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NEW INVARIANT TENSORS IN CR STRUCTURES
AND A NORMAL FORM FOR REAL
HYPERSURFACES AT A GENERIC LEVI
DEGENERACY

PETER EBENFELT

0. Introduction

In 1974, Chern and Moser [11] solved the biholomorphic equivalence
problem for real-analytic hypersurfaces in C"*! at Levi nondegenerate
points. (The case n = 1 was considered and solved by E. Cartan [9]-
[10].) They presented a complete set of biholomorphic invariants for
such a hypersurface at a Levi nondegenerate point; by a complete set
of invariants, we mean a set of invariants such that given two hyper-
surfaces M, M' C C*""! with distinguished points py € M, pj € M,
there is a biholomorphic transformation Z' = H(Z) near py such that
H(M) C M'" and H(po) = pj if and only if the set of invariants for M
and M’ are equal. The Chern-Moser invariants can in principle (there
is an infinite number of invariants) be computed from the Chern-Moser
normal form, which is a normal form for a Levi nondegenerate hyper-
surface M, defined in terms of the Levi form at py € M, such that the
transformation to normal form is unique modulo a finite dimensional
normalization.

In the present paper, we introduce a new sequence of invariant ten-
sors, 1hg,1)3 ..., for generic submanifolds of CV (Theorem 2.9), which
can be viewed as higher order Levi forms. (Although the tensors are
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only introduced here in the context of generic submanifolds of CV, it is
clear that the definitions work equally well in general CR structures.)
The second order tensor 15 coincides with the Levi map and the higher
order tensors are related, as explained in §3 below, to the data of finite
nondegeneracy, a notion which has recently proved very useful in the
study of real submanifolds in CV (see e.g. [1]-[4], [5], [12]-[13]). The
third order tensor is also related to the cubic form as introduced by
Webster [25] (see Remark 4.17).

As one of our main results (Theorem 1.1.28), using the second and
third order tensors, we describe a formal normal form (in the sense of
Chern-Moser as described above) for a real smooth (meaning C'*°) hy-
persurface M C C*', n > 2, at a generic Levi degeneracy py € M, i.e.,
a point py at which the Levi determinant vanishes but its differential
does not and the set of Levi degenerate points of M (which is then a
smooth codimension-one submanifold of M at pg) is transverse to the
Levi null space (which is then one dimensional) at that point. (We refer
the reader to [25] for further discussion of generic Levi degeneracies;
for instance, a normal form for generic Levi degeneracies in C? under
formal holomorphic contact transformations is given in [25].) In view of
a convergence result due to the author, Baouendi, and Rothschild [3],
the formal normal form in Theorem 1.1.28 provides a complete set of
biholomorphic invariants if the hypersurface is also real-analytic (Corol-
lary 1.1.30).

We then proceed to study the special case where the Levi form,
at the generic Levi degeneracy, is semidefinite. In this situation, the
normal form can be expressed in a particularly simple and explicit form
(Theorem 1.2.5) by applying a result of E. Cartan. (The associated
partial (third order) normal form is given with numerical invariants; in
fact, an explicit partial normal form which is valid in a slightly more
general setting is given in Theorem 1.2.10.) The corresponding explicit
character of the normalization of the transformation to normal form
makes it possible to compute bounds for the stability group of a real
hypersurface at a generic semidefinite Levi degeneracy (Corollary 1.2.7).
In the case n = 2, i.e., for hypersurfaces in C3, the results on normal
forms in this paper are contained in the results of [12]. However, the
invariant tensors introduced here shed additional light on some of the
results from, and answers a question posed in that paper.

The paper is organized as follows. In the first section, §1.1, we
present the normal form for a generic Levi degeneracy. In §1.2, we give
the more explicit normal form in the special case where the Levi form
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at po is also semidefinite. We then turn to the more general situation
of generic submanifolds in CV and introduce the CR invariant tensors.
§3 is devoted to explaining the relation between the notion of finite
nondegeneracy and the tensors of §2. In §4, we return to the case of
hypersurfaces and show, as a preparation for the normal form, that
the second and third order tensors form a complete set of third order
invariants for a real hypersurface by relating these tensors to the defining
equation of M. Then, we calculate, in §5, explicit numerical invariants
associated with the third order tensor of a real hypersurface at a point
where the Levi form has rank n—1 and is semidefinite. §6-8 are devoted
to the proofs of the results that give the normal form.
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1. Normal forms for real hypersurfaces at generic Levi
degeneracies

1.1. The general case. In this section, we shall present a
normal form for a generic Levi degeneracy; the reader should recall the
definition of generic Levi degeneracy from §0. In order to describe the
normal form, we need first a partial (third order) normal form. We
begin with some notation.

We use the notation M(C™) for the space of m x m matrices with
complex matrix elements and GL(C™) for the group of invertible ones.
We also write S(C™) for the symmetric matrices in M(C™), i.e., those
for which A = A", where, A™ denotes the transpose of A. For nonneg-
ative integers r and s such that r + s = m, we denote by (7(7’, s,C) the
subgroup of GL(C™) consisting of those matrices U for which

(1.1.1) Ul U = +1,,

where I, € GL(C™) is the diagonal matrix whose r first diagonal
elements are +1 and s last ones are —1, and U™ denotes the Hermitian
adjoint of U (i.e., U* = UT). This group decomposes naturally as

Ulr,s,C) = U (r,s,C) UU (r,s,C),
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where U (r,s,C) and U~ (r,s,C) denote the set of matrices for which
(1.1.1) holds with the + and — sign, respectively. Observe that U™ (r, s, C)
is a subgroup whereas U~ (r, s,C) is not. Also, note that U~ (m,0, C)
is empty, and U(m,0,C) = U™ (m,0,C) is the usual group U(C™) of
unitary matrices.

Consider the action of the group Ry x U(r,s,C) on S(C™) given by

(1.1.2) R, x U(r,s,C) 3 (0,U) = (/oU)TA(VoU) € S(C™),

for A € S(C™). We denote, for given A € S(C™), by C;s(A) C S(C™)
its orbit or conjugacy class under the group action (1.1.2), i.e.,

Cys(A) = {B € S(C™) B = (vaU)  A(aU), U € U(r,5,C), o > o}.

These conjugacy classes form a disjoint partition of S(C™). We have
the following result, which is the first step in describing the normal form
and whose proof will be given in §6.

Proposition 1.1.3. Let M C C"*', n > 2, be a real smooth hy-
persurface. Assume that M has a generic Levi degeneracy at pg € M.
Denote by r, with (n — 1)/2 < r < n — 1, the mazimal number of
eigenvalues of the Levi form at py which have the same sign. (Also,
write s = n — 1 —r.) Then, there exists a unique conjugacy class
Crs C S(C*Y) and for each R € C'.s there are local holomorphic coor-
dinates 7 = (z,w) € C" xC, z = (', 2") € C* 2 xC, near py, vanishing
at po, such that the defining equation of M 1is of the following form,

r n—1
Im w = 212 - 2F12
PRRETTES S, o

k=r+1
+2Re (2" ((')"RZ + (2")?)) + F(z,2 Re w),

where F(z,Z,Re w) denotes a smooth, real valued function which is O(4)
in the weighted coordinate system where z has weight one and w weight
two.

Let us briefly explain our usage of the notation O(v), for nonnega-
tive integers v, in Proposition 1.1.3. We assign the weight one to the
variables z = (/,2") = (z',...,2""1, 2"), the weight two to w, and say
that a polynomial p,(z,w) is weighted homogeneous of degree v if, for
all t > 0,

(1.1.5) otz t2w) = t'p, (2, w).
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We shall write O(v) for a formal series involving only terms of weighted
degree greater than or equal to v. We say that a smooth function defined
near 0 is O(v) (at 0) if its Taylor series at 0 is O(v). Similarly, we speak
of weighted homogeneity of degree v and O(v) for polynomials, power
series, and functions in (z, z, Re w), where z is assigned the weight one
and Re w the weight two.

We shall now present a complete, formal, normal form for a generic
Levi degeneracy. Before stating the theorem, we need to define the
space of normal forms and the normalization for the transformation to
normal form.

By Proposition 1.1.3, we may assume that M is defined near py =
(0,0) by (1.1.4) for given, and fixed for the remainder of this section,
integer r and matrix R € S(C*!). We shall assume that n > 2,
so that n — 1 > 1. Since we shall present a formal normal form, we
consider the defining equation (1.1.4) as a formal power series. It is well
known (cf. [6] and [7]; cf. also the forthcoming book [4]) that, after
an additional formal change of coordinates at (0,0) if necessary, we
may also assume that F(z,0,s) = F(0,z,s) = 0; we shall say that the
(formal) coordinates (z,w) are regular for M at py = (0,0) if the (formal)
defining equation for M at that point is of the form Im w = ¢(z, z, Re w)
with ¢(2,0,s) = ¢(0,z,s) = 0. We subject the (formal) hypersurface
M to a formal invertible transformation

(1.1.6) 2= f(Z®) , w=§(zd),
where
(1.1.7) F=m =0 LM,

such that the form (1.1.4) is preserved. We shall also require that the
coordinates (Z,w) are regular for M, i.e., the remainder F(Z, 2, §) corre-
sponding to the defining equation relative the coordinates (Z, w) satisfies
F(%,0,5) = F(0,%,5) = 0.

