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Abstract

We prove a �xed point theorem for a class of discrete group acting on man�
ifolds of nonpositive curvature by isometry� These discrete groups include
cocompact lattices in simply connected semisimple p�adic groups of rank at
least two and large p� Hence it gives a geometric generalization of Margulis�
superrigidity theorem for the Archimedean representation of these groups�

�� Introduction

Let N be a complete simply connected Riemannian manifold of non�
positive sectional curvature� N has a natural compacti�cation �N �
N � �N by the sphere at in�nity which is de�ned as the equivalent
classes of geodesic rays ���� Any group action on N by isometry extends
to an action on �N �

De�nition ���� A group � is said to have property 	F 
 if any
isometric action of � on any complete simply connected manifold of
nonpositive sectional curvature N has a �xed point in �N �

In term of representations of �� property 	F 
 has the following inter�
pretation� Let H be a simple noncompact Lie group with trivial center�
If � has property 	F 
� then any homomorphism � � � �� H with Zariski
dense image is precompact inH� This is because the symmetric space as�
sociated with H has nonpositive curvature and the image being Zariski
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dense implies the action has no �xed point in the boundary� A classical
theorem of Cartan states that every compact group has property 	F 
�

We consider discrete groups that can be realized as fundamental
groups of simplicial complexes satisfying certain combinatorial proper�
ties� Namely� in x
� we de�ne a notion called �admissible weight� for
simplicial complexes� and �local �rst eigenvalue� ���loc for such admissi�
ble weights� These can be viewed as combinatorial analogues of �metric�
and �curvature� on Riemannian manifolds� Our main theorem is the
following�

Theorem ���� If � can be realized as �� 	�
 of a �nite simplicial

complex � with admissible weight c such that ���loc 	�� c
 �
�
	 � then �

has property 	F 
�

A special case of our theorem can be formulated more transparently�
Let � be a two�dimensional simplicial complex� The link Lk	v
 of each
vertex v is a graph� Let �ij 	v
 denotes the incidence matrix of Lk	v

and degv	i
 the degree 	or valence
 of the i �th vertex in Lk	v
� Then
we have�

Theorem ���� If each simplex of � is contained in some ��simplex�

and the smallest nonzero eigenvalue of Id� �
degv�i�

�ij 	v
 is greater than
�
	 for each vertex v of �� then �� 	�
 has property 	F 
�

This condition is satis�ed by many graphs including all complete
graphs� In ����� we prove these groups have Kazhdan�s property 	T 
�
After the work in ���� was completed� we were informed by Professor
Margulis that Ballmann and Swiatkowski �
� also proved property 	T 

for these simplicial complexes 	see also ����� �
��
� Our formulation
is di�erent from theirs and is well�suited for the nonlinear situation
considered here�

The local �rst eigenvalue is a generalization of �p�adic curvature� in
���� where Garland showed the inequality in Theorem 	���
 is satis�ed by
p�adic buildings under the assumption that the cardinality of the residue
�eld of the de�ning �eld is large enough� Based on this� he deduced the
vanishing theorem of cohomology of cocompact lattices of p�adic groups�
Our theorem is in some sense a nonlinear version of Garland�s� Along
this line� our theorem can also be viewed as a geometric generalization
of Margulis� superrigidity theorem for the Archimedean representation
of cocompact lattices in semisimple p�adic groups of rank at least two
except we could not get rid of the residue �eld assumption�
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Theorem 	Margulis
 ��
� ����� Let � be a discrete cocompact sub�

group of a simply connected semisimple p�adic group G of rank at least

two� Let H be a simple Lie group with trivial center� If � � � ��� H is

a representation with Zariski dense image� then � 	�
 is precompact in

H�

The theorem was proved by Margulis in the early �����s using er�
godic theory and linear algebraic groups theory� Actually he proved
the theorem for lattices in both semisimple real Lie groups and p�adic
groups of rank at least two� and superrigidity is true for Archimedean
representations as well as non�Archimedean ones� It turns out that su�
perrigidity is also true for lattices in semisimple Lie groups of rank �
except for SO	n� �
 and SU	n� �
� In the Archimedean case� this was
proved by Corlette ��� � while the other case was proved by Gromov and
Schoen ��� later� Their methods involve vanishing theorems for har�
monic maps from manifolds with special holonomy� Then Jost�Yau ����
and independently Mok�Siu�Yeung ����� gave the �rst geometric proofs
of Margulis superrigidity theorem for lattices in simple Lie groups� Both
groups of authors used harmonic maps� and their results were deduced
from a Bochner type formula together with a Matsushima vanishing
argument� This kind of argument was used by Calabi ���� Weil �����
Matsushima ����� etc� in proving the vanishing theorem of cohomology
groups of locally symmetric spaces� In ���� Garland found a surpris�
ing formula for Bruhat�Tits buildings� which are p�adic analogues of
Riemannian symmetric spaces� and applied this to prove his vanishing
theorem�
The strategy we adopt here involves �harmonic maps� on simplicial

