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�� Introduction

In ����� Chern and Moser ���� solved the biholomorphic equivalence
problem for real�analytic hypersurfaces in C n�� at Levi nondegenerate
points� 	The case n 
 � was considered and solved by E� Cartan ����
�����
 They presented a complete set of biholomorphic invariants for
such a hypersurface at a Levi nondegenerate point� by a complete set
of invariants� we mean a set of invariants such that given two hyper�
surfaces M�M � � C n�� with distinguished points p� � M � p�� � M ��
there is a biholomorphic transformation Z � 
 H	Z
 near p� such that
H	M
 � M � and H	p�
 
 p�� if and only if the set of invariants for M
and M � are equal� The Chern�Moser invariants can in principle 	there
is an in�nite number of invariants
 be computed from the Chern�Moser
normal form� which is a normal form for a Levi nondegenerate hyper�
surface M � de�ned in terms of the Levi form at p� � M � such that the
transformation to normal form is unique modulo a �nite dimensional
normalization�

In the present paper� we introduce a new sequence of invariant ten�
sors� ��� �� � � � � for generic submanifolds of C

N 	Theorem ���
� which
can be viewed as higher order Levi forms� 	Although the tensors are

Received April ��� ����	 The author was partially supported by a grant from
the Swedish Natural Science Research Council	

���� Mathematics Subject Classi�cation� Primary 
�F��� Secondary 
�F��	

���



��� peter ebenfelt

only introduced here in the context of generic submanifolds of C N � it is
clear that the de�nitions work equally well in general CR structures�

The second order tensor �� coincides with the Levi map and the higher
order tensors are related� as explained in x� below� to the data of �nite
nondegeneracy� a notion which has recently proved very useful in the
study of real submanifolds in C N 	see e�g� �������� ���� ���������
� The
third order tensor is also related to the cubic form as introduced by
Webster ���� 	see Remark ����
�

As one of our main results 	Theorem ������
� using the second and
third order tensors� we describe a formal normal form 	in the sense of
Chern�Moser as described above
 for a real smooth 	meaning C�
 hy�
persurface M � C n�� � n � �� at a generic Levi degeneracy p� �M � i�e��
a point p� at which the Levi determinant vanishes but its di�erential
does not and the set of Levi degenerate points of M 	which is then a
smooth codimension�one submanifold of M at p�
 is transverse to the
Levi null space 	which is then one dimensional
 at that point� 	We refer
the reader to ���� for further discussion of generic Levi degeneracies�
for instance� a normal form for generic Levi degeneracies in C � under
formal holomorphic contact transformations is given in �����
 In view of
a convergence result due to the author� Baouendi� and Rothschild ����
the formal normal form in Theorem ������ provides a complete set of
biholomorphic invariants if the hypersurface is also real�analytic 	Corol�
lary ������
�

We then proceed to study the special case where the Levi form�
at the generic Levi degeneracy� is semide�nite� In this situation� the
normal form can be expressed in a particularly simple and explicit form
	Theorem �����
 by applying a result of E� Cartan� 	The associated
partial 	third order
 normal form is given with numerical invariants� in
fact� an explicit partial normal form which is valid in a slightly more
general setting is given in Theorem �������
 The corresponding explicit
character of the normalization of the transformation to normal form
makes it possible to compute bounds for the stability group of a real
hypersurface at a generic semide�nite Levi degeneracy 	Corollary �����
�
In the case n 
 �� i�e�� for hypersurfaces in C � � the results on normal
forms in this paper are contained in the results of ����� However� the
invariant tensors introduced here shed additional light on some of the
results from� and answers a question posed in that paper�

The paper is organized as follows� In the �rst section� x���� we
present the normal form for a generic Levi degeneracy� In x���� we give
the more explicit normal form in the special case where the Levi form
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at p� is also semide�nite� We then turn to the more general situation
of generic submanifolds in C N and introduce the CR invariant tensors�
x� is devoted to explaining the relation between the notion of �nite
nondegeneracy and the tensors of x�� In x�� we return to the case of
hypersurfaces and show� as a preparation for the normal form� that
the second and third order tensors form a complete set of third order
invariants for a real hypersurface by relating these tensors to the de�ning
equation of M � Then� we calculate� in x�� explicit numerical invariants
associated with the third order tensor of a real hypersurface at a point
where the Levi form has rank n�� and is semide�nite� x��� are devoted
to the proofs of the results that give the normal form�
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�� Normal forms for real hypersurfaces at generic Levi

degeneracies

���� The general case� In this section� we shall present a
normal form for a generic Levi degeneracy� the reader should recall the
de�nition of generic Levi degeneracy from x�� In order to describe the
normal form� we need �rst a partial 	third order
 normal form� We
begin with some notation�

We use the notation M	Cm
 for the space of m�m matrices with
complex matrix elements and GL	Cm 
 for the group of invertible ones�
We also write S	Cm 
 for the symmetric matrices inM	Cm 
� i�e�� those
for which A 
 A� � where� A� denotes the transpose of A� For nonneg�
ative integers r and s such that r � s 
 m� we denote by �U	r� s� C 
 the
subgroup of GL	Cm 
 consisting of those matrices U for which

	�����
 U�Ir�sU 
 �Ir�s�
where Ir�s � GL	Cm
 is the diagonal matrix whose r �rst diagonal
elements are �� and s last ones are ��� and U� denotes the Hermitian
adjoint of U 	i�e�� U� 
 �U � 
� This group decomposes naturally as

�U	r� s� C 
 
 U�	r� s� C 
 � U�	r� s� C 
�
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where U�	r� s� C 
 and U�	r� s� C 
 denote the set of matrices for which
	�����
 holds with the � and� sign� respectively� Observe that U�	r� s� C 

is a subgroup whereas U�	r� s� C 
 is not� Also� note that U�	m� �� C 

is empty� and U	m� �� C 
 
 U�	m� �� C 
 is the usual group U	Cm 
 of
unitary matrices�

Consider the action of the group R� � �U	r� s� C 
 on S	Cm 
 given by
	�����
 R� � �U	r� s� C 
 � 	��U
� 	

p
�U
�A	

p
�U
 � S	Cm
�

for A � S	Cm 
� We denote� for given A � S	Cm 
� by Cr�s	A
 � S	Cm 

its orbit or conjugacy class under the group action 	�����
� i�e��

Cr�s	A
 

n
B � S	Cm 
B 
 	

p
�U
�A	

p
�U
� U � �U	r� s� C 
� � � �

o
�

These conjugacy classes form a disjoint partition of S	Cm 
� We have
the following result� which is the �rst step in describing the normal form
and whose proof will be given in x��

Proposition ������ Let M � C n�� � n � �� be a real smooth hy�

persurface� Assume that M has a generic Levi degeneracy at p� � M �

Denote by r� with 	n � �
�� 	 r 	 n � �� the maximal number of

eigenvalues of the Levi form at p� which have the same sign� �Also�

write s 
 n � � � r�� Then� there exists a unique conjugacy class

Cr�s � S	C n��
 and for each R � Cr�s there are local holomorphic coor�

dinates Z 
 	z� w
 � C n�C � z 
 	z�� zn
 � C n���C � near p�� vanishing
at p�� such that the de�ning equation of M is of the following form�

Im w 


rX
j	�

jzj j� �
n��X

k	r��

jzkj�

� �Re
�
�z
n
�
	z�
�Rz� � 	zn
�

��
� F 	z� �z�Re w
�

	�����


where F 	z� �z�Re w
 denotes a smooth� real valued function which is O	�

in the weighted coordinate system where z has weight one and w weight

two�

Let us brie�y explain our usage of the notation O	�
� for nonnega�
tive integers �� in Proposition ������ We assign the weight one to the
variables z 
 	z�� zn
 
 	z�� � � � � zn��� zn
� the weight two to w� and say
that a polynomial p�	z� w
 is weighted homogeneous of degree � if� for
all t � ��

	�����
 p�	tz� t
�w
 
 t�p�	z� w
�
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We shall write O	�
 for a formal series involving only terms of weighted
degree greater than or equal to �� We say that a smooth function de�ned
near � is O	�
 	at �
 if its Taylor series at � is O	�
� Similarly� we speak
of weighted homogeneity of degree � and O	�
 for polynomials� power
series� and functions in 	z� �z�Re w
� where �z is assigned the weight one
and Re w the weight two�

We shall now present a complete� formal� normal form for a generic
Levi degeneracy� Before stating the theorem� we need to de�ne the
space of normal forms and the normalization for the transformation to
normal form�

By Proposition ������ we may assume that M is de�ned near p� 

	�� �
 by 	�����
 for given� and �xed for the remainder of this section�
integer r and matrix R � S	C n��
� We shall assume that n � ��
so that n � � � �� Since we shall present a formal normal form� we
consider the de�ning equation 	�����
 as a formal power series� It is well
known 	cf� ��� and ���� cf� also the forthcoming book ���
 that� after
an additional formal change of coordinates at 	�� �
 if necessary� we
may also assume that F 	z� �� s
 
 F 	�� �z� s
 
 �� we shall say that the
	formal
 coordinates 	z� w
 are regular forM at p� 
 	�� �
 if the 	formal

de�ning equation forM at that point is of the form Im w 
 �	z� �z�Re w

with �	z� �� s
 
 �	�� �z� s
 
 �� We subject the 	formal
 hypersurface
M to a formal invertible transformation

	�����
 z 
 �f	�z� �w
 � w 
 �g	�z� �w
�

where

	�����
 �f 
 	 �f �� �fn
 
 	 �f�� � � � � �fn��� �fn
�

such that the form 	�����
 is preserved� We shall also require that the
coordinates 	�z� �w
 are regular forM � i�e�� the remainder �F 	�z� ��z� �s
 corre�
sponding to the de�ning equation relative the coordinates 	�z� �w
 satis�es
�F 	�z� �� �s
 