Given a matrix A € S(C™), we denote by O4(C™) the subgroup
of GL(C™) consisting of those matrices that preserve the bilinear form
associated with A, i.e., B € O4(C™) if

(1.1.8) B™AB = A.

We have the following proposition whose proof will be given in §7.
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Proposition 1.1.9. A transformation (1.1.6) preserving regular

coordinates also preserves the form (1.1.4), for a given integer r and
R € S(C*Y), if and only if

fl(z,w) = A2 + wB + — 2 (B I, sAZ') A2 + O(3),
(1.1.10) (z,w) = 32" + 02 )
§(z,w) = cw + 2i(B*I, s Az Yw + O(4),

where ¢ € R\ {0}, B € C*! (considered as an (n — 1) x 1 matriz),
and where A is such that A/|c|1/3 € Or(C*1) and A*I, ;A = cl, 5 (in
particular then, A/|c|'/? € U(r,s,C)); As above, we use s =n —1r—1.

We shall consider formal mappings (1.1.6) of the following form:
(1.1.12) (f(z,w), §(z,w)) = (T o P)(z,w).
Here, P(z,w) is a polynomial mapping, P = (P, P", P"t1),

(1.1.13) P(z,w) = (p'(2,w) +¢'(2,w), p" (2,w) +¢" (2, w0),p" ' (2, w)),

1 n—1

where p' = (p',... ,p" 1), p", p" ! are polynomials of the form

21
p'(z,w) = A2 +wB + = (B I, sAZ') A,

(1.1.14) Pz, w) = M3,
" (z,w) = cw + 2i(B*I, ;A2 )w

where ¢, B, A are as in Proposition 1.1.9. The polynomials ¢ =

(¢',...,¢" ') and ¢" are weighted homogeneous of the forms
w) = Z agz] + Z Wl (AZ) + P (A2 | w,
(1.1.15) |7=3 a<p
w) = Z drz!,
1T|=2

where B =1,... ,n —1, ag,bg,dl € C, and ¢ € R. We use here multi-
index notation so that e.g. J = (Ji,...,Jn), |J| = Y4 Ji, and 27 =
(z')71...(2")7*. The notation (Az')? stands for the B:th component of
the vector Az'. T'(z,w) in (1.1.12) is a formal mapping of the form

(1.1.16) T(z,w) = (z+ f(z,w),w + g(z,w)),
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where f = (f',f") = (f',...,f* ', f*) and g are formal power series
in (z,w) such that f’is O(3), f™ is O(2), and g is O(4). We shall also
require that the formal series f’, f™ are such that the constant terms in
the following formal series vanish

82fn 83fﬁ . a2f,6‘ a2fﬁ
0zl 7 9z7 02P0w’ 0z0w’

where I and J range over all the multi-indices with |I| = 2 and |J| =
3, respectively, the index ( runs over 1,...,n — 1, and « runs over
1,...,B—1. It is straightforward, and left to the reader, to verify (using
Proposition 1.1.9) that any formal mapping (1.1.6) that preserves the
form (1.1.4) of M can be factored uniquely according to (1.1.12) with
T and P as above. We shall say that a choice of P, as described above,
is a choice of normalization for the transformations which preserve the
form (1.1.4) and that a formal mapping preserving the form has this
normalization if it is factored according to (1.1.12) with this P.

Now, let F'(z,Z,s) be a formal series in (z, Z, s). In what follows, we
shall decompose the formal series F'(z, z, s) as follows,

(1.1.18) F(2,2,8) =Y _ Fu(z 7,s9),
k,l

(1.1.17)

where Fy(z,z,s) is of type (k,1), i.e., for each ¢1,t, > 0
(1.1.19) Fy(t12,t2%, 8) :tlftlZFkl(Z,f, s).

We shall consider only those F'(z, Z, s) which are O(4) and are “real” in
the sense that

(1.1.20) Fri(z,2z,s) = Fip(z, 2, s).

We shall denote by F the space of all such formal power series, and by
Fii the space consisting of those which have type (k,[). In what follows,
Fy, Hy;, and Ni; denote formal power series in Fp;.

In order to describe the space of normal forms, N' C F, we need a
little more notation. Recall that the integer r and matrix R € S(C* 1)
from Proposition 1.1.3 are fixed throughout this section. For u =
(u',...,u" 1) and v = (v!,...,v" '), we use the notation (-,-) for
the bilinear form

r n—1
(1.1.21) (u,v) = Zujvj - Z uFok.
i=1

k=r+1

213
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We denote by pr(z) the quadratic polynomial
(1.1.22) pr(z) = (2')"RZ + (2")%

We use the notation V = (V',V,,) = (V1,...,V,_1,V,) for the holo-
morphic gradient
0 0

and similarly for the anti-holomorphic gradient V. We shall need the
linear operator S defined on formal series u = u(z, z, s) as follows:

(1.1.23) Sru=—(V', V') (pru).

Observe that Sg maps Fj_y 41 into Fi;. Let us remark that the op-
erator (V/, V') is essentially the same as the contraction operator tr
corresponding to the bilinear form (-,-) as defined in [11]; they corre-
spond to different normalizations for the monomials.

We define the space of normal forms AN/ C F for M of the form
(1.1.4) with r and R as in Proposition 1.1.3 as follows. First, a formal
series N(z,z,8) in N is in regular form which can be expressed by

(1.1.24) N(z,z,8) = Z Nii(z, 2, 8);
min(k,l)>1

thus, N has no components of type (k,[) with & = 0 or [ = 0. Moreover,
the nonzero terms Ny; satisfy the following conditions:

Nao € Naa, N3z € N3,
(1.1.25) Nig € Nuyg, Nzz € N,
NkIENkla k:1a233"'a
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where

Ny :{F11 : F11 € ker <V’,@’> },

Noy ={Fyy : Fop = (2',7') 2"2"Hoo + Haa,

Hyy € ker <V,, ?’} },
N3 ={Fs3 : Fy3 = (', 7')" (" Hoy + 2" Hoy) + Hss,
Hy € ker (V',V')? },

(1.1.26) Noy ={Fy : Fo1 = z, Ha },

N3y ={F3 : F51 € ker Sp},
N3y ={F3y : F3p = <Z’,5’>2 2"Hoo + (2',2') Ho1 + Hso,
Hsy € ker <V', @'} , Hoy € kerpr(V),
(V',V') Hy; € Im Sg},
Nyo ={Fuo : Fyp = (7', 2') Z"H3o + Huaa, Hyy € ker (V', V'),
Hjp € ker V, },

and finally, for k > 4,
(1.1.27) Ny1 = {Fy1 : Fy1 = 2"Hpo, Hyo € ker V,, }.

Observe that, for a series Hyg of type (k,0), the condition Hyy € ker V,
is equivalent to the condition that Hyg is independent of 2", i.e., Hyg =
Hkg (ZI, S).

We are now in a position to state the theorem on normal forms for
a generic Levi degeneracy.

Theorem 1.1.28. Let M be a smooth hypersurface in C*1 given
near 0 € M by (1.1.4), where r and R are as in Proposition 1.1.3.
Then, given any choice of normalization (i.e., a choice of P as de-
scribed above), there is a unique formal transformation (1.1.6) with this
normalization that transforms the defining equation (1.1.4) of M at 0
to

r n—1
Imw = 2% — k2
PRI S i

k=r+1
+2Re (2" ((2/)"RZ + (2")?)) + N(z, 2, Re w),
where N(z,z,s) € N.

The proof of Theorem 1.1.28 will be given in §8. We conclude this
section by applying Theorem 1.1.28 to the biholomorphic equivalence
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problem. Suppose that (M,py) and (M’',p)) are two germs of real-
analytic hypersurfaces in C"*! which have generic Levi degeneracies
at pp and pj, respectively. Thus, M and M’ are, in particular, finitely
nondegenerate (see §3) at their distinguished points py and pj. In view of
[3, Theorem 2.6], any formal equivalence between (M,py) and (M', pp)
is then in fact biholomorphic. Hence, an immediate consequence of
Theorem 1.1.28, as in [12], is the following.

Corollary 1.1.30. Let M and M’ be real-analytic hypersurfaces in
C™*1 which have generic Levi degeneracies at pg € M and py € M,
respectively. Suppose that the integers r and conjugacy classes Ci s,
given by Proposition 1.1.3, for M and M' at py and pj, respectively,
coincide. Then (M,po) and (M',p}) are biholomorphically equivalent
if and only if, for any choice of R € C, s and two (possibly different)
choices of normalization as described in Theorem 1.1.28, (M,pg) and
(M',pp) can be brought to the same normal form.

