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LOCAL TIME DECAY FOR A NONLINEAR BEAM EQUATION *

J. E. LINT

Abstract. Using the Morawetz’ Radial Identity, we show that the local energy of a solution
is integrable in time and the local L? norm of the solution approaches zero as time approaches the
infinity for a nonlinear beam equation with the spatial dimension > 5.

1. Introduction. Consider a nonlinear beam equation
uge + A%u+ f(u) =0 (1)

where u = u(z,t), x = (x1,22,...,2,) € R™, R" is the n-dimensional Euclidean
space, n > 5, t > 0, A = Laplacian in z, and f(u) satisfies

ci(uf(u) — 2F (u)) + cou® > F(u) > cou® (2)

for some positive constants ¢y and ¢1, where F'(u) = f(u) with F(0) = 0. As usual,
the subscript in variables denotes the partial derivative, thus, u; = du/0t, etc... We
also use the notations 0; = 9/0z;, and u, = (z/r) - Vu, where V is the gradient
in z, and r = |z|. Moreover, for a function of one variable g(s),¢'(s) = d(g(s))/ds
denotes the derivative of g in s. Finally, that a function is C™ means that its n'”?
partial derivatives are continuous. In this work, we show that the local energy of a
solution is integrable in time and the local L? norm of a solution approaches zero as
time approaches the infinity. Our method follows [1] in utilizing the Morawetz’ Radial
Identity [5].

The global scattering problem was considered in [1] along with several inequalities.
It was conjectured in [1] that the local energy is integrable in t and tends to zero
as t approaches the infinity. This work proves the first part of this conjecture. The
well-posedness, low-energy scattering, stability and instability of solitary and standing
waves, and the time decay of solutions for the nonlinear beam equation with a slightly
different f(u) can be found in [2,3]. In the one-spatial dimension, a similar equation
to (1) with a different nonlinear term has been studied as a model for a suspension
bridge [4].

We shall need the following result from [1]:
The energy Elu] = [p.[(1/2)uf + (1/2)|Aul? + F(u)]dx is a constant, and for n > 5,
assuming that u is a solution that is smooth enough and small enough at the spatial
infinity, then there is a positive constant ¢ such that

/Ooo/ﬂ(l/ﬂ[uf(u) — 2F (u)]dxdt < cElu] 3)
/Ooo /n(l/r3)|Vu|2dgcdt < cE[u] , and (4)

/ / (1/75)|u|*dzdt < cE[u] , provided n > 6 (5)
O "
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2. The Morawetz’ radial identity. Let ¢ be a C* radially symmetric function
of z. Multiplying (1) by ¢(u,+((n—1)/(2r))u) we get the following identity, assuming
that v is C? in t and C* in =,

0 = (ug + A%u + f(u)C(ur + (n — Du/(2r)) (6)
=X;+V-Y+Z7

where
X =wuC(ur + (n = 1u/(2r)),
Y = —((n — 1)u?/4)(V(A(¢/r)))+ a function depending on ¢, ¢/, ¢, ", x, u, F(u),
Vu, Au, V(Au), u, Vg, u,, 1/r, 1/r% and 1/73,
and
Z = (¢'/2)(ue)® + (Au)?[3¢' /2] + A(ur)® + B(|Vul® = (u,)?) + Cu® + (n — 1)¢(uf (u)
—2F(u))/(2r) = ('F(u) + (¢ = ()P,
where
=7¢" /2= ('(n = 1)(n—3)/(2r*) + ((n — 1)(n — 3)/(2r%),
=3¢"/2+¢"(n = 5)/r — ' (n? +2n —19)/(2r?) + ¢(n? + 2n — 19)/(2r?),
C ((n - 1)/2)[¢""/(2r) + C’”( 3)/(r?) +¢"(n=3)(n = 7)/(2r*) = 3¢'(n = 3)(n
—5)/(2r*) +3¢(n — 3)(n — 5)/(2r%)],
P = (2/r)[X; ;(Siyu)® = 32,35, (x/r)Siju)?] > 0
with Sjju = ((2)/r%) Xy [on(@rd; — 250k ur] + 05 34 [(2n/r?) (w10 — 2i0k )ul.
REMARK. If ¢ = 1, this identity is the identity shown in the proof of Theorem 1
of [1].