complex � The present paper is organized as follows� x
 contains a
de�nition of the local �rst eigenvalue for a simplicial complex with an
admissible weight� In x�� we develop harmonic map theory for simplicial
complexes and prove the main theorem� In x�� we show the local �rst
eigenvalue condition was satis�ed by a class of Bruhat�Tits buildings�
x�� gives new examples having property 	F 
 which are not cocompact
lattice of p�adic groups�
I would like to thank Professor S��T� Yau� Without his advice and

encouragement� this paper would never have been completed�
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�� The admissible weight and the �rst eigenvalue for

Simplicial Complexes

In this section� we de�ne �admissible weight� for a simplicial com�
plex and �local �rst eigenvalue� for such weights� First we �x our no�
tation� Let � be a simplicial complex of dimension l� � 	i
 the set of
i simplices of �� Ci	�
 the vector space over R of i chains of �� and
Ci	�
 the vector space of i cochains� We write � 	 
 if � is a face
of 
� The coboundary operator d on Ci	�
 and boundary operator �
on Ci	�
 are de�ned as usual� Also for any simplex v � St	v
 is the
subcomplex formed by simplices containing v� and Lk	v
 is the union
of the faces of St	v
 that do not meet with v�

De�nition ���� An admissible weight is a positive function c on
��	i
 such that

X
��
�i�������

c 	

 � c 	�
	
��


for any � � �	i
� An admissible weight de�nes an inner product on the
vector space Ci	�
 by hf� gi � P

��
�i�
c 	�
 f 	�
 g 	�
�

We say two cochains f� g are perpendicular if hf� gi � ��
Example ���� Let m � n � l and �c	

 be the number of n�

dimensional simplices containing 
� By a simple computation� we check
that

P
��
�i�������

�c 	

 � 	n � i
�c 	�
 for any � � �	i
 and i � � � m�

If �c	

 �� � for all simplices 
 of the m skeleton of �� and let c 	

 �
n	n��
 � � � 	n�i
�c 	

 � then it is not hard to check that c is an admissible
weight on the m skeleton of � �

Example ���� If � is endowed with an admissible weight c� then c
induces an admissible weight cv	�
 �� c	v � �
 on each Lk	v
� Here v � �
denotes the join of v and � � Condition 	
��
 is veri�ed by the following
computation�

X
��Lk�v��i�������

cv 	

 �
X

c 	v � 

 � c 	v � �
 � cv 	�
	
�



For each vertex v � we also de�ne a �localizing operator� on C�	�
 �

	�
v � C�	�
 �� C�	Lk	v

�

�v 	u
 � �	hu� vi
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for any � � C�	�
�

An admissible weight on � also gives the adjoint operator to d�
denoted by � �

��	v
 �
�

c	v


X
��
�i�

c	�
 �� � v��	�
	
��


for any v � �	i � �
� where �� � v� is the incidence number of � and v
which is �� �� or �� depending on the orientation of � and v �
In particular� if � � C� 	�
 � then

d�	v
 �
�

c	v


X
u�Lk�v��o�

cv	�
�v	�
	
��


for any v � �	�
�
We also de�ne the Laplace operator 	 � d�� �d� and there are two

invariants associated with the Laplace operator�

De�nition ���� For an admissible weight c on � � we de�ne
the global �rst eigenvalue� denoted by �� 	�� c
� to be the in�mum of
hdf� dfi � hf� fi over all f � C� 	�
 satisfying

P
v�
��� c 	v
 f 	v
 � � �

De�nition ���� The local �rst eigenvalue of 	�� c
 denoted by
���loc	�� c
 is de�ned to be the in�mum of ��	Lk	v
� cv
 over all v �
�	�
 �

These ��	Lk	v
� cv
 �s are always nonnegative numbers� We remark
that if � is �nite and each Lk	v
 is connected� then ���loc	�� c
 is posi�
tive�

For any inner product space V � we also considerCi 	�� V 
 �� Ci 	�


V with the product metric� d and � can be extended to operators on
Ci 	�� V 
 � We prove some lemma which will be used in the vanishing
theorem for harmonic maps�

Lemma ���� If � is �nite� and c is an admissible weight on �� then
for any � � C� 	�� V 
 � we have

���loc

�

 k�k	 � k��k	

�
�

X
v�
���

kd�vk	Lk�v� �	
��


Proof� By de�nition� we have
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hd�v� d�viLk�v� �
X

��Lk�v����
cv 	�
 hd�v 	�
 � d�v 	�
i �

From the de�nition of admissible weights it follows that

X
u�Lk�v��o�

cv	u
 �
X

��
����v��
c 	�
 � c	v
�

Therefore the de�nition of �� yields

X
u�Lk�v��o�

cv	u
 	�v 	u
� �� 	v

 � ��

That is� �v � �� 	v
 � as an element in C�	Lk	v

 � is perpendicular to
constant cochains� By the de�nition of ���loc and notice that d	�v �
�� 	v

 � d�v� we obtain

X
v

kd�vk	Lk�v�

� ���loc
X
v

k�v � �� 	v
k	Lk�v�

� ���loc	
X
v

h�v� �viLk�v� � h�v� �� 	v
iLk�v�
�

where the equality follows from h�v � �� 	v
 � �� 	v
iLk�v� � �� However�
the �rst term

P
v h�v� �viLk�v� � 
 k�k	 because each edge contains two

vertices� While the second term�

X
v

h�v� �� 	v
iLk�v�

�
X
v

�� 	v

X
u

	cv 	u
�v 	u



�
X
v

�� 	v
 c 	v
 �� 	v


by the de�nition of �� again� The last term is k��k	 and the lemma is
proved�
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Lemma ���� For 	�� c
 as above� if � � C� 	�� V 
 satis�es�

k� 	��
� � 	�	
k � k� 	�

k �	
��


whenever there exists an oriented two�simplex 
 with �
 � ��� �	� �
�
then

X
v�
���

kd�vk	Lk�v� � k�k	 �	
��


Proof� For any v � �	�
 � squaring both sides of 	
��
 and summing
up over Lk	v
	�
 lead to

X
hu�wi�Lk�v����

c 	hv� u� wi
 k� 	hv� ui
� � 	hv� wi
k	

�
X

hu�wi�Lk�v����
c 	hv� u� wi
 k� 	hu�wi
k	 �

	
��


Now summing up 	
��
 over all v � �	�
� we get�

X
v�
���

kd�vk	Lk�v�

�
X

v�
���

X
hu�wi�Lk�v����

c 	hv� u� wi
 k� 	hu�wi
k	 �
	
��


which is

X
v�
���

X
��Lk�v����

c 	hv � �i
 k� 	�
k	

�
X

��
���
	

X
v�Lk������

c 	hv � �i

 k� 	�
k	

By the de�nition of admissible weights�

X
v�Lk������

c 	hv � �i
 � c	�
�

Thus the last term is k�k	� and the lemma is proved�
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The relation between the global and local �rst eigenvalues lies in the
following theorem�

Theorem ���� If � is �nite and connected� and c is an admissible

weight on � with ���loc 	�� c
 positive� then

�� 	�� c
 � 
� �

���loc 	�� c
 �
�	
���


Proof� Let � � �� 	�� c
� and h be the corresponding eigencochain�
i�e�� h � C� 	�
 and �dh � �h� Denote dh by �� Then d� � o� Hence
	
��
 is true� Combining Lemma 
�� and Lemma 
�
 gives

���loc	
 k�k	 � k�hk	
 � k�k	 �	
���


Using the facts �dh � �h and � is adjoint to d � it is easy to check
k�hk	 � � k�k	 � Substituting these in 	
���
� we get

���loc	
 k�k	 � � k�k	
 � k�k	 �

and the result follows�

�� Harmonic maps on simplicial complexes

Let � be a �nite dimensional �nite simplicial complex equipped with
an admissible weight c and � � �� 	�
 � Let N be a complete simply
connected Riemannian manifold of nonpositive sectional curvature� and
� � � �� I	N
 a homomorphism into the isometry group of N � We
consider the class of maps

