmetric with respect told (1 ; nk), if

h =h 8 2 &

i1y ik i@ ik

Where the S is the permutation group. e.g.,
h=(2;1,1;1,3,1,3;3, 2
is symmetric with respect to Id (1 ; 2°). because
h112 = h121 = ha11 =15 higo = hogp = hopy =3
The following lemma itself is interesting.

Lemma 7.5. Assume the row vectorh 2 R" is indexed byld(l;nk) and is
symmetric with respect told(l;n¥). F 2 M,, . Set

A=F lpwai+ly F lpo+ +1lp: F

Then hA is also symmetric with respect told (I ; n).

Proof. Interchanging any two indexes can be realized by interchanging adjacent
indexes. Hence we have only to show thahA is invariant under the interchange of
two adjacent indexes. Set

= lpi 1 W[n] Inkj 1.

It is obvious that swapping the j-th and the (j + 1)-th indexes of h yields the new
vector h. Since h is symmetric with respect to Id(l;nk), then h = h, and hence
h A = hA. To seehA is symmetric, i.e., hA = hA, it su ces to show that

A = A:
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Note that the terms in A have the following form:
I I F | I: (7.9)

If F does not locate onj or j + 1 position, then it is obvious that commutes with
equation (7.9). So we have only to consider the related two terms imA. That is to
show that

W[n](F | + 1 F):(F | + 1 F)W[n]
Note that W[n]l = Wi, equation (6.5) implies the above equality.[

Proposition 7.6.  Let the eigenvalues ofF; in (7.6) be =1f 1; ; 0. Then
in equation (7.8) the eigenvalues oByy are

Bw)=f i, + + i ji; k=1, ;ng

Proof. SinceBu = A}, and the eigenvalues ofAy is «, it is enough to show
that Ay and Ay have same eigenvalues. Let be an eigenvalue oAy . Then there
exists aP” 6 0 such that

PAK = P
By de nition, Ay = Tg (n; K)Akk Tn (n; k). Note that Tg (n; k)Ty (n; k) = 1, then
0 1 0 1
X() X()
X(2) X(2)
PTe (MK Ak TN (MK)B . C = PTeg(mKk)Tn(nk)B . C: (7.10)
X (k) X (k)

SetP = PTg(n;k), then P 6 0 is a symmetric set. For P, (7.10) becomes

0,1 0,1
x2 x2
PAkk%.§=P%.EI (7.11)
xK xK

According to Lemma 7.5, P Ay is still a symmetric set. By the uniqueness of the
symmetric coe cients, we have

PAw = P:
Hence, is also an eigenvalue of\y .
Conversely, assume is an eigenvalue ofAy. Then = ;, + + . Denote
by Y; the eigenvector ofF; with respect to j,, then we construct
X
Y= Yq AL
2

where Sy is the k-th order symmetric group. It is obvious that

YAk = V-
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SinceY is symmetric, there existsY 6 0 such that Y = Y Tg (n; k). It follows that
YTs (N;K)Aw = Y Tg(n;k):
Right multiply both sides of the above equation by Ty (n; k) yields
YA« = Y:

That is, is an eigenvalue ofAy . O

Proposition 7.7. 1. If equation (7.8) has solutionh 6 0, then

=C i, t + G iy

where i, ; v ie 2 (Fa); ca; :Cs are either lor0.
2. If h has a componenth; 6 0, then 2 !. If h hast non-zero components,
hi, 60, , hi, 60, then * has at least at fold elements. Here ' = fc; i, + +

C i jc; ;¢ 2f0;1gg
3. If (7.6) has a linear rst integral H(t;x) = e thTx, then for any integer
j> 0, Hj(tx)=e 1t (hT)x is a rstintegral of (7.6).

Proof. 1 and 2 are the immediate consequence of the Proposition 7.6. We prove
3. If (7.6) has a linear rstintegral H(t;x) = e 'hTX, then

Flh: h,
Fih=0; i=2; ;k
Let p=(0,;0n2; ;04 1;hi), where Qc is the zero vector inR¥. Since
Aj;i+s 1=yt Fs+lg 2 Fs I+ +Fs lpi 1,
then
( o
Aj b =jhl
Aphl =0; t=j+1; ;j+k 1L

which implies that p satis es (7.7) with  being replaced byj . O

Proposition 6.7 provides a convenient tool for searching the rst integrabk. In fact,
after xed the , the problem becomes a problem of solving linear algebraic system.
For Lorenz system, 1{2 of Proposition 7.7 are known [1]. So the currentesult stated
here is a generalization of their work.