1.2. The semidefinite case. In Proposition 1.1.3, the partial
normal form for a real hypersurface M at a generic Levi degeneracy
po € M is given in terms of a conjugacy class C; s in S(C*~!). In order
to obtain a more explicit partial normal form, we must distinguish a
unique representative in each conjugacy class. In this paper, we shall
only address this problem in the case where the Levi form at pg is
semidefinite, i.e., 7 = n—1 and s = 0, in which case the group U(r, s, C)
reduces to the unitary group U(C"~!) and a lemma due to E. Cartan
can be applied. The details are worked out in §5 below. We state here
the corresponding normal forms, which follow from the results in §1.1
above and §5.

Thus, we assume that M has a generic Levi degeneracy at pg € M,
and that the Levi form at that point is semidefinite (i.e., the integer r in
Proposition 1.1.3 equals n —1). An immediate consequence of Theorem
5.8 (which in fact treats a slightly more general case; see Theorem 1.2.10
below) is that there are local holomorphic coordinates Z = (z,w) as in
Proposition 1.1.3 such that M is given near py = (0,0) by

n—1

Imw = 212
(1.2.1) Z| |

j=1
+2Re (2" (/)" Dp—1 (V)2 + (2")?)) + F(z,2,Re w),

where F' is as in Proposition 1.1.3, and A = (A\q,... ,\,—1) is a uniquely
determined vector with Ay > ... > \,_1 > 0 such that either Ay =1 or
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Ay =0for k=1,... ,n—1. We use here the notation D,,_;(\) for the
diagonal (n — 1) x (n — 1)-matrix with A on the diagonal, i.e.,

A0 ... 0

0 A ... O
(1.2.2) DA =1. . . :

0 0 ... Ao

An inspection of the proof of Proposition 1.1.9 shows that the most
general transformation of the form (1.1.6) preserving regular coordinates
and equation (1.2.1) is of the form

(z,w) = c?U2 + wB + 2i(B*UZ')UZ + O(3),

,f,
(1.2.3) f(z,w) = 32"+ 0(2),
§(z,w) = cw + 2ic?(B*UZ)Yw + O(4),

Z,w
Z,w

where ¢ > 0, B € C"~! (considered as an (n — 1) x 1 matrix), and
UeU(C 1Y), if A =0, and

(z,w) = AZ' + wB + 2i(B*AZ') A2 + O(3),
() = 27+ O(2),
§(z,w) = w+ 2i(B*A2")w + O(4),

f’ Z, W
(1.2.4) Mz, w

where B € C"~! (considered as an (n — 1) x 1 matrix), and
AeU(C N NO0p, ,(n(C),
if A #0. (The group
UM N0op, ,nC )

is described in more detail in Lemma 5.24.) Using the corresponding
factorization (1.1.12) and the description of the space of normal forms
N given in §1.1 with R = D,,_1()\), we get the following result.

Theorem 1.2.5. Let M be a smooth hypersurface in C*1 given
near 0 € M by (1.2.1), where X is the invariant (n — 1)-vector described
above. Then, given any choice of normalization (i.e., a choice of P as
described above), there is a unique formal transformation (1.1.6) with
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this normalization that transforms the defining equation (1.2.1) of M at
0 to

n—1
Imw = Z |2F 2
(1.2.6) h=1 o
+ 2Re (277 (Z Ak(29)2 + (z”)2)) + N(z,2,Re w).
k=1

where N(z,z,s) € N.

Due to the explicit description of the normalization of the transfor-
mation to normal form, we can compute a bound on the dimension of
the stability group Aut(M,po) of a smooth hypersurface M C C**! at a
generic semidefinite Levi degeneracy pg € M. Recall that Aut(M,pg) is
the group of biholomorphic transformations near py that fix pg and map
M into itself. It is a real, finite dimensional Lie group in view of results
from [3] (see also [26] and [2] for results in the higher codimensional
case).

Corollary 1.2.7. Let M C C"*! be a smooth hypersurface which
has a generic semidefinite Levi degeneracy at pg. Let X\ be the invariant
appearing in (1.2.1). Then, the following hold.

(a) If x=(0,...,0), then

1
(1.2.8)  dimgAut(M,po) < 3(n = )n(n+1)(n +2) + 3n? —n+ 1.

(b) If X = (1, Aa, ..., Ap—1) with 1 > Ao > ... > A\y—1 > 0, then we
write (L, ug,... ,u,0) for the distinct values of (1,Xa,... ,Ap—1)
and denote by (mq, mo,... ,mg, p) their multiplicities. (Thus, p
is the multiplicity of the value 0.) Then,

dimg Aut(M, po) S%(n ~ D+ 1)(n+2)

2 J—
(1.2.9) +2n"+n—1

k
1
i=1
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The bound in Corollary 1.2.7 is sharper than the bound that follows
from the results in [2]-[3]. The latter bound grows like n® whereas
the former grows like n* as n — oo. The proof of Corollary 1.2.7
consists of counting the number of parameters in the normalization of
the transformation to normal form and using the explicit representation
of U(C" ')NOp, ,(»(C* ') provided by Lemma 5.24. The details are
left to the reader.

Let us conclude this section by mentioning that Theorem 5.8 (in
combination with Theorem 4.15) yields a partial (third order) normal
form in a more general case than the one considered above. Indeed, as
a consequence of Theorem 5.8, we have the following result, in which
the Levi degeneracy is not assumed to be generic.

Theorem 1.2.10. Let M C C**! be a real smooth hypersurface and
po € M. Suppose that the Levi form of M at py has rank n — 1 and is
semidefinite, i.e., all nonzero eigenvalues of the Levi form have the same
sign. Then, there are local holomorphic coordinates Z = (z,w) € C" xC
near py, vanishing at pg, such that the defining equation of M is of
precisely one of the following forms.

(i) For either X = (1, A2, ... ;Ap—2,0) with 1 > Xo > ... > X\y_2 >0
or A=(0,...,0),

n—1 n—1
Im w = 2F12 + 2Re | 27 Ne(2F)2 + 227127
(1.2.11) 217" ( (;;Z:l k(")

k=1
+ F(z,Z,Re w).

(ii) For either A = (1, Aay ... s Adn—2, Ap—1) with 1 > Xo > ... > g >
0 orA=(0,...,0),

n—1 n—1
(12.12) Imw=>_[z"]+2Re <zn > Ak(zk)2> + F(z,7,Re w).
k=1 k=1

(iii) For either A = (1, Ag, ..., Ap—2, Ap—1) with 1 > Xy > ... > Xy q >
0 orA=(0,...,0),

n—1 n—1
— k|2 el z? zk 2 22
(1.2.13) Imw—Z|z | 4+ 2R, ( (kzlkk( )+ (2") ))

k=1
+ F(z,z,Re w).
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Above, F(z,z,Re w) denotes a smooth, real valued function which is
O(4) in the weighted coordinate system where z has weight one and w
weight two.

In the case n = 2, the same result holds with the following modifica-
tions: The only choice for X in (i) is A = 0. In (ii) and (iii), both A =1
and A =0 are allowed.

Before proving the results on normal forms presented in these two
sections, we shall introduce a new sequence of invariant tensors. This
will be done in the more general setting of generic submanifolds of CV.

2. CR invariant tensors

Let M C CV be a real generic smooth submanifold of codimen-
sion d. Denote by T°M C T'M the complex tangent bundle to M, by
Y =T% M c CT°M the CR bundle of M, by T°M C T*M the charac-
teristic bundle, and by T"M C CT* M the bundle defined at each p € M
as the annihilator of V,. We denote by n the CR dimension of M, i.e.,
n = N — d. We have the following for any p € M:

dimgTyM = 2n, dimcV, =n,

(21) . 0 . !
dimgT, M =d, dimcT,M =n+d.

For a vector bundle E over M, we denote the smooth sections of F by
C>®(M,E). The reader is referred e.g. to [4] or [8] for the basics of
CR structures. We shall consider only local properties of M near some
point p. Hence, given a point p € M, we may, and we will, identify M
with some small open neighborhood of p in M.

For a CR vector field L on M, i.e., a smooth section of V, we define
an operator 77, on the smooth 1-forms on M as follows:

1
(2.2) Trw = —Ladw,
2

where 1 denotes the usual contraction operator. We should point out
here that we use the notation (-,-) for the pairing between r-covectors
and r-vectors normalized in such a way that if e, and €®, o, 6 = 1,...m,
are dual bases for an m-dimensional vector space V and its dual V*,
respectively, then ey, A... Aeq,, 1 < oa; < ... < a < m, and ePr A
A€ 1 < B < ... < B, < m, are dual bases for A"(V) and
AT(V*), respectively (see [21, Chapter I.4]). This normalization is more
convenient for our purposes than the one used in e.g. [16], which differs



INVARIANT TENSORS AND NORMAL FORMS 221

from the present one by the factor r!, and is identical to the one used
in [8].