� �
n
f � �� 	�
 �� N� f is equivariant with respect to �

o
�

By equivariance� which means that for any v � �� 	�
 and 
 � ��
f 	
 	v

 � � 	

 f 	v
� any f � � is determined by the restriction to a
fundamental domain of � on ��� Therefore � can be identi�ed with m
copies of N� where m is the number of vertices in �� We de�ne the
energy of f � � to be
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E	f
 �
X

hv�ui�
���
c 	hv� ui
 d	N 	f 	v
 � f 	u

 �

De�nition ���� f is called a harmonic map if f is a critical point
of the functional E�

Before proving the existence of harmonic maps� we recall the def�
inition of simplicial distance� Given any two vertices u� v � �� � the
simplicial distance d�
 	v� u
 is de�ned to be the minimum of d such
that there exists a sequence of vertices v � v�� v�� � � � � vd � u with
hvi� vi��i � �� 	�
� Suppose the simplicial distance between v and 
 	v

is realized by a path v � v�� v� � � � vd � 
 	v
� Then

dN 	f 	v
 � f 	
 	v


 �
d��X
j��

dN 	f 	vj
 � f 	vj��



� c�

d��X
j��

p
E 	f


� c�
p
E 	f
d�
 	v� 
 	v

 �

where c� is the maximum of
�

c��� for all � � �	�
�
Theorem ���� If the action of � does not �x any point on the

sphere at in�nity of N� then the harmonic map exists in ��
Proof� We think of E as a function on Nm and we are going to prove

E is proper and convex� Then E has a minimum which is a harmonic
map� Convexity follows from the fact that the distance function on
nonpositively curved space is convex � Suppose E is not proper� Then
there exists a sequence ffig � � in � � Nm with E 	fi
 	 K� for some
constant K� In particular� there exists a vertex v such that fi 	v
��
in N� By the above computation� we see that

dN 	fi 	v
 � 
 	fi 	v


 �dN 	fi 	v
 � fi 	
 	v




�c�
p
Kd�
 	v� 
 	v

 �

	���


The right�hand side is independent of i� therefore fi 	v
 and 
 	fi 	v


de�ne the same limit in �N� Since this is true for all 
 � �� lim fi 	v
 is
a �xed point in �N � a contradiction�



��
 mu�tao wang

For a harmonic map� we de�ne f	�
 to be the unique minimal
geodesic segment joining v and u if � � hv� ui

De�nition ���� The di�erential of f at v� is de�ned to be �

Df jv� � Lk	v�
 	�
 �� Tf�v��N

such that exp 	Df jv� 	v�

 � f 	v�
 � where exp is the exponential map
on Tf�v��N�

In particular� we havekDf jv� 	v�
k � kDf jv� 	v�
k � d	f 	v�
 � f 	v�


if � � hv�� v�i �
Let us derive the harmonic map equation in our context�

Lemma ���� The di�erential of a harmonic map f satis�es the

following weighted center of mass equation�

X
u�Lk�v�����

cv�	u
Df jv� 	u
 � �	��



for all v� � �	�
�
Proof� We consider the variation at v� given by X � Tf�v��N �

d

dt

�
� X

u�Lk�v�����
c 	hv�� ui
 d	 	exp 	tX
 � f 	u



�
A

�
X

u�Lk�v�����
c 	hv�� ui
 hX� 
Df jv� 	u
iTf�v��N �

the equality holds since f	hv�� ui
 is a minimal geodesic�

rd	 	�� u
 jf�v�� � 
Df jv� 	u
 �

Since f is a critical point� this is zero for all X� Hence the equation
follows�

Now we proceed to prove our main theorem�

Theorem ���� If 	�� c
 has ���loc �
�
	 � then �� 	�
 has property

	F 
�

Proof� Given any N and isometry action of � on N� we may assume
there is no �xed point in �N� otherwise we are done� Therefore the
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harmonic map f exists and we are going to prove that this harmonic
map is actually a constant map� so that its image is the desired �xed
point� Fixing a v� � �	�
 � by the nonpositive curvature assumption on
N� we have