 �F 	�� ��z� �s
 
 ��
Given a matrix A � S	Cm
� we denote by OA	C

m 
 the subgroup
of GL	Cm
 consisting of those matrices that preserve the bilinear form
associated with A� i�e�� B � OA	C

m 
 if

	�����
 B�AB 
 A�

We have the following proposition whose proof will be given in x��
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Proposition ������ A transformation 	�����
 preserving regular

coordinates also preserves the form 	�����
� for a given integer r and

R � S	C n��
� if and only if

�f �	z� w
 
 Az� � wB �
�i

c
	B�Ir�sAz

�
Az� �O	�
�

�fn	z� w
 
 c���zn �O	�
�	������


�g	z� w
 
 cw � �i	B�Ir�sAz
�
w �O	�
�

where c � R n f�g� B � C n�� �considered as an 	n � �
 � � matrix��

and where A is such that A�jcj��� � OR	C
n��
 and A�Ir�sA 
 cIr�s �in

particular then� A�jcj��� � �U	r� s� C 
�� As above� we use s 
 n� r� ��
We shall consider formal mappings 	�����
 of the following form�

	������
 	 �f	z� w
� �g	z� w

 
 	T � P 
	z� w
�
Here� P 	z� w
 is a polynomial mapping� P 
 	P �� P n� P n��
�

	������
 P 	z� w
 
 	p�	z� w
 � q�	z� w
� pn	z� w
 � qn	z� w
� pn��	z� w

�

where p� 
 	p�� � � � � pn��
� pn� pn�� are polynomials of the form

p�	z� w
 
 Az� � wB �
�i

c
	B�Ir�sAz

�
Az��

pn	z� w
 
 c���zn�	������


pn��	z� w
 
 cw � �i	B�Ir�sAz
�
w�

where c� B� A are as in Proposition ������ The polynomials q� 

	q�� � � � � qn��
 and qn are weighted homogeneous of the forms

q�	z� w
 

X
jJj	�

a�Jz
J �

�
�X
���

b��	Az
�
� � c�	Az�
�

�
Aw�

qn	z� w
 

X
jIj	�

dIz
I �

	������


where � 
 �� � � � � n� �� a�J � b�J � dI � C � and c� � R� We use here multi�
index notation so that e�g� J 
 	J�� � � � � Jn
� jJ j 


P
k Jk� and zJ 


	z�
J� � � � 	zn
Jn � The notation 	Az�
� stands for the ��th component of
the vector Az�� T 	z� w
 in 	������
 is a formal mapping of the form

	������
 T 	z� w
 
 	z � f	z� w
� w � g	z� w

�
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where f 
 	f �� fn
 
 	f�� � � � � fn��� fn
 and g are formal power series
in 	z� w
 such that f � is O	�
� fn is O	�
� and g is O	�
� We shall also
require that the formal series f �� fn are such that the constant terms in
the following formal series vanish

	������

	�fn

	zI
�
	�f�

	zJ
� Re

	�f�

	z�	w
�
	�f�

	z�	w
�

where I and J range over all the multi�indices with jIj 
 � and jJ j 

�� respectively� the index � runs over �� � � � � n � �� and 
 runs over
�� � � � � ���� It is straightforward� and left to the reader� to verify 	using
Proposition �����
 that any formal mapping 	�����
 that preserves the
form 	�����
 of M can be factored uniquely according to 	������
 with
T and P as above� We shall say that a choice of P � as described above�
is a choice of normalization for the transformations which preserve the
form 	�����
 and that a formal mapping preserving the form has this
normalization if it is factored according to 	������
 with this P �

Now� let F 	z� �z� s
 be a formal series in 	z� �z� s
� In what follows� we
shall decompose the formal series F 	z� �z� s
 as follows�

	������
 F 	z� �z� s
 

X
k�l

Fkl	z� �z� s
�

where Fkl	z� �z� s
 is of type 	k� l
� i�e�� for each t�� t� � �

	������
 Fkl	t�z� t��z� s
 
 tk�t
l
�Fkl	z� �z� s
�

We shall consider only those F 	z� �z� s
 which are O	�
 and are �real� in
the sense that

	������
 Fkl	z� �z� s
 
 Flk	z� �z� s
�

We shall denote by F the space of all such formal power series� and by
Fkl the space consisting of those which have type 	k� l
� In what follows�
Fkl�Hkl� and Nkl denote formal power series in Fkl�

In order to describe the space of normal forms� N � F � we need a
little more notation� Recall that the integer r and matrix R � S	C n��

from Proposition ����� are �xed throughout this section� For u 

	u�� � � � � un��
 and v 
 	v�� � � � � vn��
� we use the notation h�� �i for
the bilinear form

	������
 hu� vi 

rX

j	�

ujvj �
n��X

k	r��

ukvk�
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We denote by pR	z
 the quadratic polynomial

	������
 pR	z
 
 	z
�
�Rz� � 	zn
��

We use the notation r 
 	r��rn
 
 	r�� � � � �rn���rn
 for the holo�
morphic gradient

r 


�
	

	z�
� � � � �

	

	zn

�
�

and similarly for the anti�holomorphic gradient �r� We shall need the
linear operator SR de�ned on formal series u 
 u	z� �z� s
 as follows�

	������
 SRu 
 � �r�� �r�
�
	pRu
�

Observe that SR maps Fk���l�� into Fkl� Let us remark that the op�
erator

�r�� �r�
�
is essentially the same as the contraction operator tr

corresponding to the bilinear form h�� �i as de�ned in ����� they corre�
spond to di�erent normalizations for the monomials�

We de�ne the space of normal forms N � F for M of the form
	�����
 with r and R as in Proposition ����� as follows� First� a formal
series N	z� �z� s
 in N is in regular form which can be expressed by

	������
 N	z� �z� s
 

X

min�k�l���

Nkl	z� �z� s
�

thus� N has no components of type 	k� l
 with k 
 � or l 
 �� Moreover�
the nonzero terms Nkl satisfy the following conditions�

N�� � N��� N�� � N���

N�� � N��� N�� � N���	������


Nk� � Nk�� k 
 �� �� � � � � �
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where

N�� 

	
F�� � F�� � ker

�r�� �r�
� 


�

N�� 

	
F�� � F�� 


�
z�� �z�

�
zn�z
nH�� �H���

H�� � ker
�r�� �r�

� 

�

N�� 

	
F�� � F�� 


�
z�� �z�

��
	znH�� � znH��
 �H���

H�� � ker
�r�� �r�

�� 

�

N�� 

	
F�� � F�� 
 �z
nH��



�

N�� 

	
F�� � F�� � kerSR



�

N�� 

	
F�� � F�� 


�
z�� �z�

��
znH�� �

�
z�� �z�

�
H�� �H���

H�� � ker
�r�� �r�

�
� H�� � ker pR	r
��r�� �r�
�
H�� � Im SR



�

N�� 

	
F�� � F�� 


�
z�� �z�

�
�z
nH�� �H��� H�� � ker

�r�� �r�
�
�

H�� � kerrn



�

	������


and �nally� for k � ��
	������
 Nk� 


	
Fk� � Fk� 
 �z
nHk�� Hk� � kerrn



�

Observe that� for a series Hk� of type 	k� �
� the condition Hk� � kerrn

is equivalent to the condition that Hk� is independent of z
n� i�e�� Hk� 


Hk�	z
�� s
�

We are now in a position to state the theorem on normal forms for
a generic Levi degeneracy�

Theorem ������� Let M be a smooth hypersurface in C n�� given

near � � M by 	�����
� where r and R are as in Proposition ������
Then� given any choice of normalization �i�e�� a choice of P as de�

scribed above�� there is a unique formal transformation 	�����
 with this

normalization that transforms the de�ning equation 	�����
 of M at �
to

Im w 

rX

j	�

jzj j� �
n��X

k	r��

jzkj�

� �Re
�
�z
n
�
	z�
�Rz� � 	zn
�

��
�N	z� �z�Re w
�

	������


where N	z� �z� s
 � N �

The proof of Theorem ������ will be given in x�� We conclude this
section by applying Theorem ������ to the biholomorphic equivalence
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problem� Suppose that 	M�p�
 and 	M
�� p��
 are two germs of real�

analytic hypersurfaces in C n�� which have generic Levi degeneracies
at p� and p��� respectively� Thus� M and M � are� in particular� �nitely
nondegenerate 	see x�
 at their distinguished points p� and p��� In view of
��� Theorem ����� any formal equivalence between 	M�p�
 and 	M

�� p��

is then in fact biholomorphic� Hence� an immediate consequence of
Theorem ������� as in ����� is the following�

Corollary ������� Let M and M � be real�analytic hypersurfaces in

C n�� which have generic Levi degeneracies at p� � M and p�� � M ��
respectively� Suppose that the integers r and conjugacy classes Cr�s�

given by Proposition ������ for M and M � at p� and p��� respectively�

coincide� Then 	M�p�
 and 	M �� p��
 are biholomorphically equivalent

if and only if� for any choice of R � Cr�s and two �possibly di�erent�

choices of normalization as described in Theorem ������� 	M�p�
 and
	M �� p��
 can be brought to the same normal form�

���� The semide�nite case� In Proposition ������ the partial
normal form for a real hypersurface M at a generic Levi degeneracy
p� �M is given in terms of a conjugacy class Cr�s in S	C n��
� In order
to obtain a more explicit partial normal form� we must distinguish a
unique representative in each conjugacy class� In this paper� we shall
only address this problem in the case where the Levi form at p� is
semide�nite� i�e�� r 
 n�� and s 
 �� in which case the group �U	r� s� C 

reduces to the unitary group U	C n�� 
 and a lemma due to E� Cartan
can be applied� The details are worked out in x� below� We state here
the corresponding normal forms� which follow from the results in x���
above and x��

Thus� we assume that M has a generic Levi degeneracy at p� �M �
and that the Levi form at that point is semide�nite 	i�e�� the integer r in
Proposition ����� equals n��
� An immediate consequence of Theorem
��� 	which in fact treats a slightly more general case� see Theorem ������
below
 is that there are local holomorphic coordinates Z 
 	z� w
 as in
Proposition ����� such that M is given near p� 
 	�� �
 by

Im w 


n��X
j	�

jzj j�

� �Re
�
�z
n
�
	z�
�Dn��	�
z

� � 	zn
�
��
� F 	z� �z�Re w
�

	�����


where F is as in Proposition ������ and � 
 	��� � � � � �n��
 is a uniquely
determined vector with �� � � � � � �n�� � � such that either �� 
 � or
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�k 
 � for k 
 �� � � � � n� �� We use here the notation Dn��	�
 for the
diagonal 	n� �
� 	n� �
�matrix with � on the diagonal� i�e��

	�����
 Dn��	�
 


�
BBB�
�� � � � � �
� �� � � � �
���

���
� � �

���
� � � � � �n��

�
CCCA �

An inspection of the proof of Proposition ����� shows that the most
general transformation of the form 	�����
 preserving regular coordinates
and equation 	�����
 is of the form

�f �	z� w
 
 c���Uz� � wB � �i	B�Uz�
Uz� �O	�
�

�fn	z� w
 
 c���zn �O	�
�	�����


�g	z� w
 
 cw � �ic���	B�Uz�
w �O	�
�

where c � �� B � C n�� 	considered as an 	n � �
 � � matrix
� and
U � U	C n��
� if � 
 �� and

�f �	z� w
 
 Az� � wB � �i	B�Az�
Az� �O	�
�

�fn	z� w
 
 zn �O	�
�	�����


�g	z� w
 
 w � �i	B�Az�
w �O	�
�

where B � C n�� 	considered as an 	n� �
� � matrix
� and

A � U	C n��
 
ODn�����	C
n�� 
�

if � �
 �� 	The group

U	C n��
 
ODn�����	C
n�� 


is described in more detail in Lemma �����
 Using the corresponding
factorization 	������
 and the description of the space of normal forms
N given in x��� with R 
 Dn��	�
� we get the following result�

Theorem ������ Let M be a smooth hypersurface in C n�� given

near � �M by 	�����
� where � is the invariant 	n� �
�vector described
above� Then� given any choice of normalization �i�e�� a choice of P as

described above�� there is a unique formal transformation 	�����
 with
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this normalization that transforms the de�ning equation 	�����
 of M at

� to

Im w 

n��X
k	�

jzkj�

� �Re

�
�z
n

�
n��X
k	�

�k	z
k
� � 	zn
�

��
�N	z� �z�Re w
�

	�����


where N	z� �z� s
 � N �

Due to the explicit description of the normalization of the transfor�
mation to normal form� we can compute a bound on the dimension of
the stability group Aut	M�p�
 of a smooth hypersurfaceM � C n�� at a
generic semide�nite Levi degeneracy p� �M � Recall that Aut	M�p�
 is
the group of biholomorphic transformations near p� that �x p� and map
M into itself� It is a real� �nite dimensional Lie group in view of results
from ��� 	see also ���� and ��� for results in the higher codimensional
case
�

Corollary ����	� Let M � C n�� be a smooth hypersurface which

has a generic semide�nite Levi degeneracy at p�� Let � be the invariant

appearing in 	�����
� Then� the following hold�

�a� If � 
 	�� � � � � �
� then

	�����
 dimRAut	M�p�
 	 �

�
	n� �
n	n� �
	n� �
 � �n� � n� ��

�b� If � 
 	�� ��� � � � � �n��
 with � � �� � � � � � �n�� � �� then we

write 	�� u�� � � � � uk� �
 for the distinct values of 	�� ��� � � � � �n��

and denote by 	m�� m�� � � � �mk� �
 their multiplicities� �Thus� �
is the multiplicity of the value ��� Then�

dimRAut	M�p�
 	�
�
	n� �
n	n� �
	n� �

� �n� � n� �

�
kX

j	�

�

�
mj	mj � �
 � ���

	�����
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The bound in Corollary ����� is sharper than the bound that follows
from the results in �������� The latter bound grows like n� whereas
the former grows like n� as n � �� The proof of Corollary �����
consists of counting the number of parameters in the normalization of
the transformation to normal form and using the explicit representation
of U	C n��

ODn�����	C

n��
 provided by Lemma ����� The details are
left to the reader�

Let us conclude this section by mentioning that Theorem ��� 	in
combination with Theorem ����
 yields a partial 	third order
 normal
form in a more general case than the one considered above� Indeed� as
a consequence of Theorem ���� we have the following result� in which
the Levi degeneracy is not assumed to be generic�

Theorem ������� Let M � C n�� be a real smooth hypersurface and

p� � M � Suppose that the Levi form of M at p� has rank n� � and is
semide�nite� i�e�� all nonzero eigenvalues of the Levi form have the same

sign� Then� there are local holomorphic coordinates Z 
 	z� w
 � C n�C
near p�� vanishing at p�� such that the de�ning equation of M is of

precisely one of the following forms�

	i
 For either � 
 	�� ��� � � � � �n��� �
 with � � �� � � � � � �n�� � �
or � 
 	�� � � � � �
�

Im w 


n��X
k	�

jzkj� � �Re
�
�z
n

�
n��X
k	�

�k	z
k
� � �zn��zn

��

� F 	z� �z�Re w
�

	������


	ii
 For either � 
 	�� ��� � � � � �n��� �n��
 with � � �� � � � � � �n�� �
� or � 
 	�� � � � � �
�

	������
 Im w 

n��X
k	�

jzkj� � �Re
�
�z
n

n��X
k	�

�k	z
k
�

�
� F 	z� �z�Re w
�

	iii
 For either � 
 	�� ��� � � � � �n��� �n��
 with � � �� � � � � � �n�� �
� or � 
 	�� � � � � �
�

Im w 

n��X
k	�

jzkj� � �Re
�
�z
n

�
n��X
k	�

�k	z
k
� � 	zn
�

��

� F 	z� �z�Re w
�

	������
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Above� F 	z� �z�Re w
 denotes a smooth� real valued function which is

O	�
 in the weighted coordinate system where z has weight one and w
weight two�

In the case n 
 �� the same result holds with the following modi�ca�

tions� The only choice for � in 	i
 is � 
 �� In 	ii
 and 	iii
� both � 
 �
and � 
 � are allowed�

Before proving the results on normal forms presented in these two
sections� we shall introduce a new sequence of invariant tensors� This
will be done in the more general setting of generic submanifolds of C N �

�� CR invariant tensors

Let M � C N be a real generic smooth submanifold of codimen�
sion d� Denote by T cM � TM the complex tangent bundle to M � by
V 
 T ���M � C T cM the CR bundle ofM � by T �M � T �M the charac�
teristic bundle� and by T �M � C T �M the bundle de�ned at each p �M
as the annihilator of Vp� We denote by n the CR dimension of M � i�e��
n 
 N � d� We have the following for any p �M �

dimRT
c
pM 
 �n� dimC Vp 
 n�

dimRT
�
pM 
 d� dimC T

�
pM 
 n� d�

	���


For a vector bundle E over M � we denote the smooth sections of E by
C�	M�E
� The reader is referred e�g� to ��� or ��� for the basics of
CR structures� We shall consider only local properties of M near some
point p� Hence� given a point p � M � we may� and we will� identify M
with some small open neighborhood of p in M �

For a CR vector �eld L on M � i�e�� a smooth section of V� we de�ne
an operator TL on the smooth ��forms on M as follows�

	���
 TL
 
 �

�i
Lyd
�

where y denotes the usual contraction operator� We should point out
here that we use the notation h�� �i for the pairing between r�covectors
and r�vectors normalized in such a way that if e� and e

�� 
� � 
 �� � � � m�
are dual bases for an m�dimensional vector space V and its dual V ��
respectively� then e�� � � � � � e�r � � 	 
� � � � � � 
r 	 m� and e�� �
� � � � e�r � � 	 �� � � � � � �r 	 m� are dual bases for �r	V 
 and
�r	V �
� respectively 	see ���� Chapter I���
� This normalization is more
convenient for our purposes than the one used in e�g� ����� which di�ers
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from the present one by the factor r�� and is identical to the one used
in ����

We shall refer to sections of T �M as 	�� �
�forms and denote by
 ���	M
 the space of smooth 	�� �
�forms on M � It is not di!cult to
see that TL �  ���	M
 �  ���	M
� for if 
 �  ���	M
 then� for any CR
vector �eld K� we obtain� by using the well known identity 	see ����
Chapter I���
�

hTL
�Ki 
 hd
�L �Ki

 L 	h
�Ki
�K 	h
�Li
� h
� �L�K�i 
 ��	���


since 
 is a section of T �M � which at each point p �M annihilates Vp�
and the CR bundle V is involutive 	or� as it is also called� formally in�
tegrable
� We shall use the notation L	M
 �  ���	M
 for those smooth
	�� �
�forms that are sections of T �M � The forms in L	M
 will also be
referred to as characteristic forms�

Let p �M and let us de�ne a sequence of increasing subspaces

	���
 E�	p
 � E�	p
 � � � � � Ek	p
 � � � � � T �
pM

as follows� Set E�	p
 
 C � T �
pM and let Ej	p
� for j 
 �� �� � � � � be the

linear span of 	�� �
�covectors of the form

	���
 	TK��
� � � TK�j

�
p�

where the K
i range over all CR vector �elds on M near p� and � ranges
over the smooth sections of T �M near p� The reason for putting a bar
on the indices of CR vector �elds is to be able to use the notation of
tensor algebra in later sections� recall that the CR vector �elds for an
embedded CR submanifold are really anti�holomorphic vector �elds�

We shall see later that to compute the subspaces Ej	p
 it su!ces to
take the linear span of the covectors 	���
 where the CR vector �elds K
i

range over the elements of any basis for the CR vector �elds near p and
the characteristic forms � range over a basis for the smooth sections of
T �M near p� We will also show that M is �nitely nondegenerate 	see
below and also e�g� ���
 at p if and only if Ek	p
 
 T �

pM for some �k�
The reader should also note that these subspaces are the same as� but
di�erently indexed than� those de�ned in ����� The present de�nition is
better suited for the purposes of this paper�

Let us for a given integer k � � denote by Fk	p
 � �Vp the subspace
of those �Np � �Vp that annihilate Ek	�
� i�e��

	���
 Fk	p
 
 Ek	p

� 
 �Vp�
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Thus� for k 
 � we have F�	p
 
 �Vp� Let Fk	M
 � C�	M� �V
 denote
the space of those sections that take values in Fk	p
 at p� Note that
Fk	M
 is a C�	M
�submodule of C�	M� �V
� Consider the following
diagram� for integers j � ��

	���


j timesz 
� �
C�	M�V
� � � �� C�	M�V
�Fj��	M
�L	M


Gj���� C

ej

��y
Vp � � � �� Vp� �z 


j times

�Fj��	p
� T �
pM �

where ej is the evaluation map at p� and Gj is the mapping

	���
 	K
�� � � � �K
j � �N� �
 ��
D
TK��

� � � TK�j
�� �N

E
p
�

We would like to have a multi�linear map

	���
 �j�� � Vp � � � �� Vp� �z 

j times

�Fj��	p
� T �
pM � C

that makes the diagram 	���
 commute� Such a multi�linear map would�
by de�nition� be an invariant of the CR structure 	M�V
 	and hence
also a biholomorphic invariant for the generic submanifold M � C N at
p �M
�

One of the main results is the following�

Theorem ���� For each positive integer j� there exists a unique

multi�linear mapping 	���
 which makes the diagram 	���
 commute�

The multi�linear mapping 	���
� for each j� is symmetric with respect to

permutations of the �rst j variables�

The multi�linear map �j can also be identi�ed with a tensor

	����
 �j�� � V�p � � � � �V�p� �z 

j times

�Fj��	p
� � 	T �
pM
��

Before proving Theorem ���� let us make a few remarks�
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Remark �����

	i
 For j 
 � and a �xed characteristic covector �p � T �
pM � the Hermi�

tian form Vp�Vp � C de�ned by 	L�K
 �� ��	L� �K� �p
 coincides
with the Levi form of M at the point p and the characteristic
covector �p�

	ii
 As mentioned above and as will be proved below�M is �nitely non�
degenerate at p if and only if Ek	p
 
 T �

pM for some k� If M is
�nitely nondegenerate at p� then it is called k�nondegenerate at p
if k is the smallest integer for which Ek	p
 
 T �

pM � It follows that
for a k�nondegenerate CR manifold the tensors �j��� j � k � ��
are trivial� since Fj	p
 
 f�g� Hence� if e�g� M is a Levi non�
degenerate hypersurface 	which is the same as a ��nondegenerate
hypersurface
� then the only non�trivial invariant tensor produced
by Theorem ��� is the Levi form of M at p�

	iii
 The invariant tensors provide obstructions for two generic sub�
manifolds M�M � � C N of codimension d to be biholomorphically
equivalent at given points p � M � p� � M �� The submanifolds
	M�p
 and 	M �� p�
 cannot be biholomorhically equivalent unless
dimFj	p
 
 dimF

�
j	p

�
 	with the obvious notation that correspond�
ing object for M � are denoted with a �
 and the tensors �j�� and
��j�� are equivalent 	i�e�� there are bases in Vp� V �p� � Fj	p
� F �

j	p
�
�

T �
pM � and T �

p�M
� such that the representations of �j�� and ��j��

are equal
 for each j 
 �� �� � � � � The reader should note� however�
that the tensors �j�� do not provide a complete set of invari�
ants in the sense that 	M�p
 and 	M �� p�
 are biholomorphically
equivalent if all tensors are equivalent� This is illustrated e�g� by
Theorem ������� since the normal form given in that theorem gives
a complete set of invariants 	by Corollary ������
 and the invari�
ants coming from the tensors only enter into the second and third
order terms�

Proof of Theorem ���� We claim that for the multi�linear map�
ping �j�� in 	���
 such that the diagram 	���
 commutes to exist� it is
necessary and su!cient that the following statements hold�

	a
 For any l � f�� �� � � � � jg� K � 
 	K
�� � � � �K
l�
�
 � 	C�	M�V

l���
A�B � C�	M�V
� K �� 
 	K
l�
�� � � � �K
j
 � 	C�	M�V

j�l� a� b �
C�	M
� �N � F	M
� and � � L	M
� the following identity holds�
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Gj	K
�� aA� bB�K ��� �N� �



 a	p
Gj	K
�� A�K ��� �N� �


� b	p
Gj	K
�� B�K ��� �N� �
�

	����


	b
 For any K 
 	K
�� � � � �K
j
 � 	C�	M�V

j � a� b � C�	M
�
�A� �B � F	M
� and � � L	M
� the following identity holds�

	����
 Gj	K� a �A � b �B� �
 
 a	p
Gj	K� �A� �
 � b	p
Gj	K� �B� �
�

	c
 For any K 
 	K
�� � � � �K
j
 � 	C�	M�V

j � �N � F	M
�
a� b � C�	M
� �� � � L	M
� the following identity holds�

	����
 Gj	K� �N� a� � b�
 
 a	p
Gj	K� �N� �
 � b	p
Gj	K� �N� �
�

Indeed� if the mapping �j�� exists� then the statements 	a
� 	b
�
and 	c
 follow immediately from the diagram 	���
� Conversely� if the
statements 	a
� 	b
� and 	c
 hold� then the mapping �j�� can be uniquely
constructed as follows� Take L
�� � � � � L
n to be any basis for the CR
vector �elds near p� �N�� � � � � �Nk to be generators for Fj��	M
 near p 	it
is easy to verify that Fk	M
 is �nitely generated as a C�	M
�module
near p
� and ��� � � � � �d to be a basis for the characteristic forms near p�
The restrictions of these sections to the point p span the corresponding
vector space over C � We then de�ne �j��	L
i� � � � � � L
ij �

�Nk� �
l
 to be

Gj	L
i� � � � � � L
ij �
�Nk� �

l
� and extend �j�� by linearity� The statements
	a
� 	b
� and 	c
 guarantee that this de�nition is independent of the
bases and generators chosen and that the diagram 	���
 commutes� We
leave the details of this veri�cation to the reader� These arguments also
show that the mapping �j�� is unique whenever it exists�

We begin by proving statement 	a
� Observe �rst that the mapping
Gj is clearly multi�linear over C � so that

Gj	K
�� aA� bB�K ��� �N� �



 Gj	K
�� aA�K ��� �N� �


�Gj	K
�� bB�K ��� �N� �
�

	����


Hence� it su!ces to prove that for any a and A as in statement 	a
�

	����
 Gj	K
�� aA�K ��� �N� �
 
 a	p
Gj	K

�� A�K ��� �N� �
�
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Note that� for any CR vector �eld L� any b � C�	M
� and any 
 �
 ���	M
�

TL	b

 
 Lyd	b

 
 Ly	db � 
 � bd




 	Lydb

 � 	Ly

db � bTL
	����



 	Lb

 � bTL
�

since Ly
 
 h
�Li 
 �� A simple inductive argument using 	����

proves that� for K
�� � � � �K
l�
�� a� and A as in the statement 	a
 and 

as above�

	����
 TK��
� � � TK�l���

TaA
 
 aTK��
� � � TK�l��

TA
 �

mX
i	�

ai

i�

where the ai � C�	M
 and the 
i are of the form

	����
 
i 
 TS�� � � � TS�k


for some k � l and S
r � fK
�� � � � �K
l�
�� Ag� Hence� for any �N �
Fj��	M
� we obtain� since l 	 j�

	����

D
TK��

� � � TK�l���
TaA
� �N

E
p

 a	p


D
TK��

� � � TK�l���
TA
� �N

E
p
�

if 
 
 TK�l���
� � � TK�j

�� This proves 	����
�

Statement 	b
 is obvious� since we even haveD
TK��

� � � TK�j
�� a �A� b �B

E

 a

D
TK��

� � � TK�j
�� �A

E
� b

D
TK��

� � � TK�j
�� �B

E
�

	����


Finally� statement 	c
 follows from an argument similar to the one used
to prove 	a
� we leave the details to the reader�

To prove the symmetry properties� we �rst prove the following iden�
tity�

Lemma ����� For any 	�� �
�form 
� CR vector �elds K� L� and
any vector �eld X on M � the following holds�

	����
 hTLTK
�Xi � hTKTL
�Xi 
 �L�K� h
�Xi� h
� �X� �L�K��i �
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Proof� For any 	�� �
�form 
�� CR vector �eld L�� and any vector
�eld X on M � using a well known identity we obtain�TL�
��X� 
 �d
�� L� �X�


 L�
�

�� X

��X
�

�� L�

�� �
�� �L��X��

 L�

�

�� X

�� �
�� �L�� X�� �	����


since h
�� L�i 
 �� Similarly�

hTLTK
�Xi 
LK h
�Xi � L h
� �K�X�i
�K h
� �L�X�i � h
� �K� �L�X��i �	����


It follows that

hTLTK
�Xi � hTKTL
�Xi

 �L�K� h
�Xi
� h
� �K� �L�X�� � �L� �K�X��i �

	����


Now� using the Jacobi identity� we have

�K� �L�X�� � �L� �K�X�� 
�K� �L�X�� � �X� �L�K�� � �K� �X�L��

�X� �L�K���

	����


which completes the proof� q�e�d�

In particular� Lemma ���� implies that TL and TK � considered as
linear maps on  ���	M
� commute if the CR vector �elds L and K
commute� It is well known that there exists a basis of CR vector �elds on
M near p that commute� Since this basis can be used in the construction
of �j��� as described in the beginning of this proof� it follows that �j��

is symmetric with respect to permutations of the j �rst variables� This
completes the proof of Theorem ���� q�e�d�

�� Finitely nondegenerate CR manifolds

In this section� we relate the invariant tensors de�ned in Section
� to the notion of �nite nondegeneracy� Let M � C N be a generic
real smooth submanifold of codimension d� p� a point in M � and let
�	Z� �Z
 
 �� where � 
 	��� � � � � �d
� be a de�ning equation for M near
p�� Let L
�� � � � � L
n� n 
 N � d� be a basis for the CR vector �elds of
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M near p�� M is called �nitely nondegenerate at p� if there exists a
non�negative integer k such that

	���
 span

�
L


J

�
	�l
	Z

�
	p�� �p�
 �jJ j 	 k� l 
 �� �� � � � � d

�

 C N �

where we use the notation �J 
 	 �J�� � � � � �Jk
 � f�� � � � � ngk� j �J j 
 k�
and L


J 
 L 
J� � � � L 
Jk
� If M is �nitely nondegenerate at p� and k is the

smallest integer for which 	���
 holds� thenM is called k�nondegenerate
at p�� The property of being k�nondegenerate is independent of the
choice of de�ning equations� local coordinates� and bases for the CR
vector �elds� Moreover� M is ��nondegenerate at p� if and only if it is
totally real at p�� and ifM is a hypersurface� then it is ��nondegenerate
at p� if and only if it is Levi�nondegenerate� 	See e�g� ��� or ��� for these
statements�


Finite nondegeneracy was introduced in ��� in connection with a reg�
ularity problem for CR mappings of real hypersurfaces� It was further
explored in connection with the study of holomorphic mappings between
generic submanifolds and real hypersurfaces in �������� Finite nondegen�
eracy is also related to holomorphic nondegeneracy as introduced in ����
	see also ����
 and essential �niteness as introduced in ���� The reader
is referred to the book ��� for further information and history�

We prove here the following result� Recall from Section � the de��
nition of the subspaces Ej	p�
 � T �

p�M �

Theorem ���� Let M � C N be a generic real submanifold and p� �
M � Then� M is k�nondegenerate at p� if and only if Ek	p�
 
 T �

p�M
and Ek��	p�
 � T �

p�M �

Before proving Theorem ���� we shall show that the space Ek	p�

can be computed in a slightly simpler way than in the de�nition given
in Section �� Let L
�� � � � � L
n be a basis for the CR vector �elds on M
near p�� and �

�� � � � � �d a basis for the characteristic forms near p�� We
shall use the notation T j 
 TL�j and� as above for J 
 	J�� � � � � Jk
 �
f�� �� � � � � ngk� we denote by
	���
 T J 
 T J� � � � � � T Jk �

Proposition ��
� For any nonnegative integer j� the following

holds�

	���
 Ej	p�
 
 span f	T J�l
p� �jJ j 	 j� l 
 �� �� � � � � dg�
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Proof� Observe that the right�hand side of 	���
 is contained in
Ej	p�
 for any nonnegative j� Let K
�� � � � �K
j be arbitrary CR vec�
tor �elds� and � an arbitary characteristic form� Since L
�� � � � � L
n and
��� � � � � �d form bases for the CR vector �elds and the characteristic
forms� respectively� near p�� we have� for l 
 �� � � � � j�

	���
 K
l 


nX
m	�

a 
m

l L 
m� � 


dX
i	�

bi�
i�

for some a 
m

l
� bi � C�	M
� The fact that 	TK��

� � � TK�j
�
p� is contained on

the right�hand side of 	���
 now follows from 	����
 and 	����
� q�e�d�

Proof of Theorem ���� For a generic submanifold M � C N with
de�ning functions � 
 	��� � � � � �d
 near p� � M � we may take �j 

�i	�j � for j 
 �� � � � � d� as a basis for the characteristic forms near p��
Observe that each �j is real onM � since 	�j� �	�j 
 � when pulled back
to M � Let L
�� � � � � L
n be a basis for the CR vector �elds of M near p��
In the coordinates Z of the ambient space� we may write

	���
 L
k 

NX
l	�

a

l

k	Z�

�Z

	

	 �Z
l
�

and

	���
 �j 
 �i	�j 
 �i

NX
l	�

	�j
	Z l

dZ l�

Hence� using the notation of Proposition ���� we have

	���
 T k�j 


NX
l	�

L
k

�
	�j
	Z l

�
dZ l�

Repeating this argument leads to

	����
 T J�j 


NX
l	�

L

J

�
	�j
	Z l

�
dZ l�

Since 	T J�j
p� � T �
p�M and the dimension of T �

p�M equals n� d 
 N �
the conclusion of Theorem ��� follows from Proposition ���� q�e�d�
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� The third order invariants and a partial normal

form for real hypersurfaces

We shall show that the second and third order tensors ��� �� form
a complete set of third order invariants 	in a sense that will be made
more precise in Theorem ���� below
 for real hypersurfaces� This will
be the �rst step in the proof of Proposition ������

Let M � C n�� be a real smooth hypersurface� Let L
�� � � � � L
n be
a basis for the CR vector �elds on M near some distinguished point
p � M and � a non�zero characteristic form near p� Set L� 
 L
��
Denote by g
�� the components of the tensor �� at p� which is just the
Levi form of M at that point� relative to the bases L
��p� � � � � L
n�p of Vp�
L��p� � � � � Ln�p of F�	p
 
 �Vp� and �p of T �

pM � i�e��

	���
 g
�� 
 hTL���� L�ip �

for �
� � 
 �� � � � � n� A change of bases

	���
 L�
��p 
 b
�
�L
��p� ��p 
 a�p�

where we use the usual summation convention to raise and lower indices�
yields the transformation rule

	���
 g�
�� 
 ab
�
�b
�
�g
�� �

where b�� 
 b
�
� � By a suitable choice of bases above� we may assume that
the Levi form ofM at p is diagonal with diagonal elements in f��� �� �g�
i�e��

	���
 g
�� 
 ���
���

where �
�� is the Kronecker symbol and

	���
 �� 


���
��

�� � 
 �� � � � � r�

��� � 
 r � �� � � � � r � s�

�� � 
 r � s� �� � � � � n�

We shall assume here that r � s � n� so that M is Levi degenerate at
p� 	The rank of the Levi form at p is r � s�
 Now� denote by h
�
�� the
components of the third order tensor �� at p� i�e��

	���
 h
�
�� 

D
TL��TL��

�� L�

E
p
�
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where �
� �� 
 �� � � � � n and � 
 r � s� � � � � n� We then obtain the trans�
formation rule

	���
 h�
�
�� 
 ab
	
�b




�
b��h
	

� �

It is well known 	and not di!cult to see
 that we may choose coor�
dinates Z 
 	z� w
 
 	z�� � � � � zn� w
 � C n�� near p � M � vanishing at
p� such thatM is de�ned near p 
 � by the equation �	Z� �Z
 
 �� where

	���
 �	Z� �Z
 
 �Im w�g�
���z

�z���Re

�
k�
�
�� �z


��z

�z�
�
�R�	z� �z�Re w


for some g�
��� k
�

� 
��

� C with �
� �� ��� � 
 �� � � � � n� here� R�	z� �z� s
 is

a real�valued function that vanishes to weighted order � at � in the
weighted coordinate system where z� �z have weight one and s has weight
two 	or higher if the Levi form at p is �
� For the embedded hypersurface
de�ned by the function 	���
� we may take as a basis for the CR vector
�elds

	���
 L�
� 

	

	�z 
�
� �
�	Z� �Z


	

	 �w
� �
 
 �� � � � � n�

where �
�	�� �
 
 �� We refer the reader e�g� to ��� Chapter IV� for
details� By taking �� 
 �i	� and using 	����
� we �nd that the tensors
�� and �� at p 
 � relative to the bases de�ned by L�
�� L

�
�� and �

� are
given by �� 
 	g

�

��
 and �� 
 	h

�

� 
��

 with

	����
 h�
�
�� 
 k�
� 
�� � �
� �� 
 �� � � � � n� � 
 r � s� �� � � � � n�

It follows that there is a change of basis 	���
 such that 	���
 and 	���

	with � running from r � s � � to n
 hold� Such a change of bases
corresponds to a linear change of coordinates of the form

