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BOUNDEDNESS FOR MULTILINEAR LITTLEWOOD-PALEY
OPERATORS ON TRIEBEL-LIZORKIN SPACES *

LIU LANZHE?

Abstract. In this paper, we prove the boundedness in the context of Triebel-Lizorkin spaces
for multilinear Littlewood-Paley operators.

1. Introduction and results. Let § > 0 and ¥ be a function on R™ which
satisfies the following properties:

(1) Jpn ¥(x)dz =0,

(2) T(@)] < C(1+ [al)=C+1-),

(3) Tz +y) = (@) = Clyl(1 + [o])~ 2= when 2|y < Jo].

Fixed 4 > 1. Let m be a positive integer and A be a function on R™. The
multilinear Littlewood-Paley operator is defined by

o (1)) = [ [ ] (=) i ownrs -

where
m—+ A;I,Z
FtA(f)(l‘:Z/) = %m)f(z)%(y = z)dz,
RN |z — 2|
Rwa(As,) = Alr) = Y2 D" A(y)(w = )",
laf<m

and 1 (x) =t~ (2 /t) for t > 0. Let Fy(f)(y) = f [ah(y). We also define that

(1)) = ( /]... (m)w|Ft<f><y>|2§lfff>l/27

which is the Littlewood-Paley operator (see [18]).
1/2
Let H be the Hilbert space H — {h = (f - |h(t)|2dydt/t”+1) < oo}.

Then for each fixed x A", FA(f)(x,y) may be viewed as a mapping from (0, +o0)
to H, and it is clear that

b

A _ t o .
gﬂ<f><x>—H(t+|x_yl) FAf) ()

nu/2
9.(f) @) = || (=) PO
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Note that when m = 0, g;l is just the commutator of Littlewood-Paley operator
(see [1][13-16]). It is well known that multilinear operators are of great interest in
harmonic analysis and have been widely studied by many authors (see [3-6][9][10]).
In [11][17], Janson and Paluszynski obtain the boundedness of commutators gener-
ated by the Calderén-Zygmund operator or fractional integral operator with Lipschitz
functions on Triebel-Lizorkin spaces. The main purpose of this paper is to discuss the
boundedness of the multilinear Littlewood-Paley operators in the context of Triebel-
Lizorkin spaces. First, let us introduce some notation. We will work on R™, n > 1.
Throughout this paper, M (f) will denote the Hardy-littlewood maximal function of
f, @ will denote a cube of R™ with side parallel to the axes, and for a cube @Q, let

fo =1QI™" [, f(z)dx and f#(z) = sup QI [, 1f(y) — feldy. For #>0and p > 1,

let nyoo be the homogeneous Triebel-Lizorkin space. The Lipschitz space [g1s the
space of functions f such that

1
llzg = sup A" (@) /1) < oo,
z,h € R"
h#0
where A¥ denotes the k-th difference operator (see[17]).
We shall prove the following theorems in Section 3.

Theorem 1. Let0<=0<n,0<pB<1/2,1<p<n/d, 1/p—1/q=35/n and
D*A 1k Tor |a| = m. Then g;f is bounded from LP(R") to F>°(R™).

Theorem 2. Let 06 <n, 0<f<1/2,1<p<n/(6+0B),1/p—1/q=
(6+3)/n and D*A I Tor || = m. Then g/} is bounded from LP(R") to LI(R").

Theorem 3. Let0<d<n,0<(<1/2,6+3 <nand D*A [1dor |a| = m.
Then for any A > 0,

n/(n—6—p)
(o CB': g2 (@) > A <O [ 32 1D Allig Il /A

loe|=m
2. Some lemmas. We begin with some preliminary lemmas.

