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INTEGRAL INVARIANTS OF 3-MANIFOLDS

RAOUL BOTT & ALBERTO S. CATTANEO

Abstract

This note describes an invariant of rational homology 3-spheres in terms of
configuration space integrals, which in some sense lies between the invariants
of Axelrod and Singer [2] and those of Kontsevich [9].

1. Introduction

In their seminal paper [2] of 1994, Axelrod and Singer showed that
the asymptotics of the Chern—Simons theory led to a series of C'°°-
invariants associated to triples {M; f; p} with M a smooth homology
3-sphere, f a homotopy class of framings of M, and p an “acyclic”
conjugacy class of orthogonal representations of m1(M). That is, the
cohomology H*(M;Ad p) of M relative to the local system associated
to Ad p vanishes.

The primary purpose of this note is to show that the basic ideas
of their paper can be adapted quite easily—but not quite trivially—to
yield invariants of smooth, framed 3-dimensional homology spheres as
such. Put differently, we will present a treatment somewhat analogous
to theirs for the trivial representation of m;(M). We say somewhat
because in our work we have put aside the physics inspired aspects of
Axelrod and Singer’s paper. Instead we have simply taken our task to
be the production of invariants of framed manifolds (M; f) out of some
fixed Riemannian structure on M.

There is of course Kontsevich’s solution by “softer methods” to the
problem of finding the residual invariants of the Chern—Simons theory
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at the trivial representation. In a note (see [9]), Kontsevich sketched
how to define a series of invariants for “framed” 3-dimensional homology
spheres, and developed his “graph cohomology” to explain the combi-
natorial diversity of these invariants.

In 1995 Taubes [10] carefully investigated the first of these Kontse-
vich invariants—the one associated to the ©-graph—and clarified the
appropriate concept of “framing” for all of the graph cohomology. He
coined the term “singular framings” for them, and they differ from or-
dinary framings in that they exhibit a singularity at one point of M.

Our invariants—which are less “soft” than Kontsevich’s in the sense
that they do depend on Riemannian concepts—are therefore, on the
face of it, different from his. But they are also indexed by cocycles, I,
in an appropriate graph cohomology, and structurally take the form:

(1.1) Ir(M, f) = Ar(M) + ¢(I') CS(M, f).

Here Ap(M) is an integral over the configuration spaces specified by
[’ and defined by a fixed Riemannian structure on M, ¢(I') is a real
number universally associated to I, and CS(M, f) denotes the Chern—
Simons integral of the Levi-Civita connection of M relative to the frame
f

The Axelrod-Singer invariants for a flat connection exhibit a similar
dependance on the framings, and (1.1) is also in general conformity with
the self-linking invariants in knot theory—as described in [5] (see also
[1]). There the invariants of a knot K C R?® are described as

(1.2) Ir(K) = Ar(K) + p(T) - self-linking of K,

where It(K) is a configuration space integral which is corrected by an
anomalous term which is a multiple of the self-linking of K.

Similarly we now obtain invariants of oriented homology 3-spheres,
one for every connected cocycle I', of the form

(1.3) Jr(M)=Ar(M) —4¢(T") Ao (M),

so that Ag(M) is seen to play the role of the self-linking integral in knot
theory.

Although the invariants of [2] and [5], as well as the ones described
here, are all spin-offs from Witten’s [11] original Chern—Simons invari-
ants for homology 3-spheres, it seems to us that, from a purely math-
ematical point of view, they have now, in retrospect, even older an-
tecedents. These are the “iterated integrals” of Chern, or—even older—
the Adams constructions for the loop-space of a space.
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Quite generally, the principle of these constructions is to describe
the cohomology of a function-space F' = Map(X,Y) in terms of the
various evaluation maps:

Map(X,Y) x X" — Y™,

When we are dealing with corresponding spaces of imbeddings, or dif-
feomorphisms, then the configuration spaces enter the discussion quite
naturally, and give rise to new invariants of the type we have been dis-
cussing.

In this context it is also possible to extend our considerations to local
systems on M, and derive similar invariants, all governed by some graph
cohomology. From this point of view the original invariants of Axelrod—
Singer are associated to the “Feynman cocycles” of this cohomology.

We hope to explore these ideas in a subsequent paper [4]. Here we
will only deal with the constant coefficient case and the plan of this note
is as follows: In section 2 we review some facts from the theory of char-
acteristic classes. In section 3 we describe the ©-invariant explicitly, but
implicitly rely on the description of configuration spaces as developed
in [2], in analogy with the corresponding algebraic construction given
by Fulton and MacPherson in [7]. In section 4 we discuss the higher in-
variants while the last, fifth, section is devoted to extending the results
of [5] to knots in general homology 3-spheres.

Acknowledgements

We are indebted for very useful conversations pertaining to these
matters with Scott Axelrod, Robin Forman, Stavros Garoufalidis and
Cliff Taubes.

2. Review of characteristic classes of SO(n)

Consider an oriented vector bundle £ with odd fiber dimension,
n = 2k + 1, over a base space M. Also let S(F) denote the associated
sphere bundle to £, which we may consider to be the space of rays in E;
or, if F is given a Riemannian structure, as the unit sphere bundle of E.
In any case S(E) has even fiber dimension 2k over M, and this together
with the orientability of E allows one to specify a canonical integral
generator of the rational cohomology of S(F) as a module over H*(M).
Namely, we consider the “tangent bundle along the fiber,” TpS(E), of
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S(E). This, being an even dimensional oriented bundle, has a canonical
Euler class:

(2.1) e =e(TpS(E)) € H*(S(E)),

which restricts to twice the generator of H?¥(52%) on each fiber, because
the Euler number of S is 2.

But then it follows from general principles that e generates H*(S(E))
over H*(M) over the rationals.

Concerning the generator e we have the following lemma, which in
some sense explains the Chern—Simons term in our subsequent construc-
tion.

Lemma 2.1. Let 7, denote integration along the fiber in the bundle
S(E) over M. Then

(2.2) mee’ = 2pi(E),

where pi denotes the k-th Pontrjagin class of E. In fact one has, quite
generally:

(2.3) T et =2 (p(B))°,
and

(2.4) mee? =0,
fors=1,2,....

Proof. It suffices to prove these formulae for the universal sphere
bundle over the classifying space BSO(n), n = 2k + 1, that is for the
fibering

BSO(2k)

(2.5) nl
BSO(2k + 1)

with fiber SO(2k + 1)/SO(2k) = S?*.

Here we can keep track of the rational cohomology of the spaces
involved by choosing a maximal torus 7' = (S')* for SO(2k + 1) in the
usual manner, so that T corresponds to diagonal 2 x 2 blocks ending
with a 1 in the last diagonal position. In this way H*(BT) becomes
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identified with the polynomial ring Q[z1,...,z;] and the Weyl group
of SO(2k 4+ 1) acts on this cohomology by 1) permutations of the z;,
and 2) changes of sign z; — £x;. On the other hand the Weyl group of
SO(2k) acts as the subgroup which 1) permutes the z;, and 2) allows
only even changes of sign x; — €;z;, ¢, = £1, with [[ ¢ = 1.

It follows that the invariants of H*(BT') under SO(2k + 1) are given
by the invariant polynomials o, = o,(z?,...,27), r < k, while those
invariant under SO(2k) are generated by o, and an additional element

(2.6) e=uxz ...z, € H*(BT).

From the well-known identification of H*(BSO(2k + 1)) and
H*(BSO(2k)) with these rings of invariants respectively, we conclude
that:

(2.7) e? =7 (2?...0}) = oy in (2.6).
But then
(2.8) TS = m(en o) = 204

by the permanence relation and the fact that m.e = 2 remarked upon
earlier. If we take o, to be universal Pontrjagin class—as opposed to
the convention p, = (—1)" o,—then (2.7) implies (2.2), and the general
case follows similarly from e**! = en*(0})%. q.e.d.

3. The simplest invariant

From now on we will only consider a 3-dimensional rational homol-
ogy sphere M. The boundary of the configuration space of two points in
M, Cy(M), is then isomorphic to the 2-sphere bundle S(T'M) over M.
In the previous section we have seen how to construct a vertical gener-
ator e in a sphere bundle using Riemannian concepts. In this section
we will give this generator explicitly as an element of Q?(9Cy(M)). In
the de Rham theory we can divide by 2 and so we will actually describe
n = e/2. Then we will extend it to the whole of Q?(Cy(M)) and will
show that its differential is the Poincaré dual of the diagonal in M x M.
The next step will be to use this element to construct a closed form in
O?(C3(M)). Tt is precisely through this form that we will be able to
write the simplest invariant of the rational homology sphere M as an
integral over C5(M) (notice that in [2], [9] and [10] the “corresponding”
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©-invariant is written as an integral over Cy(M)). Finally, we will prove
that, apart from an anomalous term which we compute explicitly, this
is actually an invariant.