We shall refer to sections of 7'M as (1,0)-forms and denote by
QLY(M) the space of smooth (1,0)-forms on M. Tt is not difficult to
see that 77, : QV0(M) — QMO(M), for if w € QY0(M) then, for any CR
vector field K, we obtain, by using the well known identity (see [16,
Chapter 1.2]),

(Thw, K) = (dw, L A K)

(2:2) = L((w,K)) — K ({w, L)) — (w,[L, K]) =0,

since w is a section of 7'M, which at each point p € M annihilates V),
and the CR bundle V is involutive (or, as it is also called, formally in-
tegrable). We shall use the notation £(M) C Q50(M) for those smooth
(1,0)-forms that are sections of T°M. The forms in £(M) will also be
referred to as characteristic forms.

Let p € M and let us define a sequence of increasing subspaces

(2.3) Ey(p) C Er(p) C ... C Ex(p) C ... CT,M

as follows. Set Fy(p) = (C®T£M and let E;(p), for j =1,2,..., be the
linear span of (1, 0)-covectors of the form

(2.4) (Tity - Tic, O,

where the K; range over all CR vector fields on M near p, and 6 ranges
over the smooth sections of T°M near p. The reason for putting a bar
on the indices of CR vector fields is to be able to use the notation of
tensor algebra in later sections; recall that the CR vector fields for an
embedded CR submanifold are really anti-holomorphic vector fields.

We shall see later that to compute the subspaces F;(p) it suffices to
take the linear span of the covectors (2.4) where the CR vector fields K;
range over the elements of any basis for the CR vector fields near p and
the characteristic forms @ range over a basis for the smooth sections of
T°M near p. We will also show that M is finitely nondegenerate (see
below and also e.g. [4]) at p if and only if Ey(p) = T,M for some k.
The reader should also note that these subspaces are the same as, but
differently indexed than, those defined in [13]. The present definition is
better suited for the purposes of this paper.

Let us for a given integer k > 0 denote by F(p) C V), the subspace
of those N, € V, that annihilate E(0), i.e.,

(2.5) Fi(p) = Ex(p)* N V).
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Thus, for k = 0 we have Fy(p) = V,. Let Fx(M) C C®(M,V) denote
the space of those sections that take values in Fj(p) at p. Note that
Fi(M) is a C*®°(M)-submodule of C*(M,V). Consider the following
diagram, for integers j > 1,

7 times
-

TX(M, V) % ... x CF(M, V) xFj_1 (M) x L(M) —2 C

(2.6) e]l
Vp X ... X Vp XFj_1(p) x TP M ,
N—_— ——

7 times
where e; is the evaluation map at p, and G; is the mapping
(2.7) (Ki,... , K;,N,0) — <TK1...TK50,N> .

P

We would like to have a multi-linear map
(2.8) Pip1: Vp X oo X Vy xFj_q1(p) x TI?M —C

~—_——

7 times

that makes the diagram (2.6) commute. Such a multi-linear map would,
by definition, be an invariant of the CR structure (M,V) (and hence
also a biholomorphic invariant for the generic submanifold M C CV at

pEM).
One of the main results is the following.

Theorem 2.9. For each positive integer j, there exists a unique
multi-linear mapping (2.8) which makes the diagram (2.6) commute.
The multi-linear mapping (2.8), for each j, is symmetric with respect to
permutations of the first j variables.

The multi-linear map ¢; can also be identified with a tensor
(2.10) Pir1 EV ®...0 Vs ®F;_1(p)* ® (T) M)*.
—_——
7 times

Before proving Theorem 2.9, let us make a few remarks.
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Remark 2.11.

(i) For j = 1and a fixed characteristic covector 8, € T M, the Hermi-
tian form V), xV,, — C defined by (L, K) — (L, K, 6,) coincides
with the Levi form of M at the point p and the characteristic
covector 0.

(ii) As mentioned above and as will be proved below, M is finitely non-
degenerate at p if and only if Ey(p) = T,M for some k. If M is
finitely nondegenerate at p, then it is called k-nondegenerate at p
if & is the smallest integer for which Ey(p) = T, M. It follows that
for a k-nondegenerate CR manifold the tensors ¢, 1, 7 > k + 1,
are trivial, since Fj(p) = {0}. Hence, if e.g. M is a Levi non-
degenerate hypersurface (which is the same as a 1-nondegenerate
hypersurface), then the only non-trivial invariant tensor produced
by Theorem 2.9 is the Levi form of M at p.

(iii) The invariant tensors provide obstructions for two generic sub-
manifolds M, M’ C CN of codimension d to be biholomorphically
equivalent at given points p € M, p’ € M'. The submanifolds
(M,p) and (M',p’) cannot be biholomorhically equivalent unless
dimF(p) = dimFj(p') (with the obvious notation that correspond-
ing object for M’ are denoted with a ') and the tensors ;41 and
¥} are equivalent (i.e., there are bases in V), V,,, Fj(p), Fj(p'),

TIM, and TI?,M " such that the representations of ;1 and ¢},

are equal) for each j = 1,2,.... The reader should note, however,

that the tensors ;41 do not provide a complete set of invari-
ants in the sense that (M,p) and (M’,p') are biholomorphically
equivalent if all tensors are equivalent. This is illustrated e.g. by

Theorem 1.1.28, since the normal form given in that theorem gives

a complete set of invariants (by Corollary 1.1.30) and the invari-

ants coming from the tensors only enter into the second and third

order terms.

Proof of Theorem 2.9. We claim that for the multi-linear map-
ping ;41 in (2.8) such that the diagram (2.6) commutes to exist, it is
necessary and sufficient that the following statements hold:

(a) For any [ € {1,2,... ,j}, K' = (Kji,... ,K;_1) € (COO(M,V))Z*I,
A,B € C®(M,V), K" = (Kj,1,... ,K;) € (C®(M, V)™, abe
C>®(M), N € F(M), and 6 € L(M), the following identity holds:
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Gj(K',aA+bB,K" N,0)
(2.12) = a(p)Gj(KlaAa KH,N? 0)
+ b(p)Gj(K',B,K",N,0).

(b) For any K = (Ki,... ,K;) € (C®(M,V)), a,b € C®(M),

A,B € F(M), and § € L(M), the following identity holds:

(2.13) Gj(K,aA +bB,0) = a(p)G,(K, A,0) + b(p)G,(K, B, 0).

(c) For any K = (Kj,...,K;) € (C®(M,V)), N € F(M),

a,be C>®(M), &,n € L(M), the following identity holds:

(2.14) G;(K,N,a +bn) = a(p)G;(K,N,&) + b(p)Gj(K, N,n).

Indeed, if the mapping ;1 exists, then the statements (a), (b),
and (c) follow immediately from the diagram (2.6). Conversely, if the
statements (a), (b), and (c) hold, then the mapping 1;1 can be uniquely
constructed as follows. Take Lj,...,Lz to be any basis for the CR
vector fields near p, Ny, ..., N to be generators for Fij—1(M) near p (it
is easy to verify that Fi(M) is finitely generated as a C°°(M)-module
near p), and 01, ... , 0% to be a basis for the characteristic forms near p.
The restrictions of these sections to the point p span the corresponding
vector space over C. We then define 9;,1(L . ,ng,Nk,Ol) to be

Gi(Ls,,--. ,L;j,]\_]k, 6'), and extend 41 by linearity. The statements
(a), (b), and (c) guarantee that this definition is independent of the
bases and generators chosen and that the diagram (2.6) commutes. We
leave the details of this verification to the reader. These arguments also

show that the mapping ;1 is unique whenever it exists.

TEEE

We begin by proving statement (a). Observe first that the mapping
G is clearly multi-linear over C, so that

Gj(K',aA+bB,K",N,0)
(2.15) = G;(K',aA,K",N,0)
+ Gj(K',bB,K", N, 0).

Hence, it suffices to prove that for any a and A as in statement (a),

(2.16) G;(K',aA, K" N,0) = a(p)G;(K', A, K", N, 0).
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Note that, for any CR vector field L, any b € C*°(M), and any w €
QbO(M),

T1(bw) = Lad(bw) = La(db A w + bdw)

(2.17) = (Ladb)w — (Low)db + bTrw
= (Lb)w + bTrw,
since Luiw = (w,L) = 0. A simple inductive argument using (2.17)
proves that, for Ki,...,Kj 1, a, and A as in the statement (a) and w
as above,
m .
(2.18) TKi e TK;,iTaAw = CL’TKi . TKL1TAW + Z a;w’,
i=1

where the a; € C*°(M) and the w' are of the form

(2.19) w'=Ts ... Tgw

k

for some k < [ and S; € {Kj,...,K; 1,A}. Hence, for any N €
Fj—1(M), we obtain, since [ < j,

(2.20) <TK1 T {Taaw, N> = a(p) <TK1 o Trp {Taw, N>p ,

P
if w= Tk, ---Tk;0. This proves (2.16).