Lemma 1 (see [17]). For 0 < < 1,1 < p < oo, we have

[

s ez | 1) = falds

1
supinfi/ |f(x) — c|dx
Lo o Jo )

"y

LP

Lemma 2 (see [17]). For 0 < 8 < 1,1 <p<=< oo, we have

. = q 1 ~ g 1 1 p e
W1y = 500 oz | 10 = Jole = sup o (i [ 15600 = fabar)

Lemma 3 (see [2]). For 1<r <ooand 0 <J < n, let

1 i 1/r
M, (f)(2) :21618 (W/QU(QH dy) -
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Suppose that r < p <n/d and 1/¢ =1/p—J§/n. Then ||[Ms,(f)llea < C||f|lze-
Lemma 4 (see [8]). Let Q1 Q). Then

o1 = faal < Cllfllig Q21"

Lemma 5 (see [6]). Let A be a function on R™ and D*A CL¥(R") for || =m
and some ¢ > n. Then

1/q
1
|&A&xw»scw—yw/ij<mmMm . JD%M@Pw> :
9 x,y

|a]=m
- V_
where Q(z,y) is the cube centered at x and having side length 5 n|z — y|.

Lemma 6. Let 0 <46 <n,1 <p<ooand D*A [ 1z Tor |[a| =m, 1 < r < oo,
1/g=1/p+1/r—6/n. Then g} is bounded from LP(R™) to LI(R™), that is

gt (Nla = C >~ D Allpp Il fllo-

lal=m
Proof. By the Minkowski’ inequality and the condition of v, we have
g (f)(=)

" 1/2
|f () Rm+1(A; 2, 2)] t g o dydt
s/n T o =) TP )

|f () Rmr1(As 2, 2)]

|z — Zlm

/ / $—2n+28 dydt 1/2 ;
V4
(=) s

( )”Rm+1(A €z, Z)l
Rn |z — 2™

* e tdt dz.
{/0 ( /Rn (t + |z — y|> (t+ |y — Z|)2n+2—25> } z

Noting that

t np dy 1
t" =CM
/Rn (t +lo = yl) (t+ly = 2])2nr2-20 ((t + o= zl>2”+“5)

=C

=C

C
Ttz — 2222
and
= tdt —2n+25
f, s =G
we obtain

A [f )| Rm+1(As 2, 2)| ([ tdt
G =C (A :

1/2

d
- rux—AWHZ%) :
(N Russ (s 7, 2)]

|£C — Z|m+n75

=C
RN

dz,

thus, the lemma follows from [3].
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3. Proof of theorems.

~ V_
Proof of Theorem 1.  Fix a cube Q = Q(zo,/) and ¥ Q. Let Q =5 nQ
and A(z) = A(z) — > %(DO‘A)@%O‘, then R, (A;2,y) = Rn(4;2,y) and D*A =
la|=m

D*A— (D*A)g for |a] = m. We write, for f1 = fx5 and fo = X\ 5>

Rm...l(;l; x,z)

FA) (z,y) = - W?ﬁt(y — 2)f(2)dz
m+ A; 5 m A; 5
_ / Wwy — ) fa(2)dz + / W%(y — ) fu(2)dz

- oﬂ/ (=) pe oy oy

lee|=

then
5 (£)(@) = g (f2) (o)
np/2 nuw/2
- (7t+|;—y|> FN @) —H(m) F{(f2)(w0.) ‘
t /2 Rm(;l; x,-)
= ‘(t+|x—y|) Ft( o= f1> ()
S O L
5 ) (2 an)
np/2 nu/2
+ <t—|—|;—y|) FtA(fZ)(x’y)_<t+|J:o—y|> FA(f2) (o, y)
= A(z) + B(z) + C(x),
thus,

|@|11+ﬁ/n/Q 95 @) = g (f2) o) | da

1 / 1 1
= — Axdx—i—i/Bxdm—i—i/dex
TS A e A T
=I1+1I+ 111

Now, let us estimate I, IT and III, respectively. First, for z [Q and = [Q, using
Lemma 2 and Lemma 5, we get

|Rim(A; 2, 2)| < Cla — 2|™ Z sup |[D*A(z) — (D*A) 5]
|a|=m 7€Q

< Cle—z™QI7" Y IID*Alla,,

lee|=m
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thus, taking r, s such that 1 < r < pand 1/s = 1/r—4§/n, by the (L", L*)-boundedness
of g, (see Lemma 6) and the Holder'inequality, we obtain

r=C YDAl /Q g (D) @Ndz < C 37 1D Alla, llgy (fo)llz=lQI Y/

lee|=m.