3.1. The generator of H2(0Cy(M)). We may consider 9Cy(M)
as the sphere bundle Px g0(3)5 2 — M where P — M is the orthonormal
frame bundle of T'M with respect to some fixed Riemannian structure,
so that we have the commutative diagram:

PX50(3)52 (L .PXS2

| |

M — P
p

Note that here 77 is a morphism of principal SO(3)-bundles while 5 is
a corresponding morphism of S?-bundles.

We will write our class 1, or more precisely p*n, as a closed form in
Q2. . (P x S§?) such that 72p*n = 1. For the (0,2) component of p*n we

basic
choose the SO(3)-invariant volume element

1 ..
w=zxdydz+ydzdr + zdxdy = §e”kxz-d$jd:1:k,

which satisfies [¢ow = 4m. The SO(3)-action on S? is given by the
vector fields

k
Xi =€ $j—3$ .
k

We have
Lx,w=0, ux,w=dz.

12

Let {&1,&2,&3} be the basis of s0(3) that corresponds to the vector fields
Xl,XQ,Xg; that iS,

(&i)jk = €iji-
Then a connection # on P can be expanded in this basis as
0 =0'¢;,
so that, by the definition of a connection, we have

LXi 0’ = —Eijke ) LX; 0’ :(52‘7
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In the following we will write 0 also for the pullback of §? to P x S?,
and similarly consider the coordinates z; of R? also as pulled back to
P x S2. This understood consider the invariant 1-form #%z;. It then
follows from this invariance that

vy, d(073;) = —d(1x; 1)) = —da;.
Next, we have the following
Proposition 3.1. The 2-form
w + d(0'z;)
47 ’

is basic in P x §? = P X 50(3) S?. Moreover, if we write j = p*n, then

o'z, =1

(3.1) n=

(3.2) on=1, %2 =o0.

Finally, if ¢ is the automorphism of the bundle P X g0 (3) S? — M given
by the antipodal map on the fiber, then

(3.3) ¢*'n = —n.

Proof. Eqn. (3.1) follows directly from the previous discussion.
To prove (3.2), we notice that p*n? = 79p*. Thus, the first identity
is just a consequence of the fact that

7w + d(0'z;)] = Tow = 4r.
For the second identity we compute
(4m)?7 (p*n)? =nl[2wd(0'z;) + d(0"2;) d(67 ;)]
=2d0'70 (wx;) — 0'0770 (dz;dxj) = 0.

For the last identity, notice that the integral of wz; vanishes by symme-
try and that dz;dx; is exact.

Finally, to prove (3.3), we consider the automorphism ¢ of P x % —
P obtained by the antipodal map on S2:

br; = —1x;.
Clearly, ¢*5*n = —p*n. Moreover, ¢p = pp. Then
prn = ¢*p'n = —p*n,
which implies (3.3). q.e.d.

97
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Digression. If we introduce the covariant derivative D,
(D(I,‘)l = de‘i — eiijjxk,
and the curvature F' = F'¢;,

. 1. )
(3.4) F'=dp" — §eljk9m’“,

then a straightforward but tedious computation shows that we can also
write

L€tk 1;(Dx);(Dz)g + Flz;

3.1 5ty =
(3.17) P ym

In fact,

.. 1 .. 1 ..
Eelﬂf (I,‘Z(Dx)j(D(L‘)k :Eel]k g dxj d(L‘k — Eel]k g Ejrs 0" Tg d(L‘k
1 ..
— Zéik g, dzjep’ 0"z,

L ik
fpa )
+26

Ti €jr° 0" Ty € 0™ 2y
o — O s + ey 3 00 OF
=w $l+2e]kml .

To obtain the last identity we have used

§ €ijk €irs = 0jrOks — 0jsOkrs

i

and the constraint ztz; = 1.
Note also that, if one considers x = z'¢; as an element of the funda-
mental representation of s0(3), then, by using the identities

Tr&igy = —26i5,  Tr&[&, Skl = 2€ijk,
one can rewrite (3.1) and (??) as

w—2dTr(@x) Tr(xDxDx—Fx
(35) = - I ),
4 87

End of the digression.
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3.2. The extension to Cy(M). First we want to extend our
form 7 to a small neighborhood U of 0Cy(M). We can think of this
neighborhood as the complement T'M’ of the zero section of the tangent
bundle TM. We still have an SO(3)-bundle

P x (R\0) & 7M.

Scaling each coordinate z; in R\0 by r = (z1)? + (22)? + (23)?, we get
the closed, basic form

w 1 0z,
3.6 p'n=—s+—d
(36) P = s + 47 ( r )’

with w defined as before. Then we consider a second neighborhood
V' containing U and contained in Cy(M), and choose a function p on
Cy(M) that is constant and equal to —1 in U, and constant and equal
to 0 in the complement of V. It is thus clear that d(pn) represents a
class in H3(M x M) = H*(M) ® H3(M).

Let us denote by 7; and mo the two natural projections from M x M
to M, i.e.,

7ri(m1,m2) = my,

and by v a unit volume form on M (not necessarily the volume form
determined by the metric). In fact any v with fMU = 1 would do, and
we will use the term “unit volume” form in this sense throughout. Then
the generators of H3(M x M) are v; and vo, defined by

vy =m0,

and we can write [d(pn)] = c1v1 + cove for some constants ¢; and cs.
Since

/ d(pn)vi =/ p1v; = —/ nv; = —/ v=—1,
C(M) aCy (M) dCy (M) M

we see that actually

[d(pn)] = v2 — vi;

that is, d(pn) represents the Poincaré dual of the diagonal in M x M.
This means that there exists a form a € Q?(M x M) such that

(3.7) d(pn) = ve —v1 — da.
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Now consider the involution

(m1,m2) = (m2,m1),

and its analog on M x M, which we still denote by T'. Since T restricted
to 0Cy(M) is the automorphism ¢ considered in Prop. 3.1, then

T*(pn) = —pn,

provided we choose p symmetric (e.g., we can take p to be a function of
the distance between m; and my). It follows that in (3.7) we can choose
a such that

T o = —au.
Define
(3.9) 7= pn+a € Q*(Co(M)).

We have therefore proved

Proposition 3.2. There exist forms i1 € Q?(Cy(M)) with the fol-
lowing three properties:

(3.10a) mdu5n = —1,
(3.10b) dn = vg — vy,
(3.10c) T ) = —h.

Moreover, there exist forms 7 with the additional property

(3.11) Lyn = —n.

Here 15 is the inclusion 0Cy (M) — Cy(M).
Remark 3.3. A metric, a compatible connection and a unit volume
form are not enough to determine a unique 7j, for

(3.12) il =1+ dp,

with 3 € QY(Co(M)) such that T*3 = —3, still satisfies (3.10). If we
moreover want 7 to satisfy (3.11), then we must also put the restriction
that 1503 = 0.
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Digression (The Riemannian parametrix). Given a Riemannian
structure g on a manifold M, a linear operator

P, Q*(M) — Q* (M)
with the property that
(3.13) dPy + Pyd = 1 — my,

where 7, is the orthogonal projection onto the harmonic forms, will be
called a Riemannian parametrix. Of course (3.13) does not define a
unique P, for

(3.14) P} =P, +dQ - Qd

still satisfies it for any @ : Q*(M) — Q*~2(M).
The harmonic projection can be written as a convolution on M x M
(or Co(M)) as

Tha = Tou(na i),

where 7 is the representative of the Poincaré dual of the diagonal in
M x M determined by the metric on M. In the case where M is a
rational homology sphere we have na = vy — vy.

Now we have the following proposition.

Proposition 3.4. A form 7 € Q?(Cy(M)) satisfying (3.10) with v
the volume form determined by the metric g is the Schwartz kernel for
a Riemannian parametric Py. More precisely, given a form a € Q*(M),
the operator P, defined by

(3.15) Py = —mo, (1) T )
satisfies (3.13).

