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BOUNDEDNESS FOR MULTILINEAR LITTLEWOOD-PALEY
OPERATORS ON TRIEBEL-LIZORKIN SPACES *

LIU LANZHE?

Abstract. In this paper, we prove the boundedness in the context of Triebel-Lizorkin spaces
for multilinear Littlewood-Paley operators.

1. Introduction and results. Let § > 0 and ¥ be a function on R™ which
satisfies the following properties:

(1) fn vla)dz =0,

(2) [¥(@)] < O+ [a])~ "+,

(3) [¥(z +y) —¥(z)] < Clyl(1 + [z])~"+27%) when 2Jy| < |z|.

Fixed 4 > 1. Let m be a positive integer and A be a function on R™. The
multilinear Littlewood-Paley operator is defined by

o)) = [ [ () i -

where

RnH—l (Av &€, Z)

FA)(z,y) = F)e(y — 2)dz,

rn T —2™
1
i (As,y) = A(w) = Y. —DA(y)(a—y)°,
lo|<m

and 1 (x) =t~ (2 /t) for t > 0. Let Fy(f)(y) = f * ¥ (y). We also define that

(D) = ( [ () i >/

which is the Littlewood-Paley operator (see [18]).
1/2
Let H be the Hilbert space H = {h hll = <f Jpn+1 \h(t)|2dydt/t”+1) < oo}.
+

Then for each fixed z € R, FA(f)(x,y) may be viewed as a mapping from (0, +00)
to H, and it is clear that

b

A _ t I .
gﬂ<f><x>—H(t+|$_y|) FAf) ()

nu/2
9u(f)(z) = || (rn=y) PO
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Note that when m = 0, g;l is just the commutator of Littlewood-Paley operator
(see [1][13-16]). It is well known that multilinear operators are of great interest in
harmonic analysis and have been widely studied by many authors (see [3-6][9][10]).
In [11][17], Janson and Paluszynski obtain the boundedness of commutators gener-
ated by the Calderén-Zygmund operator or fractional integral operator with Lipschitz
functions on Triebel-Lizorkin spaces. The main purpose of this paper is to discuss the
boundedness of the multilinear Littlewood-Paley operators in the context of Triebel-
Lizorkin spaces. First, let us introduce some notation. We will work on R™, n > 1.
Throughout this paper, M (f) will denote the Hardy-littlewood maximal function of
f, @ will denote a cube of R™ with side parallel to the axes, and for a cube @Q, let

fo=1QI" [ f(z)dz and f#(x) = sup QI7* o1 (y) — foldy. For >0 and p> 1,

let nyoo be the homogeneous Triebel-Lizorkin space. The Lipschitz space Ag is the
space of functions f such that

1
£l = sup AP p@)] /1) < o,
z,h € R"
h#0
where A¥ denotes the k-th difference operator (see[17]).
We shall prove the following theorems in Section 3.

THEOREM 1. Let0<d<n, 0<fB<1/2,1<p<n/d, 1/p—1/q=47/n and
D>A € Ag for |a| = m. Then g;f is bounded from LP(R") to F>°(R™).

THEOREM 2. Let0<0<n, 0<f3<1/2,1<p<n/(6d+0),1/p—1/q=
(6+3)/n and D*A € Ag for || = m. Then g/} is bounded from LP(R") to LI(R").

THEOREM 3. Let0<d<n,0<8<1/2,0+0 <nand D*A € Ag for |a| = m.
Then for any A > 0,

n/(n—36—7)
{z e R": gl (/)(@) > A} < C [ Y [IDYAla, I fllpa /A

|a]=m
2. Some lemmas. We begin with some preliminary lemmas.