- 1 1/r
=C > DAl llfallzr QI = C Y 1D Alla, (W /@If(y)lrdy>

lal=m la|=m

<C > ID*Allp, Mo (£) ().

lee|=m

lee|=m

Secondly, using the following inequality(see [17]):
I(D*A = (D*A)5) fxgllee < CIQIY /M| D* Allj, Ms,r (),

and similar to the proof of I, we gain

C
1< W Z ||gﬂ((DaA_(DaA)@)fl)“leQll—l/s

la|=m
< ClQI™ /M N (DY A= (D*A)z) fallrr
|a]=m
<C > ID*Allj, M5 (£) ().

lee|=m

To estimate 111, we write

(’5)"”/2 F () ) - (t)wz FA () (wo,1)

t+|$—y| t+|$0—y|
t T 1 N
- /R <t+|x—yl> [Ix — 2" Juo— z|} R (4 3, 2)the(y = 2) fa(2)d2
t My =) s x
S () e i) = R 21

R (A5 20, 2)¢1(y — 2) f2(2)

dz
|zo — 2|™

t np/2 t np/2
Sole=a) -~ (rea)
o |\t + |z =yl t+ |ro — yl

L L) - )
ol Jpn |\t |z —yl lz—z™  \t+|zo —yl |lzo — 2|™

la|=m

xD*A(2)¢(y = 2) fa(2)dz
=TI+ I1I, + I1I3 + IT1;.
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Note that |z — z| [Jay — 2| for # Q@ and z A"\ Q. By the condition of ¢ and
similar to the proof of Lemma 6, we obtain

IQI“W / [I111|dz

C |z — o ~
= W/ (/Rn\@ WIRm(A;x,Z)IIf(z)IdZ> dx

N T—x
<c Y D A||ABZ/ e STEE

k+10)\ 2k+1 |x0
la|=m Q\ Q

o

1
=C *All; e d
= laz_: (1D ”/\Bkz::l2 |2k Q|L—0/n /2ké|f(z)| *
<C Z ||D°‘A||ABZQ "Msa(f)(&)
|a]=m
<C Y ID*Allj, Msa(f)(F).
|a]=m

For I11, by the formula (see [6]):

Rm(zﬁi;a},z) A 1 T0, 2 Z R —nl( D"fl;x,xo)(x—z)"

|n|<m

and Lemma 5, we get

|Rm(A;2,2) = R(As20,2)| < C Y ID* Al 1Q1Y " |& = wollwo — 2™,

laj=m

thus

1
B C|Q|1+ﬁ/n / /n\Q 300 _) Z|m+n(—6 : ) |f(z)|d2d1'

<cY ||D“A||ABZ / e SO

la|=m k+1Q\2kQ |$C0

=C Z ||D°‘A||'AB|Q|ﬁ/nM5,1(f)(57)-

lee|=m
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For II13, by the inequality: a/? — b2 < (a —b)}/? for a = b > 0, we gain, similar to
the proof of Lemma 6,

7 )|
iwan | 1 ]lde
|Q|1+ﬁ/n 0

C
= o, ),
QF7 Jo S

~ 2 1/2
02|z — 0|2 (y = )| Rin (A 20, 2)|| f2(2)| | dydt dnd
et L — e+ /2 n+1 zar
RY |z — 2™ (t + |z — yl) t
¢ / / | f2(2)|| R (A; 0, 2) ||z — 0| */?
|QI**A/™ Jo Jgn |z — 2|m
. d

n 1/2
x </0 (t+ |z — Z|)2n+225> dzdz

x — xo|Y/?
=C Y DAl [

o i Too — 172 2
x|=m

<C Y NDAllp, > 27 2Msa(£)(@) < C Y ID* Allj, Msa (£)(®).

|a]=m k=1 laj=m

(2)ld=

For 1114, by Lemma 4, we get
|D*A(z) = (D A) gl < ID* Al| 7 |0 = 217,
thus, similar to the proof of I11; and 1113, we obtain

1 /
g | llde
|Q|l+ﬂ/n 0

C |z — ol |z — z0|*/2 aF
= 4|Q|1+ﬁ/n /Q | 2:: /Rn <|x0 — 1S + lzo — 2[n+1/2=5 [ f2(2)|DYA(2)|dzdx
o0

