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Abstract

In this paper we show that the counting function of the discrete spectrum
of an arithmetic subgroup of a semisimple Lie group satis�es a polynomial
upper bound� and we use it to prove the trace class conjecture in complete
generality� To get this upper bound on the discrete spectrum� we introduce
new spaces which are principal bundles over locally symmetric spaces and
prove that the counting function of the eigenvalues of their pseudo�Laplacian
satis�es the Weyl law�

�� Introduction

����

Let G be a semisimple algebraic group de�ned over Q� and
� � G�Q� an arithmetic subgroup� Fix a Haar measure on G � G�R��
the real locus of G� Then G has a right regular representation in
L	��nG�� denoted by R� for f � L	��nG� and g � G� R�g�f�x� � f�xg��
In the following� we assume that �nG is noncompact� Then the repre�
sentation R has both a discrete spectrum and a continuous spectrum�
Denote by L	

d��nG� the direct sum of irreducible subrepresentations of
R and by L	

c��nG� the orthogonal complement of L
	
d��nG� in L

	��nG��
The restriction of R to the discrete subspace L	

d��nG� is denoted by Rd�
For any � � L��G�� de�ne an operator Rd��� on L	

d��nG� by

Rd��� �

Z
G

��g�Rd�g�dg�
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In the theory of the Selberg trace formula and automorphic forms� a
longstanding important problem is the following trace class conjecture
	

� Open problem �� 	
�� x�� 	�� x���� 	

� 	

� x
�
� 	�
� p���� 	
���

Conjecture ������ For any � � C�

 �G�� the operator Rd��� is of

the trace class�

Let C��G� be Harish�Chandra�s Schwartz space of integrable rapidly
decreasing functions on G �see 	

� p�
�� for de�nition�� which clearly
contains C�


 �G�� The main result in this paper is the following�

Theorem ����� �x��� For any � � C��G�� the operator Rd��� is of
the trace class� in particular� Conjecture ����� holds�

A di�erent proof of this theorem is given by M�uller in 	

� and
announced in 	
���

If the Q�rank of G is equal to one� the trace class conjecture was
proved by Langlands 	���� If the convolution function � is assumed to be
K��nite for a maximal compact subgroup K of G� then the trace class
conjecture was proved by M�uller 	

�� Earlier in 	���� Donnelly proved
the conjecture for K��nite convolution functions � when the Q�rank of
G is equal to one�

One of the motivations for the trace class conjecture is as follows�
Decompose L	

d��nG� into the irreducible subspaces�

L	
d��nG� �

X
�� �G

�m�����

where �G is the set of unitary irreducible representations of G� and m���
is the multiplicity of �� An important problem in automorphic forms
is to understand the set of � with nonzero multiplicity m��� and the
values ofm���� A powerful method for this problem is the Selberg trace
formula� which is an equality between the spectral expression and the
geometric expression of tr�Rd����� The �rst step in establishing such
a trace formula is the solution of the above trace class conjecture� Os�
borne and Warner have tried to establish such a trace formula under the
assumption that the trace class conjecture holds in a series of papers �see
	
�� and the references there�� On the other hand� by considering the
restriction of R to the cuspidal subspace L	

cus��nG� and the decompo�
sition of L	��nG� according to association classes of cuspidal data �see
x
���� Arthur 	�� has developed a trace formula when � is a congruence
subgroup� which is very useful for the purpose of comparing spectra of
di�erent groups� i�e�� the functorial transfer in Langlands� program�
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The proof of Theorem ����
 follows easily from a polynomial upper
bound on the discrete spectrum of the Laplace operator on L	��nG� in
Theorem ����
 below�

Fix a maximal compact subgroup K of G� Let g and k be the
Lie algebras of G and K respectively� Then K induces the Cartan
decomposition� g � k � p� De�ne an inner product on g which is equal
to the Killing form on p and the negative of the Killing form on k�
Then this inner product on g extends to a left G�invariant Riemannian
metric on G� which descends to a Riemannian metric on �nG� Denote
by � the Beltrami�Laplace operator of this metric on �nG� Since this
metric commutes with the right K�action� the Laplace operator � also
commutes with the right K�action� This K�invariance of � will play an
important role in this paper�

The Laplace operator � preserves the decomposition

L	��nG� � L	
d��nG� � L	

c��nG��

and has a discrete spectrum Specd��� on L	
d��nG� and a continuous

spectrum Specc��� on L	
c��nG�� Denote the counting function of the

discrete spectrum by

Nd��� � jf�i � Specd��� j �i � �gj�

To state the the polynomial upper bound on Nd��� mentioned ear�
lier� we need some notation� For any proper rational parabolic subgroup
P of G� its real locus P admits the �rational� Langlands decomposi�
tion P � NPMPAP � De�ne rankQ�P� � dimAP � and rankQ�G� to
be the maximum of rankQ�P� for all P � G� The symmetric space
XP � MP ��MP � K� is called the boundary symmetric space associ�
ated with P�

Theorem ����� �x��� The counting function Nd��� of the discrete
spectrum satis�es the following upper bound�

Nd��� � �� � o���������n�	
vol��nG�

��n	 � ��
�n�	 �O����m�	�

where n � dimG� m is the maximum of �rankQ�P�����dimXP�dimK�
for all proper rational parabolic subgroups P of G such that

rankQ�P� � rankQ�G�� ��
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and o��� is a quantity going to zero as �� �� while O��� is bounded�
In particular� there exists a positive constant c such that

Nd��� � c�� � �
n
�
rankQ �G���

This improves a result of Borel and Garland 	�� Theorem 
� that
Nd��� � �� for all � � �� Theorem ����
 follows from Theorem ����

by a standard argument� In fact� any polynomial upper bound onNd���
implies Theorem ����
 �see x���

Theorem ����� ���
�
�� If the Q�rank of G is equal to �� then
the counting function Nd��� of the discrete spectrum satis�es the Weyl
upper bound� i�e��

lim
����

sup
Nd���

�n�	
� �����n�	

vol��nG�

��n	 � ��
� n � dimG�

Theorem ����� is a corollary of Theorem ����
� In fact� it follows
from the �rst part of the proof of Theorem ����
 �see x���

Besides this application to the solution of the trace class conjecture�
Theorems ����
 and ����� are interesting from the point of view of spec�
tral geometry� It gives a quantitative description of the distribution of
the irreducible subrepresentations of L	

d��nG��
The upper bound in Theorem ����� is sharp� In fact� if �nG is com�

pact� then � has only a discrete spectrum on L	��nG�� whose counting
function Nd��� satis�es the Weyl law� i�e�� the equality holds in Theo�
rem ������ A natural question is under what conditions on noncompact
quotients �nG� the Weyl law holds for the discrete spectrum� i�e�� the
inequality in Theorem ����� becomes an equality� It is certainly conceiv�
able that this is the case whenever � is a congruence subgroup� but it is
not known even for G � SL�
�R�� More is known about the Weyl law for
locally symmetric spaces� see 	��� x��
� for discussions on this problem
for locally symmetric spaces� Since L	��nG� involves all representations
of K� this problem will be more complicated for L	��nG��

����

In the rest of this introduction� we outline the basic idea of the proof of
Theorem ����
 and the di�culties involved�

The upper bound in Theorem ����
 is similar to the bound in 	���
Theorem ����
� for the Laplace operator on �nX � where X � G�K

is the Riemannian symmetric space associated with G� In 	���� the
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pseudo�Laplace operator �T of �nX plays an important role� Inspired
by this� we introduce the pseudo�Laplace operator �T on �nG whose
domain consists of those functions with vanishing constant terms above
the height T along all proper parabolic subgroups of G �see x� for a
precise de�nition�� An important property of �T is that it has only a
discrete spectrum� Denote the counting function of the spectrum of �T

by NT ���� Using the precise reduction theory in 	
��� the bounds on the
heat kernel as in 	��� and Arthur�s truncation operator �T 	
�� we prove
the following result�

Theorem ����� ���
�
�� The counting function of the eigenvalues
of the pseudo�Laplace operator �T of �nG satis�es the Weyl law� i�e��

lim
����

NT ���

�n�	
� �����n�	

vol��nG�

��n	 � ��
� n � dim�nG�

To derive Theorem ����
 from Theorem ��
��� the problem is to
relate the discrete spectrum of � to the eigenvalues of �T � This is the
same problem that we met in 	���� As in 	���� our guiding philosophy
is that �T is a good approximation to � and the discrete spectrum of
� can be uniformly approximated by a part of the eigenvalues of �T �
We will show that such a uniform approximation holds for a majority of
the rank�one residual discrete spectrum of � and then derive Theorem
����
 from Theorem ��
��� Though only the upper bound for NT ��� is
used in the proofs of Theorems ����
 and ����
� the lower bound is of
independent interests� As pointed out in 	��� x��
�� Theorem ��
�� can
be interpreted as an analogue of the Weyl�Selberg law�

Let K be a maximal compact subgroup of G� and X � G�K be the
associated symmetric space as above� Then �nG is a principal K�bundle
over �nX � The basic idea is that since the Laplace operator � of �nG
commutes with the right K�action� � can be decomposed as a sum
of vector�valued Laplace operators on �nX which are studied in 	����
Similarly� the pseudo�Laplacian �T can also be decomposed according
to the action of K� Then we can use the results for these operators in
	��� to compare the discrete spectrum of � and the eigenvalues of �T �

To point out new di�culties occurring in this case� we recall the proof
of the upper bound on the counting function of the discrete spectrum
in 	���� Since the truncation of the constant terms has no e�ect on
cuspidal functions� the cuspidal discrete spectrum is contained in the
spectrum of the pseudo�Laplace operator� The problem is to bound
the residual discrete spectrum� The residual eigenfunctions are given
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by iterated residues of Eisenstein series associated with various rational
parabolic subgroups ofG� Based on the rank of the parabolic subgroups�
the residual discrete spectrum can be decomposed into two parts� the
rank�one and higher rank residual discrete spectra� The bound on the
counting function of the residual discrete spectrum is obtained in two
steps� ��� The majority of the rank�one residual discrete spectrum can
be approximated uniformly by a part of the spectrum of the pseudo�
Laplacian� �
� The counting function of the higher rank residual discrete
spectrum can be bounded in terms of the counting function of the rank�
one residual discrete spectrum and the pseudo�Laplacian of spaces of
smaller dimension� We will use the same strategy to prove Theorem
����
� but there is a new problem of bounding the multiplicities which
occur in the decomposition of � according to the right action of K and
restrictions of representations of K to its subgroups�

More precisely� any unitary irreducible representation � of K de�nes
a homogeneous bundle E� over �nX � Denote the space of L	�sections
of E� by L

	��nX� ��� Then

L	��nG� �
X
�� �K

��dim ��L	��nX� ���

The restriction of the Laplace operator � of G to each subspace
L	��nX� �� is denoted by �� and is a shift of the Bochner�Laplace
operator on L	��nX� �� de�ned in 	��� by a constant depending on ��
Similarly� the pseudo�Laplace operator �T admits a decomposition with
respect to the right K�action� and the restriction of �T to the subspace
corresponding to L	��nX� �� is denoted by �T�� and is a shift of the
pseudo�Laplace operator de�ned in 	��� by the same constant deter�
mined by � as above�

For every association class C of rational parabolic subgroups of G�
there is a subspace L	

C��nG� of L
	��nG� �x
���� The subspace L	

C��nG�
also admits a decomposition according to the action of K�

L	
C��nG� �

X
�� �K

��dim ��L	
C��nX� ���

Denote the counting function of the discrete spectrum of � in L	
C��nG�

by NC���� and that of �� in L	
C��nX� �� by NC������ Similarly� the

corresponding counting functions of the pseudo�Laplacians �T and �T��

are denoted respectively by NT�C��� and NT�C������
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Suppose C is of rank�one� i�e�� the parabolic subgroups in C are of
rank�one� Let P�� � � � �Pr be a set of representatives of ��conjugacy
classes in C� Let Pi � NPiAPiMPi be the Langlands decomposition of
Pi� For every � � �K and Pi� denote the counting function of the cuspidal
discrete spectrum in L	��MPi

nXPi � �MPi
� by Ni�cus������ where �MPi

is
the restriction of � to the maximal compact subgroup Ki � K �MPi of
MPi � Denote by j	j the common norm of the half sum of the roots in
��Pi� APi� with multiplicity� i � �� � � � � r� Since �� and �T�� are shifts
of the corresponding Laplace and pseudo�Laplace operators used in 	���
by the same constant� by 	��� Proposition ��
���� NC����� is bounded
from above as follows�

NC����� � NT�C����� j	j	� �
rX
i
�

Ni�cus������

Summing over representations � � �K� we get the following bound on
the rank�one residual spectrum�

NC��� �
X
�� �K

�dim ��NC����� � NT�C��� j	j	�

�
rX
i
�

X
�� �K

�dim ��Ni�cus������

Naturally� one expects to bound the sum
P

�� �K�dim ��Ni�cus����� by the
counting function Ni�cus��� of the cuspidal spectrum of L	��MPi

nMPi�
since �MPi

nMPi is the natural analogue of �nG associated with Pi� But

Ni�cus��� �
X
�� �Ki

�dim 
�Ni�cus������

where Ki � K �MPi is a maximal compact subgroup of MPi � Since
Ki 	� K� the restriction �MPi

to Ki of an irreducible representation �

of K is not irreducible in general� i�e��

�MPi
�
X
�� �Ki

m�
�
�

where the multiplicity m�
� will be nonzero for more than one 
 in
general� Then

L	��MPi
nXPi � �MPi

� �
X
�� �Ki

m�
�L	��MPi
nXPi � 
��



�
� lizhen ji

and hence
Ni�cus����� �

X
�� �Ki

m�
�Ni�cus������

X
�� �K

�dim ��Ni�cus����� �
X
�� �K

dim ��
X
�� �Ki

m�
�Ni�cus�������

Therefore� we can not use the counting function Ni�cus��� of the cuspidal
spectrum of L	��MPi

nMPi� to bound the sum aboveP
�� �K�dim ��Ni�cus������ The basic reason is that �MPi

nMPi is a Ki�
principal bundle over �MPi

nXPi � while �nG is a K�principal bundle
over �nX and K is strictly greater than Ki� Similar problems occur
in the second step above in bounding the higher rank residual discrete
spectrum� To overcome these problems� we need to study certain K�
principal bundles over �MPi

nXPi �x
��
The study of these K�principal bundles is one of the new features of

this paper and plays an important role in proving the upper bound on
the discrete spectrum of L	��nG� in Theorem ����
� From the discus�
sions in x
� these spaces are natural and interesting in themselves�

����

The rest of the paper is organized as follows� In x
� we review the
Langlands decomposition of parabolic subgroups and their boundary
spaces� and de�ne the K�principal bundles over them which are needed
to bound the residual discrete spectrum of L	��nG� as mentioned above�
In x
� we generalize a few standard concepts in the theory of automor�
phic forms to these bundles and review the spectral decomposition of
them� in particular �nG� using the spectral decomposition of the lo�
cally symmetric spaces associated with them� In x�� we introduce the
pseudo�Laplace operator on these K�principal bundles and show that
the counting function of its eigenvalues satis�es the Weyl law� In x��
we show that the majority of the rank�one residual discrete spectrum of
� can be approximated uniformly by the eigenvalues of �T � In x�� we
bound the counting function of the higher rank residual discrete spec�
trum and prove Theorem ����
� In x�� we prove Theorem ����
 by using
Theorem ����
�

����

This paper is a continuation of 	���� and several results and their proofs
from 	��� are used here� but we have tried to make this paper as self�
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contained as possible� Both papers are motivated by and depend essen�
tially on 	

�� and the results have been announced in 	���� Because of a
gap in the last step in 	��� bounding the counting function of the higher
rank residual discrete spectrum �see 	��� Remark ��
�
��� the Weyl upper
on Nd��� announced in 	��� Theorem ������ has to be replaced by the
weaker one in Theorem ����
 here� But this does not a�ect the solution
of the trace class conjecture announced there �	��� Theorem ��
�
���

I would like to thank the referees for their careful reading and very
helpful comments� I would also like to thank Professor A� Borel for his
comments on the neatness assumption on the arithmetic subgroup � to
avoid V�manifolds�

�� Boundary spaces �MP
nXP and K�principal

bundles �MP
nBP over them

����

In this section we de�ne boundary spaces and K�principal bundles over
them for rational parabolic subgroups ofG �x
�
� x
�
�� Then we extend
the reduction theory of arithmetic subgroups to such spaces �x
����

����

First we recall the construction of the left invariant Riemannian metric
on G� Fix a maximal compact subgroup K of G as above� Let g � k�p

be the Cartan decomposition of the Lie algebra g of G� Then the Killing
form is positive de�nite on p and negative de�nite on k� By identifying
the tangent space of X � G�K at K with p� we de�ne an invariant
Riemannian metric on X � To get a Riemannian metric on G� we de�ne
an inner product on g as follows� It is equal to the Killing form on p

and the negative of the Killing form on k� Under the left translation�
this inner product de�nes a left G�invariant Riemannian metric on G�
Since the adjoint action of K preserves the Killing form and the Cartan
decomposition� this left invariant metric is also right K�invariant�

We recall the Langlands decomposition of rational parabolic sub�
groups of G� For any proper rational parabolic subgroup P of G� its
nilpotent radical NP is an algebraic group de�ned over Q� and the Levi
quotient LP � NPnP is also an algebraic group de�ned over Q� De�
note by X�LP�Q the group of characters of LP de�ned over Q� De�ne
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MP � ���X�LP�QKer��
	�� the anisotropic part of LP� Then MP is an

algebraic group de�ned overQ� Let SP denote the maximalQ�split torus
in the center of LP� and AP � SP�R�


� the connected component of the
real locus� Then LP �MPAP � where LP � LP�R��MP �MP�R��

Denote the Cartan involution of G associated with K by �� and the
real locus P�R� by P � Then there exists a unique lift i
 � LP � P of
the Levi quotient LP such that the image i
�LP � is invariant under the
Cartan involution �� For simplicity� we identify LP with its lift in P �
Similarly� we also identify MP and AP with their lifts in P �

Denote the real locus NP�R� by NP � Then we have the following
�rational� Langlands decomposition of P �

P � NPMPAP ����

i�e�� the map �n�m� a� � NP
MP
AP � nma � P is a di�eomorphism�
Since AP commutes withMP � the Langlands decomposition can also be
written as P � NPAPMP �

Denote the intersection MP �K by KMP
� Then KMP

is a maximal
compact subgroup of MP � De�ne

XP �MP �KMP
�

Then XP is a product of a Riemannian symmetric space of noncompact
type with a possible Euclidean factor� The Langlands decomposition of
P induces the following horospherical decomposition of X �

X � NP 
XP 
AP ��
�

This horospherical decomposition of X plays an important role in com�
pacti�cations of X and �nX �see 	�
� 	��� and the references there�� and
XP and its quotient often appear as a part of the boundary components
of the compacti�cations� Inspired by this� we call XP the boundary
symmetric space associated with P �

The boundary symmetric space XP can be canonically identi�ed
with a totally geodesic submanifold of X as follows� mKMP

� XP �
mK � X �

The map � � G � X � G�K gives the Lie group G a K�principal
bundle structure over X � Identify XP with the totally geodesic sub�
manifold of X as above� and denote the inverse image ����XP � by BP �

Lemma ������ The space BP is invariant under the left multiplica�
tion by MP and the right multiplication by K and hence is a K�principal
bundle over the boundary symmetric space XP �
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Proof� By de�nition BP � fmk � G j m � MP � k � Kg� Then it
is clear that BP is invariant under the left multiplication by MP and
the right multiplication by K� Since XP � MP �MP � K� the right
K�multiplication de�nes a K�principal structure on BP over XP �

Lemma ������ The left invariant metric on G induces a Rieman�
nian metric on BP which is invariant under the left multiplication by
MP and the right multiplication by K�

Proof� This lemma follows from the invariance of BP under the left
multiplication by MP and the fact that the left invariant metric on G
commutes with the right K�multiplication�

Remark ������ The space BP may seem strange at �rst� The
reason is that XP is usually considered as a boundary space of X � but
we need to embed XP inside X in order to get the space BP � We
note that when P � G� BP � G� which is the basic space in this paper�
However� we need other spaces BP when P are proper rational parabolic
subgroups in order to bound the residual discrete spectrum of L	��nG�
as explained in the introduction �see the proofs of Propositions ��
��
and ��
�� below�� For other interpretations of BP � see Remarks 
�
�

and 
�
���

����

We use the spaces BP above to de�ne K�bundles over the boundary
spaces of �nX which will play an important role below�

Let � � G�Q� be an arithmetic subgroup� To avoid �nite quotient
singularities and V�manifolds� from now on� we assume for simplicity
that � is a neat arithmetic subgroup �see 	�� x��� for de�nition�� Since
every arithmetic subgroup admits a neat subgroup of �nite index� this
restriction is not severe�

For any rational parabolic subgroup P� de�ne �P � � � P � Then
�NP

� �P �NP is a cocompact subgroup in NP � The quotient �NP
n�P

is an arithmetic subgroup inMP which can be identi�ed with the image
of �P in MP under the projection P � NPAPMP � MP � Denote the
image of �P inMP by �MP

� Then �MP
is an arithmetic subgroup ofMP

and acts on the boundary symmetric space XP � The quotient �MP
nXP

is a locally symmetric space of �nite volume and called the boundary
locally symmetric space of �nX associated with the rational parabolic
subgroup P� In fact� �MnXP is the boundary component associated
with P in the reductive Borel�Serre compacti�cation of �nX �see 	�����
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Lemma ������ The group �MP
acts isometrically and discretely on

BP � and the quotient �MP
nBP is a K�principal bundle over �MP

nXP �

Proof� By Lemma 
�
��� BP is a K�principal bundle over XP � Since
�MP

acts discretely over XP from the left� �MP
acts discretely on BP �

Note that since � is neat� �MP
is torsion free� and �MP

�K contains only
the identity element� This implies that the quotient �MP

nBP inherits
the K�principal bundle structure from BP � since the K�principal bundle
structure is given by the right K�multiplication�

De�nition ������ The K�principal bundle �MP
nBP over �MP

nXP

is called the boundary bundle associated with P�

Remark ������ Using the reductive Borel�Serre compacti�cation

�nX
RBS

of �nX and the K�principal structure of �nG over �nX � we
can get a compacti�cation of �nG which is also a K�principal bundle

over �nX
RBS

� Then the boundary bundle �MP
nBP is the boundary

component of this compacti�cation of �nG associated with P� From this
point of view� these boundary bundles are natural objects to consider�

Remark ������ After this paper was submitted� we realize that by
writing BP � NPAP nG� BP is similar to the space NP�A �AP nG�A ��
and �MP

nBP is similar to NP�A �MP�Q�APnG�A �� where A is the ring
of adeles� The latter two spaces occur naturally in the spectral theory
of L	�G�Q�nG�A �� and automorphic forms �see 	
� for example�� On
the other hand� our construction of BP here is more geometric and its
K�principal structure is evident� and the embedding into G naturally
induces an invariant Riemannian metric on BP �

Remark ������ Using the equality BP � NPAP nG� we can give
another more intrinsic description of the compacti�cation of �nG men�
tioned in Remark 
�
�
� Speci�cally� for every rational parabolic sub�
group P of G� de�ne its boundary component e�P� in the partial com�
pacti�cation G �

�
P e�P� of G by e�P� � BP � where BP is glued on

via the decomposition G � NP 
 AP 
 �MPK�� Then the quotient
�nG �

�
P e�P� is the above compacti�cation of �nG� This compacti�

�cation admits a right K�action� In fact� it admits a natural right G�
action� For more details about this compacti�cation and the G�action�
see 	���
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����

For any rational parabolic subgroup P ofG� we generalize the reduction
theory of arithmetic subgroups to the action of �MP

on BP �
For any rational parabolic subgroup Q of MP� let Q � NQMQAQ

be the Langlands decomposition of Q � Q�R� �see Equation 
�
����
Denote the Lie algebra of AQ and NQ by aQ and nQ respectively� Then
aQ acts on nQ by the Lie bracket� and the set of roots is denoted by
��Q�AQ��

Let Q�� � � � �Qm be a set of representatives of �MP
�conjugacy classes

of maximal rational parabolic subgroups Q of MP� i�e�� those Q with
rankQ�Q� � �� Let aj � aQj

� and de�ne

a
 � �m
j
�aj �

Then for any rational parabolic subgroup Q of MP� there is a well�
de�ned map

IQ � a
 � aQ

such that if Q � Qj � j � �� � � � � m� IQj
is the projection from a
 to the

summand aj 	
�� p�

�� 	
���
For j � �� � � � � m� let 	j � a�j be the half sum of the roots in

��Qj � AQj
� with multiplicity� Then 	j de�nes a vector H�j in aj under

the duality between aj and a�j de�ned by the Killing form� These vectors
H�j de�ne a vector H� in a
 such that IQj

�H�� � H�j for j � �� � � � � m�
Fix a large positive number t and a vector T � tH� � a
� For any

rational parabolic subgroup Q� de�ne subsets of AQ�

AQ�T � feH � AQ j ��H� � ��IQ�T ��� � � ��Q�AQ�g�

AT
Q � feH � AQ j hIQ�T ��H� V i � �� for all V � a�Qg�

where a�Q � fa � aQ j ��H� � �� � � ��Q�AQ�g is the positive �or
dominant� cone� In other words� AQ�T is a shift of the positive cone
AQ�
 � exp a�Q� while A

T
Q is a shift of the negative of the obtuse cone

dual to the positive cone AQ�
�
For any compact subset 
 � NQMQ� the set 
AQ�T is called a Siegel

set in MP associated with the rational parabolic subgroup Q� Inspired
by this� we call the set 
AQ�TK a Siegel set in BP �MPK�

Denote the projection BP � �MP
nBP by Proj� Then

Proj�NQA
T
QMQK� is a subset in �MP

nBP which is obtained by remov�
ing a neighborhood of the cusp of �MP

nBP associated with Q�
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Lemma ������ For t 
 � and T � tH� as above� the intersection
�QProj�NQA

T
QMQK� over all proper rational parabolic subgroups Q of

MP is a compact submanifold with corner� This compact submanifold
is called the compact core of �MP

nBP and denoted by ��MP
nBP �T �

Proof� Denote the projection from XP to �MP
nXP also by Proj�

Identify XP with NQ
XQ
AQ using the horospherical coordinates in
Equation �
�
�
�� By 	
�� x� and x
�
�� the intersection