	����
 z� �� b��z
� � w �� �

a
w

in 	���
� Hence� the linear change of coordinates 	����
 transforms the
de�ning function in 	���
 to the form

�	Z� �Z
 
� Im w � g
���z

�z� � �Re

�
k
� 
�
�z


��z

�z

�

� �Re
�
h
� 
�� �z


��z

�z�
�
�R	z� �z�Re w
�

	����
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where �
� �� �� run over �� � � � � n� � runs over �� � � � � r � s� � runs over
r�s��� � � � � n� and k
�
�
 are some complex numbers� Next� since g
�� is
of the form 	���
 with �� of the form 	���
� we observe that the quadratic
change of coordinates

	����
 z
 � �
k
�
�
z
�z� �� z
�

for � 
 �� � � � � r � s� yields the following �nal form of �	Z� �Z


�	Z� �Z
 
� Im w � g
���z

�z� � �Re

�
h
� 
�� �z


��z

�z�
�

� �R	z� �z�Re w
�
	����


where �R	z� �z� s
 vanishes of weighted order � at �� the indices �
� �� �� run
over �� � � � � n� and the index � runs over r� s��� � � � � n� We would like
to point out that a similar form for a real hypersurface was presented
by Webster in ���� 	see also Remark ���� below
�

Hence� we have proved that �� and �� form a complete set of third
order invariants for a real hypersurfaceM � C n�� in the following sense�
We use the notation and conventions introduced above�

Theorem 
���� Let M � C n�� be a real smooth hypersurface

and p � M � Assume that the signature of the Levi form of M at p is

as described above� Then� there are coordinates Z 
 	z� w
 � C n�� �

vanishing at p� such that M is de�ned near p 
 � by �	Z� �Z
 
 �� where
�	Z� �Z
 is given by 	����
 if and only if there is are bases L
��p� � � � � L
n�p

for Vp� with the corresponding basis L��p� � � � � Ln�p for �Vp� and �p for

T �
pM such that

	����
 �� 
 	g
��
� �� 
 	h
� 
��
�

with �
� �� �� 
 �� � � � � n and � 
 r � s� �� � � � � n�

Remark 
��	� In ����� the cubic form of a real hypersurface
M � C n�� at a point p � M was introduced and shown to be a multi�
linear map Vp � Vp � F�	p
� C de�ned by

	����
 qp	Lp�Kp� �Np
 

�
	�� �K� �L� �N ��

�
p
�

where L� K� and �N are vector �elds extending Lp�Kp � Vp and �Np �
F�	p
� respectively� A straightforward calculation� using the formula
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	����
 repeatedly� shows the following relation between the cubic form
and the tensor ��	�� �� �� �
 	for some �xed � e�g� � 
 �i	�
�

��	Lp�Kp� �Np� �
� �iqp	Lp�Kp� �Np




�TLTK�� �N�p � ��� �K� �L� �N ���p


 L
��TK�� �N���K

��TL�� �N��

 �L ���� �K� �N ����K

��
�� �L� �N �

��
�

	����


Nevertheless� the cubic form and ��	�� �� �� �
 are in fact equal 	possibly
modulo some multiplicative constant
� This equivalence follows from
Theorem ����� because it is shown in ���� 	using the notation introduced
above
 that M can be brought to the form 	����
 with

	����
 qp	L
��p� L
��p� L��p
 

i

�
h
� 
�� �

where �
� ��� � range over the same indices as in Theorem ����� Thus�
Theorem ���� is in fact implicit in ����� although using the cubic form
as the third order tensor�

�� An explicit computation of the third order tensor

in a special case

We shall keep the notation and conventions introduced in Section ��
We would like to compute numerical invariants of the tensor �� 
 	h
� 
��

under changes of bases 	���
 preserving the form 	���
 of the second
order tensor 	the Levi form
 �� 
 	g
��
� We shall do this only in the
following case� which is a bit more general than the situation considered
in x����

Assume that the rank r � s of the Levi form �� at the point equals
n � � and that the Levi form is semide�nite� Thus� we do not assume
here that the Levi degeneracy is generic� We may assume� without loss
of generality� that the n � � nonzero diagonal elements ��� � � � � �n�� of
g
�� are ��� We can identify the third order tensor �� with a symmetric
n� n matrix H 
 	h
�
�n
�

We associate to each change of basis in Vp a matrix B � GL	C n
 by
B 
 	b
�
�
� We only consider changes 	���
 that preserve the form of ���

i�e�� such that

	���
 aB �IB� 
 �I�
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where B� denotes the Hermitian adjoint of B and �I is the matrix of the
Levi form� i�e�� in block matrix form

	���
 �I 


�
In�� �
� �

�
�

with In�� 
 In���� being the 	n��
� 	n��
 identity matrix� It is easy
to see that 	���
 implies that B must be of the form

	���
 B 


�
V c
� d

�
�

where c � C n�� � d � C � and V is an 	n� �
� 	n� �
�matrix related to
a in 	���
 by

	���
 aV V � 
 In���

i�e�� a � � and
p
aV is a unitary matrix� The transformation rule 	���


for �� becomes

	���
 H � 
 a �dBHB� �

where B� denotes the transpose of B�
Recall that� for a given 	n� �
�vector

	���
 � 
 	��� � � � � �n��
�

we denote by Dn��	�
 the 	n� �
� 	n� �
 diagonal matrix with � on
the diagonal 	see 	�����

� We shall also use e�n�� for the 	n� �
�vector

	���
 e�n�� 
 	�� � � � � �� �
�

If n 
 �� then we take e�n�� 
 �� The main result in this section is the
following� which combined with Theorem ���� gives Theorem �������
We use the matrix representations of the second and third order tensors
as introduced above�

Theorem ���� Let M � C n�� � n � �� be a smooth real hypersurface

and p � M � Assume that the Levi form g
�� of M at p has rank n � �
and is semide�nite �i�e�� all nonzero eigenvalues have the same sign��

If we normalize the Levi form g
�� so that its matrix is in the form 	���
�
then the matrix H 
 	h
� 
�n
 of the third order tensor can be brought to

precisely one of the following block matrix forms�
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	i
 For either � 
 	�� ��� � � � � �n��� �
 with � � �� � � � � � �n�� � �
or � 
 	�� � � � � �
�

	���
 H � 


�
Dn��	�
 en��
e�n�� �

�
�

	ii
 For either � 
 	�� ��� � � � � �n��� �n��
 with � � �� � � � � � �n�� �
� or � 
 	�� � � � � �
�

	����
 H � 


�
Dn��	�
 �

� �

�
�

	iii
 For either � 
 	�� ��� � � � � �n��� �n��
 with � � �� � � � � � �n�� �
� or � 
 	�� � � � � �
�

	����
 H � 


�
Dn��	�
 �

� �

�
�

In the case n 
 �� the same result holds with the following modi�cations�

The only choice for � in 	i
 is � 
 �� In 	ii
 and 	iii
� both � 
 � and

� 
 � are allowed�

Remark �����

	a
 Note that in the case n 
 �� i�e�� in C � � there are only � di�erent
forms for H � and no numerical invariants � 	i�e�� � is only � or
�
� These � forms correspond to the � di�erent partial normal
forms of type 	i
 in ���� Theorem A� and the case which is not ��
nondegenerate at p 	see 	b
 below
� We should point out that the
partial normal form of type 	ii
 in ���� Theorem A� corresponds to
an explicit normal form for the third order tensor of a hypersurface
in C � at a point p where the Levi form vanishes� In this case� there
are nontrivial numerical invariant�

	b
 The only case that corresponds to a hypersurfaceM � C n�� which
is not ��nondegenerate at p � M is 	ii
 with � 
 	�� � � � � �
� i�e��
H � 
 ��

Proof of Theorem ���� We assume �rst that n � �� We write the
symmetric n� n�matrix H in block matrix form

	����
 H 


�
A �
�� �

�
�
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where A is a symmetric 	n � �
 � 	n � �
�matrix� � � C n � and � � C �
By making a change of bases 	���
 preserving the form of g
��� i�e�� the
matrix B is of the form 	���
 and satis�es 	���
� the matrixH transforms
according to the rule 	���
� A computation shows that

	����
 H � 
 a �d

�
V AV � � V �c� � c��V � � �cc� d	V � � �c


d	��V � � �c� 
 �d�

�
�

We shall divide the proof into di�erent cases�

The case � 
 � and � �
 �� We have

	����
 H � 
 a �d

�
V AV � � V �c� � c��V � dV �

d��V � �

�
�

Let us look for V in the form V 
 V�V�� where V� is a unitary matrix
such that

	����
 V�� 
 j�jen���

with en�� as de�ned by 	���
� If we write A
� 
 V�AV

�
� � then we have

	����
 H � 
 a �d

�
V�A

�V �
� � j�jV�en��c� � j�jce�n��V �

� j�jdV�en��
j�jde�n��V �

� �

�
�

If we introduce the vector

	����
 p 
 aV �
� c

and use the fact that aV�V
�
� 
 In��� then the upper left corner of H

� in
	����
 can be written

	����
 V�	A
� � j�j	en��p� � pe�n��

V

�
� �

It is easy to check that p � C n�� can be chosen uniquely 	which means
that c is determined uniquely as a function of V� and a
 such that
A� � j�j	en��p� � pe�n��
 takes the form