Example 7.8. Lotka-Volterra equations model the interactions between biologi-
cal species and chemical reactions. Lotka-Volterra equation can be written as
0 1

x
Xi = X; @a; + hjx;A; i=1; ;n (7.12)

Let n =2 [11]. Set

A_alo. _ by bp 0O O
:|.:|._Oa2
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Then 0
2a;
0 a+a 0 0
Az = An 2+l A11=%0 To ata 0§;
0 0
Az = iz latlz A 1
2oy bz by 0 0 0O 0 O

0 by by b+ by 0 0 0 °§-
0 0 O 0 b1y + bp1 b b '

0 0O O 0 0 b1 b1 2by
The Carleman Imeg\rlzeid fogn becomes

10 1
/-\11 A 0 X
Azz A23 0 x?

Azz Az 3G -

t (P1x + P2X2). Then

Say, we search for the rst integral of the form: H (t;x) = 8 A

0 1
1 0 0 0 ég)o
Te(2;2)= @ 05 05 0A; Ty(2;2)= 1 §
0 0 0 1 00 1
0 1
1 000
010
010
_._Bo o0 1 _
TN(253)_ 0 1 0 )
0 01
0 1
0001
AT . _ _ . con_ bin b O
Biu= All; Ba=AL=Te@DALTN@Z2)= sz by
0 1
2a; 0 0
BlL,=Te(22A»nTn(@2;2)=@0 a+a O0A;
0 0 2,
0 1
2y 2bp, 0 0
BL=Te(22)AxTn(23)= @0 byu+by bo+hy, 0A:
0 0 V.3) 2by

We conclude that the second degree integral exists i the following equation has

non-zero solution: | | |

2 B O hy _ hy
. Ba Bm  hp hy
’ Bgzhz =0

where the only possible should be 2fa;;ay;2a;;2ay;a; + axg. O
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8. Invariants of Planar Polynomial Systems. In this section we consider the
invariants of planar polynomial systems with non-polynomial invariants. Consider a
polynomial system

x=Fo+ Fix+ +Fux; x2R% (8.1)
The invariants considered are of the form
H(x;t)= et x;x,(Po+ Pix+  + Px'): (8.2)

This kind of invariants was investigated in [1]. Recently, the Darboux method has
been used in searching such invariants [2].
Our purpose is to convert the problem into a set of algebraic equations. Using
(5.3), the time derivative of H (x;t) is
dd—"t' = %’t' + DH Xx
= e'XX,(Po+ Pix+  + Px!)
+et (X, X X1X, Y(Po+ Pix+  + PX)(Fo+ Fix+  + Fix¥)
+elx X, (P1+ Py ax+  + P ax! H)(Fo+ Fix+  + Fexk):

Setting

dH

ot -0

and noting that
X1X2 =(0100)x%; (x 2 x1)=(0 0)x;

we have

(0100x%(Po+ Pix+ + Pix)
+(0 O)x(Pg+ Pix+  + Pix")(Fo+ Fix+  + FexH)
+(0100)X2(P1+ Py, 1x+ + P X" D)(Fo+ Fix+  + Fex¥)
=0:

(8.3)

Using (6.2), it can be expressed as

(0100)[(1s Po)x2+(lg P)x3+  +(l14 P)x'*?]
+(0 Ol Po)x+(l2 P)x2+  +(l, P)x*1]
(Fo+ Fix+  + Fexk)
+(0100)[(la P)X2+(lg Py 1)x3+  +(ls Py 1)x'"?]
(Fo+ Fix+  + Fyx¥)
=0:

Using (6.2) again, we can multiply the products out to get

P1
(010004 Ps gx*™

s=1 IP| i+|;p:s
+ (0 0 [(12 Pi)(Iza  Fs )X
s=0 i=0;j =0
=3 i+HPp=s
+ (0100 [(la P i )(lan  Fs pxst
s=1 i=1;j=0

=0:
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Converting term by term to natural basis, we have the following result.