LEMMA 1 (see [17]). For0< < 1,1 < p < oo, we have

1
Sgp [Q[iFA/m /Q |f(z) = fqldx

11l =
Lr

~
~

1
supinfi/ |f(x) — c|dx
-€Q c |Q|1+5/" Q e

LEMMA 2 (see [17]). For 0 < g < 1,1 <p < oo, we have

1 1 1 1/p
1511, =0 e [ 156 = fabde = sup o (7 [ 1500 farats)

LEMMA 3 (see [2]). For1<r <ooand0<d<mn,let

1 i 1/r
My (1)) = sup (ks [ )
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Suppose that r < p <n/d and 1/¢ =1/p — §/n. Then ||Ms,(f)|lee < C||fllzr-
LEMMA 4 (see [8]). Let @1 C Q2. Then

[far — faul < ClIfl4,1Q21"

LEMMA 5 (see [6]). Let A be a function on R"™ and D*A € L1(R"™) for |a| =m
and some ¢ > n. Then

1/q
1
|Rin(4;2,y)| < Clz —y[™ Z <|Q(my)| /Q( )|DQA(Z)|qu> ;
) x,y

|a]=m
where Q(x,y) is the cube centered at z and having side length 5v/n|z — y|.

LEMMA 6. Let 0<d <n,1<p<ooand D¥A € Ag for o] =m, 1 <r < oo,
1/g=1/p+1/r —6/n. Then g;} is bounded from LP(R™) to LI(R™), that is

g (Dllzs < C 7 NID*Alla, |1 fl] 2o

lal=m
Proof. By the Minkowski’ inequality and the condition of v, we have
g (f)(=)

n 1/2

Lf(2)|[Bm+1(A; 2, 2)| / 3 . o dydt
< _ — d
<[ e i1 o —y) A

[f ()| Ron+1(As 2, 2))|

<C
|z — z|m
/ / t72n+26 dydt 1/2d
Z
n \ T+ |33 -y (14 |y — z|/t)2n+2-20 tl+n
<C |f(2)[| Rimt1(A; 7, 2)]

R» |z — 2|™

00 np 1/2
x / t_"/ ! 4y tdt|  dz.
o ' e\ —l) G

Noting that

t_n/ t ny dy CM 1
Nttz—yl) Gtly—z)iz2 = (t+ o — z))2n+2-2

c
= (t+ |z — z[)2nt2-2

and

= tdt o
/o (t+ |z — z|)2n+2-20 =Clo — 277",

lf()||[Bmt1(A; 2, 2)]| (/O"( tdt
0

1/2
d
Rn |z — z|™ t+ |x—z|)2”+225) “
Lf ()| Bm+1(A; 2, 2)|

|£C _ Z‘m+n76

we obtain

gn(f)z) <C

=C
Rn

dz,

thus, the lemma follows from [3].
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3. Proof of theorems.

Proof of Theorem 1.  Fix a cube Q = Q(zo,!) and ¥ € Q. Let Q= 5v/nQ
and A(z) = A(z) — > %(DO‘A)@%”‘, then R, (A;2,y) = Rn(4;2,y) and D*A =

loe|=m

D*A — (DO‘A) for |a] = m. We write, for f; = fxg and fo = fXRn\Q,
R, A;x,z
FAD) = [ FER o f)a:

_ /Rn W%(y —2)fa(2)dz Jr/ Miﬁt(y —2)f1(2)dz

no |z — 2™

"E: /! T 2) (Y — zhﬁA@ﬁﬂ@M

z|m
la|=

then

g2 (N (@) = g (f2) ao)|

(m)wﬂ FtA(f)(x,y) — H <m>”ﬂ/2 FtA(f2)($07y)

7)11”/2 . (%ﬁ) )
/2 (x—)™ . ~

(=) (=)o

t /2 i t np/2 i
<7f—|—|x—y|) E(f)(xy) — <t—|—|xo—y|> F2 (f2)(zo,v)
= A(x) + B(z) + C(x),

IN
Y
~
+
B~
\
=

+

thus,

W/Q 9N @) = g (2) wo) | da
1

1 1
— A(m)dx—i—i/ B(x)dm—l—i/ C(z)dx
o QT Jg Qo7 J,
=T+ 11+ 111

IA

Now, let us estimate I, IT and III, respectively. First, for z € Q and z € Q, using
Lemma 2 and Lemma 5, we get

R (A;3,2)| < Clo— 2™ > m%LD“A@ﬁf(D“Ahj
|a=m *€

< Cle —2|™[QIP/™ Y~ [ID*All,,

lee|=m
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thus, taking r, s such that 1 < r < pand 1/s = 1/r—§/n, by the (L", L*)-boundedness
of g, (see Lemma 6) and the Holder'inequality, we obtain