3. The integrability of the local energy. We now state the main result of
this work.

THEOREM. Consider the nonlinear beam equation (1) with the condition (2) on
f(u). Assume that the spatial dimension n is > 5. Assume also that u is C? in ¢t and
C* in z, u; is bounded, and u and all its partial derivatives in z up to the 4** order
approach zero as |z| approaches the infinity. Then the local energy is integrable in t.

Proof. Assume that ¢ and ¢’ are non-negative functions and ¢, ¢/, ¢”, and (""are
bounded functions. We integrate both sides of (6) with respect to  in R™ and t from
0 to T. With the assumption on the smoothness and smallness of u at the spatial
infinity, we have [, V-Ydx =0 for n >5.

Thus

T
0> X(x, T)dzx — X (z,0)dx + / / Zdxdt.
Rn R'Vl O n

Now we can rewrite X into two ways:

—(¢/2)(uf + |Vul?) + (¢/2)[uf + W] +2((z/r) - W) (7)
—V - [(n—1)¢u’z/(4*)] + (n— 1)(n — 3)¢u?/(87%) + (n — 1)¢'u?/(4r),
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and

X =(¢/2)(uf +|Vul*) = (¢/2)[uf + [W]* = 2((x/r) - W)u] (8)
+V - [(n = 1)¢u?z/(41%)] = (n = 1)(n = 3)Cu®/(8r%) — (n — 1)¢"u?/(47),

where W = Vu + (n — 1)uz/(2r?).

Using the first way (7) for X (z,T) and the second way (8) for X (z,0), we get

Aammﬁﬂwm@mm+Aaﬁmﬁﬂwﬁ@nmzfj,MMt
Let T approach the infinity, we get
/000 / Zdzdt < coFElu] , for some positive constant ca, 9)
where co depends on c¢g, ¢; and the bound for (.
Now, let ((z) = ¢(r) = 1 —1/(r* + 4)?, where r = |z|. Since ¢ and (' are

non-negative and ¢, (’,¢”, and ¢’ are bounded functions, the inequality (9) holds.
Substituting ¢ into (9), we get

Aw/LK@+4Aw%m@2+4ﬁ+¢vm%w%ﬁ+¢ﬁ)+Pﬂﬂ+4ﬁ
N +u?/(r7(r? + 4)°) + (uf (u) — 2F (w))/(r(r? + 4)*)]dwdt
SA /nuwmﬂﬁ+4ﬁMﬁ+qu
gAw/J%WJW%JFWD+%w%ﬂﬁ+®%mmwﬁM]
< /0 h / ) [der (uf(u) — 2F (u))/r + deou? /r]dxdt + co Elu]
< c3Elu]

for some positive constant c3. Note that we have used (3) and (5) in the above
inequality.

Let h > b > 0, we get
/ / a2 + (Au)? + [Vl + 02 + (uf (u) — 2F(u))]dadt < caElu]
o Jo<zi<n

for some positive contant ¢4 depending on b and h.

Therefore, [ fb§|m|§h[ut2 + (Au)? + F(u)]dxdt < c5E[u], for some positive con-
stant ¢ depending on cg, ¢1, b and h. Since the equation (1) is invariant under spatial
translation, we get

/ / [uf + (Au)? + F(u)]dzdt < cgE[u] , for some positive constant cg.
0o Jiz|<h

Therefore the local energy is integrable in time.
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4. Time decay of the local L? norm. Now, we are going to show that the
local L? norm of u approaches 0 as ¢t approaches the infinity. The idea of the proof is
from [5]. Let h > 0 and ¢t > ¢; > 0, then

(t—tl)/z<hu (x,t)d:vz/tl 6[(T—t1)/z<hu (x,7)dx]/OTdT

t t
:/ / u?(z, 7)dvdr —|—/ (1 — tl)/ 2uuy(z, T)dxdT.
t1 |m|§h t1 |m|§h

Let t; =t —1, we get

t t
/ u?(z,t)dr < / / u?(z, 7)dwdr —|—/ / (u? + u?)(z, 7)dzdr.
|z|<h t—1J|z|<h t—1J|z|<h

Hence flwl <n u?(x,t)dz approaches 0 as t approaches the infinity since the local energy
is integrable in time.
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