<C ) IDYAllp, > (2FFD 4 2REVD)ap5 4 (£)()

|a]=m k=1
<C Y ID*Allj, Msa(f)(®).
|a]=m

Thus,

r=c Y |ID“Alla, Msa(f) (%)

|a]=m

We now put these estimates together, and taking the supremum over all @) such that
z @), and using Lemma 1 with Lemma 3, we obtain

g, (Nl =C Y IID*AlljglIf1lze-

la|=m

This completes the proof of Theorem 1.
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Proof of Theorem 2. By the same argument as in the proof of Theorem 1, we
have, for 1< s <pand 1/r=1/s—4d/n,

i A ) — i . .
|Q|/Q|g" (f)(z) = g;: (f2)(o)ld

<C Y D“Allpg (Mprsr(f) + Mprsa(f)),

la|=m

thus, the sharp estimate of gf is obtained as following

Gr (T =C Y D Allj, (Mpaso(f) + Mprsa(f))-

lee|=m

Now, using Lemma 3, we gain

llg;: (Nllza < ClI(g () NIz
<C Y DAl IMpas.r ()llza + 1Mpas2(Hllza) < ClIS -

|a]=m
This completes the proof of Theorem 2.

Proof of Theorem 3.  We first prove the following estimate:

g ()@= C 30 D Ally (A M F(@) + 27 AR (M5 ()"

lee|=m

for any A1 > 0 and n/(n — 6 — 3) < r. In fact, fix the cube Q = Q(z, A1), similar to
the proof of Lemma 6, we have

Lf ()1 R+ (A5 @, 2)]|

|£L' — Z|m+n—6

dz

WA (H@) = C /

R

e (/J /) MR (i)l

|ZC — Z|m+n—5

For I;, we let that, for £ > 0,

then , by Lemma 5, for z [21*Q,

Rus1 (A, ) < C 7 D Alls, 27M)Ple — 2|7,

la|=m
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thus, by Lemma 4 and Lemma 5,

Il =C / |f(z)”Rm+1(jlk_,(;T,Z)|dZ
=0 /27 kQ\27k—1Q |z — z|m*n

=C > ||DQA||-ABZ(2*’€A1)ﬂ/ B G

2—kQ\2—k—1Q |£E - Zln_é

|a]=m k=0
<C 3 ID Al S @ R A / 1 (2)1d=
|§=:m e kzzo 2@\ g

=C Y D Al N M f ()

la|=m

For I, taking ¢ > 0 such that (n+¢)/(n — 3§ — 5) < r, we write n —§ =
(n+¢€)/r+n/r" —e/r — 4, then, by the Holder’s inequality,

= 1/rH
|/ (2)ld= \*” / /)l |Ron (A 2, )\
< LA S B
k=c </Q° |z — 2|+ e |z — z|n—(@+e/r)rt |z — z|™ dz

00 1/r
<c Y pealy, (Zml)—a—" / If(Z)IdZ>

la|=m k=0 |z —z]<2%X\q
3 el \Y
< Qk)\ BTD/ z yA
(;;)( g 2-kQ\2—k-1q |7 — 2| O+e/IrT

00 1/r
a —key—¢ §+B—n/re/r
=C > ID*All5, (Zz AL Mf(w)> Ao
k=0

lee|=m

0 1/rH
x Yokttt | /()=

k=0
o —e/r r —n/re/r rH
<O Y DAl AL (M) AT A1
|a|=m

—n/rH ro r
<C Y D AlATTTY AR (M f ().

lee|=m

Thus, our claim holds. Now we can prove Theorem 3. For any A > 0 and
f CIF(R"), taking A\; = (Z\a|=m ||DaA||/-\B||f||L1)\_1)1/(”_5_5) in above estimate,
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we

gain, by the weak type boundedness of M,

|{9: I gf(f)(l’) > )\}}
A

s|Kx CHA": Mf(x) > -
2C' Y oz 1D Al A

r

A

+(qx CA": Mf(z) > — -
20 Y e 1D Alla AT 1A

5 —n/rY r
=C 3D Al ANl A+ C |3 DAl A TR /A

lee|=m lee|=m

n/(n—35—8)
=C | > DAl fll /A

lee|=m

This completes the proof of Theorem 3.

for
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