I<C ) [ID*All, |Q|/ 19, (f1)(@)|de < C Z 1D Al g (fo)l|ze QI

lee|=m. lee|=

- S « 1 T 1/T
<C X ID Al Il el <€ 3 DAl (it [ 1wl

|al=m la|=m

<C Y DY Alls, Mo (f)(3)-

lal=m
Secondly, using the following inequality(see [17]):
(DA = (D*A)g) fxgllLr < ClQIV /MDAl Ms.o(f),

and similar to the proof of I, we gain

Z 19:((DA = (D*A) @) f1)l|2-|Q*

lee|=

< clQ|/mr }: [(D*A — (D*A)) filli

|a]=m

<C Y |IDYAlla, Ms,(f)(&).

laj=m

|Q|1+B/n

To estimate 111, we write

t /2 i t nu/2 i
<t+|x—y|) FA(f2)(z,y) — <t+|$0—y|) F (f2)(xo,v)

t n/2 1 1 A
__AW<VH$—M> [u—am‘kw_zm}ﬁﬂ’wwwwy—@h@mZ

+/R (L)"N/Q M[Rm(ﬁ;%z) — Rm(fl;xo,z)}dz

oy 20 — 2"

+f <__L_J””_< t y”Z w0 2y~ 2)2(2)
n |\t + |z =yl t+ |xo — yl |zo — 2|™

1

-2 a

|a]=m

( ¢ )nu/2 (x — 2)° - ( ¢ >7W/ (20 — 2)°

tle—yl) o= \itlo—dl) lwo—2l
XD A(2)(y — 2) f2(2)dz

=110 + 111, + I115+ I11,.
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Note that |z — z| ~ |zg — 2| for € Q and z € R™\ Q. By the condition of ) and
similar to the proof of Lemma 6, we obtain

=)
— | Ih|dz
|Q‘1+ﬁ/n 0
C |z — x| ~
< W/Q (/Rn\@ WIRm(A;x,z)IIf(z)\dz dx

o d T —x
ey Ay [ e
|a]=m k=0

2k+1Q\2k+1Q |x0
= 1
«@ —k
<C Z 1D A||AB22 W/ZkQU(Z)dZ

|a]=m k=1

<cy HDO‘AIIAQZ2 “Ms1(f)(@)

|or|=m

<C Y 1D Al Mo (1))

|a]=m

For I115, by the formula (see [6]):

R (A;z,2) — Ry (A; 20, 2 Z R —nl( (D"A; x, 20)(x — 2)"

|n|<m

and Lemma 5, we get

|Rin(As 2, 2) = Rn(As20,2)] < C Y |[DAJ|3,1Q1" " & — wollzo — 2™,

laj=m

thus

1

A z,2) — Ry (A; 20, 2
g / Lo "9 |$0—)Z|m+"(_5 SCIEE

ey ||D“A|\A[,Z / sl

la|= 2k+1Q\2kQ ‘SCO -

<C Z 1D Al|5,,1Q1" M52 (f)(F).-

lee|=m
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For II13, by the inequality: a'/? —b'/2 < (a —b)'/? for a > b > 0, we gain, similar to
the proof of Lemma 6,

o |,
e [ 1Ll
|Q‘1+ﬁ/n Q

1/2

_ 2
2|z — o2 (y — 2)[|Rm (A 0, 2) || f2(2)| | dydt
dzdx
e o — 2 (t + o — yl) /2 e

< _C // |fo(2) [ R (As 20, 2)| |2 — o /2
— QA Jg Jrn |z — 2™

o0 dt 1/2
. </ T z>2n+“6> dede

1,0|1/2

o xr —
<o Sl [ el

lor|=

<C Z |D*Al[, 22 FEMsa () (@) < C Y (IDAllj, Mo (f)(&).

lee|= lee|=m

For 1114, by Lemma 4, we get
|DYA(2) — (D*A)g| < [[DVAl| 5, |0 — 2/,

thus, similar to the proof of I11; and 1113, we obtain

1
|Q1+B/n/ | I11,||d

|z — 2o |z — o'/ o
|Q‘1+ﬁ/n /Q o Z /n <|$0 — 210 * |zg — z|nH1/2=0 |f2(2)[| D% A(2)|dzd