Statement (b) is obvious, since we even have

<TKI < Tic 0,04+ bB>
(2.21) = a(Ti, .- Tic;, A)
+ b<TK1 cen TKJ—.H,B> .

Finally, statement (c) follows from an argument similar to the one used
to prove (a); we leave the details to the reader.

To prove the symmetry properties, we first prove the following iden-
tity.

Lemma 2.22. For any (1,0)-form w, CR vector fields K, L, and
any vector field X on M, the following holds:

(2.23) (TpTxw, X)) — (T Trw, X) = [L, K] {w, X) + (w,[X, [L, K]]) .
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Proof.  For any (1,0)-form «', CR vector field L', and any vector
field X on M, using a well known identity we obtain

(Tpw', X) = (dw',L' A X)
(2.24) =L (W, X) - X (L) — (&, [L', X])
=L (W, X) - (J,[L,X]),

since (w', L') = 0. Similarly,

(Tt Tew, X) =LK (w, X) — L {w, [K, X])

(2.25) — K (w,[L, X]) — (w, [K, [L, X]]) -

It follows that

(ToTgw, X) — (T Trw, X)
(2.26) = [L, K] (w, X)
+ (w’ [Kv [L’X]] - [Lv [K’ X]]) :

Now, using the Jacobi identity, we have

(K, [L, X] — [L, [K, X =[K [L, XD + [X L, K+ [K X L)

(2.27) =[X,[L, K],

which completes the proof. q.e.d.

In particular, Lemma 2.22 implies that 77, and Tx, considered as
linear maps on Q50(M), commute if the CR vector fields L and K
commute. It is well known that there exists a basis of CR vector fields on
M near p that commute. Since this basis can be used in the construction
of 11, as described in the beginning of this proof, it follows that ;1
is symmetric with respect to permutations of the j first variables. This
completes the proof of Theorem 2.9. q.e.d.

3. Finitely nondegenerate CR manifolds

In this section, we relate the invariant tensors defined in Section
2 to the notion of finite nondegeneracy. Let M C CV be a generic
real smooth submanifold of codimension d, py a point in M, and let
p(Z,7) =0, where p = (p1,... ,pa), be a defining equation for M near
po. Let Li,...,Lsz, n = N —d, be a basis for the CR vector fields of
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M near py. M is called finitely nondegenerate at py if there exists a
non-negative integer k£ such that

(3.1)  span {L‘] (%) (po, Do) V|| <k, 1=1,2,... ,d} =NV,

where we use the notation J = (Ji,...,Jk) € {1,... ,n}*, |J| =k,
and L’ =Ly, ...L 7.~ I M is finitely nondegenerate at pp and k is the
smallest integer for which (3.1) holds, then M is called k-nondegenerate
at pgp. The property of being k-nondegenerate is independent of the
choice of defining equations, local coordinates, and bases for the CR
vector fields. Moreover, M is 0-nondegenerate at pg if and only if it is
totally real at py, and if M is a hypersurface, then it is 1-nondegenerate
at po if and only if it is Levi-nondegenerate. (See e.g. [1] or [4] for these
statements.)

Finite nondegeneracy was introduced in [5] in connection with a reg-
ularity problem for CR mappings of real hypersurfaces. It was further
explored in connection with the study of holomorphic mappings between
generic submanifolds and real hypersurfaces in [1]-[3]. Finite nondegen-
eracy is also related to holomorphic nondegeneracy as introduced in [19]
(see also [20]) and essential finiteness as introduced in [6]. The reader
is referred to the book [4] for further information and history.

We prove here the following result. Recall from Section 2 the defi-
nition of the subspaces E;(po) C T, M.

Theorem 3.2. Let M C CN be a generic real submanifold and py €
M. Then, M is k-nondegenerate at po if and only if Ey(po) = T, M
and Ex_1(po) T;OM.

Before proving Theorem 3.2, we shall show that the space Eji(pp)
can be computed in a slightly simpler way than in the definition given
in Section 2. Let Li,..., Ly be a basis for the CR vector fields on M
near po, and @', ... ,0¢ a basis for the characteristic forms near py. We
shall use the notation 77 = TL; and, as above for J = (Jy,...,Ji) €

{1,2,... ,n}*, we denote by

(3.3) T/ =T 0. .. 0T,

Proposition 3.4. For any nonnegative integer j, the following
holds:

(3.5)  Ej(po) = span {(T76"),, V|J| <j, 1=1,2,...,d}.

227
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Proof.  Observe that the right-hand side of (3.5) is contained in
Ej(po) for any nonnegative j. Let Kj,...,K; be arbitrary CR vec-

tor fields, and € an arbitary characteristic form. Since L1,..., Lz and
0',...,0% form bases for the CR vector fields and the characteristic
forms, respectively, near py, we have, for [ =1,... ,7,
(3.6) K= Z Ly Q_Zbez

m=1

for some af*, b; € C°°(M). The fact that (Tk; ... Tk;8)p, is contained on
the right- hand side of (3.5) now follows from (2.17) and (2.18). g.e.d.

Proof of Theorem 3.2. For a generic submanifold M C CV with
defining functions p = (p1,... ,pq) near pg € M, we may take §/ =
2i0pj, for j = 1,... ,d, as a basis for the characteristic forms near po.
Observe that each 67 is real on M, since opj —i—épj = 0 when pulled back
to M. Let Li,..., Ly be a basis for the CR vector fields of M near py.
In the coordinates Z of the ambient space, we may write

)
3.7 L; _E: (Z,Z ,
( ) k llak )azl
and
0p;j
(3.8) 6’ _mp]—zz} :a —Laz'.

Hence, using the notation of Proposition 3.4, we have

9o
(3.9) Thei = Z L <a_?l> dz'.
Repeating this argument leads to
J 7 9p; !
(3.10) T/07 = ZL 571 ) 42"

Since (7767),, € T, M and the dimension of T, M equals n+d = N,
the conclusion of Theorem 3.2 follows from Proposition 3.4. q.e.d.
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4. The third order invariants and a partial normal
form for real hypersurfaces

We shall show that the second and third order tensors 12, 13 form
a complete set of third order invariants (in a sense that will be made
more precise in Theorem 4.15 below) for real hypersurfaces. This will
be the first step in the proof of Proposition 1.1.3.

Let M C C**! be a real smooth hypersurface. Let Li,...,Ls be
a basis for the CR vector fields on M near some distinguished point
p € M and 0 a non-zero characteristic form near p. Set L, = Lg.
Denote by gas the components of the tensor v, at p, which is just the
Levi form of M at that point, relative to the bases Lg, ... , Ly p of V),
Lip,... Loy of Foy(p) = Vp, and 6, of T)M, i.e.,

(41) Jap = (anaLﬁ>p 3
for a,=1,... ,n. A change of bases

(4.2) L’w = bng,p, 0, = aby,

where we use the usual summation convention to raise and lower indices,
yields the transformation rule

(4'3) g:iﬂ = abzbggﬁm

where by = b_g By a suitable choice of bases above, we may assume that
the Levi form of M at p is diagonal with diagonal elements in {—1,0, 1},
ie.,
(4.4) 9ap = €p9ap,
where 054 is the Kronecker symbol and

1, pg=1,...,rn
(4.5) eg=1< —1, B=r+1,...,r+s,

0, B=r+s+1,...,n.

We shall assume here that r + s < n, so that M is Levi degenerate at
p. (The rank of the Levi form at p is » + s.) Now, denote by hsg., the
components of the third order tensor 3 at p, i.e.,

(4.6) hagy = <TL&TL59, L7>,,’
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where @,3=1,... ,n and vy =7 +s,... ,n. We then obtain the trans-
formation rule
!/
(4.7) hajy
It is well known (and not difficult to see) that we may choose coor-
dinates Z = (z,w) = (#',...,2",w) € C"*! near p € M, vanishing at
p, such that M is defined near p = 0 by the equation p(Z, Z) = 0, where

(4.8) p(Z, Z) = —Tm w+gly57°2°+2Re (kg Byz%ﬁzy) +R/(2,% Re w)

for some gloz,ﬁaklo—ég,, € C with &,8,8,v = 1,... ,n; here, R'(z,%,s) is
a real-valued function that vanishes to weighted order 4 at O in the
weighted coordinate system where z, Z have weight one and s has weight
two (or higher if the Levi form at p is 0). For the embedded hypersurface
defined by the function (4.8), we may take as a basis for the CR vector
fields
, 0 - 0

(4.9) L, = ﬁwL)\a(Z,Z)%,
where A\;(0,0) = 0. We refer the reader e.g. to [4, Chapter IV] for
details. By taking 6’ = 2i0p and using (3.10), we find that the tensors
2 and 13 at p = 0 relative to the bases defined by Lg,, Ly, and ¢ are
given by vy = (g,5) and 13 = (h’dm) with

a=1,...,n,

(4.10) h kld,é'y’ a,B=1,...,n,y=r+s+1,...,n.