Theorem 8.1. The system (8.1) has invariant of the form of (8.2), i the
following algebraic equations have solutiod ; ; ;P o; ;P):

© O(lz2 Po)(12 Fo)]=0
(

i+p=

01005 Ps )+(© 0 ' [z P)(lza Fe )]

o i=0;j =0 )
+(0100) " [(la Pi i 1)(lan  Fs )] Tn(2s+1)=0;

i=1;j =0
s=1; ;l+1 (8.4)
( i+Pp=s
© 0 [z P)(za Fs i)

|:031:O_ )
£0100) T s P 0ze Fe )] Ta@s+1)=0;

i=1;j =0
s=1|+2; A+ k:

Remark. The advantage of this approach lies on: 1. It can be solved nuwerically
by computer. 2. The approach can be easily extended to highdimensional case.

To depict the second item in above remark, consider the case of = 3. 3D Lotka-
Volterra system has been discussed in [3]. Using our approach, assume the system
considered is (8.1) withx 2 RS, and the invariants are of the form:

H(xt) = e xy x,X3(Po+ Pix+  + Pix'): (8.5)
Then one sees easily that
X1XoX3 = (Cf(_)g(l(};)1P_{Z_$))x3 = x3
5 21
and
(X 2X3 X 1X3 X 1X2) = (0 00 00 O0x?:= x2
Then the corresponding (8.3) becomes
X 3(Po+ Pix+  + Pix")
+ X2(Po+ Pix+  + Pix')(Fo+ Fix+  + Fex¥)

+ X3P+ Py ax+  + P ax! D(Fo+ Fax+  + Fex¥)
=0:

(8.6)

Then the rest argument in the above remains available for producing the set of aker
braic equations.

This approach provides only the algebraic equations for the solutions. It doesn't
provide all detailed solutions as in [3].
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9. Contraction of Tensor Field. The semi-tensor product is a powerful tool
for treating multi-dimensional data in matrix form. This is one of its maj or contri-
butions.

The following statement is cited from [6]: \It is also sometimes convenieh to
use matrix methods to handle the summations over repeated su xes. These meth-
ods are restricted to quantities carrying either one or two su xes, enabling them
to be arranged as either one-dimensional arrays (row vectors or column vectors)ro
two-dimensional arrays (matrices)." In the above statement one sees easilthat in
conventional way only one or two dimensional data can be treated in matrix fam.
But semi-tensor product, collaborated with tensor product and swap matrix etc., can
treat higher dimensional data in matrix way easily.

For instance, in this section we consider the contraction of a tensor eld [6, 10].
Let 2 T!(V) be atensor eld of the type (r;s) on an n dimensional vector space
V,1 p r,1 g s Wedene acontraction, f:Tg(V)! T. 11(V) in the
following way: Fix a basis (d;; ;d,) for V and its dual basis €'; ;€") for V
respectively. For! 2 T{(V), denoted by

e N CC R TR =L P PRI PO PRI I R
Then we get ann'* s-dimensional data, and arrange them into a matrix, M, , as
0 1

11 11 11 12 | N nn
1011 111 1 11
11 11 11 12 | n nn
*1 12 1012 1 12
Mg = . (91)
11 11 11 12 | N nn
nonn *nonn nonn

Matrix M, is called the structure array of the tensor! . Now it is not di cult to
verify the following formula:

N EEHEHEND CHEN 0
= sn n nM;, nXin n X;: (9.2)

Next we de ne the contraction, §( ) by its structure matrix, with the entries
determined by
|i1 i/‘\) ir _ X |i1 ip ir, (93)
e JI::{ js_ “J1 g st .
ip=liq
Where the \"' means the corresponding index is missed.

Since the de nition depends on the basis (generally, in tensor eld case, it depends
on the coordinate change), we have to show that this de nition is independent of the
coordinate change. It was said that under the su x form, the proof is \cumbersome”
[6]. We will give an elegant matrix proof. In addition, the structure mat rix of the
contracted tensor will be obtained.

First of all, we give the structure matrix of §( ). Let = n°® land =n'
Then the structure matrix M can be split as

0
v =B

1-
1
M11 M1

; K (9.4)
M M
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where each blockMj is ann n matrix.
Then a straightforward computation shows that

Lemma 9.1. Assumep=r and q= s. Then we have

Otr(Mn) tr(My )1
M) =@ K= TRM ): (9.5)
tr(M 1) tr(M )

The operator TR takes trace for all split n  n blocks.