�QProj�NQ 
XQ 
AT
Q�

over all proper rational parabolic subgroups Q of MP is a compact
submanifold with corner in �MP

nXP � In fact� it is the image in �MP
nXP

of the central tile in XP � Since

�QProj�NQA
T
QMQK� � �MP

nBP

is a K�principal bundle over

�QProj�NQ 
XQ 
 AT
Q� � �MP

nXP �

the former is also a compact submanifold with corner�

Lemma ������ Let Q�� � � � �Qp be a set of representatives of �MP
�

conjugacy classes of proper rational parabolic subgroups of MP� Then
for any T � a
 as above and j � �� � � � � p� there exists a compact sub�
manifold with corner 
j � �Qj

nNQj
MQj

such that 
iAQi�TK is a com�
pact submanifold with corner in �Qj

nBP and is mapped homeomorphi�
cally into �MP

nBP � and �MP
nBP has the following disjoint decomposi�

tion�

�MP
nBP � ��MP

nBP �T �

pa
j
�


jAQj�TK�

Proof� Denote by ��MP
nXP �T the intersection �QProj�NQ 
XQ 


AT
Q� over all rational parabolic subgroups Q of MP� which is a com�

pact submanifold with corner of �MP
nXP as mentioned in the proof

of Lemma 
����� By 	
�� x
�
�� there exist compact submanifolds with
corner 
�j � �Qj

nNQj

 XQj

such that �MP
nXP admits the following

disjoint decomposition�

�MP
nXP � ��MP

nXP �T �
a


�j 
 AQj�T �

Since �MP
nBP is a principal K�bundle over �MP

nXP � we get the disjoint
decomposition of �MP

nBP in the lemma by lifting the above disjoint
decomposition of �MP

nXP �
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�� The spectral decomposition of L	��MP
nBP �

����

For any rational parabolic subgroup P ofG� let �MP
nBP be the bound�

ary bundle associated with P in De�nition 
�
�
� In this section� we
describe the spectral decomposition of L	��MP

nBP � �x
���� The idea
is to reduce the problem to the spectral decomposition of the locally
symmetric space �MP

nXP �

����

We �rst generalize a few concepts of automorphic forms to the boundary
bundle �MP

nBP � Any function on �MP
nBP can be identi�ed with a left

�MP
�invariant function on BP � We recall thatMP acts on BP from the

left by multiplication�
For any function f on �MP

nBP and any rational parabolic subgroup
Q ofMP� the constant term fQ of f along Q is de�ned by

fQ�x� �

Z
�NQnNQ

f�nx�dn�

where �NQ
� NQ � �MP

�
A function f on �MP

nBP is called cuspidal if its constant terms over
all proper rational parabolic subgroups ofMP vanish� The subspace of
cuspidal functions of L	��MP

nBP � is denoted by L	
cus��MP

nBP �� called
the cuspidal subspace�

����

The boundary bundle �MP
nBP has an induced invariant Riemannian

metric induced from the left G�invariant metric on G �see Lemma 
�
�
��
Denote the Beltrami�Laplace operator of �MP

nBP by �� Since the
metric on �MP

nBP is invariant under the right K�multiplication� �
commutes with the right K�multiplication� To get the spectral decom�
position of �� we need to decompose L	��MP

nBP � according to the
right K�action�

Remark ������ Denote the Casimir element of G by  G and the
Casimir element of K by  K � Then � G�
 K de�nes the same left in�
variant di�erential operator as the Laplace operator � on G �see 	�� x
�
�
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� p�
���� and hence the Beltrami�Laplace operator of �nBG � �nG�
Since � G�
 K commutes with the K action� the di�erential operator
is also easily seen to be right K�invariant� The Laplace operator � on
�MP

nBP is a natural generalization�

Lemma ������ The right regular representation of K on L	�K� can
be decomposed as follows�

L	�K� � ��� �K�dim ����

Proof� The decomposition of the regular representation into a sum of
the irreducible ones follows from the famous Peter�Weyl theorem� and
the formula for the multiplicity follows from the Frobenius reciprocity
law� See 	��� pp� ���
�� for details� q�e�d�

For any irreducible unitary representation � ofK� denote the restric�
tion of � to KMP

by �MP
� where KMP

� K�MP is a maximal compact
subgroup of MP �see x
�
�� This representation �MP

of KMP
de�nes a

homogeneous bundle !E�MP
over XP � MP �KMP

� The quotient of !E�

by �MP
is a locally homogeneous bundle E�MP

over �MP
nXP � Denote

by L	��MP
nXP � �MP

� the space of L	�sections of E�MP
�

Lemma ������ For any � � �K� K acts diagonally on L	��MP
nBP ��

�� Denote the subspace of K�invariant vectors in L	��MP
nBP �� � by

�L	��MP
nBP ����K� Then �L	��MP

nBP ����K �� L	��MP
nXP � �MP

��

Proof� It follows from the fact that E�MP
� �MP

nBP �K ��

Proposition ������ The space L	��MP
nBP � admits the decompo�

sition�

L	��MP
nBP � � ��� �K�dim ��L	��MP

nXP � �MP
��

The Laplace operator � preserves this decomposition� and the restriction
of � to the subspace L	��MP

nXP � �MP
� is denoted by ���

Proof� Since �L	��MP
nBP � � L	�K��K � L	��MP

nBP �� the above
decomposition of L	��MP

nBP � follows from the previous two lemmas�
Since the Laplace operator � commutes with the rightK�multiplication�
it preserves this decomposition of L	��MP

nBP ��

����

We get the spectral decomposition of L	��MP
nBP � using the spectral

decomposition of the subspaces L	��MP
nXP � �MP

��
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Each space L	��MP
nXP � �MP

� can be decomposed according to as�
sociation classes of rational parabolic subgroups ofMP and the cuspidal
spectra of the boundary locally symmetric spaces� and these subspaces
can further be decomposed using discrete spectra and Eisenstein series�
We recall brie"y several concepts which will be used below� For a sum�
mary of the spectral decomposition of L	��MP

nXP � �MP
�� see 	��� x
��

Besides the original book by Langlands 	���� there are two other mono�
graphs 	
�� 	
�� treating the spectral decomposition of L	��nG� in great
details�

Recall that two rational parabolic subgroups Q��Q	 of MP are de�
�ned to be associated if their split components AQ�

� AQ�
are conjugate

under some element of MP � For each association class C of rational
parabolic subgroups ofMP� de�ne

Speccus���C� � �Q�CSpeccus��MQ
nXQ� �MQ

��

where Speccus��MQ
nXQ� �MQ

� is the spectrum of �� on the cuspidal
subspace L	

cus��MQ
nXQ� �MQ

� and

Speccus�C� � ��� �KSpeccus���C��

For any � � Speccus���C�� denote by Ecus��MQ
nXQ� �MQ

� �� the space of
cuspidal eigenfunctions of eigenvalue � in L	��MQ

nXQ� �MQ
�� For every

# � Ecus��MQ
nXQ� �MQ

� �� and f � C�

 �aQ�� the pseudo�Eisenstein

series E�Q�#� f� is de�ned by

E�Q�#� f� �
X

���Qn�MP

f�HQ��x��#�zQ��x���

where �Q � Q � �MP
�

�x � �uQ��x�� zQ��x�� expHQ��x�� � NQ 
XQ 
 AQ � XP �

the horospherical decomposition ofXP with respect to Q �Equation 
 in
x
�
�� Denote by L	

C�	��MP
nXP � �MP

� the subspace of L	��MP
nXP � �MP

�
spanned by the pseudo�Eisenstein series E�Q�#� f�� where Q � C�
# � Ecus��MQ

nXQ� �MQ
� ��� f � C�


 �aQ�� If we replace f�H� in the
above equation de�ning E�Q�#� f� by exp�	Q � ���H�� � � a�Q � C �
which is clearly not of compact support� we get the Eisenstein series
E�Q�#��� associated with the parabolic subgroup Q and the eigen�
function #� De�ne

L	
C��MP

nXP � �MP
� �

X
	�Speccus���C�

�L	
C�	��MP

nXP � �MP
��
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Lemma ����� �	��� Lemma 
���
��� With the above notation�

L	��MP
nXP � �MP

� �
X
C

�L	
C��MP

nXP � �MP
�

�
X
C

X
	�Speccus���C�

�L	
C�	��MP

nXP � �MP
��

where C runs over all the association classes of rational parabolic sub�
groups in MP�

Proposition ������ For every association class C of rational parabolic
subgroups in MP� de�ne

L	
C��MP

nBP � �
X
�� �K

�dim ��L	
C��MP

nXP � �MP
��

Then

L	��MP
nBP � �

X
C

L	
C��MP

nBP �

�
X
C

X
�� �K

dim �
X

	�Speccus���C�

�L	
C�	��MP

nXP � �MP
��

where C runs over all the association classes of rational parabolic sub�
groups in MP�

Proof� It follows from Proposition 
�
�� and the previous lemma�

Corollary ������ The space L	��nG� admits the following orthog�
onal decomposition�

L	��nG� �
X
C

L	
C��nG� �

X
C

X
�� �K

dim �
X

	�Speccus���C�

�L	
C�	��nX� ���

where C is over all association classes of rational parabolic subgroups in
G�

Remark ������ For a proper rational parabolic subgroup P�
dim�MP

nBP � dim �nG� but every representation � of K appears with
the same multiplicity dim � in the above decompositions of L	��MP

nBP �
and L	��nG�� This is the reason for introducing the auxiliary boundary
bundles �MP

nBP �see the proofs of Propositions ��
�� and ��
�� below��

Generalizing the analogous concepts for L	��MP
nXP � �MP

� to
L	��MP

nBP �� we de�ne L
	
d��MP

nBP � to be the subspace of L
	��MP

nBP �
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spanned by L	�eigenfunctions of �� and L	
c��MP

nBP � the orthogonal
complement of L	

d��MP
nBP � in L��MP

nBP �� Then

L	
cus��MP

nBP � � L	
d��MP

nBP ��

The orthogonal complement of L	
cus��MP

nBP � in L	
d��MP

nBP � is de�
noted by L	

res��MP
nBP � and called the residual discrete subspace� be�

cause it is spanned by iterated residues of Eisenstein series� Using the
decomposition in Proposition 
���
 and the spectral decomposition of
each subspace there� we get the following more re�ned decompositions�

Lemma ������ De�ne

L	
C�res��MP

nXP � �MP
� � L	

C��MP
nXP � �MP

� � L	
res��MP

nXP � �MP
�

and

L	
C�c��MP

nXP � �MP
� � L	

C��MP
nXP � �MP

� � L	
c��MP

nXP � �MP
��

De�ne L	
C�	�res��MP

nBP � �MP
� and L	

C�	�c��MP
nBP � �MP

� similarly� Then

L	
cus��MP

nBP � �
X

C
fMPg

L	
C��MP

nBP �

�
X

C
fMPg

X
�� �K

dim �
X

	�Speccus���C�

L	
C�	��MP

nXP � �MP
��

L	
res��MP

nBP � �
X

C�
fMPg

L	
C�res��MP

nBP �

�
X

C�
fMPg

X
�� �K

��dim ��L	
C�res��MP

nBP � �MP
�

�
X

C�
fMPg

X
�� �K

dim �
X

	�Speccus���C�

�L	
C�	�res��MP

nXP � �MP
��

L	
c��MP

nBP � �
X

C�
fMPg

L	
C�c��MP

nBP �

�
X

C�
fMPg

X
�� �K

��dim ��L	
C�c��MP

nBP � �MP
�

�
X

C�
fMPg

X
�� �K

dim �
X

	�Speccus���C�

�L	
C�	�c��MP

nXP � �MP
��
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In particular� the cuspidal subspace L	
cus��MP

nBP � comes from the as�
sociation class C � fMPg� while the residual discrete spectrum comes
from the association classes of proper rational parabolic subgroups of
MP�

These decompositions are preserved by � and hence induce the cor�
responding decompositions of �� If the rank of an association class C�
i�e�� the rank of the parabolic subgroups in C� is equal to r� the residual
discrete spectrum in L	

C��MP
nBP � is said of rank r� In particular� the

total residual discrete spectrum is divided into two parts� the rank�one
residual discrete spectrum and the higher rank residual discrete spec�
trum� It will be seen below that it is easier to bound the counting
function of the former�

Remark ������ There are �nitely many association classes C of
rational parabolic subgroups of G� and each subspace L	

C��nG� is in�
variant under the right action of G� Another more important reason
for grouping the rational parabolic subgroups into association classes
is that the subspaces for di�erent association classes are orthogonal to
each other� and �ner divisions of the rational parabolic subgroups will
not� in general� produce orthogonal �or direct sum� decompositions of
L	��nG�� The further decomposition above according to the cuspidal
eigenvalues � and the representations � � �K basically separates out
di�erent layers of the spectrum and makes it easier to understand the
structure of the spectrum�

Remark ����	� For each association class C� L	
C�res��nG� is spanned

by residues of Eisenstein series E�P�#���� where P � C and # is a cusp�
idal eigenfunction of eigenvalue in Speccus�C�� and L

	
C�c��nG� is spanned

by superpositions �i�e�� wave packets� of the Eisenstein series E�P�#���
above when Re��� � ��

�� The Weyl law for the Pseudo�Laplacian �T

����

In this section� we introduce the pseudo�Laplacian �T associated with
the Laplacian � on �MP

nBP and show that the counting function of
its spectrum satis�es the Weyl law ���
�
�� The upper bound for NT ���
plays an important role in the upper bound on the discrete spectrum of
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� in Theorem ����
� As a corollary� we show that the cuspidal discrete
spectrum of � satis�es the Weyl upper bound ���
�
�� Basically� �T

is obtained from � by restricting it to the subspace of functions whose
constant terms along every rational parabolic subgroup of MP vanish
above the height T �

����

Before de�ning the pseudo�Laplacian �T � we notice that for every ra�
tional parabolic subgroup Q ofMP� the Langlangs decomposition of Q
�see Equation � in x
��� induces the following �generalized� horospheri�
cal decomposition of BP �

BP � NQAQMQK � NQ 
AQ 
 �MQK��

i�e�� every element x � BP can be written uniquely in the form
x � uQ�x� expHQ�x�mQ�x�� where uQ�x� � NQ� HQ�x� � aQ�
mQ�x� �MQK�

Denote byH���MP
nBP � the Sobolev space of functions f on �MP

nBP

satisfying Z
�MP

nBP

jf j	 � j � f j	 � ���

For a large truncation parameter T � a
 as in x
��� de�ne a subspace
H�
T ��MP

nBP � of H���MP
nBP � as follows�

H�
T ��MP

nBP � �ff � H���MP
nBP � j fQ�am� � �

for a � AQ�T � m �MQKg

for all the proper rational parabolic subgroupsQ ofMP� In other words�
the subspace H�

T ��MP
nBP � consists of functions whose constant terms

vanish outside the compact core ��MP
nBP �T �

Since H�
T ��MP

nBP � is a closed subspace ofH
���MP

nBP �� the Dirich�
let quadratic form

D�f� �

Z
�MP

nBP

j � f j	

restricts to H�
T ��MP

nBP � and de�nes a self�adjoint operator �T on the
closure of H�

T ��MP
nBP � in L	��MP

nBP �� This operator is called the
pseudo�Laplace operator associated with the Laplace operator � at the
height T � The various decompositions of L	��MP

nBP � in x
�
 and x
��
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also induce the corresponding decompositions of �T � This can be proved
by similar arguments as in 	��� x
���� For example�

�T �
X
�� �K

��dim ���T�� �
X
C

X
�� �K

��dim ���T�C���

where �T�� is the pseudo�Laplacian for L
	��MP

nXP � �MP
� and �T�C��

is the pseudo�Laplacian for L	
C��MP

nBP � �MP
�� �As mentioned in x��
�

�T����T�C�� are shifts of the corresponding operators de�ned in 	��� by
a constant depending on ���

Remark ������ For locally symmetric spaces of G � SL�
� R�� the
notion of the pseudo�Laplacian was �rst de�ned by Lax and Phillips 	
��
and used by Colin de Verdiere 	�� to study the meromorphic continua�
tion of Eisenstein series and the discrete spectrum� For general locally
symmetric spaces� the pseudo�Laplacian was de�ned by M�uller 	

�� Our
de�nition of the pseudo�Laplacian here is a direct generalization to the
boundary bundles�

The main result of this section is the following�

Theorem ������ For any rational parabolic subgroup P of G and
its associated boundary bundle �MP

nBP � the spectrum Spec��T � of the
pseudo�Laplacian �T is discrete� and its counting function

NT�P ��� � jf�i � Spec��T � j �i � �gj

satis�es the Weyl law�

lim
����

NT�P ���

�d�	
� �����d�	

vol��MP
nBP �

��d	 � ��
�

where d � dim�MP
nBP �

When P � G� Theorem ��
�
 reduces to Theorem ��
�� in the intro�
duction� The proof of Theorem ��
�
 is given in the next two subsections�

Corollary ������ Denote the counting function of the cuspidal dis�
crete spectrum of � on L	

cus��MP
nBP � by Ncus�P ���� Then

lim
����

sup
Ncus�P ���

�d�	
� �����d�	

vol��MP
nBP �

��d	 � ��
�

where d � dim�MP
nBP �
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Proof� Since the truncation of the constant terms above the height
T does not change the cuspidal functions� every cuspidal eigenfunction
is also an eigenfunction of �T and hence Ncus�P ��� � NT�P ���� Then
this corollary follows from Theorem ��
�
� q�e�d�

When P � G� this corollary improves the well�known result of
Gelfand and Piatetski�Shapiro 	��� 	�
� Theorem 
� that the spectrum
of � on L	

cus��nG� is discrete� i�e�� Ncus��� � �� for every � � ��

����

First we prove the upper bound for NT�P ��� in Theorem ��
�
�

Proposition ������ With the above notation� we have

lim
����

sup
NT�P ���

�d�	
� �����d�	

vol��MP
nBP �

��d	 � ��
�

This upper bound follows from similar arguments as in the proof of
	�� Theorem ����� We recall the basic steps in the proof of 	�� Theorem
���� and indicate necessary modi�cations�

Let Q�� � � � �Qp be a set of representatives of �MP
�conjugacy classes

of proper rational parabolic subgroups of MP as in x
��� For k � ��
de�ne Tk � kH� � a
� where H� is de�ned in x
��� By Lemma 
���
� for
any j � �� � � � � p and k � �� there exists a compact submanifold with
corner 
j�k � �Qj

nNQj
MQj

such that �MP
nBP admits the following

disjoint decomposition�

�MP
nBP � ��MP

nBP �Tk �

pa
j
�


j�kAQj�TkK�

By slightly enlarging the submanifolds 
j�kAQj�TkK and smoothing out
their corners� we get submanifolds Yj�k in �Qj

nBP satisfying the follow�
ing conditions�

�� The inverse image of Yj�k in BP is left NQj
�invariant�


� Every Yj�k is mapped homeomorphically into �MP
nBP �


� Y��k� � � � � Yp�k and ��MP
nBP �Tk cover �MP

nBP �

�� �pj
�Yj�k � �MP
nBP � ��MP

nBP �Tk��
and hence
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pX
j
�

vol�Yj�k�� �� as k � ���

Since the inverse image of Yj�k in BP is invariant under NQj
� the

cuspidal subspace L	
cus�Yj�k� can be de�ned by

L	
cus�Yj�k� � ff � L	�Yj�k� j fQ � � for all Q � Qjg�

Denote the Laplace operator acting on L	
cus�Yj�k� and satisfying the

Neumann boundary condition by �j�k�N � Let Nj�k�N��� be the counting
function of the eigenvalues of �j�k�N on L	

cus�Yj�k�� j � �� � � � � p� k � ��

Proposition ������ For j � �� � � � � p and k � �� the spectrum of
�j�k�N on L	

cus�Yj�k� is discrete� and there exist a sequence of constants
Cj�k � � as k� �� such that

lim
����

sup
Nj�k�N���

�d�	
� Cj�k�

where d � dim�MP
nBP �

The proof of this proposition will be sketched below� Assume this
proposition �rst� Denote by Nk�N��� the counting function of the Neu�
mann eigenvalues of the compact submanifold ��MP

nBP �Tk �

Proposition ������ For any truncation parameter T � tH� � a

as above� when k � t��� ��MP

nBP �T is contained in ��MP
nBP �Tk � and

for j � �� � � � � p� the submanifolds Yj�k are contained in the compelment
of ��MP

nBP �T in �MP
nBP � and the counting function NT�P ��� of the

pseudo�Laplacian �T of �MP
nBP is bounded as follows�

NT�P ��� � Nk�N��� �

pX
j
�

Nj�k�N����

Proof� Since Yj�k is contained in the complement of ��MP
nBP �T � for

every f � H�
T ��MP

nBP �� fQ � � on Yj�k for every Q � Qj � This implies
that the closure of ff jYj�k j f � H�

T ��MP
nBP �g in L	�Yj�k� belongs to

L	
cus�Yj�k�� Then the proposition follows from the principle of Neumann
bracketing� q�e�d�
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Proof of Proposition �����

Since ��MP
nBP �Tk is a compact manifold with corners� Nk�N ��� sat�

is�es the Weyl law �see 	
�� Corollary 
�����

lim
����

Nk�N���

�d�	
� �����d�	

vol���MP
nBP �Tk�

��d	 � ��
�

By Propositions ��
�
 and ��
�
� for any � � �� when k 
 ��

lim
����

sup
NT�P ���

�d�	
������d�	

vol���MP
nBP �Tk�

��d	 � ��
� �

������d�	
vol��MP

nBP �

��d	 � ��
� ��

Since � is arbitrary� we get

lim
����

sup
NT�P ���

�d�	
� �����d�	

vol��MP
nBP �

��d	 � ��
�

q�e�d�

Proof of Proposition �����

Proposition ��
�
 is the analogue of 	�� Corollary ����� and the same
arguments as in the proof of 	�� Theorem ��
� Corollary ���� will prove
Proposition ��
�
�

In 	��� Corollary ��� follows from Theorem ��
� Two key estimates
in the proof of Theorem ��
 there are Lemma 
�
 and the upper bounds
on the heat kernel and its derivatives in Inequality ���
��

Since BP is a K�principal bundle over XP � in particular admits a
cocompact quotient� the heat kernel of BP satis�es the analogous upper
bounds to those in 	�� Inequality ���
���

Lemma 
�
 in 	�� follows from 	�� Lemma 
���� The analogue of
	�� Lemma 
��� is as follows� Let nQj

be the Lie algebra ofNQj
� Then the

Langlands decomposition shows that BP is di�eomorphic to
nQj


 �AQj
MQj

K�� Identify nQj

 �AQj

MQj
K� with BP � For any

a � AQj
MQj

K� denote by ga the Riemannian metric on nQj

 fag in�

duced from BP � The Lie algebra nQj
can be identi�ed with a subspace

of the tangent space of nQj

�AQj

MQj
K� at ��� a�� and hence the metric

ga de�nes an inner product on nQj
which depends on a� This inner prod�

uct de�nes a "at metric on nQj
� denoted by ha� Identifying nQj


 fag
with nQj

� we get two metrics ga and ha on nQj
�
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Since K is compact� the same proof of 	�� Lemma 
��� gives the
following result�

Lemma ������ For a su�ciently small � � �� there exists a positive
constant C� such that for any a � AQj

MQj
K� ga � C�ha in a ball of

radius � about the origin in nQj
with respect to the metric ga�

Using the above lemma and the same argument as in 	��� we can
prove the analogue of 	�� Lemma 
�
�� Once we have the analogue of
	�� Lemma 
�
�� the same arguments in 	�� prove Proposition ��
�
 as
mentioned above�

����

We now prove the lower bound for NT�P ��� in Theorem ��
�
�

Proposition ������ With the above notation�

lim
����

inf
NT�P ���

�d�	
� �����d�	

vol��MP
nBP �

��d	 � ��
�

The proof is similar to the proof of the lower bound in 	��� x
����
We outline the main steps involved�

First we need to generalize Arthur�s truncation operator �T 	
� to
�MP

nBP � Recall from x
�� that Q�� � � � �Qp are a set of representatives
of �MP

�conjugacy classes of proper rational parabolic subgroups ofMP�
If f belongs to L	��MP

nBP � and is continuous� for a su�ciently large
truncation parameter T � de�ne

�Tf�x� �f�x� �

pX
j
�

����dimAQj
X

���Qjn�MP

�j�HQj
��x�

� IQj
�T ��fQj

��x��

where �j is the characteristic function of the closed obtuse cone �aQj

dual to the positive cone a�Qj
� fH � aQj

j ��H� � �� � � ��Qj � AQj
�g�

and HQj
�x� is the aQj

component of x in the horospherical decomposi�
tion �x��
�� and IQj

�T � is the image of T in aQj
� A basic property of

�T is that for every Q � MP� x � NQMQAQ�TK� ��Tf�Q�x� � ��
i�e�� �T satis�es precisely the vanishing conditions in the de�nition
of H�

T ��MP
nBP �� and �Tf belongs to the closure of H�

T ��MP
nBP �

in L	��MP
nBP �� In fact� �T extends to an orthogonal projection on

L	��MP
nBP � �see 	
� p� �
�� and its image is equal to the closure of
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H�
T ��MP

nBP � in L	��MP
nBP �� As pointed out in 	��� Remark 
���
��

it might be better to de�ne

H�
T ��MP

nBP � � �
TL	��MP

nBP ��H
���MP

nBP �

and hence �T by using �T � Then the relation between the pseudo�
Laplace operator �T and Arthur�s truncation operator �T becomes
more direct�

On the other hand� if f is smooth� �Tf is not smooth in general� The
discontinuities of �Tf come from the discontinuities of the characteristic
function �i in the formula for �

Tf � As pointed out in 	��� x
��� �see
	�� p� ����� since there are only �nitely many non�zero terms in �Tf for
x in every compact subset in BP � these discontinuities of �

Tf lie along
a family of locally �nite hypersurfaces in �MP

nBP �
We are now ready to use the precise reduction theory to prove the

lower bound for NT ���� In the notation of Lemma 
���
� �MP
nBP ad�

mits the following disjoint decomposition�

�MP
nBP � ��MP

nBP �T �

pa
j
�


jAQj�TK�

By taking an exhausting family of compact submanifolds with bound�
aries of the complement of the discontinuity hyperplanes in every

iAQi�TK� we can show that for any � � �� there exist disjoint com�
pact submanifolds with boundaries Wj � �Qj

nBP � j � �� � � � � p� and
W
 � �MP

nBP satisfying the following conditions�

�� W�� � � � �Wp are mapped homeomorphically into


�AQ� �TK� � � � � 
pAQp�TK

respectively and are disjoint from the discontinuity hypersurfaces�


� jvol��MP
nBP �� vol�W
��

Pp
j
� vol�Wj�j � ��

In particular� if f � C���MP
nBP �� �

Tf restricts to a smooth function
on Wj for j � �� � � � � p�

For j � �� � � � � p� de�ne the cuspidal subspace H�
cus�D�Wj� with the

Dirichlet boundary condition by

H�
cus�D�Wj� � ff jWj

j f � H�
T ��MP

nBP �� f j
Wj
� �g�

The Dirichlet quadratic form D�f� induces a self�adjoint operator� de�
noted by �j�D� on the closure of H