Proof. We need the following generalization of Stokes’ formula:
(3.16) drgs = —moud + 7005,

which holds in the case of an odd-dimensional fiber with boundary. It
follows that

dP,a + Pyda =y, (dij mar) — w2 (7 whex)
= — v Mo — Tl (va) + ardn = (1 —m)a,

O

where we have also used the fact that () =7 q.e.d.

101
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Remark 3.5. To define the Riemannian parametrix, we have only
used properties (3.10). The additional property (3.11) will be crucial
to define the manifold invariants. Notice, moreover, that the freedom
(3.12) in defining 7 corresponds to the freedom (3.14) in defining P,.

Remark 3.6. A particular choice of P, is given by P, = d* o G,
where G is the inverse of J + 7, and [ is the Laplace operator de-
termined by g. We will not concentrate our interest on this particular
Riemannian parametrix—as was the case in [2]—but will stick to the
general case. In [2] it is precisely the Schwartz kernel for this Rieman-
nian parametrix Pg that is constructed, and found to be represented on
the boundary precisely by the form 1 we have been considering. Close
to the boundary there are corrections which are continuous but not
smooth as forms on M x M (corresponding to the singular part of G).
These forms, however, become smooth when lifted to Co(M). Then,
with a suitable choice of 8 € Q!(Cy(M)) in (3.12), we can recover the
f) representing P,.

End of the digression.

3.3. Extension to C3(M). Consider the three natural projections
71, o and w3 from C3(M) to M given by

Tri(mla ma, m3) = my,
and call
v; = ;.

Then consider the three natural projections 72, me3 and 13 from Cs(M)
to 02 (M)

mij(mi, ma,m3) = (m;,m;), 1<i<j<3,
and define
mji = T'myg,
where T is the involution defined in (3.8). We will denote by
Nij = Tiji)
the pullbacks of the form 7 defined in (3.9). We can recast the properties
of 7 as
dijij = vj — Vi,

(3.17) R R
Nji = —MNij-
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Finally, introduce

(3.18) Nijk = Nij + Mk + ki,

for 4, 7 and k different from each other. A simple consequence of (3.17)

is:

dvjiie =0,

(3.19) Mgk )
Nijk = €ijk 17123-

This way we have constructed a closed form in Q2(Cs(M)).

Remark 3.7. The form 7 depends on the choice of the unit volume
form. In fact, if we pick up a different volume form v' = v + dr, then,
by (3.10b), we must replace 7;; by 7j; = 7;; + 7; — 7. From (3.18), we
see that );; is unchanged.

We have not used property (3.11) yet. First notice that the boundary
of C3(M) has four faces of codimension one, which we denote by (12),
(23), (31) and (123), by indicating the underlying diagonal. Then it
follows that

(320&) 1:62)77123 = —M2,

(3.20b) Lo3)T123 = 123,

(3.20c) L(31)f123 = —N31,

and

(3.20d) L?123)ﬁ123 = —(m2 + n23 +731)-

Here by 7;; we mean the pullback of the form n € 0Cy(M) by the
restriction to the boundary of the maps m;;.

More precisely, a face like (12) is a sphere bundle over Cy(M). If
we denote by my the point in Co(M) where the collapse has happened,
then (12) can be expressed as ;' 0Cy (M), where  is the corresponding
projection Co(M) — M. Then 112 = 7wfn. Similarly for the faces (23)
and (31).

The face (123) is a bundle over M whose fiber F is given by C3(RR?)
modulo global translations and scalings. If we denote by x, x5 and x3
the coordinates of F', then we have the projections

(3.21) g - F — S? i # j,

(XI,XQ,X?,) =
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and their trivial extension to Px F — PxS2. Since they are equivariant,
they descend to P xgo(3) F' — P X503 xS% = 9Cy(M). Then n;; =
-

Remark 3.8. The form 7 is defined up to the differential of a 1-
form that vanishes on the boundary. Under the transformation (3.12),
we have 7)jy3 = 7123 + d(B12 + P23 + (31). More generally, since the
properties we are interested in are (3.19) and (3.20), we can allow the
addition of any exact term,

fli2g = 23 + df,
with 8 € Q'(C3(M)) and vanishing on the boundary.

3.4. The simplest invariant. = We now have all the necessary
elements to define the configuration space integral:

(3.22) Ao = / 93 V1.
C3(M)

The apparent asymmetry in the choice of v; can be removed if we notice
that, by cyclically exchanging the three points in C5(M), we also have

) . 1 .
Ae(M) = g3 v2 = / Mias V3 = 5/ Mias (V1 + vz + v3).
C3(M) Cs(M) Cs(M)

The definition of Ag relies on many choices: a metric, a connection
compatible with that metric and a unit volume form; moreover, 723 is
defined up to the differential of a 1-form that vanishes on the boundary.
The last freedom is immediately seen not to have consequences on Ag
since fj123 and vs are closed forms. As we will see in the next subsection,
Ag is not completely independent of all the other choices. However, we
will be able to prove the following.

Theorem 3.9. Given a section f of the frame bundle P, the com-
bination

(3.23) To(M, f) = Ao (M) +  CS(M, f)

is independent of all the choices involved (except for the framing). Here

8?2

1 o (i |
:4—7r2 /M f (Oldei — g eijk919]9k>

1 2
CS(M, f) = f*Tr (9 do + = 93>
(3.24) /M s
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is the Chern—Simons integral of the same metric connection used to

define n.
Thus, Ie(M, f) is an invariant for the framed rational homology
sphere (M, f).

Remark 3.10. In an SO(3)-bundle, it is half the Chern-Simons
form that restricted to the fiber yields the integral generator [6]. There-
fore, the Chern—Simons term is defined up to an even integer, and the
O-invariant Ig up to half an integer.

Remark 3.11. So far we have considered v to be a unit volume
form (not necessarily determined by the metric). We can drop this
assumption defining the invariant as

1
Vi
where V' = [, v. Notice that, for 7 to satisfy (3.10), we must now take

the function p in (3.9) to be constant and equal to —V close to the
boundary.

To(M, f) = 773 Ao(M) + 1 CS(M, /),

If one expands 7353 in terms of the 7);;’s, one obtains Ag as the sum
of nine integrals. However, many of these integrals vanish for purely
dimensional reasons. After rearranging the points in C5(M), we can
rewrite Ag as the sum of three contributions:

Ao (M) = Ai (M) + 6 Ax(M) + 6 A3 (M),

with

AI(M)z/ ﬁ%2v3=/ i,
C3(M) Cy (M)

Az(M) = / Aty 23 V3,
Cg(M)

Az(M) = / 12 123 131 V3,
Cs(M

which are graphically represented in Figure 1.

Remark 3.12. The integral A;(M) has the same form as the ©-
invariant in [2], [9] and [10].

Digression. The three integrals A; are not the only possible com-
binations containing three 7’s. In fact we can also consider

Ay(M) = / V1 12 123 134 V4.
Ca(M)

105



106 RAOUL BOTT & ALBERTO S. CATTANEO

<

<

Ay Ay As
FIGURE 1

However, one has

Proposition 3.13. For any choice of a metric g and a metric con-
nection 6 involved in the definition of 1,

Ay(M) +2A4(M) =0

if v =wvg4 is the unit volume form determined by the metric.

Proof. First we notice that, by (3.15), we can rewrite
Ay(M) :/ ng;’vg.
M

By (3.13) we have dP,v, = 0; since H?(M) = 0, there exists a form
v € Q' (M) such that Pyjv, = dy. By (3.13) we also have

dP} — P}d = Pymy, — m, Py,

Therefore, we get

Ay(M) = / Vg PQQdfy = / Vg (cng2 — Py, + mp Py)y = / vg Py,
M M M

since m,vy = vy and m,y = 0. Notice that this expression is independent
of the choice of . For, if we take 7' € Q! (M) such that dy' = P,v, then
H'(M) = 0 implies o/ — v = dé for some § € Q°(M); therefore,

/ngg'y'—/ ngg’y:/ nggdéz—/ vg dPyd = 0.
M M M M

Now we introduce the linear operator R, : Q*(M) — Q*T1(M) de-
fined by
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SO we can write
As(M) = 2/ Ry Pyv,.
M

Following the same lines of the proof of Prop. 3.4 and using the second
identity of (3.2), we can show that

dR, + Ryd = — (0, Py + Pyid,),

where 9, is the operator that acts by multiplication for the volume form
vg. Therefore,

Ay(M) =2 / Rydy = -2 / (dRgy + 0Py 4 Pyvg)y = —2/ vy Py,
M M M

since 9,7 = 0. q.e.d.