I
afy
It follows that there is a change of basis (4.2) such that (4.3) and (4.7)
(with 4 running from r + s + 1 to n) hold. Such a change of bases
corresponds to a linear change of coordinates of the form

1
4.11 &y b0 -
(4.11) z 52" we —w
in (4.8). Hence, the linear change of coordinates (4.11) transforms the
defining function in (4.8) to the form

p(Z,7) = —Tm w + gas?*” + MRe (kyg,2°2" )
(4.12) -
+2Re (ha575a55z7> + R(z, z,Re w),
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where &, 3,3 run over 1,... ,n, 4 runs over 1,...,r 4+ s,  runs over
r+s+1,...,n, and kg3, are some complex numbers. Next, since gag is
of the form (4.4) with eg of the form (4.5), we observe that the quadratic
change of coordinates

(4.13) 2t — eukdlgﬂzo‘zﬂ = 2,

for y =1,... ,r + s, yields the following final form of p(Z, Z)

i p(Z,Z) = —Im w + gapz®7® + 2Re (h&%z@iﬂﬁ)
+ R(z,Z,Re w),

where R(z,Z, s) vanishes of weighted order 4 at 0, the indices @, 3, 4 run
over 1,... ,n, and the index v runs over r+s+1,... ,n. We would like
to point out that a similar form for a real hypersurface was presented
by Webster in [25] (see also Remark 4.17 below).

Hence, we have proved that 1o and 13 form a complete set of third
order invariants for a real hypersurface M C C**! in the following sense.
We use the notation and conventions introduced above.

Theorem 4.15. Let M C C**' be a real smooth hypersurface
and p € M. Assume that the signature of the Levi form of M at p is
as described above. Then, there are coordinates Z = (z,w) € C'1,
vanishing at p, such that M is defined near p =0 by p(Z,7) = 0, where
p(Z,7) is given by (4.14) if and only if there is are bases Ly, ..., Layp
for Vy, with the corresponding basis Ly p,... ,Lyp for Vp, and 6, for
T;,)M such that

(4.16) Y2 = (9ap)s %3 = (hapy);
with &, B, =1,... ,nandy=r+s+1,... ,n.

Remark 4.17. In [25], the cubic form of a real hypersurface
M C C**! at a point p € M was introduced and shown to be a multi-
linear map V), x V, x Fi(p) = C defined by

(4‘18) qp(LP’KP’NP) = <(9p, [K’ [L,N]Dp,

where L, K, and N are vector fields extending L, K, €V, and ]\_]p €
Fi(p), respectively. A straightforward calculation, using the formula
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(2.24) repeatedly, shows the following relation between the cubic form
and the tensor 93(-,-,-,0) (for some fixed 0 e.g. 6 = 2i0p):

¢3(LpaKpaNp?9) __Qiqp(LpaKpaNp) _
= <7}/TK97 N>p - <07 [Ka [LaN]Dp

= L((Tk0, N)) + K ((T10,N))
= —L ({0, [K, N)) = K ((0,[L, N])) -

(4.19)

Nevertheless, the cubic form and 3(-,-, -, ) are in fact equal (possibly
modulo some multiplicative constant). This equivalence follows from
Theorem 4.15, because it is shown in [25] (using the notation introduced
above) that M can be brought to the form (4.14) with

)
(4.20) QP(LO_c,pa LB,p’ L%P) = §h5157’

where @&, 3,7 range over the same indices as in Theorem 4.15. Thus,
Theorem 4.15 is in fact implicit in [25], although using the cubic form
as the third order tensor.

5. An explicit computation of the third order tensor
in a special case

We shall keep the notation and conventions introduced in Section 4.
We would like to compute numerical invariants of the tensor ¢3 = (hg 57)
under changes of bases (4.2) preserving the form (4.4) of the second
order tensor (the Levi form) 1 = (gag). We shall do this only in the
following case, which is a bit more general than the situation considered
in §1.2.

Assume that the rank r + s of the Levi form 15 at the point equals
n — 1 and that the Levi form is semidefinite. Thus, we do not assume
here that the Levi degeneracy is generic. We may assume, without loss
of generality, that the n — 1 nonzero diagonal elements €;,... ,€, 1 of
gap are +1. We can identify the third order tensor 13 with a symmetric
n x n matrix H = (hsg,)-

We associate to each change of basis in V), a matrix B € GL(C") by
B = (b%‘) We only consider changes (4.2) that preserve the form of s,
i.e., such that

(5.1) aBIB* =1,
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where B* denotes the Hermitian adjoint of B and I is the matrix of the
Levi form, i.e., in block matrix form

(5.2) I= <I”0‘1 8) :

with I, 1 = I,_1 0 being the (n —1) x (n — 1) identity matrix. It is easy
to see that (5.1) implies that B must be of the form

(5.3) B= <‘6 2) ,

where c € C"~!, d € C, and V is an (n — 1) X (n — 1)-matrix related to
a in (4.2) by

(5.4) aVV* = I 1,

i.e.,, a >0 and y/aV is a unitary matrix. The transformation rule (4.7)
for 13 becomes

(5.5) H' = adBHB",

where B” denotes the transpose of B.
Recall that, for a given (n — 1)-vector

(56) A= (>\17--- 7>\TL*1)7

we denote by D,,_1(\) the (n — 1) x (n — 1) diagonal matrix with A on
the diagonal (see (1.2.2)). We shall also use e] _; for the (n — 1)-vector

(5.7) el =(0,...,0,1).

If n = 2, then we take e]_; = 1. The main result in this section is the
following, which combined with Theorem 4.15 gives Theorem 1.2.10.
We use the matrix representations of the second and third order tensors
as introduced above.

Theorem 5.8. Let M C C**!, n > 2, be a smooth real hypersurface
and p € M. Assume that the Levi form gag of M at p has rank n — 1
and is semidefinite (i.e., all nonzero eigenvalues have the same sign).
If we normalize the Levi form gsp so that its matriz is in the form (5.2),
then the matriz H = (hgg,,) of the third order tensor can be brought to
precisely one of the following block matriz forms:
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(i)

(5.9)

(ii) For either A = (1, Aay ..., Ap—2, Ap—1) with 1 > Xy > ... > Xy q

(5.10)

(iii) For either A = (1, Aa, ... , Ap—2, Ap—1) with 1 > Xy > ... > A\q

(5.11)

PETER EBENFELT

For either A = (1,Ag,... ;A \p—2,0) with 1 > Xog > ... > X2 >0
or A=(0,...,0),

H/ — <Dn

e

1(1>\) €n0—1> ‘

T
n—

\Y

0 or A=(0,...,0),

H' = (D ”*01(’\) 8) :

Y

0 or A=(0,...,0),

H' = (D ”*01(’\) ?) :

In the case n = 2, the same result holds with the following modifications:
The only choice for X\ in (i) is A = 0. In (ii) and (iii), both A = 1 and
A =0 are allowed.

Remark 5.12.

(a)

(b)

Note that in the case n = 2, i.e., in C3, there are only 5 different
forms for H' and no numerical invariants A (i.e., A is only 1 or
0). These 5 forms correspond to the 4 different partial normal
forms of type (i) in [12, Theorem A] and the case which is not 2-
nondegenerate at p (see (b) below). We should point out that the
partial normal form of type (ii) in [12, Theorem A] corresponds to
an explicit normal form for the third order tensor of a hypersurface
in C? at a point p where the Levi form vanishes. In this case, there
are nontrivial numerical invariant.

The only case that corresponds to a hypersurface M C C**! which
is not 2-nondegenerate at p € M is (ii) with A = (0,...,0), i.e.,
H' =0.

Proof of Theorem 5.8. We assume first that n > 2. We write the
symmetric n X n-matrix H in block matrix form

(5.13)

_ (A B
H_(BT 7)’
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where A is a symmetric (n — 1) X (n — 1)-matrix, § € C", and v € C.
By making a change of bases (4.2) preserving the form of gs3, i.e., the
matrix B is of the form (5.3) and satisfies (5.4), the matrix H transforms
according to the rule (5.5). A computation shows that

r A VAVT VBT +cfTVT +yec™ d(V S+ yc)
(5.14) H' =ad ( WETV 4 ) > .