kDf jv� 	u
�Df jv� 	w
k � d	f	u
� f	w



for any hu�wi � Lk	v�
	�
� Thus

X
hu�wi�Lk�v�����

c 	hv�� u� wi
 kDf jv� 	u
�Df jv� 	w
k	

�
X

hu�wi�Lk�v�����
c 	hv�� u� wi
 d		f	u
� f	w

�

Denoting the left hand side by kd	Df
v�k	 and summing over all
v� � �	�
 yield

X
v�

��d 	Df
v�
��	

�
X
v�

X
hu�wi�Lk�v�����

c 	hv�� u� wi
 d		f	u
� f	w

 � E 	f
 �
	���


On the other hand� since
P

u�Lk�v����� cv�	u
Df jv� 	u
 � � � Df jv�
as an element in C� 	Lk	v�

 is perpendicular to constant cochains� so

X
hu�wi�Lk�v�����

c 	hv�� u� wi
 kDf jv� 	u
�Df jv� 	w
k	

� �� 	Lk	v�

c 	hv�� ui
 kDf jv� 	u
k	 �

Summing over all vertices v� again� we get

X
v�

��d 	Df
v�
��	 � ���loc � 
E 	f
 �

By 	���
 and the assumption ���loc �
�
	 � this cannot happen unless

E	f
 � �� i�e�� f is a constant map�
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�� A �xed point theorem for cocompact lattices of p�adic

groups

In this section� k denotes a non�archimedean completion of either
an algebraic number �eld or an algebraic function �eld in one variable
over a �nite �eld�

Let G be the group of k�rational point of a simply connected alge�
braic group which is de�ned and simple over k with k rank l��� and �
be a discrete torsion free cocompact subgroup of G� � acts freely on the
Euclidean building �X associated to G� �X is a contractible locally �nite
simplicial complex of dimension l� hence � is the fundamental group of
X � �n �X�
There is a natural weight function on a building� Let � be a l

dimensional building� which may be of Euclidean or spherical type� For
a simplex 
� let �c
 	

 be the number of l dimensional simplices of �
having 
 as a face� Let c
	

 � l � 	l��
 � � � 	l� i
�c
 	

 if 
 � �	i� �
�
Then c
 is an admissible weight�

De�nition ���� c
	hx� yi
 is called the canonical admissible weight
of ��

Given any vertex x of �� On Lk	x
 there is a function c
�x de�ned
on the set of simplices by c
�x	�
 �� c
	x��
� c
�x is called the induced
weight on Lk	x
�

Now Lk	x
 is isomorphic to another spherical building �� of dimen�
sion l � �� Let � � Lk	x
	�
 �� ��	�
 be the isomorphism between the
vertices of them� It is not hard to see

c
�x	

 � c
� 	� 	


 �	���


Actually since c
�x and c
� 
 � agree on any 	l � �
�dimensional
simplices and satisfy the same additive law 	
��
 for admissible weights�
by induction they must equal on all simplices� Therefore� we have the
following�

Lemma ���� The �rst eigenvalue of Lk	x
 with respect to the in�

duced weight c
�x from � is the same as that of �� with respect to the

canonical weight� i�e�� ��	�
�� c
�
 � ��	Lk	x
� c
�x
�

Lemma ���� For any spherical building � of dimension greater

than or equal to two� we have ��	�� c

 �
�
	 if the cardinality of the

residue �eld of k is large enough�
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Proof� By the induction on the dimension of �� we will show that
��	�� c

 � � � � if the cardinality of the residue �eld of k is large
enough� If l � 
� this is a theorem of Feit�Higman ��� and Garland ����
Suppose the theorem is true for all spherical buildings of dimensional
l � �� In particular� this is true for any Lk	x
� i�e��

��	�
�� c
�
 � ��	Lk	x
� c
�x
 � �� ���	��



if the cardinality of the residue �eld of k is large enough� By 	
���
� we
have

�� 	�� c

 � 
� �

�� ��
� �� ��

�� ��
�

and the lemma is proved�

We are ready to prove the main theorem in this section�

Theorem ���� For any integer l � �� there is an integer M such

that if k has residue �eld of cardinality at least M� G is the group of

k�rational point of a simply connected algebraic group which is de�ned

and simple over k with k rank l � �� and � is a discrete cocompact

subgroup of G� then � has property 	F 
�

Proof� � always has a �nite index torsion free normal subgroup �
�

by the theorem of Garland ���� Suppose this theorem is true for ���
The action of the �nite group ���� has a �xed point by Cartan�s �xed
point theorem� Therefore this theorem is also true for �� Hence we may
assume � is torsion free� According to the vanishing theorem in the
previous section� it su ces to show there is an admissible weight on �
with ���loc �

�
	 � By the previous lemma� the theorem is proved�

�� Examples other than p�adic buildings

We show some 
�dimensional simplicial complexes which come from
� surgery� of the quotient of p�adic building� Their fundamental groups
also satisfy property 	F 
� Let � be a 
�dimensional �nite simplicial
complex� We are going to take the admissible weight in Example 
��
when m � n � l � 
� We notice that the induced weight on each Lk	v

is just the degree 	or valency
 of each vertex of Lk	v
 as a graph� A
special case of our main theorem is the following�
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Corollary ���� If c	�
 � � for all � and the �rst eigenvalue of each

link is greater than �
	 � then ��	�
 satis�es property 	F 
�

We recall our de�nition of �rst eigenvalue for a graph with admissible
weight� Let the vertices be indexed by i � � � � �n� �ij be the incidence
matrix� i�e�� �ij � � if vertex i and j are joined by an edge� �ij � �
otherwise� A zero cochain is just a sequence a � faig� Then

�� � min
�
	

P
�ij 	ai � aj


	P
deg	i
a	i

�

where the minimum is taken over all faig with
P
deg	i
ai � �� Our

Laplacian can be computed in the following way�

h!a� ai �
�




X
�ij 	ai � aj


	

�
X
deg	i
a	i � ai

X
�ijaj

�
X
deg	i
ai �

�
ai � �

deg	i


X
�ijaj

�
�

Therefore�

	!a
i � ai � �

deg	i


X
�ijaj �

We are going to construct our examples from the Euclidean building
�� associated with PGL	�� Qp
� For materials on building� we refer to
���� �� is a two�dimensional simplicial complex� and the links are iso�
morphic to the spherical building G associated to PGL	��Z�pZ
� G is
a �nite homogeneous biparte graph with degree p � �� The vertices of
G are parametrized by the p	 � p� � points and p	 � p� � lines in the
projective plane over Z�pZ� the edges are determined by the incidence
relations� and PGL	��Z�pZ
 acts on G through the projective action�
Each chamber complex of G is a hexagon and any two vertices are con�
tained in some chamber� A picture of G can be found on page �
 of ���
when p � 
� and in ���� when p � ��

The �rst eigenvalues can be easily computed using Hecke operators�
see ���� and the space of zero cochains which is isomorphic to R	�p��p���

has the following spectral decomposition C�	G
 � I�P�E��E	� where
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I corresponds the one�dimension constant cochain with eigenvalue zero�
P corresponds to the one�dimension parity cochain with eigenvalue two�

andE�� E	 are each p
	�p dimension eigenspaces with eigenvalues ��

p
p

p��

and � �
p
p

p�� � respectively� Now we consider a torsion free cocompact

lattice � in PGL	�� Qp
� Let � � � n �� be the quotient� Our new
example �� is formed by taking away a ��simplex � and those 
�simplices
containing � from �� This has two possible e�ects on the links of a
vertex v � either � contains v� and Lk	v
 loses one vertex and p � �
edges containing it� or � lies in Lk	v
 and Lk	v
 loses one edge� we
called the resulting graphs type 	I
 and 	II
�

Proposition ���� Both type 	I
 and 	II
 have �rst eigenvalue

greater than �
	 when p is large�

Proof� Type 	I
� The new graph is denoted by G� and has 
p	�
p��
vertices� We assume the vertex which we take away is v�� and the those
adjacent to it are v� � � � vp��� We may also assume v� corresponds to a
line� C�	G�
 has dimension 
p	 � 
p � �� and is canonically embedded
in C�	G
� Let W be the codimension p � � linear subspace in C�	G

de�ned by the equations

x� �
�

p

X
�ki���k ���

xk� for i � �� � � � � p� ��	���


Let E�
� � "	W �E�
 � where " is the projection map from C�	G


to C�	G�
 by forgetting the value at v�� We claim E�
� is an eigenspace

of the Laplacian on G� of eigenvalue � � � �
p
p

p�� � Suppose a � E�
��

Then ai � �
p��

P
�ij��

aj � �ai for all i and a� �
�
p

P
�ij���j ���

aj � for i �

�� � � � � p��� which implies �
p��

P
�ij��

aj �
�
p

P
�ij���j ���

aj � In particular� for

i � �� � � � � p��� ai� �
p

P
�ij���j ���

aj � �ai� i�e�� a is an eigencochain of the

Laplacian on G� with the same eigenvalue� Likewise E�
	 � "	W �E	
 is

an eigenspace of eigenvalue��
p
p

p�� � In C
�	G�
� the constant cochain and

parity cochain are still eigencochains of eigenvalues � and 
� respectively�
Besides� we have an eigencochain which is de�ned to be ai � �� if i is a
line� ai � �p if vi is a adjacent to v� � and ai � � otherwise� It is easy to
check that this has eigenvalue �� So far we have demonstrated linearly
independent eigencochains which span a subspace of codimension at
most 
p in C�	G�
� We need a lemma to �nd the complement to this�
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Lemma ���� Given any ai� i � �� � � � � p � � such that
P