Remark 3.14. If 7) is so chosen as to represent P, = d* o G, then
both Ay (M) and A4(M) vanish since Pyvg = 0.

End of the digression.

3.5. Proof of Theorem 3.9. We will use here a technique similar
to that discussed in [2]. That is, we will extend our previous construction
from C,, (M) to C, (M) x I, where I is a parameter space.

We introduce a parameter 7 ranging over the unit interval I, and let
all our quantities—the metric g, the metric connection 6 and the unit
volume form v—depend smoothly on 7. Then Ag will become a function
on I. More precisely, we introduce the trivial bundles C,, (M) x I and
denote by 7 and o the two projections to C,,(M) and I respectively.
Then we define

AG,T(M) = U*(ﬁ%% v3),

where now 712303 is seen as a form in Q°(C3(M) x I).

As for v we take a representative of the class in H3(M x I) =
H3(M) that satisfies 0,0 = 1. Notice that, as a form, v belongs to
the completion of Q*(M) ® Q°(I) ® Q*(M) @ Q(I).

To let the connection vary on I, we consider it as a connection on

the pulled-back bundle

a'P 2 M x T
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Now we will construct 7 as a closed form in Q?(0Cy(M) x I). As
before, we can think of the sphere bundle 0Co(M) x I — M x I as
n P X50(3) S2. Consider the commutative diagram:

7T_1P X50(3) 52 (L 7T_1PX 82

| |

M xT «—— glp
p

A form 7 defined as in (3.1) will be a closed, basic form in Q?(7~! Px 5?).
As such, it will be the pullback through p of a form n € Q?(0Cy (M) x I).
This form will satisfy the same properties (3.2) and (3.3) described in
Prop. 3.1. Moreover, in accordance with Lemma 2.1, we have
Lemma 3.15. If n is defined as before, then
1
8,3 __ 1L
T = 1 b1,

where

1 1
pP1L=— 82T‘I‘F/\F_RFZF7'

is the first Pontrjagin form on M x I.
Proof. Consider 7 as in (3.1). Since w? = 0, we have
(4m)* 7l =70 {3w [d(0"z:)]* + [d(0"2:)]*}
=3d0" d0? 7% (w zix;) — 3d0" 07 0F 70 (x; daj day,).

A simple evaluation of these integrals shows that

ﬁf(wwiwj) 371' dijs ﬁf(mz dzjdzy) = gﬂ' €ijk-
Therefore,

(4m)?p*ndn® = (4n)?a%7% = dO" dO; — €;;1d0" 07 6%,
which is equal to F'F; by (3.4). (Notice that Tr8* =0.) q.e.d.

The extension of 7 to /) € Q2(Co(M) x I) and the definition of 723
as a representative of H2(C3(M) x I) = H?(C3(M)) proceed as before,
by taking an appropriate p € Q°(Cy(M) x I) and o € Q*(M x M x I).
(Notice only that the involution 7" and the projections 7; and 7;; act as
the identity on I.) In particular, the properties (3.17), (3.19) and (3.20)
still hold.

Now we are in a position to define Ag ; and to prove
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Lemma 3.16. For an arbitrary dependence of g, 0 and v on I, we
have

1
A@,l(M)—A@,o(M)z/dA@J(M):_Z/ L.
I MxI

Then Theorem 3.9 follows immediately since

081 (M, f) — CSo(M, f) = / .

MxI

Proof. We use formula (3.16) and get

Ao (M) = —0ud(fityy v3) + 071 (s v3) = / 05 (s v3),
303(M)

since 73,3 v3 is closed.

We will first consider the principal faces of 9C3(M), i.e., the faces
(12), (23) and (31). The last two are immediately seen to give no
contribution since, by (3.20b) and (3.20c), there are no forms depending
on the point 1 in the first case and no forms depending on the point 2
in the second case. Therefore, we are left only with the contribution of

face (12), viz.,
1
—/ 77%2”3:—/ 773:—1101,
(12) 0C> (M)
by Lemma 3.15.

To end our proof we have only to show that the integral over the
hidden face (123) vanishes. This face is a bundle over M x I,

£(123)
(123) =— M x I,

whose fiber F' can be described as C3(R?*) modulo translations and scal-
ings. Therefore, F' is a 5-dimensional space whose boundary has three
components, denoted by ((12)3), (1(23)) and ((31)2). A component of
OF, say ((12)3), can be then described as follows: fix the translations
by 3=0; so F close to a component of the boundary looks like Co(IR3)
divided by scalings. Since 0C3(RR?) is a S?-bundle over R?, dividing by
the scaling makes each component of OF a S?-bundle over S2.
The integral that we want to evaluate can be written as

—/( )(7712 + o3 +1m31)° v3 = /M v W£123) (m2 + 23 + 131)>.
123
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We now consider the commutative diagram:

7 P x50 F +2— 7 'PxF

W(lzs)l J/ﬁ(IZS)

MxI «—— g tp
p

Then, denoting by 7;;, w;;j and x;; 1, the pullbacks of n, w and zj, through
the map 7;; defined in (3.21), we have

(4m)? p* 7T* (7112 + 7]23 + n31)*
=(4 ) P (mi2 + 123 + m31)°
_ 3
= {w12 + wo3 + w31 + d [0° (T12, + Doz + 731,5)] }

=30 / (wi2 4 woz + w31)? d (T12,; + T3, + T31,4)
F

=30’ / (w12 + w23 4+ w31)? (12, + @23, + 231,1) = 0,
OF

The last identity follows from the fact that
(w12 + wo3 + w31)? =0

on OF'. In fact, on a face, say ((12)3), we have
w12 T w23 + w31 = W12,

and similarly on the other faces. q.e.d.
This concludes the proof of Theorem 3.9.

3.6. The evaluation of Ag on the 3-sphere. We may think
of 3 as the group SU(2). Then, given an element h, we take as unit
volume form

1

v=C Tr(h~'dn)3,  C= L
s

where the trace is taken in the adjoint representation.
In a left and right invariant metric the Levi-Civita connection is
given by
Vx,

7

1
Xj = 9 [XivXj]
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on a left invariant basis of vector fields. This implies that the connection
form on P when pulled back by a left invariant, orthonormal frame fr,
is given by

1
fi0 = —-h~'dh.
2
Consider now the orientation reversing involution

v: 8 5%
h ht,

and its lifts to C3(S?) and C3(S3). With our choice of v, we have
(3.25) v'v = —v.

Moreover, if we denote by R the adjoint representation which corre-
sponds to projecting S to SO(3), we can write

(3.26) V0 = f10R0T) = b0 + hdh L

Let us now consider the action of v on 9C3(S?). On the base we have the
action of 7y defined before; a point x € S? is however sent into —R(h) x.
In fact, a point in the tangent bundle is given by h exp(x), with x in
the Lie algebra. Then

v[h exp(x)] = exp(—x) h~' = h™! h exp(—x)h~!.
By (3.26), we also have
v*F = R(h) F, v*Dx = —R(h) Dx.
Therefore, using (3.5), we conclude that
(3.27) Y =—n.

We can always choose p € Cy(M) to be invariant under the action
of 7. Then, from (3.7), we see that

y'da = —da.

Thus, up to an exact term, we can choose a to be odd and, finally,
obtain

(3.28) YR =

111
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consequently,
(3.29) Y23 = —f123.

We know by Theorem 3.9 that the value of Ag does not depend on
these choices, as long as we do not change our connection 6. Therefore,
with this fixed choice of 8, we have

(3.30) Ao (5) =0

since we have found an involution, -y, that reverses the orientation of
C3(M) but leaves 7353 v3 unchanged. Therefore,

1
I@(SgafL) = Z CS(S37fL)
Moreover, since
afi0 = —2 16",

we get
(3.31) Io(S% 1) = L/fmm _!
' ’ 2472 | L 2

If we had instead chosen a right invariant section fr = h~! fr h,
then

1
fr0=——=dhh™",
2
and we would have obtained
3 ].
(3.32) To(8%, fr) = —.

Remark 3.17. The left and right framings are related by the ad-
joint map from S® to SO(3), and hence it has degree 2. So the corre-
sponding Chern-Simons terms differ by 4 (see Remark 3.10). As the
Chern—Simons terms of these two framings are clearly opposite in sign,
we could have concluded a priori that CS(S3, f, g) must be £2.