We shall divide the proof into different cases.
The case v =0 and 3 # 0. We have

. (VAVT £ VB +cBVT dVB
(5.15) H = ad< i )

Let us look for V in the form V = V,V;, where V; is a unitary matrix
such that

(5.16) ViB = |Blen—1,

with e, as defined by (5.7). If we write A" = V1 AV}, then we have

—%NW+W%e1J+wM;VTWW@ﬂ
5.17) H' =ad 2 " n—172 n .
(5:17) ( Blder,_ vy 0

If we introduce the vector
(5.18) p=aVsc

and use the fact that aV,Vy = I,,_1, then the upper left corner of H' in
(5.17) can be written

(5.19) Va(A" +1Bl(en—1p" + pe;, 1)) V5 -

It is easy to check that p € C"~! can be chosen uniquely (which means
that ¢ is determined uniquely as a function of V5 and a) such that
A"+ |B|(en—1p" + pel,_,) takes the form

T T E 0
(5:20) A+ w40 )= (§0).

where E is some symmetric (n — 1) x (n — 1)-matrix. If we write V =
V/aVa, then it remains to choose a unitary matrix V', a positive number
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Va, and a complex (nonzero) number d so as to normalize the matrix
and vector

—~ (E 0\ ~, .
(5.21) dv(o O)V, aldR 18IV en_s.

The most general unitary matrix 174 satisfying f/en,l = ep_1 is of the
form

(5.22) V= (1; (1)> :

where F is a unitary (n — 2) X (n — 2)-matrix. For such a V, we get

~(E 0\~, (FEF™ 0
52 P(E D)o (),
At this point we need the following lemma, which is a consequence of E.
Cartan’s work on Lie groups (see [24] for a discussion; see also [18] for
the lemma in the present form). We denote by U(C™) = U™ (m,0,C)

the group of unitary transformations in C™. We also denote by O(R™)
the group of (real) orthogonal transformations in R™.

Lemma 5.24 Let E be a symmetric m X m-matriz with complex
matriz elements. Then, there is a unique m-vector X = (A1,... , Am)
with Ay > ... > Ay, > 0 such that

(5.25) UEU™ = D,,()\),

for some U € U(C™). In fact, the numbers A? are the eigenvalues of the
positive semidefinite Hermitian matriz EE. Moreover, if X is given as
above, and we write (u1, ... ,uk,0) for the distinct values of (A1, ..., Am)
and (mq,... ,mg,p) for their multiplicities (e.g. p denotes the number
of zeros among the X\;), then the subgroup of U € U(C™) for which

(5.26) UD,(\U™ = Dy (2

(5.27) U=

oo o
o
@)
=
< oo o©
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where Oj € O(R™), j =1,...,k, and V € U(C*). (Observe that p
could be zero in which case there is no V in (5.27).)

Now, if we choose V as in (5.22) with F chosen such that FEF™ =
Dy,—2(X\') for some (n — 2)-vector X', and then \/a > 0 and d € C\ {0}
suitably, we obtain H' of the form described by (i) in Theorem 5.8. Also,
the vector A, as described in Theorem 5.8 (i), is uniqgely determined and
it is clear from the arguments above that H' cannot be brought to any
of the other forms (ii) or (iii). This concludes the case v = 0 and 3 # 0.

The case v = 0 and § = 0. In this case, it is clear from Lemma
5.24 that H' can be brought to the form (ii) (and none of the forms (i)
or (iii)) with A, as described in Theorem 5.8 (ii), uniquely determined.

The case vy # 0. It is clear from (5.14) that we can make the upper
right and lower left corners of H' vanish by choosing

(5.28) c=-tyg.
Y

If we bring the factor ad inside the matrix in (5.14) then, with V = \/aV’
as above, the upper left and lower right corners of H’, respectively,
become

o~ 1 - _
(5.29) dv <A — ;BBT> VT, add?®y.
The equation
(5.30) add*y =1

determines the argument of d € C uniquely. It also determines the
modulus of d uniquely as a function of a > 0 by

1
(5.31) |d| = W.
Substituting this into the expression for the upper left corner in (5.29)
and using Lemma 5.24, we deduce that H can be brought to the form
(iii) (and none of the forms (i) or (ii)) with A, as described by Theorem
5.8 (iii), uniquely determined. This concludes the case y # 0.
Now, if n = 2, then a similar, but simpler, argument leads to the
statement concluding Theorem 5.8. q.e.d.
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6. Proof of Proposition 1.1.3

We shall keep the notation of §§4-5. Recall that the hypersurface
M is assumed to have a generic Levi degeneracy at pg at which point
the Levi form has r, with (n—1)/2 <r < n—1, eigenvalues of the same
sign. Thus, we may assume that the matrix (gas) of the Levi form at
po equals I, 5, where I, ; is as in §1.1 and s = n — 1 —r. In view of
Theorem 4.15, we must show that the matrix H = (hgz,,) of the third
order tensor can be brought, by a change of basis (4.2) preserving the
Levi form (gag) = Irs, to the form

(6.1) H= (1(;2 ?)

for some R € S(C"~!), and that, under additional such changes that
also preserve the form (6.1) of H, the matrix R transforms according to
the rule

(6.2) R = (cV)"R(cV),

where ¢ > 0 and V € U(r, s, C) can be chosen arbitrarily. The most gen-
eral change (4.2) preserving the Levi form g43 corresponds to a matrix
B as in (5.3) with ¢ € C*~', d € C, and \/]a]V € U(r,s,C) such that
aVI, V* = I, If we write H in the form (5.13), then the fact that
M has a generic Levi degeneracy at pg is expressed by v # 0, as can be
verified by a straightforward calculation (cf. also [25]). An inspection
of the case 7 # 0 in the proof of Theorem 5.8 above shows that H can
indeed be brought to the form (5.32) and R transforms according to the
rule (6.2), as desired. This completes the proof of Proposition 1.1.3.

q.e.d.

7. Proof of Proposition 1.1.9

We shall use the notation introduced in §1.1. Consider a transfor-
mation

(7'1) (Zlaznaw) = (fl(é,ﬂ)),fn(é,ﬂ)),g(é,ﬂ))),

where (f', f,§) is of the form (for convenience, we drop the ~on the
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variables)

f(z,w) = A2 + 2"D + wB + 2" Ez + O(3),
(7.2) fUzw) = K2 + dp2" + 0(2),
§(z,w) = cw +2i (A2 +2"D,Byw + O(4),

where A € GL(C" '), D, B, K € C* ! (considered as (n— 1) x 1 matri-
ces), E = (E?)1<g<y_1 is an (n—1)-vector of nxn matrices, d,, € C\{0},
and ¢ € R\ {0}. This is the most general form of a transformation that
preserves regular coordinates (cf. [12, §§5-6]). If we write the formal

defining equation of M in the (regular) coordinates (Z,w) in complex
form (cf. [4] or [12]), i.e.,

W),

Rl

(7.3) W

I
fa)

(2,

where Q(%,0,%) = Q(0,%,0)
(1.1.4) and setting w = 0,

¢ (1 R ZnD’B>) Q(z,7,0)

- 2¢< (A2 + "D, A7 + D)

w, then we obtain, by substituting in

(7.4) + (B, A% +2"D) Q(z,2,0)
+ (2"Ez,AZ' + z2"D)

+(K™2 +dp,z2")pr(AZ + "D, K™ + dnz")>
+.n,

where (-,-) and pgr are defined by (1.1.21) and (1.1.22), and the dots
. signify terms that are either O(4) or of type (k,l) with [ > 1. If the
transformation is to preserve the form (1.1.4), then we must have (cf.

[12, §5])
(7.5) Q(2,2,0) = 2i({(#,2') + 2Re (z"pr(<', 2")) + O(4).
By identifying terms of type (1, 1), we deduce that D = 0 and

(7.6) (A7 AZ') = c (7).
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Observe that (7.6) is equivalent to A*I, (A = cl, ;. Identifying terms of
type (2,1) and using (1.1.22), we also see that K = 0 and

i _ .
c

(7.7) 4 (A)"RA = R,
(2"Ez,AZ')y = % (A, B) (A A7)

The conclusion of Proposition 1.1.19 is now easy to verify. This com-
pletes the proof. q.e.d.

8. Proof of Theorem 1.1.28

The proof follows closely the proof of Theorem B in [12], which in
turn was inspired by the work in [11]. The idea is to reduce the proof to
a problem of describing the kernel and range of a certain linear operator.
We shall use the notation introduced in §1.1.