	����
 A� � j�j	en��p� � pe�n��
 


�
E �
� �

�
�

where E is some symmetric 	n� �
 � 	n� �
�matrix� If we write �V 
p
aV�� then it remains to choose a unitary matrix �V � a positive number
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p
a� and a complex 	nonzero
 number d so as to normalize the matrix

and vector

	����
 �d �V

�
E �
� �

�
�V � �

p
ajdj�j�j �V en���

The most general unitary matrix �V satisfying �V en�� 
 en�� is of the
form

	����
 �V 


�
F �
� �

�
�

where F is a unitary 	n� �
� 	n� �
�matrix� For such a �V � we get

	����
 �V

�
E �
� �

�
�V � 


�
FEF � �
� �

�
�

At this point we need the following lemma� which is a consequence of E�
Cartan"s work on Lie groups 	see ���� for a discussion� see also ���� for
the lemma in the present form
� We denote by U	Cm
 
 U�	m� �� C 

the group of unitary transformations in Cm � We also denote by O	Rm 

the group of 	real
 orthogonal transformations in Rm �

Lemma ���
 Let E be a symmetric m � m�matrix with complex
matrix elements� Then� there is a unique m�vector � 
 	��� � � � � �m

with �� � � � � � �m � � such that

	����
 UEU � 
 Dm	�
�

for some U � U	Cm
� In fact� the numbers ��j are the eigenvalues of the

positive semide�nite Hermitian matrix E �E� Moreover� if � is given as

above� and we write 	u�� � � � � uk� �
 for the distinct values of 	��� � � � � �m

and 	m�� � � � �mk� �
 for their multiplicities �e�g� � denotes the number

of zeros among the �j�� then the subgroup of U � U	Cm
 for which

	����
 UDm	�
U
� 
 Dm	�


consists of all matrices of the form

	����
 U 


�
BBB�
O� � � �

�
� � � � �

� � Ok �
� � � V

�
CCCA �
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where Oj � O	Rmj 
� j 
 �� � � � � k� and V � U	C 

� �Observe that �
could be zero in which case there is no V in 	����
��

Now� if we choose �V as in 	����
 with F chosen such that FEF � 

Dn��	�

�
 for some 	n� �
�vector ��� and then pa � � and d � C n f�g
suitably� we obtainH � of the form described by 	i
 in Theorem ���� Also�
the vector �� as described in Theorem ��� 	i
� is uniqely determined and
it is clear from the arguments above that H � cannot be brought to any
of the other forms 	ii
 or 	iii
� This concludes the case � 
 � and � �
 ��

The case � 
 � and � 
 �� In this case� it is clear from Lemma
���� that H � can be brought to the form 	ii
 	and none of the forms 	i

or 	iii

 with �� as described in Theorem ��� 	ii
� uniquely determined�

The case � �
 �� It is clear from 	����
 that we can make the upper
right and lower left corners of H � vanish by choosing

	����
 c 
 ��
�
V ��

If we bring the factor a �d inside the matrix in 	����
 then� with �V 

p
aV

as above� the upper left and lower right corners of H �� respectively�
become

	����
 �d �V

�
A� �

�
���

�
�V � � a �dd���

The equation

	����
 a �dd�� 
 �

determines the argument of d � C uniquely� It also determines the
modulus of d uniquely as a function of a � � by

	����
 jdj 
 �

j�j���a��� �

Substituting this into the expression for the upper left corner in 	����

and using Lemma ����� we deduce that H can be brought to the form
	iii
 	and none of the forms 	i
 or 	ii

 with �� as described by Theorem
��� 	iii
� uniquely determined� This concludes the case � �
 ��

Now� if n 
 �� then a similar� but simpler� argument leads to the
statement concluding Theorem ���� q�e�d�
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�� Proof of Proposition �����

We shall keep the notation of xx���� Recall that the hypersurface
M is assumed to have a generic Levi degeneracy at p� at which point
the Levi form has r� with 	n��
�� 	 r 	 n��� eigenvalues of the same
sign� Thus� we may assume that the matrix 	g
��
 of the Levi form at
p� equals Ir�s� where Ir�s is as in x��� and s 
 n � � � r� In view of
Theorem ����� we must show that the matrix H 
 	h
� 
�n
 of the third
order tensor can be brought� by a change of basis 	���
 preserving the
Levi form 	g
��
 
 Ir�s� to the form

	���
 H 


�
R �
� �

�
�

for some R � S	C n��
� and that� under additional such changes that
also preserve the form 	���
 of H� the matrix R transforms according to
the rule

	���
 R� 
 	cV 
�R	cV 
�

where c � � and V � �U	r� s� C 
 can be chosen arbitrarily� The most gen�
eral change 	���
 preserving the Levi form g
�� corresponds to a matrix

B as in 	���
 with c � C n�� � d � C � and
pjajV � �U	r� s� C 
 such that

aV Ir�sV
� 
 Ir�s� If we write H in the form 	����
� then the fact that

M has a generic Levi degeneracy at p� is expressed by � �
 �� as can be
veri�ed by a straightforward calculation 	cf� also ����
� An inspection
of the case � �
 � in the proof of Theorem ��� above shows that H can
indeed be brought to the form 	����
 and R transforms according to the
rule 	���
� as desired� This completes the proof of Proposition ������

q�e�d�

	� Proof of Proposition �����

We shall use the notation introduced in x���� Consider a transfor�
mation

	���
 	z�� zn� w
 
 	 �f �	�z� �w
� �fn	�z� �w
� �g	�z� �w

�

where 	 �f �� �fn� �g
 is of the form 	for convenience� we drop the � on the
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variables


�f �	z� w
 
 Az� � znD �wB � z�Ez �O	�
�

�fn	z� w
 
 K�z� � dnz
n �O	�
�	���


�g	z� w
 
 cw � �i
�
A�z� � znD� �B

�
w �O	�
�

where A � GL	C n�� 
� D�B�K � C n�� 	considered as 	n��
�� matri�
ces
� E 
 	E�
����n�� is an 	n��
�vector of n�nmatrices� dn � C nf�g�
and c � R n f�g� This is the most general form of a transformation that
preserves regular coordinates 	cf� ���� xx����
� If we write the formal
de�ning equation of M in the 	regular
 coordinates 	�z� �w
 in complex
form 	cf� ��� or ����
� i�e��

	���
 �w 
 �Q	�z� ��z� ��w
�

where �Q	�z� �� ��w
 
 �Q	�� ��z� ��w
 
 ��w� then we obtain� by substituting in
	�����
 and setting �w 
 ��

c

�
� � �i

�
Az� � znD� �B

�
c

�
�Q	z� �z� �



 �i

��
Az� � znD� �A�z� � �z
n �D

�
�
�
B� �A�z� � �z
n �D

�
�Q	z� �z� �


�
�
z�Ez� �A�z� � �z
n �D

�
� 	 �K� �z� � �dn�z


n
pR	Az
� � znD�K�z� � dnz

n


�
� � � � �

	���


where h�� �i and pR are de�ned by 	������
 and 	������
� and the dots
� � � signify terms that are either O	�
 or of type 	k� l
 with l � �� If the
transformation is to preserve the form 	�����
� then we must have 	cf�
���� x��


	���
 �Q	z� �z� �
 
 �i	
�
z�� �z�

�
� �Re

�
�z
npR	z

�� zn

�
�O	�
�

By identifying terms of type 	�� �
� we deduce that D 
 � and

	���

�
Az�� �A�z�

�

 c

�
z�� �z�

�
�
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Observe that 	���
 is equivalent to A�Ir�sA 
 cIr�s� Identifying terms of
type 	�� �
 and using 	������
� we also see that K 
 � and

	���


���
��


dnd�n
c 
 ��


dn
c 	A


�RA 
 R��
z�Ez� �A�z�

�

 �i

c

�
Az�� �B

� �
Az�� �A�z�

�
�

The conclusion of Proposition ������ is now easy to verify� This com�
pletes the proof� q�e�d�

�� Proof of Theorem ������

The proof follows closely the proof of Theorem B in ����� which in
turn was inspired by the work in ����� The idea is to reduce the proof to
a problem of describing the kernel and range of a certain linear operator�
We shall use the notation introduced in x����

We write the 	formal
 de�ning equation 	�����
 of M in the form

	���
 Im w 

�
z�� �z�

�
� �Re 	�z
npR	z

 � F 	z� �z�Re w
�

where h�� �i is given by 	������
� and pR	z
 by 	������
� and F 	z� �z� s
 is
a formal series in F as introduced in x���� We subject M to a formal
transformation

	���
 �z 
 �f	z� w
� �w 
 �g	z� w
�

where �f 
 	 �f �� �fn
 
 	 �f�� � � � � �fn��� �fn
� which preserves the form of
M modulo terms of weighted degree at least �� i�e�� the transformed
hypersurface �M is given by a de�ning equation of the form

	���
 Im �w 

�
�z�� ��z�

�
� �Re 	 ��z
npR	�z

 � �F 	�z� ��z�Re �w
�

where �F 	z�� �z�� s�
 is in F � We also require that the new coordinates
are regular for �M � Thus� �f and �g are subjected to the restrictions
imposed by Proposition ������ As mentioned in x���� the most general
transformation of this kind can be factored uniquely as

	���
 	 �f	z� w
� �g	z� w

 
 	T � P 
	z� w
�

where P and T are as described in that section�
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To prove Theorem ������� it su!ces to prove that there is a unique
transformation