Note also that the same arguments would have worked for M =
SO(3) and would have yielded half the answer for the ©-invariant.
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4. The higher invariants

Our first step is the construction of closed forms on C,(M). To do
so, we consider the natural projections

w2 Cp(M) — M,
'lTijiCn(M)_>02(M)a i # 7,

and then pull back the volume form v € Q3(M) and the form 7 €
0Q%(C2(M)). We will denote them by v; and 7;;. The combination 7y
defined in (3.18) is now a closed form in Q2?(C,(M)) for any triple of
distinct indices 2jk. Of course, not all these forms are independent. In
particular, we notice that

fijk = (—1)7 No(jik)
where o is a permutation. Finally, if n = 2V, a product of 3V 7); ;s will
be a top form on C, (M), while a product of 3V 7;;,’s and one volume
form will be a top form on Cj,41(M). It is then natural to consider the

relation between these integrals and trivalent graphs. We start with the
following definition.

Definition 4.1 (Kontsevich). In our context the simplest way to
describe the graph cohomology is as follows. We call a decorated graph
a graph with oriented edges and numbered vertices (by convention we
start the enumeration by 1). We require edges always to connect distinct
vertices. If two vertices are connected by exactly one edge, we call that
edge regular. Moreover, denoting by V' the number of vertices and by

FE the number of edges, we grade the collection of decorated graphs by
ord' =F -V,

(4.1)
degl’ =2FE — 3V.

The ©-graph has order 1 and degree 0. Examples of decorated
graphs of order 2 are shown in Figure 2; I'y and TI's have degree 0,
while I has degree 1. Notice that a trivalent graph I’ has always degree
zero; moreover, its order can be written as

v
dl' = —.
or 5

To each decorated trivalent graph I' and 3-manifold M we can as-
sociate a number Ap(M) given by

(4.2) Ap(M) = / v TT o,
Cor (M) L1

(ij)er
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D0

Iy

FIGURE 2

where n = 2ordT', and (ij) denotes the oriented edge connecting the
vertex 4 to the vertex 7. Notice that each vertex carries a number
between 1 and n, while 0 denotes the (n + 1)-st point in Cp41(M).

Remark 4.2. If we expand the product of 7);o’s in Ar(M), the
term coming from choosing 7);; in each factor will read

Vo Mij :/ Mijs
/CnJrl(M) (H ’ Cn(M)(H ’

ij)er ij)er

that is, it corresponds to the usual association of a configuration space
integral to a trivalent graph.

Example 4.3. Referring to the trivalent decorated graphs of Figure
2, we have the following integrals:

Ap, (M) = / V0 77120 7230 77340 71410 7130 712405
Cs (M)

Ap,(M) = — / V0 T 40 120 530 N340-
C5(M)

In view of the definition of Ap(M), we give the collection of deco-
rated graphs the structure of an algebra over QQ, and extend (4.2) by
linearity. We will denote by D this algebra. Moreover, we introduce the
following equivalence relation: if two decorated graphs I' and I have
the same underlying graph, we set

(4.3) I = (-1)PH

where p is the order of the permutation of the labeling of the vertices
to go from I' to I, and [ is the number of edges whose orientation must
be reversed. Notice that to equivalent graphs we associate the same
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number Ar(M). We will denote by D' the algebra of graphs modulo
the above equivalence relation.

Finally, we introduce a coboundary operator 6 on D. By definition,
oI is the signed sum of the decorated graphs that are obtained by con-
tracting a regular edge one at a time in I'. If the new graph is obtained
by contracting the oriented edge connecting the vertex 7 to the vertex
j, we relabel the vertices by letting decrease by one the vertices greater
than max{4,j} and denote by min{i,j} the vertex where the contrac-
tion has happened. Moreover, associate to this contraction a sign o (i, )
defined by

(4.4) aug):{(_nj ity >,

(=1 if g <.

Proposition 4.4. The operator § descends to D' and satisfies 6> =
0 there. Moreover, if we denote by D’:’L,t the (equivalence classes of)
decorated graphs of order n and degree t, we have

Y !
6:Dpy = Dyygar-

Proof. If we exchange ¢ and j or reverse the arrow connecting them,
we get a minus sign from (4.3). In both cases the roles of i and j are
exchanged. However, o(i,7) = —o(j,1). Therefore, it does not matter
if we exchange 7 and j first and then apply ¢ to the edge (ij) or vice
versa.

Then consider three vertices 4, 5 and k. We want to prove that the
exchange of j with k& does not interfere with the action of ¢ on (ij).
By the previous step, we can assume ¢ < j and (ij) oriented from 4 to
j. First suppose k£ > i. We can also assume k£ > j. If we contract
(i7) we get a factor (—1)7. If we exchange j and k we get a factor —1
and then we have to contract (ik) with a factor (—1)*. Now we have
to consider what happens to the relabeling. In the first case all indices
greater than j are reduced by one, in the second only those greater than
k. The vertices labeled as j(j +1)...(k —2)(k — 1) in the first case are
labeled as (7 +1)(j+2)...(k—1)j in the second. Since the two strings
have length k — j and are related by one cyclic rotation, we get a factor
(—1)k=J+1 if we want to turn one graph into the other. In summary, if
we contract (ij) we get a sign (—1)7, while if we echange j and k and
then contract (ik) we get a sign (—1)¥*! and a labeling that is related
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to the previous one by the sign (—1)¥=7*!, Similarly, we can treat the
case k < i. Therefore, § descends to D'.

To prove that 62 = 0 on D', we check that contracting two different
pairs (ij) and (rs) in the opposite order gives opposite signs. First
assume j # s and 7 # r. By reordering the vertices, we can assume
that i < j, 7 < s and 7 < s. Then contracting i with j gives (—1)J
and let s (and possibly r) decrease by one, so contracting r with s gives
(—1)*~1; if we instead contract » with s first and then i with j, we get
(=1)*(—1)7 since 7 is not reduced by one. If s = j and i # r, then the
two orders in which we can contract the pairs (ij) and (rj) are related
by exchanging 7 with r, which changes sign on D’. Similarly we treat
the case s # j, 1 =r.

Finally, we observe that a contraction decreases by one both the
number of vertices V' and the number of edges E (remember that we

contract only regular edges). The last claim is thus a consequence of
(4.1). q.ed.

Example 4.5. The ©-graph is a cocycle since it has no regular
edges.

Example 4.6. Referring to the decorated graphs in Figure 2, we
have

Ty =617,
0Ty =21,
Therefore, the combination
1 1
r=——"0I;+-T
TR + 102

is a cocycle.

Notice that the action of § can be restricted to the algebra of con-
nected graphs. Then we have the following theorem:

Theorem 4.7. If T" is a connected, trivalent cocycle in graph coho-
mology, then there exists a constant ¢(I') such that

s an invariant for the framed rational homology 3-sphere M. Moreover,
if ord T is even, then ¢(I') = 0.

From Theorems 3.9, 4.7 and the discussion in subsection 3.6, we get
the following corollary:
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Corollary 4.8. If I' is a connected, trivalent cocycle in graph co-
homology, then the quantity

Jr(M) = Ap(M) — 4 $(I') Ao (M)

is an invariant for the rational homology 3-sphere M. Moreover, if
ordT is even, then ¢(T') = 0; if ordT is odd, then Jr(S%) = 0.

The last statement follows from the fact that, if we choose the con-
nection @ as in subsection 3.6, then Ag(S3) = 0; moreover, the involu-
tion v we defined there reverses the orientation of Cj,11(S%) since n is
even, and sends each 7);;0 and the unit volume form into minus them-
selves. Since the number of forms 7);;o is equal to the number of edges
of I, that is, to 3ord I', we see that the integrand is even when ord I is
odd.

4.1. Proof of Theorem 4.7. As in the proof of Theorem 3.9 we
introduce the unit interval I on which all our quantities depend. In
the following we will use notation similar to that of subsection 3.5. In
particular, we still denote by 7 the projection M x I — M and by 7~ ' P
the pulled-back orthonormal frame bundle.