Now for general case, we have to swap the indeg with r, and the index q with
s. The swap of any two elements can be realized by a sequence of the swaps of two
adjacent elements. Using (6.6), we have the swapped structure matrix as the flows:

Qs

Moo= T Mns e Wi TaM S Ml 2 0 Winp o Tn)
(9.6)
= 1M 2
Similar to M, we can split M into blocks ofn  n matrices, denoted by NTj; .
Then we have
Proposition 9.2. The structure matrix of  §( ) is
Mgy =TR(M )= TR( 1M ) (9.7)

We give a simple example to show this contraction.

Example 9.3. Letn=2, r =2, and s=3. We consider 1( ). Denote
Oalt, aiz, e, e,
aip, alf, af, ain
apy  ajs agy aly
ay, ajy ah,
ayy &5 &y A
ay, @y, a5y, ax,
ayy @y %%y @by
ay, a5, @, a5

1 = (?tl:c)'zlt Wp e =(he Wp))(Wpg  12)
1 0 00 00 OO
0 000100
01 0 0O0O0OTO
_Booooo 10 6
- 0O 01 00 0O )
0O 00 0O O O1
001 0O00O0
0O 000 O OO 0T1
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0 1
1000
0 01
2= Wpp = 10 :
0 001
Then
0 1
11 21 12 22
e e
o
o G S
M p= g2 B e
e
i e
2 Ajzp A A1y
11 1 2 2

Using it, the Proposition 9.2 yields

ajp + 851y apy + &y
M iy = %aﬁz + a%z ait, + a%%zﬁ :
app t Ay Qi t a3
ag, + a5y, ai; + &

Next, we prove that the structure matrix de ned by (9.6) is independent of the
coordinate change. Now assume we have a coordinate change as z(x) with the
Jacobian matrix asJ = &2

The following Lemma can be veri ed by straightforward computation.

Lemma 9.4. 1. LetP 2 Mg n, Q2 M, n,andAj 2 My 1, i =1; Tm.
Set

0 1 0 1
AL Aq
K= :K=(P QB:K=(P QA
Am Am
Then
0 1 0 1
A QA;
%} : g =Pn % : X:
Am QAm
Moreover,
0 1
QA;
TR(A)= P TR : X:
QAm

2.letP2Mp s, Q2My, n,andA; 2 My 4,i=1; ;m. Set
A= AKi; S An =(A1 AP Q=AMP Q)
Then
A i Aw =(A1Q; AmQ)P:
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Moreover,

TR(A) = TR(A1Q;  ;AmQ)P:

Now we are ready to prove the main result: the contraction is well de ned.

Theorem 9.5. The contraction de ned by (9.3) is independent of the coordi
nates.

Proof. Let

Using Proposition 9.2, we have
Mg():TR( ]_M 2):

Now consider a coordinate change = z(x), then M becomesM , which is

P e M

Notice that 1 is commutative with ]] J }{ and , is commutative with

{z
S
]J {z % Applying Proposition 9.2 to M , we have

0 1
Mg, = TR@ 1fJ ! o 1}M fJ o J; A
0 s t
= @y ! 1 A
TROR L, 30 I, )
0 s t 1
- 1 1 1
TR%}(?J {Zl R IR )(ﬁJ_t{Zl_J? N
= (]J })TR(J t(wr ING__ Sjl)
= (]J })TR(Nr )(]J ~})
= e MG a>:

Note that the last third equality is from Lemma 9.4. The proof is completed. O
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10. Conclusion. In this paper the left and right semi-tensor products of any
two matrices were de ned and several basic properties were obtained. Then under the
assumption Al a few further properties, which are necessary for the later discugsis,
were investigated.

As applications of the semi-tensor products to physics, some physical problems
were considered. First of all, the general formula for the Carlman's linearizabn was
presented. The necessary and su cient condition for the existence of polynomial type
of rst integrals was proved. Then for planar polynomial systems a non-polynanial
type of invariants was investigated. The problem was converted to the safability of
a set of algebraic equations. Another problem considered is the contraction of tensor
elds, which is useful in relativity etc. We gave a rigorous proof and provided amatrix
structure for the contracted tensor eld.
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