	���
 T 	z� w
 
 	 �f	z� w
� �g	z� w

 
 	z � f	z� w
� w � g	z� w

�

where f 
 	f �� fn
 
 	f�� � � � � fn��� fn
� to normal form 	i�e�� such that
the transformed hypersurface �M is de�ned by 	���
 with �F � N 
 such
that f � is O	�
� fn is O	�
� g is O	�
� and such that the constant terms
in the formal series 	������
 vanish� We decompose 	f �� fn� g
� F � and
�F into weighted homogeneous parts as follows�

f �	z� w
 


�X
�	�

f ��	z� w
� fn	z� w
 


�X
�	�

fn� 	z� w
 �

g	z� w
 

�X
�	�

g�	z� w
 � F 	z� �z� s
 

�X
�	�

F�	z� �z� s
 �

�F 	z� �z� s
 


�X
�	�

�F�	z� �z� s
 �

Recall here that z and �z are assigned the weight one� w and s are
assigned the weight two� and we say that e�g� F�	z� �z� s
 is weighted
homogeneous of degree � if for all t � �

F�	tz� t�z� t
�s
 
 t�F�	z� �z� s
�

The formal power series F� �F � F are related as follows�

Im �g	z� s� i�
 

D
�f�	z� s� i�
� �f�	z� s� i�


E
� �Re

�
fn	z� s� i�
pR	 �f	z� s� i�



�
� �F 	 �f	z� s� i�
� �f 	�z� s� i�
�Re �g	z� s� i�

�

	���


where

	���
 � 
 �	z� �z� s
 

�
z�� �z�

�
� �Re 	�z
npR	z� �z

 � F 	z� �z� s
�

Identifying terms of weighted degree � � � we obtain

F� � Im g� 

D
z�� f ����

E
�
�
f ����� �z

�
�

� 	pR � �z
n�z
n
fn���

� 	pR � �z
n�z
n
fn��� �

�F� � � � � �

	���
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where

F� 
F�	z� �z� s
� �F� 
 �F�	z� �z� s� i
�
z�� �z�

�



f ���� 
f
�
���	�z� s� i

�
z�� �z�

�

�

f ���� 
f
�
���	z� s� i

�
z�� �z�

�

 � etc�

	���


and where the dots � � � signify terms that only involve F
� F
�

� g
� f

�

���

and fn
�� for � � �� We can write this as

	����
 Re 	ig� � �
�
f ����� �z

�
�
� �	pR � �z

n�z
n
fn���
 
 F� � F �
� � � � � �

Let us de�ne the linear operator

	����
 L	f �� fn� g
 
 Re 	ig � �
�
f �� �z�

�
� �	pR � �z

n�z
n
fn
j�z�s�ihz��
z�i�
from the space G to the space F � where G denotes the space of formal
power series 	in 	z� w

 transformations 	f �� fn� g
 such that f � is O	�
�
fn is O	�
� and g is O	�
� Observe that L maps 	f ����� f

n
���� g�
 to a

series that is weighted homogeneous of degree �� We note� as in ����
and ����� that if we could �nd subspaces

	����
 G� � G� N � F

such that� for any F � F � the equation

	����
 L	f �� fn� g
 
 F mod N

has a unique solution 	f �� fn� g
 � G�� then� given any F � � F � equation
	����
 would allow us to inductively determine the weighted homoge�
neous parts F� of a normal form F � N and the weighted homogeneous
parts 	f ����� f

n
���� g�
 of the transformation 	f

�� fn� g
 � G� to normal
form in a unique fashion� This can also be formulated as saying that
G� and N are complementary subspaces of the kernel and range of L�
respectively�

Let us therefore de�ne G� � G as those 	f �� fn� g
 � G for which the
constant terms in the series 	������
 vanish� Thus� the proof of Theorem
������ will be completed by proving the following�

Lemma ���
� Let G� � G be as described above and N � F as

de�ned in x�� Then� for any F � F � the equation

	����
 L	f �� fn� g
 
 F mod N
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has a unique solution 	f �� fn� g
 � G��
Proof� We shall decompose equation 	����
 according to 	k� l
�type�

We decompose F � F as follows�

	����
 F 	z� �z� s
 

X
k�l

Fkl	z� �z� s
�

where each Fkl � Fkl� i�e�� each Fkl is in F and of type 	k� l
� We also
decompose 	f �� fn� g
 � G as follows 	� 
 �� � � � � n
�
	����
 f�	z� w
 


X
k

f�k 	z� w
� g	z� w
 

X
k

gk	z� w
�

where f�k 	z� w
� gk	z� w
 are homogeneous of degree k in z� e�g�

	����
 gk	tz� w
 
 tkgk	z� w
 � t � ��

The reader should observe that this rede�nes e�g� gk	z� w
 which� pre�
viously� denoted the weighted homogeneous part of degree k in g	z� w
�
However� in what follows we shall not need the decomposition into
weighted homogeneous terms and� hence� the above notation should
cause no confusion� for the remainder of this section� e�g� gk	z� w

means the part of g	z� w
 which is homogeneous of degree k in z� etc�
For brevity� we use the following notation

	����
 fw	z� w
 

	f

	w
	z� w
� � � � � fwm	z� w
 


	mf

	wm
	z� w
� � � � �

We will use the fact

	����
 f	z� s� i
�
z�� �z�

�

 


X
m

fwm	z� s

	i hz�� �z�i
m

m�
�

We shall identify terms of type 	k� l
 in 	����
� Since the equation is
real� it su!ces to consider types where k � l� Also� note that for 	k� l

such that Nkl 
 Fkl equation 	����
 is trivially satis�ed�

In what follows� we use the notation

Fkl 
 Fkl	z� �z� s
� gk 
 gk	z� s
� gk 
 gk	�z� s
 � etc�

Collecting terms of equal type in 	����
� we obtain the following decou�
pled systems of di�erential equations� for k � �����

��
i
�gk 
 Fk���
f �k��� �z

�
�
� �zn�z
nfnk � hz��
z�i

� 	gk
w 
 Fk�����

mod Nk�����

	����
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and� in addition������������
����������

pRfn� �
i
�g� 
 F���

hf ��� �z�i� �zn�z
nfn� � i hz�� �z�i pR	fn� 
w � hz��
z�i
� 	g�
w 
 F���

mod N���

i hz�� �z�i h	f ��
w� �z�i� �i hz�� �z�i zn�z
n	fn� 
w
� hz��
z�i�

� pR	f
n
� 
w� � pRf

n
� � ihz��
z�i�

� 	g�
w� 
 F���

mod N���

	����


������������
�����������

D
z�� f ��

E
� i

�g� 
 F���

�i hz�� �z�i
D
z�� 	f ��
w

E
� hf ��� �z�i� �zn�z
nfn� � pRf

n
�

� hz��
z�i
� 	g�
w 
 F�� mod N���

i hz�� �z�i h	f ��
w� �z�i � hz��
z�i�

�

D
z�� 	f ��
w�

E
��i hz�� �z�i zn�z
n	fn� 
w � pRf

n
� � i hz�� �z�i pR	fn� 
w

� ihz��
z�i�

� 	g�
w� 
 F�� mod N���

	����


���������������������
��������������������

�Im g� 
 F���

�Re 	hf ��� �z�i
 � �Re 	zn�z
nfn� 
� hz�� �z�iRe 	g�
w 
 F���

mod N���

� hz�� �z�i Im 	zn�z
n	fn� 
w
� �Re 	pRfn� 

�� hz�� �z�i Im 	h	f ��
w� �z�i
 � hz��
z�i�

� Im 	g�
w� 
 F���

mod N���

�hz�� �z�i�Re 	h	f ��
w� � �z�i

�� hz�� �z�i�Re 	zn�z
n	fn� 
w�


�� hz�� �z�i Im 	pR	f
n
� 
w
 �

hz��
z�i�


 Re 	g�
w� 
 F���

mod N���

	����


To show that this system has a unique solution 	f �� fn� g
 � G�� if N
is as de�ned by 	������
 and 	������
� we shall need the following facts�
Let p	z� �z
 be a polynomial of type 	a� b
� A direct consequence of a
theorem of E� Fischer ���� 	see ���� and ����
 is the following unique
decomposition of any formal series Fkl � Fkl�

	����
 Fkl 
 pGk�a�l�b �Hkl�
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where Gk�a�l�b � Fk�a�l�b and Hkl � Fkl with

	����
 �p	r� �r
Hkl 
 ��

here� we use the notation �p	z� �
 
 p	�z� ��
� We shall also need the
following lemma� whose proof follows easily from the decomposition
	����
 and is left to the reader�

Lemma ���	� Given polynomials p	z� �z
 and q	z� �z
 of type 	a� b

and 	c� d
� respectively� any Fkl � Fkl can be decomposed in a unique

way as follows�

	����
 Fkl 
 pG�
k�a�l�b � qG�

k�c�l�d �Hkl�

where G�
k�a�l�b � Fk�a�l�b� G�

k�c�l�d � Fk�c�l�d� and Hkl � Fkl with

	����
 �q	r� �r
Hkl 
 �� �p	r� �r
Hkl � Im S�

here� S is the operator de�ned by Su 
 ��p	r� �r
	qu
� Moreover� any
pair

	G�
k�a�l�b�Hkl
 � Fk�a�l�b �Fkl

such that 	����
 holds can occur in such a decomposition 	����
�

Now� the system 	���������
 is very similar to the system 	�����������

in ����� To show that there is a unique solution 	f �� fn� g
 � G�� if N is
as de�ned by 	������
 and 	������
� we proceed more or less exactly as
in ���� and use the decompositions given by 	����
 and Lemma ����� We
leave the veri�cation to the reader� This completes the proof of Lemma
���� and hence that of Theorem ������� q�e�d�
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