If S is a connected component of codimension one of 9C, (M) x I
describing the coincidence of p points, we will denote by 7 its projection
to Cp—p+1(M) x I and by F its fiber. This fiber is given by C),(IR?)
modulo translations and rescalings. Therefore, it is a (3p — 4)-manifold
with corners. Then we have

Lemma 4.9 (Kontsevich [9]). If F is the fiber of the face S asso-
ciated with the collision of q points X1, ...,Xy, and by w;; we denote the

pullbacks of the volume form of the sphere through the projections m;;
defined in (3.21), then, for any triple of indices i, 5,k (i # j,i # k),

/ wij wir = 0.
x;

Proof. If 5 = k the identity follows since w?j = 0.

If j # k, then we have at least three vertices in F'. Thus the integra-
tion on x; extends to all R? with some points blown up since we can use
the other two vertices to fix translations and scalings. The form w;; w;
is regular except at the points x; = x; and x; = x;; so we can extend
the integration of x; to R?® with only these two points blown up. Next
consider the orientation reversing involution

/
X; = X5 + X — X;.
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The forms w;; and w;; depend only on the difference of x; with x; and
Xj, so they are sent to wyy = —wyy and wjy = —wyr; respectively. Since
this involution reverses the orientation of the manifold and leaves the
integrand form unchanged, the integral must vanish. q.e.d.

Let us denote by m, the projection Cy,_,11(M) — M corresponding
to the point where all the p points collapsed. Then we define © = wom,
and consider the pulled-back bundle #~'P = 7 '7~'P. We can now
identify S with #='P x so(3) F and consider the commutative diagram:

7P xgo@ F «~— #'PxF

| B

Cppr1(M)x I +—— 77 'P
p

The form 7;; on this boundary is the pullback of the form 7 on 0Cy (M) x
I=n"'P X50(3) S? through the projection Te,ij given by the composi-
tion of the projection m;; : F — S? defined in (3.21) with the projection
.. With this notation we can state

Lemma 4.10 (Azelrod and Singer [2]). If X is a form in Q*(S)
given by a sum of products of forms n;;, then 7O\ is the pullback through
mp of a characteristic form on M x I. In particular, it vanishes unless
it is of degree zero, in which case it is a constant, or of degree four, in
which case it is a multiple of the first Pontrjagin form pi.

Proof. By construction p*A is a polynomial in 7,0 and 7df with
coefficients in Q*(F). Therefore, p*7m9\ = 72p* X is a polynomial in 76
and mdf and is basic. This means that it is a characteristic form on
Cn—p+1(M) x I obtained by pullback from M x I through ;. Since
M x I is 4-dimensional, its only characteristic forms are the constant
function and the first Pontrjagin form. q.e.d.

Now we introduce the projection o from C),+1(M) % I to I, and, for
each decorated trivalent graph, we define

Ar(M) =0, (w0 [T o
(ij)€r

Since the integrand is a closed form, dAr ; will be given only by bound-
ary contributions. We have the following;:
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Lemma 4.11. The only boundary terms that contribute to dAr ,
come from:

1. faces corresponding to the collapse of two points connected by ez-
actly one edge in T';

2. the face corresponding to the collapse of all points but the point
labeled 0; in this case, the contribution is a multiple of the first
Pontrjagin form if ordD' is odd, and vanishes if ordI is even.

Assuming this lemma for the moment, suppose that 1 and 2 are
points as in case 1. Then, on the face where 1 and 2 come together,
fli20 = —n12 and its pushforward gives —1. Notice that the rest of the
graph is left unchanged. Now compare what happens if we contract the
pair (ij), assuming i < j, instead of (12). To do so we bring the pair 4
to 1 and j to 2 by using cyclic rotations, then contract and rotate again
to bring the vertex 7 into its original position. More explicitly, first we
rotate the points 12...¢...j...ntoi(i+1)...5...nl2...(i—1). Since
we have done ¢ — 1 cyclic rotations in an even chain, we get the sign
(—1)*~1. Then we rotate (i +1)...5 to j(i +1)...(5 — 1). This gives
sign (—1)7~**! since we have done one cyclic rotation in a chain of j —i
elements. Then we contract the two vertices. Finally, we rotate 7 back
to its original position; this gives no sign since the chain is odd now.
Thus, the contraction of i with j, with ¢ < j, has sign (—1)7. This
is in accordance with the sign convention (4.4) in the definition of the
coboundary operator §. Therefore, we have proved

Corollary 4.12. If T' is a connected, trivalent cocycle in graph
cohomology, then for an arbitrary dependence of g, @ and v on I,

Anﬂﬂﬂ'—AndﬂﬁZiAdARAAﬂ:=—¢aWZQIph

where ¢(T') is a number that depends only on the cocycle T' and vanishes
if ord D is even. More generally, if ' is not a cocycle, we have

dAr (M) =~ Asr, O0) = 6(0) [ 1.
MxI
From this corollary we obtain Theorem 4.7.

Proof of Lemma 4.11. To fix our notation, in the following we will
denote by S a boundary face and by 7? its projection to Cp—gy2(M) x I,
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where ¢ (¢ > 1) is the number of collapsing points. We will denote by
F' the (3q — 4)-dimensional fiber. We will denote by A the restriction to
the boundary of one summand of the integrand form in Ar ., and will
write

A=A 1\,

First we show that the boundary faces involving the point labeled
by 0 do not contribute. Suppose that, besides 0, we have p other points
(p > 0) coming together (that is, we are taking ¢ = p+1). The boundary
then projects to Cj,—p4+1 and the fiber F' has dimension 3p — 1. Denote
by e the number of edges in I' connecting two points on the boundary
face S and by ep the number of edges in I' connecting a point in S to a
point outside S. Since I' is a trivalent graph, we have

2e + ey = 3p.

Notice that, if both ¢ and j belong to S, then 70 = —(ni; + 150 + 70i);
if only ¢ belongs to S, then 7);;0 = —n;0. Therefore, each edge with at
least one vertex in S contributes with a 2-form in the vertical direction;
that is,

deg A1 = 2(e + eg) = 3p + eo.
Since the fiber has dimension 3p — 1, we see that
degwfh =ep+ 1.

Thus, if eg > 0, then vg 7rf)\1 = ( since M x I has dimension four. On
the other hand, if ey = 0, then 7%\, vanishes by Lemma 4.10.

Next we come to the case where ¢ points (1 < ¢ < n + 1) come
together and the point labeled by 0 is not involved. In this case, if both
i and j belong to S, then 7);;0 = —n;;. If, however, at least one vertex
does not belong to S, then 7;;o will be basic (that is, it will contribute
to Az). Therefore, the form degree in the vertical direction is equal to
the number e of edges connecting vertices inside S. Again we have the
relation

2e 4 eg = 3q,
which implies

deg A1 = 3q — ep.
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Since the fiber has dimension 3¢ — 4, we get
degwal =4 — €.

By Lemma 4.10, we see that we have a nonvanishing contribution only
if eg = 4 or e¢g = 0; moreover, in the latter case, Wf)\l is a multiple
of the first Pontrjagin form. Notice that, since we are considering only
connected diagrams, this case corresponds to case 2 in the Lemma we
are proving. To prove that this contribution vanishes if ordI' is even,
consider the involution that reverses all coordinates x; in F'. Since n
is even, this involution is orientation reversing. (Notice that we can
represent F' as $3"~%4, with some submanifolds blown up, and that the
involution corresponds to the antipodal map.) On the other hand, each
7;j is sent into —n;;, and since the number of n’s is E' = 3ordI', we see
that the integrand does not change sign if ordI' is even. In this case,
then, the integral vanishes.

We are now left with case eg = 4. Notice that, since deg A\ = dim F’
now, we must select the top form on F in Ay; that is, we must replace
each n;; with w;;/(4m). We have two possibilities:

1. there is at least one vertex in S connected to a vertex outside S
through exactly one leg;

2. there are two vertices in S each of which is connected with the
outside through exactly two legs (the two legs can connect the
vertex inside with the same vertex outside or with two distinct
vertices outside), and no other vertex in S is connected to the
outside.

In case 1, we can apply Lemma 4.9 and conclude that 72\, = 0. In case
2, we notice that the two vertices under consideration can be connected
by an edge only if ¢ = 2 since the diagram is connected, and this corre-
sponds to case 1 in the Lemma we are proving. Thus, we assume that
the two vertices, which we denote by ¢ and j, are not connected and
q > 2. In this case, there exists a third vertex k that is conncted to i
through exactly one edge to which we associate the form w;;. Then we
integrate w;, over the position of the point 7. If we make the change of
variables

/
X; = X; — Xg,

we realize that the result of this integration does not depend on xj.
Thus, we can see the vertex k as if it were not connected to i. It will
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however be connected to two other vertices, possibly not distinct, in S.
Then we can use Lemma 4.9 and conclude that 72X vanishes also in
this case. q.e.d.