�
cus�D�Wj� in L

	�Wj��
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Lemma ������ For j � �� � � � � p� the spectrum of �j�D is discrete
and its counting function Nj�D��� satis�es the Weyl law�

lim
����

Nj�D���

�d�	
� �����d�	

vol�Wj�

��d	 � ��
�

Proof� By the same proof of Proposition ��
�
� we can show that the
spectrum of �j�D is discrete and Nj�D��� is bounded by O����

d�	� We
need to determine the precise behavior of Nj�D���� For this purpose� let
h�x� x� t� be the heat kernel of �j�D� The point is to show that h�x� x� t�
satis�es the following small time asymptotics� for x � Int�Wj�� as t� ��

h�x� x� t� � ���t��
d
� �

Let E�x� y� t� be the heat kernel of BP � Since Wj does not meet the
discontinuity hypersurfaces of the truncation operator �T above� the
heat kernel h�x� y� t� of Wj can be constructed from E�x� y� t� in three
steps�

�� Average over �MP
to get the heat kernel of

�MP
nBP � F �x� y� t� �

X
���MP

E�x� �y� t��


� Apply the truncation operator �T to get �TF �x� y� t��


� Restrict �TF �x� y� t� to Wj and modify it to satisfy the Dirichlet
boundary condition on �Wj �

Clearly� E�x� x� t� satis�es the small time asymptotics� E�x� x� t� �
���t��d�	� and we need to show that the three steps above do not change

the small time asymptotics� Because of the Gauss factor exp�d��x�y�
�����t in

the upper bound for E�x� y� t�� Step � does not change the asymptotics�
For x� y � Wj � there are only �nitely many nonzero terms appearing in
the in�nite sum for �TF �x� y� t�� By the proof of 	��� Proposition 
������
the constant term of the heat kernel along a proper parabolic subgroup
and hence every such nonzero term �j�HQj

��x�� IQj
�T ��FQj

�x� �x� t�

is of smaller order than t�d�	� and hence Step 
 does not change the
asymptotics either� Step 
 is achieved by the method of double layer
potential �see 	�� pp� ��������� and does not change the small time
asymptotics either� Therefore� the heat kernel h�x� x� t� of �j�D has the
desired small time asymptotics� �See 	��� x
��� for similar discussions��
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Then the Weyl law for �j�D follows from this small time asymptotics
of the heat kernel via the standard argument using the Karamata�s ver�
sion of the Tauberian theorem �see 	��� Proposition 
����� for example��

q�e�d�

Proof of Proposition �����

Let N
�D��� be the counting function of the Dirichlet eigenvalues of
W
� The principle of Neumann bracketing shows that

NT�P ��� � N
�D��� �

pX
j
�

Nj�D����

Since N
�D��� satis�es the Weyl law� Lemma ����
 and the choice of the
submanifolds Wj imply that

lim
����

inf
NT�P ���

�d�	
� �����d�	

vol��MP
nBP �� �

��d	 � ��
�

Since � is arbitrary� we get the lower bound for NT�P ��� in Proposition
������

�� Bound on the rank � residual discrete spectrum

����

In this section� we show that up to a negligible term� the counting func�
tion of the rank�one residual discrete spectrum is bounded by the corre�
sponding counting function of the pseudo�Laplacian� This follows from
the fact that up to a negligible subset� the rank�one residual discrete
spectrum of � can be approximated uniformly by the corresponding
part of the pseudo�Laplacian �T � The reason why such an approxi�
mation exists is that we can construct eigenfunctions of the pseudo�
Laplacian by truncating o� the constant terms of certain Eisenstein
series of rank�one parabolic subgroups� This bound on the rank�one
residual discrete spectrum proves Theorem ����� and is the �rst half of
the proof of Theorem ����
� In the next section� we will show that the
counting function of the higher rank residual discrete spectrum can be
bounded in terms of rank ��data and �nish the proof of Theorem ����
�
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����

Let C be an association class of rational parabolic subgroups of G of
rank�one� Let NC��� be the counting function of the discrete spectrum
in L	

C��nG�� and NT�C��� be the counting function of �T restricted to
the closure ofH�

T ��nG��L
	
C��nG� in L

	
C��nG� as in the introduction �see

also x��
�� Let P�� � � � �Pm be a set of representatives of ��conjugacy
classes in C� For every j � �� � � � � m� let Ncus�Pj ��� be the counting
function of the cuspidal discrete spectrum in L	

cus��PjnBPj �� Denote
by j	Cj the common norm of the half sum of roots in ��Pj� APj� with
multiplicity� j � �� � � � � m� Then we have the following�

Proposition ������ For an association class C of rank ��

NC��� � NT�C��� j	Cj
	� �

mX
j
�

Ncus�Pj ����

Proof� By Proposition 
�
��� for any j � �� � � � � m�

L	��MPj
nBPj � �

X
�� �K

�dim �MPj
�L	��MPj

nXPj � ���

Similarly� by Lemma 
���� and Corollary 
���
� we get that

L	
cus��MPj

nBPj � �
X
�� �K

�dim ��L	
cus��MPj

nXPj � �MPj
��

L	
C��nG� �

X
�� �K

�dim ��L	
C��nX� ���

For every � � �K� denote the counting function of the discrete spec�
trum of �� in L	

C��nX� �� by NC������ the corresponding counting func�
tion of �T�� by NT�C������ and the counting function of the cuspidal
discrete spectrum of �� in L	��PjnXPj � �MPj

� by Ncus�Pj ������ Then

NC��� �
X
�� �K

�dim ��NC������

NT�C��� �
X
�� �K

�dim ��NT�C������

Ncus�Pj ��� �
X
�� �K

�dim ��Ncus�Pj������
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For every representation � of K and the space L	
C��nX� ��� the op�

erators �� and �T�� di�er from the corresponding operators in 	��� by
the same constant� and hence by 	��� Proposition ��
���� we get that

NC����� � NT�C����� j	Cj
	� �

mX
j
�

Ncus�Pj ������

The reason is that except for at most
Pm

j
�Ncus�Pj ����� of them� ev�

ery rank�one residual eigenvalue in L	
C��nX� �� below � lies in a j	Cj

	�
neighborhood of an eigenvalue of the pseudo�Laplacian� This is achieved
as follows� for suitable cuspidal eigenfunctions #� between every pair
of poles of the Eisenstein series E�Pj�#��� �note dim aPj � ��� there
exists a point �
 such that �

TE�Pj�#��
� is an eigenfunction of the
pseudo�Laplacian �T �see 	��� x
�
� for details�� Summing over all rep�
resentations � of K� we get the bound for NC��� in the proposition�

q�e�d�

Let C�� � � � � Cq be all the association classes of rational parabolic
subgroups of rank �� and P�� � � � �Pp be a set of representatives of ��
conjugacy classes in �qj
�Cj � Denote the counting function of the dis�

crete spectrum in �q
j
�L

	
Cj
��nG� byN�

res���� which is the counting func�

tion of the total rank�one residual discrete spectrum �see Lemma 
������
Denote the corresponding counting function of �T by N�

T ���� Denote
the maximum of the norms of half sums j	C�j� � � � � j	Cq j by j	

�j� Re�
call that Ncus��� denotes the counting function of the cuspidal discrete
spectrum of L	��nG��

Then we have the following�

Proposition ������ With the above notation�

N�
res��� � N�

T ��� j	�j	� �

pX
j
�

Ncus�Pj ����

Ncus��� �N�
res��� � NT ��� j	�j	� �

pX
j
�

Ncus�Pj ����

and hence

lim
����

sup
Ncus��� �N�

res���

�n�	
� �����n�	

vol��nG�

��n	 � ��
�

where n � dim�nG�
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Proof� The �rst inequality follows from Proposition ��
��� The sec�
ond inequality follows from the �rst inequality and the fact that ev�
ery cuspidal cuspidal eigenfunction of � is also an eigenfunction of �T

which is orthogonal to eigenfunctions of �T belonging to �
q
j
�Cj � Since

dimBPj � dimG� the third inequality follows from Theorem ��
�
 and
Corollary ��
�
� q�e�d�

As a corollary� we get the following result�

Corollary ������ Theorem ����� holds� i�e�� if the Q�rank of G is
equal to one� the counting function Nd��� of the discrete spectrum of �
in L	��nG� satis�es the Weyl upper bound�

lim
����

sup
Nd���

�n�	
� �����n�	

vol��nG�

��n	 � ��
�

where n � dim �nG�

Proof� If the Q�rank of G is equal to �� Nd��� � Ncus����N�
res����

and the corollary follows from the previous proposition�

Remark ������ The above arguments show that except for at mostPp
j
�Ncus�Pj ��� of them� every rank�one residual eigenvalue in L

	��nG�

below � lies in a j	�j	�neighborhood of an eigenvalue of the pseudo�
Laplacian� It is conceivable that such a uniform approximation should
hold for every residual eigenvalue� If so� the Weyl upper bound onNd���
would follow immediately from the Weyl law of the pseudo�Laplacian�
i�e�� Theorem ��
���

�� Bound on the higher rank residual discrete spectrum

����

In this section� we bound the counting function of the higher rank resid�
ual discrete spectrum and hence complete the proof of Theorem ����
�
The basic idea is as follows� The residual eigenfunctions are given as
iterated residues of Eisenstein series� Since the singularities of the Eisen�
stein series are contained in the singularities of the scattering matrices�
which appear in their constant terms� the number of residual eigen�
values can bounded in terms of the number of singular hyperplanes of
the scattering matrices� For scattering matrices of rank�one parabolic
subgroups� the number of the singular hyperplanes can be bounded in
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terms of the counting function of the pseudo�Laplacian� while for higher
rank parabolic subgroups� their scattering matrices can be written as
products of rank�one scattering matrices �see 	��� x������ Therefore� the
counting function of the higher rank residual discrete spectrum can be
bounded�

����

Let C be an association class of rational parabolic subgroups of G of
rank r � 
� Let P�� � � � �Pl be a set of representatives of ��conjugacy
classes in C� Denote the counting function of the discrete spectrum in
L	
C��nG� by NC��� as above�

Proposition ������ For an association C of rank r � 
� the count�
ing function NC��� is bounded by

c

�
�X

Q

NT�Q��� j	P j
	 � �� �

X
Q

X
P�

Ncus�P ���� � �

�
A
r

�

where 	�
 Q runs over a set of representatives of ��equivalence classes
of all the rational parabolic subgroups containing a group P in C such
that rankQ�Q� � rankQ�P���� and 	�
 for every Q in the �rst sum� P�

runs over the set of rational parabolic subgroups of G contained in Q

that correspond to a set of representatives �P of �MQ
�conjugacy classes

of rank�� rational parabolic subgroups of MQ in the sense MP � � M�P �
NP � � NQN�P � 	�
 and c is a constant depending only on G and T � In
particular� NC��� satis�es the following bound�

NC��� � O����
m
� � as �� ���

where m is the maximum of

�rankQ�Q� � �� dimBQ � �rankQ�Q� � ���dimXQ � dimK�

for all rational parabolic Q of G with rankQ�Q� � rankQ�G� � � as
de�ned in Theorem ������

Proof� Consider the set C� of rational parabolic subgroups of G
which contain a conjugate of some P�� � � � �Pl and whose rank is equal
to r � �� Let Q�� � � � �Qs be a set of representatives of ��conjugacy
classes in the set C��

For every Qi� i � �� � � � � s� consider the set C�i of maximal �i�e��
rank�one� rational parabolic subgroups of MQi

� Let �Pi�� � � � �
�Piti be



�	� lizhen ji

a set of representatives of �MQi
�conjugacy classes in C�i � Any rational

parabolic subgroup �P ofMQi
uniquely determines a rational parabolic

subgroup P� ofG contained in Qi such thatMP � �M�P � AP � � AQj
A�P �

NP � � NQj
N�P � Denote the rational subgroups of G corresponding to

�Pi�� � � � �
�Piti by P

�
i�� � � � �P

�
iti
�

As in x��
� let NC��� be the counting function of the discrete spec�
trum of � in L	

C��nG�� and NC����� the counting function of the discrete
spectrum of �� in L

	
C��nX� ��� For any i � �� � � � � s� j � �� � � � � ti� let

Ncus�P �

ij
��� be the counting function of the cuspidal discrete spectrum

of � in L	
cus��MP �

ij

nBP �

ij
�� and for � � �K� Ncus�P �

ij ��
��� be the counting

function of the cuspidal discrete spectrum of �� in L
	
cus��MP �

ij

nXP �

ij
� ���

Denote the counting function of the spectrum of the pseudo�Laplacian
�T on �MQi

nBQi
byNT�Qi

���� and its ��component �T�� by NT�Qi������
Then by the decompositions in x
�
 and x
��� we get that

NC��� �
X
�� �K

�dim ��NC������

Ncus�P �

ij
��� �

X
�� �K

�dim ��Ncus�P �

ij ��
����

NT�Qi
��� �

X
�� �K

�dim ��NT�Qi������

Since the operators �� and �T�� are shifts of the corresponding
operators in 	��� by the same constant� by 	��� Proposition ��
�
�� there
exists a positive constant c depending only on G and the truncation
parameter T such that

NC����� � c�
sX
i
�

�NT�Qi����� j	P j
	 � �� �

tiX
j
�

Ncus�P �

ij ��
���� � ��r�

As mentioned earlier� this bound on NC����� is obtained as follows�
Since the residual discrete spectrum is generated by iterated residues
of Eisenstein series and the singularities of the Eisenstein series are
contained in the singularities of the scattering matrices� the number
of residual discrete eigenvalues is bounded by the number of complete
"ags of singular hyperplanes of the scattering matrices� For the rank�
one scattering matrices� there is a close connection between their poles
and eigenfunctions of the pseudo�Laplacian �see 	��� x���� and hence the
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number of the poles of the rank�one scattering matrices can be bounded
by the counting functions of the pseudo�Laplacian and of the cuspidal
discrete spectrum of lower dimensional spaces� Using the fact that the
higher rank scattering matrices can be written as products of rank�one
scattering matrices 	��� x
���� we get a bound on the number of singular
hyperplanes of the higher rank scattering matrices� and hence a bound
on the number of complete "ags of such singular hyperplanes by raising
the former bound to the power of the rank�

Combining the above equalities and the inequality� we get

NC��� � c�
sX
i
�

�NT�Qi
��� j	P j

	 � �� �

tiX
j
�

Ncus�P �

ij
���� � ��r�

This proves the �rst upper bound on NC��� in the proposition�
By Theorem ��
�
� as �� ���

NT�Qi
��� j	P j

	 � �� � O����
�

�
dimBQi �

and by Corollary ��
�
�

Ncus�P �

ij
��� � O����

�

�
dimBP �

ij �

Since dimBP �

ij
� dimBQi

and rankQ�Qi� � r � � � rankQ�G�� �� the

above bound on NC��� implies that as �� ���

NC��� � O����
m
� �

This completes the proof of Proposition ��
��� q�e�d�

Proof of Theorem �����

We combine the above results to prove Theorem ����
� When C �
fGg� NC��� � Ncus��� �see Lemma 
������ Denote by N�

res��� the
counting function of the rank�one residual discrete spectrum of L	��nG�
as in Proposition ��
�
� and by N	

res��� the counting function of the
higher rank residual discrete spectrum of L	��nG�� Then Lemma 
����
shows that

Nd��� � Ncus��� �N�
res��� �N	

res����

Since there are only �nitely many association classes C of rank greater
than or equal to 
� Proposition ��
�� implies that

N	
res��� � O����

m
� �
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Combined with the bound on Ncus��� � N�
res��� in Proposition ��
�
�

this gives the upper bound for Nd��� in Theorem ����
�

	� Proof of the trace class conjecture

����

In this section we use the polynomial upper bound on the discrete spec�
trum in Theorem ����
 to prove the trace class conjecture� i�e�� Theorem
����
�

First we prove the following�

Proposition 	����� If � � C	k

 �G� with k � �

	rankQ�G�n� k being
an integer� or � � C��G�� then the operator Rd��� on L	

d��nG� is a
Hilbert�Schmidt operator�

Proof� By Lemma 
�����

L	
d��nG� �

X
�� �K

��dim ��L	
d��nX� ���

For each subspace L	
d��nX� ��� choose a basis e��i of L

	
d��nX� �� consist�

ing of orthonormal eigenfunctions of the Laplacian �� where i belongs to
an index set I���� Denote the eigenvalue of e��i by ���i� Then ���i � ��
and Theorem ����
 implies that

X
�� �K

X
i�I���

�dim ������i � ��
�k � ���

Since e��i� where � � �K and i � I���� forms an orthonormal basis of
L	
d��nG�� the Hilbert�Schmidt norm jjRd���jj ofRd��� is given as follows�

jjRd���jj
	 �
X
�� �K

X
i�I���

�dim ���R���e��i� R���e��i�

�
X
�� �K

X
i�I���

�dim ������i � ��
�k�R������ ��ke��i� R���e��i�

�
X
�� �K

X
i�I���

�dim ������i � ��
�k

Z
G
�� � ��k��g��R�g�e��i� R���e��i�dg
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� jj��� ��k�jjL��G�jj�jjL��G�

X
�� �K

X
i�I���

�dim ������i � ��
�k � ���

where we have used the fact that �� � is self�adjoint to do integration
by part in the third equality� Therefore� Rd��� is a Hilbert�Schmidt
operator� q�e�d�

Proof of Theorem �����

By 	

� Lemma ����� for any � � C��G�� there exist � � C��G��

�� � � C
	rankQ �G�n

 �G� such that

� � � � �� � � ��

Then we have

Rd��� � Rd���Rd��� �Rd���Rd����

By Proposition ������ Rd���� Rd���� Rd���� and Rd��� are all Hilbert�
Schmidt operators� Therefore� Rd��� is of the trace class�

Remark 	����� The arguments in this section are the same as in
	

� pp� �
���
�� and 	

� pp� 
������ The above proof shows that
the trace class conjecture also holds for more general functions � on
G whose derivatives up to rankQ�G�n � 
 are all integrable� From the
above proof� it is also clear that any polynomial upper bound on Nd���
implies Theorem ����
�

Remark 	����� By the same argument as in 	

� pp� 
������ we
can show that the linear map C��G�� C � �� tr�Rd���� is continuous�
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