<C Y DAl Z(Zk(ﬁ’l) +2MOT2 M () (2)

|a|=m k=1
<C Y DY Alla, Msa(f)(3).
|a]=m

Thus,

HI<C Y |[DYAl|5, Ms1(f)(E).

|a|=m

We now put these estimates together, and taking the supremum over all @) such that
T € @, and using Lemma 1 with Lemma 3, we obtain

gt (N g <C Y 1D Alla, lIf ]2

la|=m

This completes the proof of Theorem 1.
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Proof of Theorem 2. By the same argument as in the proof of Theorem 1, we
have, for 1 <s<pand 1/r=1/s—d/n,

e
Q|/qu () (@) = g;3 (f2)(xo)ld

<C Y D*Alls, (Mass.r(f) + Massa(f)),

la|=m

thus, the sharp estimate of gf is obtained as following

(i (MN* <C 7 D" Alla, (Mprs.r(f) + Mprsa ().

lee|=m

Now, using Lemma 3, we gain

gzt (Nlza < ClI(giH () F]|La
<C Y DAl (1Mo (Nl e + [1Mprs1(f)l[2e) < Ol Sl

|a]=m
This completes the proof of Theorem 2.

Proof of Theorem 3.  We first prove the following estimate:

g (@I <C S IDAll, (ATPMF (@) + XA (M f ()7

lee|=m

for any Ay > 0 and n/(n — 6 — 3) < r. In fact, fix the cube Q = Q(z, A1), similar to
the proof of Lemma 6, we have

[f ()[R 1(As 2, 2)|

‘LL’ _ Z|m+n—6 dz

AP (@) < C /

R

:C(/Zﬁ/c) FOURmn (A2,

|Jj _ Z|m+n—5

For I, we let that, for £ > 0,

then , by Lemma 5, for z € 27%Q,

R (Ags2,2)| < C ) |IDYAlls, (275 A1) |z — 2™,

lo|=m
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thus, by Lemma 4 and Lemma 5,

& PN R (A 2,2)]
11§CZ/_ o P dz
h—0 2 kQ\2 k 1Q
<C S Al e’ [ W,
o Pt 2-kQ\2—k-1Q |$ — Z|"
<0 Y DA, S @ R / 1F(2)ldz
mz—:m ’ kZ:O 274 Q\2751Q

<C YDA N M (@);

la|=m

For I, taking ¢ > 0 such that (n+¢)/(n —d — B) < r, we write n — § =
(n+¢e)/r+n/r" —e/r — 4, then, by the Holder’s inequality,

T/ 1/7"/
Lol JM@ldz £(2)] R (A5, 2)\"
2= o \x _ Z|n+s 0c |:c _ z\"*(‘”‘f/’”)r’ |a: _ Z|m

00 1/r
<C Y DAl (Z e [ - f<z>|dz>
k=0 Tz 1

laj=m

o 1/
! dz
S (@A) / 1/ (2)]
) (k:o( ) 2-kQ\2-F-1Q |z — Z|nf(6+5/r)rr

00 1/r
« —key—¢ S+B—n/r'+¢e/r
<C Y DAl (Zz o Mf<x>> Ay

k=0

lee|=m

) 1/r'
x| Yoz e | 7l
= 2EQ\241Q

a e/r T\ 5 n/r' +e/r r
<C Z DA 5 Ar =/ (M f (@) /AT g

lee|=

<C N DA AT T I (M f ()M

lee|=m

Thus, our claim holds. Now we can prove Theorem 3. For any A > 0 and
f e LY(R™), taking M = (341 1D Al i, | £l A71) =075 in above estimate,



612

we

L. LIU

gain, by the weak type boundedness of M,

|{a: € R": gﬁ‘(f)(x) > )\}}
A

<Rz eR": Mf(x) >
2CZ\a|:m ||DaA|‘/\g)‘(1$+ﬁ

r

A

o S+B—n/r! 1/r
20 o DAl AT |11

+kxeR": Mf(x) >

§ §+pB—n/r’ 1/r
<C DAl A+ C LD DAl AT A/

la|=m la|=m

n/(n—5—p)
<O X D Alls, lIf Iz /X

lee|=m

This completes the proof of Theorem 3.
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