This concludes the proof of Theorem 4.7.

5. Knots in a rational homology 3-sphere

The forms 7);;; we have introduced in the previous sections allow for
the construction of invariants of knots K C M—when M is a rational
homology 3-sphere—generalizing the case of knots in R? discussed in

[5].

In general (for details see [5]), an imbedding
f: X=Y
gives rise to natural imbeddings
X" —=yYy"
and
Cl: Cp(X) = Cu(Y).

Moreover, since we have natural projections 7 : Cy,14(Y) — C(Y), we
can consider the pulled-back bundles

Cop = (Cf) ' Cua(Y) = Cu(X).
We will then have natural projections Cf:,t — Cf:_,’t_s.

In our case we set X = S' and Y = M, and consider a family of
imbeddings

K,:S'—< M, Tel,

where I is the unit interval, and the correspomding families of imbed-
dings CX+ and of bundles Cj7.

Notice however that C,(S') has n! distinct connected components.
We pick up one of them by choosing a fixed ordering of the points on
S, This connected configuration space will be denoted by C,(S%).
Correspondingly we will have the families of imbeddings éffr and of
bundles 5717,(,; .
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Then we recall that we are also interested in varying the metric,
the connection form and the unit volume form on M. We can take the
parameter 7 to belong to the same unit interval I, so we are led to
consider the map

~

K: S'xI - MxI,
(a,7) = (K(a),7),

and its generalizations

CK . Cp(SY) x T — Cp(M) x I.
Finally, the natural projections 7 : Cp, (M) x I — C,(M) x I allow us
to define the pulled-back bundles

CK, = (CE) (Cuse(M) x T,

n,d —

K .

Again we have natural projections Cff,t — Ch_yi—s; thecaser =n,t = s

yields the projection
o: C?ff’t — I

Using the maps C/X we can pull back the forms flij € Q*(Cn(M)).
We will keep denoting them by 7);; to avoid cumbersome notation. Sim-
ilarly we can pull back the forms #;; € Q*(C,(M) x I) by the maps
oy

Notice that a form 7j;; € QZ(C%(’t) (more precisely we should write
C’ff *f);;) depends on 7 in two ways: through the metric connection 6

and through the map C‘ff .

As in the case of manifold invariants, we will look for configuration
space integrals that yield functions on I. A constant function will then
be a knot invariant.

The simplest quantity we can write down with these ingredients is
the self-linking number

(5.1) sin(K, M) = /~ 7,
¢t

which is not a knot invariant. In fact, given a family of imbeddings K,
we can write

sin(K,, M) = 0.7,
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where o is the projection Cgfo — I. We then note that C’é(*v, =0,s01%

is a closed form on CX; moreover, 9C5, = S x {—1,1}. Therefore, we
have

62 dshaK M) =oi= [ ==z [ v
acks st

For a given imbedding K, the map
(5.3) Y - ST — 9CH (M)

is defined as follows: Consider the tangent map K, : TS' — TM and
its restriction to the sphere bundles. Since S(T'S') = S* x {—1,1}, we
actually have two maps—opposite to each other—from S* to S(T'M) =
0C5(M), one corresponding to the point —1 and the other to the point
1. We take 9 as the latter.

In the next subsection we will show how to associate knot invariants
to cocycles in a new graph cohomology. We will see that the only possi-
ble failure for the integrals we write down to be true invariants is given
by a term proportional to dsln(K;, M). Therefore, subtracting the cor-
rect multiple of the self-linking number, we obtain knot invariants.

5.1. Knot invariants. To define knot invariants, we have to in-
troduce an appropriate graph cohomology. Essentially we use the same
diagrams considered in sec. 4, but with some important modifications.

Definition 5.1. We call a decorated graph for knots a decorated
graph with a distinguished loop (representing the knot) on which we
orient all the edges consistently. We call external the vertices on the
knot and internal the others. We assume that there are always at least
two external vertices. We call internal the edges which do not constitute
the knot and external those which do. Following [5], we call connected
a decorated graph for knots such that its underlying graph is connected
after removing any pair of external edges. (In [1], such a graph is called
prime.) Finally, denoting by E the number of internal edges and by
Vi and V, the number of internal and external vertices, we grade the
collection of decorated graphs for knots by

ordl'=FE -V,

(5.4)
degl' =2FE —3V; — V..

The ©-graph can be seen as a connected decorated graph for knots
of order 1 and degree 0 if its outer circle is reinterpreted as the knot.
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Examples of connected decorated graphs for knots of order 2 and degree
0 are shown in Figure 3; in Figure 3 we have instead connected decorated
graphs for knots of order 2 and degree 1. In all these graphs it is
understood that the outer circle represents the knot.

We will follow the convention of labeling first the external vertices
following the fixed orientation. Only after we have exhausted the exter-
nal vertices do we start labeling the internal ones. In this we have the
same freedom as we had before, as well as the freedom in orienting the
internal edges. We divide the algebra of graphs by the same equivalence
relation (4.3) we had before. We keep calling D’ the quotient.

To a trivalent graph T' € D’ we can associate the number

(5.5) Ar(K, M) i[ vw ] o
Coetl  (ij)er

where n and ¢ are the numbers of external and internal vertices in I'.
Notice that by (ij) now we mean only the internal edges. If we denote
by E their number, we have

(5.6) 2F = n + 3t,
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since the external vertices are univalent as for the internal edges. This
implies that the order of a trivalent graph is 0 and that the integrand
in (5.5) is actually a top form on Cfbft +1- Moreover, in this case we have

t
(5.7) ordT = ”; .

In most cases it is possible to replace 7j;;o by 7;; in (5.5). Actually,
we have

Lemma 5.2. Unless (ij) belongs to an internal loop, the integral
Ar(K, M) in (5.5) does not change if one replaces 7);jo with 7;;.

Proof. Since the dimension at the point 0 is saturated by the volume
form vy, the integration selects the components of the 2-form 7j;;0 that
carry either one form degree at each vertex ¢ and j or two form degrees
at one vertex ¢ or j and zero form degrees on the other. The terms
fjo and 7g; contribute to the latter case only. Therefore, to prove the
lemma, it is enough to show that, unless (ij) belong to an internal loop,
integration selects the component of 7);;o that carries one form degree
on ¢ and one on j.

Suppose first that 4 is an external vertex. In this case, it is clear
that the integral vanishes by dimensional reasons if we put a zero- or a
2-form on 1.

If both ¢ and j are internal we can reason as follows. Suppose we
select the component of 7j;jo that carries two form degrees on i. Call j/
and j” the other two vertices connected to 7. Necessarily, the form on
one internal edge, say 1);;0, will carry zero form degrees on 7, while the
form on the other internal edge, say #);;0, will carry one form degree
on . Thus, 7j;9 will carry two form degrees on j', and so on. Notice
that no vertex can appear twice in this sequence since otherwise it would
carry a 4-form. Moreover, no external vertex can belong to the sequence
since we cannot put a 2-form on the knot. Thus, this procedure gives
a nonvanishing result only if at some point in this sequence we hit the
vertex j; in fact, on j we can put a 2-form since in 7);;o we have chosen
the component that carries no form degrees on j. But this can happen
only if (ij) belongs to an internal loop. q.e.d.

Example 5.3. Referring to the graphs in Figure 3, and taking into
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account Lemma 5.2, we have the following integrals:

Ar, (K, M) = fgfl Vo130 fl2d0 = fgfo 113 T2,
Ar, (K, M) = fgg(Q V0 7140 T)240 T340 = fgg(l 14 24 134,
Ary (K, M) = [ax voin2oigsofisto = e, vo 712 7330 3a-

On D’ we can define a coboundary operator § as in the case of dec-
orated graphs for manifolds with the additional constraint that internal
edges connecting external vertices are not contracted. Thus, d con-
tracts external regular edges or internal regular edges with at least one
endpoint internal. Notice that, if the graph has exactly two external
vertices, there are no external regular edges. We have then an analogue
of Prop. 4.4.

Again we call a cocycle a graph I killed by § and note that § can be
restricted to the algebra of connected graph.