We write the (formal) defining equation (1.1.4) of M in the form

(8.1) Im w = (2, 2') + 2Re (Z"pr(2)) + F(z,Z,Re w),

where (-,-) is given by (1.1.21), and pr(z) by (1.1.22), and F(z, z,s) is
a formal series in F as introduced in §1.1. We subject M to a formal
transformation

(8.2) Z=f(z,w), w=3q(zuw),

where f = (f', /™) = (f',..., /"', f"), which preserves the form of
M modulo terms of weighted degree at least 4, i.e., the transformed
hypersurface M is given by a defining equation of the form

(8.3) Im @ = (#,7) + 2Re ("pgr(?)) + F (2,7, Re 0),

where F(z',7',s') is in F. We also require that the new coordinates
are regular for M. Thus, f and g are subjected to the restrictions
imposed by Proposition 1.1.9. As mentioned in §1.1, the most general

transformation of this kind can be factored uniquely as

(8.4) (f(z:w), §(z,w)) = (T o P)(z,w),

where P and T are as described in that section.
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To prove Theorem 1.1.28, it suffices to prove that there is a unique
transformation

(85) T(sz) = (f(sz)ag(sz)) = (z + f(sz)vw + g(sz))a
where f = (f', f*) = (f',..., f*, f*), to normal form (i.e., such that
the transformed hypersurface M is defined by (8.3) with F' € A) such
that f'is O(3), f™ is O(2), g is O(4), and such that the constant terms
in the formal series (1.1.17) vanish. We decompose (f', f™,g), F, and
F into weighted homogeneous parts as follows:

f’(z,w):Zfl',(z,w), f"(z,w):fo(z,w) )
v=3

v=2

g(z,w) = Zg,,(z,w) , F(z,z,8) = ZF,,(Z,Z, s)
v=4

4

N
Il

oo
F(z,7,s) = Zﬁy(z,é, s) .
v=4

Recall here that z and z are assigned the weight one, w and s are
assigned the weight two, and we say that e.g. F,(z,%,s) is weighted
homogeneous of degree v if for all ¢ > 0

F,(tz,tz,t%s) = t"F,(2,Z, s).
The formal power series F, F € F are related as follows:
Im (2,5 + i) = (' (25 + i), F1 (2,5 + i) )
(8.6) + 2Re (WPR(]?(Z, s+ zqﬁ)))
+ F(f(2,5 +i4), [ (2,5 —id), Re (2,5 + i9)),
where
(8.7) ¢ =¢(z,2,5) = (,2') + 2Re (2"pr(2,2)) + F(z,2, 5).
Identifying terms of weighted degree v > 4 we obtain
Fy+Tm g, = (2, F1 ) + (-0, 7)

(8.8) + (PR + 222" 1,
+(pr+22"2) P, + F, + ...,

241
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where

F,=F,(z,%,s), F,=F,(z2%s +i<z',2'>)
(8.9) fo =1z - i(2, 7)),
fl/ l_fll 123+Z< I>)a etc,

and where the dots ... signify terms that only involve F),, F},, g,., f;l/—l’
and f)_, for 4 <v. We can write this as

(8.10) Re (igy +2(f,_1,2') +2(pr + 22"2")f} 4) = F, — F, +
Let us define the linear operator
(8.11) L(f',f™,9) =Re (ig+2(f",Z") + 2(pr + 22"2") [™)| (2 54i(=,2'))

from the space G to the space F, where G denotes the space of formal
power series (in (z,w)) transformations (f’, f™, ¢) such that f’is O(3),
f™is O(2), and g is O(4). Observe that L maps (f,_i, fl9,9v) to a
series that is weighted homogeneous of degree v. We note, as in [12]
and [11], that if we could find subspaces

(8.12) GhCg, NCF
such that, for any F' € F, the equation
(8.13) L(f',f",g)=F  mod N

has a unique solution (f’, f™, g) € Go, then, given any F’ € F, equation
(8.10) would allow us to inductively determine the weighted homoge-
neous parts F, of a normal form F' € N and the weighted homogeneous
parts (f,_q, f_o,g,) of the transformation (f’, f™,g) € Gy to normal
form in a unique fashion. This can also be formulated as saying that
Go and N are complementary subspaces of the kernel and range of L,
respectively.

Let us therefore define Gy C G as those (f', f,g) € G for which the
constant terms in the series (1.1.17) vanish. Thus, the proof of Theorem
1.1.28 will be completed by proving the following.

Lemma 8.14. Let Gy C G be as described above and N C F as
defined in §1. Then, for any F € F, the equation

(8.15) L(f',f",g)=F  mod N



INVARIANT TENSORS AND NORMAL FORMS 243

has a unique solution (f', ™, g) € Go.

Proof. We shall decompose equation (8.15) according to (k,)-type.
We decompose F' € F as follows:

(8.16) F(z,z,9) ZFM 2,Z,8)

where each Fil € Fyy, i.e., each Fy; is in F and of type (k,[). We also
decompose (f’, f",g) € G as follows (B =1,... ,n):

(8.17) Pz,w) = Zf,’f(z,w), g(z,w) = ng(z,w),
k k

where f,’f(z,w), gr(z,w) are homogeneous of degree k in z, e.g.
(8.18) gr(tz,w) = tPgr(z,w), ¢>0.

The reader should observe that this redefines e.g. gi(z,w) which, pre-
viously, denoted the weighted homogeneous part of degree k in g(z, w).
However, in what follows we shall not need the decomposition into
weighted homogeneous terms and, hence, the above notation should
cause no confusion; for the remainder of this section, e.g. gp(z,w)
means the part of g(z,w) which is homogeneous of degree k in z, etc.
For brevity, we use the following notation

7

0
(5.19) h@wﬁi%@w%m,MMwwza%@w%m-

We will use the fact

(8.20) fz,s+i( wam z,8) s 2,>)m

ml

We shall identify terms of type (k,l) in (8.15). Since the equation is
real, it suffices to consider types where k > [. Also, note that for (k,1)
such that Ny = Fi; equation (8.15) is trivially satisfied.

In what follows, we use the notation

Fy = Fy(z,2,8), g =9gk(z,8), gr=9k(Z,s) , etc.
Collecting terms of equal type in (8.15), we obtain the following decou-
pled systems of differential equations, for & > 3,

29k = Fro,
(8:21) (fhin 7Y+ 222 = 552 (g = Py,
mod Nj11,1,
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and, in addition,

(8.22) {

P
PrIY + 592 = Fao,

(,7)

(8.23)

(8.24)

(f5,2"y + 22720 f3 — i (2, 2 pr(FT)w — (92)w = Fi1,
mod N3,
i, 2) (3w, 2) + 20 (2, 2) 2" 2" (f5)
A% I —rn i7" 2
I (FF Ve + PRIY — S  (go)e = Fo,
mod Ny,

r<z’af_6> + %91 = Fyp,
=i (2, 2) (#, (P ) + fh 2') + 275" 7 + pr]T
<Z’§2,> (91)w = Fo1  mod Ny,
22 (s 7) = 55 (2 ()
,

+2i (', 2) 2"Z"(f1)w + PRI — (7, Z) pR([T)w
Sr 1 S\ 2
L —Z<Z21 L (g1)y> = F3  mod Nay,
(—Tm gy = Fup,
2Re ((f],7')) +4Re (2"2"f§) — (¢',2') Re (g0)w = F11,

mod N1,
4(,#)Im ("2 (f§)) — 2Re (PRfE)
—2(2, ) Tm (((f])wr 7)) + ZZTm (g0) 2 = Fa,
mod Noo,
—(#, 7Y’ Re ({(f])u2+ 7))

mod N33.

To show that this system has a unique solution (f’, ", g) € Gy, if N'
is as defined by (1.1.25) and (1.1.26), we shall need the following facts.

Let p(z,

Z) be a polynomial of type (a,b). A direct consequence of a

theorem of E. Fischer [15] (see [17] and [14]) is the following unique
decomposition of any formal series Fy; € Fpy,

(8.25)

Fy = pGr—q1—p + Hyy,
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where Gk—a,l—b € Fr—aji-b and Hy; € Fy; with

(8.26) p(V,V)Hy = 0;

here, we use the notation p(z,¢) = p(%,{). We shall also need the
following lemma, whose proof follows easily from the decomposition
(8.25) and is left to the reader.

Lemma 8.27. Given polynomials p(z,z) and q(z,z) of type (a,b)
and (¢, d), respectively, any Fy € Fy; can be decomposed in a unique
way as follows:

(8.28) Fr = pGllcfa,lfb + qG%fc,lfd + Hyi,
where G}c—a,l—b € Fr—a,i—bs Gi—c,l—d € Fi—c,—d, and Hy € Fpy with
(8.29) q(V,V)Hy, =0, p(V,V)Hy € Im S;

here, S is the operator defined by Su = —p(V,V)(qu). Moreover, any
pair
(Gllc—a,l—ba Hyy) € Fr—ag—b X Frl

such that (8.29) holds can occur in such a decomposition (8.28).

Now, the system (8.21-8.24) is very similar to the system (9.2.2-9.2.5)
in [12]. To show that there is a unique solution (f’, f™,g) € Gy, if N is
as defined by (1.1.25) and (1.1.26), we proceed more or less exactly as
in [12] and use the decompositions given by (8.25) and Lemma 8.27. We
leave the verification to the reader. This completes the proof of Lemma
8.14 and hence that of Theorem 1.1.28. q.e.d.
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