ai � �
and ai not all zero� there exist exactly two eigencochains with the value

ai at vi� and the corresponding eigenvalues are � � �p
p��

and �� �p
p��

respectively�

Proof� We set for k �� ��

ak � 	�� �
ai if �ik � � for some i� i � �� � � � � p� �
� �� otherwise�

Then since ai� �
p

P
�ki���k ���

ak � ai�	���
ai � �ai� and the equation

is satis�ed at vi� for i � �� � � � � p� �� For those vk such that �ik � � for
some� i� � 	 i 	 p � �� one of its neighbor is vi� and none of its other
neighbor can be adjacent to another vj with � 	 j 	 p � � because
chamber complexes are hexagons� Therefore the equation at these vk
are

	�� �
ai � ai
p� �

� � 	�� �
 ai�

Since at least one of the ai is nonzero � we can solve for � � ��
�p
p��

or � � �p
p��
� For the rest vertices� their neighbors consist of v�i � i �

�� � � � � p� � such that v�i is adjacent to vi� Since
P

ai � �� it is easy to
see the eigencochain equation is also satis�ed at these vertices�

Those eigencochains constructed in the lemma has dimension 
p� By
dimension counting� we get all the eigencochains in C�	G�
� and their
eigenvalues are all greater than �

	 � q�e�d�

Proof� Type 	II
 � The new graph G�� has 
p	 � 
p� 
 vertices and
C�	G
 and C�	G��
 are canonically identi�ed� We assume the edge we
take away has end vertices v� and v� � Let W now be the codimension

 subspace de�ned by x� �

�
p

P
��k��

xk and x� �
�
p

P
��k��

xk� We claim

now E�
� � W� E� is an eigenspace of the Laplacian on G�� of eigenvalue

� � � �
p
p

p�� � The veri�cation is similar to the calculation in type I

and we omit it here� We also have the subspace E�
	 of eigenvalue � �p

p

p�� � Constant cochains and parity cochains survive too� Our task is to
demonstrate a four�dimensional subspace of di�erent eigenvalues� This
is achieved by the next lemma�
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Lemma ���� Given a� and a� such that a� � a� � � 	respectively
a� � a� � � 
� with a� �� �� there exist exactly two eigencochains with

the prescribed values� Their eigenvalues are � �
�
���p���p
	�p���

�
or � ��

���p���p
	�p���

�
	respectively ��

�
��

p
���p

	�p���

�
or ��

�
��p���p
	�p���

�

�

Proof� We set

ak � 	�� �
a� if ��k � �

� 	�� �
a� if ��k � �

�
h
	p� �
 	�� �
	 � �

i a�
p
if vk is adjacent to some vl with ��l � ��

or �
h
	p� �
 	�� �
	 � �

i a�
p
if vk is adjacent to some vl with ��l � ��

The equation satis�ed by � is the following

h
	p� �
 	�� �
	 � �

i a�
p
� �

p� �

n
	�� �
a� �

h
	p� �
 	�� �
	 � �

i
a�

o

�
�a�
p

h
	p� �
 	�� �
	 � �

i
�

We plug in a� � a� to get

	p� �
	 	�� �

 � p	p� �
	� � �
	 � 	
p� �
	� � �
 � p � �

Solving for � yields � � �� � �
�
���p���p
	�p���

�
� � �

�
���p���p
	�p���

�
� We

throw away � � � since it corresponds to constant eigencochains� As
for a� � �a�� we obtain

	p� �
	 	�� �

 � p	p� �
	� � �
	 � 	
p� �
	� � �
� p � �

In this case � � 
� ��
�
��

p
���p

	�p���

�
� ��

�
��p���p
	�p���

�
� and we throw away

� � 
 as it corresponds to parity eigencochains� The lemma is proved�
q�e�d�

In ����� we show this is true for any buildings� i�e�� �� �
�
	 is preserved

under type 	I
 and 	II
 surgeries if p is large enough�
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