Example 5.4. The ©-graph with its outer circle seen as the knot
is a cocycle in the graph cohomology for knots since it has no regular
edges.

Example 5.5. Referring to the graphs in Figures 3 and 4, we have

6Ty = 4T,
6Ty =31 + 315,
6T3 = 2T,

Therefore, the combination

1 1 1
r=-r,—--r_ -T
11 3 2+2 3

is a cocycle in the graph cohomology for knots.
Notice that 0I'; differs here from what we obtained in Example 4.6
since there we had to contract also the edges (13) and (24).

Finally we can state the following.

Theorem 5.6. If K is a knot in the rational homology 3-sphere M
and T' a connected, trivalent cocycle in the graph cohomology for knots,
then there ezists a constant u(I') such that the quantity

In(K, M) = Ap(K, M) + u(T) sln(K, M)

is a knot invariant. Moreover, u(T') =0 if ordT is even.
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For M = R3, the analogous theorem was proved in [5]; the vanishing
of u(T') for ordT" even in this case was proved in [1]. The simplest
knot invariant—which corresponds to the cocycle described in Example
5.5—had previously been described in [8] and [3].

Remark 5.7. In [3] a product structure is introduced on the algebra
of graphs. With this product,

Ap,.r,(K,M) = Ar, (K, M) Ar, (K, M).

This explains why it is enough to restrict our attention to connected
graphs only. (Actually, in [1] it is shown that as for the computation
of u(T") it is enough to consider “primitive” graphs, namely, decorated
graphs for knots such that their underlying graphs are connected after
removing all external edges.)

5.2. Proof of Theorem 5.6. Since the integrand form is closed
by construction, then dIr—as a 1-form on the unit interval I—will be
given just in terms of boundary integrals.

We first consider the faces corresponding to the collapse of vertices
(necessarily internal or carrying the volume form) at an internal vertex.
In this case we can use the same arguments we used in subsection 4.1
to prove Theorem 4.7. Essentially we come to the same conclusions of
Lemma 4.11, with one important difference: since there are always at
least two external vertices and the diagram is connected, it can never
happen that all points come together at an internal vertex. Therefore,
we are left only with case 1 of Lemma 4.11, and this is taken care of by
the action of the coboundary operator 4.

Now consider a collapse at an external vertex. Here both internal
and external vertices can come together. Notice that, if the point 0 is in-
volved, the form vanishes since v is a 3-form and S' x I is 2-dimensional;
so we must only consider the case where ¢ external and s internal ver-
tices (with ¢ > 1, s > 0 and ¢+ s > 2) come together at a point z on the
knot. Let us denote by & the corresponding face. This is a bundle over

I whose fiber is a component of 8(75,; 11~ However, we can also think

of § as a bundle over C?ff_q +1,t—s+1 Whose projection we denote by 0.
Its (¢ + 3s — 2)-dimensional fiber can be described as given by ¢ copies
of T,;S' and s copies of Tk, (z)M up to global translations along TS !
and scalings, and with the diagonals blown up. Moreover, since we are
considering only one connected component of the configuration spaces,
we must fix an ordering of the ¢ points on 7, S".
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To give an explicit description of this fiber, we consider the following
commutative diagram:

S L) 7T_1P Xso(g) (52 X F)

~ | |#

K 1 2
Crigi1,—s41 —>f m P Xso(3) S

Here 7 is the projection M x I — M, and f is the composition of the
projection

5K 1
Ty - Cn—q+1,t—s+1 — S x I
to the point where the collapse has happened with the map

I/A)KZ Sl xI — 7T_1P Xso(g) 82,
(0[, T) = (1/)[(,,7')

with g defined in (5.3). (Remember that dCy(M) = P X go(3) S”.)
The space S? x F is defined as follows. To each a € §? we associate
the imbedding

a: R —» R3,
T — ax.

Then we call F# the configuration space C7; modulo translations and

scalings; that is, if we denote by 1, ..., z, the ¢ coordinates in R (with
z1 < 29 < -++ < x4) and by Xg41,...,Xq4s the s coordinates in R3, we
divide Cg ; by the translations

z; — o + &,
xj—>xj+fa,

with £ € R, and by the scalings
T — )\Jii,
Xj — )\Xj,

with A € R*. By S? x F we then mean the pairs (a, F2) with a € 52
The action of SO(3) on S? x F is just the defining action on the
copies of R? and on S?, and the trivial action on the copies of R.

129
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Next consider the form A € Q*(S) given by the restriction to this
face of one summand of the integrand form in It. We can split A as

A=A 7\,

Then we have

Lemma 5.8. If Ay is a vertical form on S given by the restriction
to this face of a sum of products of forms 7;;, then 7\ vanishes unless
it is a zero-form, in which case it is a constant, or is a 2-form, in which
case it is a multiple of f*n.

Proof. We can write A\ = f*j\l, where ); is a sum of products of
pullbacks of the form n € 7~ ' P X50(3) S? through the projections ij
we are going to describe. First define

Wij:SZKF%SZ,

by
asgn(j —1) ifs,j <gq,
7Tij(a,(II1, sy Ly Xg 41y - - - ,Xq+8) - ZEZ;J.__aZ; iiz i Z’j Z Z’
) <4,
p(xj —x;) ifi,j>q,
with
p(x) = %

Since the 7;;’s are equivariant, they descend to
| 2 -1 2
g5+ T PXSO(3)(S D<F)—>7T PXSO(3)S.

Now consider the commutative diagram:

T P X g0(3) (8% X F) P x(S2xF) L 1P x §2

.| o

7T_1P X50(3) 52 % 7T_1P X 82
p

The form p* )\ is given in terms of pullbacks of the form 7 = p*n, defined
in (3.1), through the projections ;;. Since the maps 7;;’s and 7 act
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as the identity on 7~ ' P, we conclude that %fﬁ*j\l is a polynomial in 6
and df with coefficients in Q*(S?). Moreover, we know that it is basic.
Therefore, it must be either a constant or a multiple of the form 7. As
a consequence, 70 A1 is either a constant or a multiple of the form 7.
q.e.d.

Now we compute the degree of 72);. If i and j are in S, then 130
reduces to 7);;. If at least one vertex 4 or j is not in §, then 7);; is basic
in § (that is, it contributes to Ag). Thus, the degree of \; is equal to
the number of internal edges connecting vertices inside S. Let us denote
this number by e, and let ey be the number of internal edges connecting
a point in § with a point outside. Then we have

2e + ey = q+ 3s,

since in S we have ¢ univalent and s trivalent vertices (as for the internal
edges). Since the fiber dimension is ¢ + 3s — 2 we conclude that

degwf)\l =2 —eg.

By Lemma 5.8, we then see that 72\; vanishes unless eg = 0 or
eg = 2. In the former instance all points but the point 0 collapse on the
knot. The point 0 is now completely disconnected from the point on
the knot where all points have collapsed; therefore, we can integrate the
volume form on 0. We are then left with a multiple of f*n = ¢} 71 to

be integrated over CN{,(O = S'. But this can also be written as a multiple
of dsln(K,, M) by (5.2).

To prove that we do not have this contribution if ordI' is even,
we consider the involution ¢ that acts: as the antipodal map on S2,
trivially on the ¢ = n copies of R, and as the reflection with respect to
the origin on the s =t copies of R3. Since the maps m;j are equivariant
and ¢*n = —n by Prop. 3.1, we have

¢*A = (=17 Ay,

where F is the number of internal edges. The map 77 is also equivariant;
however, the orientation of the fiber is reversed if ¢ is odd, so

¢ alh = (—1)FH a0
On the other hand we know that frf A is proportional to 7, so

~073 ~073
*7r*)\1 = — *>\1.
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This means that 7% vanishes if E +t is even. By (5.6) and (5.7), this
is equivalent to ordI' even.

To complete our proof, we must finally consider the case ey = 2. In
this case the fiber dimension is equal to the degree of A;. As in the
proof of Lemma 5.8, we write A\; = f*5\1 and see that 72 now selects the
part of degree 0 in §. Therefore, we can use the same arguments used
in [5] to prove that 72\, vanishes unless ¢ + s = 2. This case is taken
care of by the coboundary operator 0. (Notice that if " has exactly two
external vertices, say 1 and 2, and we are considering their collapse,
then we get two opposite contributions as 1 approaches 2 from one or
the other side, provided that 1 and 2 are not connected by one internal
edge.)

This concludes the proof of Theorem 5.6.
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