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�� Introduction

In an important development of several complex variables� Poincar�e
���� discovered that any biholomorphic map between two open pieces
of the unit sphere in C� is the restriction of a certain automorphism
of B�� the unit two�ball in C�� This phenomenon fails obviously in
one complex variable and reveals a strong rigidity property of holo�
morphic mappings in several variables� Later� Tanaka� etc �see �	��
��	�
 extended this result to any dimensional case� Alexander� in his
famous papers ���� ���� further proved that any proper holomorphic self�
mapping of the ball in Cn �n � �
 is an automorphism� thus �nishing
o
 a line of research towards the understanding of proper holomorphic
mappings between balls in the same complex space� In ���	� using the
Cartan�Chern�Moser �	� theory� Webster ���� took up again the prob�
lem of considering a proper holomorphic mapping f from the unit n�ball
Bn � fz � Cn � jzj � �g into the unit �n� �
�ball Bn�� � Cn�� and
showed that f is a totally geodesic embedding when f is C��smooth
up to the boundary and when n � �� Here� we recall that a proper
holomorphic map from Bn into BN is called a totally geodesic embed�
ding �or a linear embedding
 if there exist automorphisms � � Aut�Bn

and � � Aut�BN 
 such that � � f � � � �id� �
� In a subsequent paper�
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Faran ���� classi�ed mappings from B� into B�� that are three times
continuously di
erentiable up to the boundary� In another work ����
Cima�Su
ridge studied certain re�ection principle for CR mappings be�
tween hypersurfaces with codimension one and established the results
of Webster and Faran for mappings which are only twice continuously
di
erentiable up to the boundary� In the same paper� they conjectured
that any proper holomorphic mapping from Bn into BN �n � �
� which
is C��smooth up to the boundary� must be a totally geodesic embed�
ding when N � �n� �� Notice that there are many proper polynomial
mappings from Bn into B�n�� which are not totally geodesic �see ����
in particular� the book by D�Angelo ����� where many related classi�ca�
tions are presented
� Indeed� the well�known �non�linear
 Whitney map
���� f � �z�� � z�z�� � � � � z�zn� z�� � � � � zn
 properly sends Bn into B�n���
In ����� Faran veri�ed this conjecture under the assumption that the
map extends holomorphically up to the boundary�

Later� it was shown in the deep work of Forstneric and Cima�Su
ridge
����� ��	�� ���� �see in particular� the recent work in ��	�
� that any proper
holomorphic mapping from Bn into BN � that is C

N�n���regular up to
the boundary� extends holomorphically and rationally across the closure
of the ball for any N � n � �� This together with the work of Faran
gives a solution to Cima�Su
ridge�s problem for mappings which are
�N�n
�� ��codimension
��
 smooth up to the boundary� Meanwhile�
in a di
erent direction� the discovery of inner functions over the ball
reveals that there are many proper holomorphic mappings from Bn into
Bn�� which are continuous up to Bn but not linear �see ����� ����� �����
and ����� In particular� see ���� for a survey on the related topics
� This
opens up a very interesting but also di�cult subject to dig out the min�
imal boundary regularity for mappings between balls with which the
linearity and the re�ection principle hold� In particular� it has been an
open question for years to obtain results in which the required regularity
is independent of the codimension ����� ���� ����
�

In this paper� we will focus on the linearity portion of the above
mentioned problem� We will prove the following theorem� which was
�rst conjectured to be true by Cima�Su
ridge in ��	� ��� �see also the
question asked in ��� and ��	�
�

Theorem A� Let M� and M� be two connected open pieces of the

boundaries of Bn � Cn and BN � CN � respectively� Let f be a non�

constant twice continuously di�erentiable CR mapping from M� into

M�� Suppose that n � �� N � �n � �� Then f is the restriction of a
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certain totally geodesic embedding from Bn into BN � More precisely�

there exist an automorphism � � Aut�Bn
 and an automorphism � �
Aut�BN 
 such that � � f � ��z�� � � � � zn
 � �z�� � � � � zn� �� � � � � �
� In

particular� f is real analytic over M��

Corollary B� Let f be a proper holomorphic mapping from Bn

into BN � that is twice continuously di�erentiable up to the boundary�

Suppose that n � �� N � �n � �� Then there exist � � Aut�Bn
 and
� � Aut�BN 
 such that � � f � ��z�� � � � � zn
 � �z�� � � � � zn� �� � � � � �
�

Our approach to the proof of Theorem A is di
erent from the existing
ones for the study of mappings between real analytic hypersurfaces in
di
erent complex spaces ������ ���������� ��������� ���������� ����� ���� etc
�
Namely� we do not use the di
erential�geometric part of the Cartan�
Chern�Moser theory� and we do not take too many times di
erentiation
by CR vector �elds along the sphere� neither� This enables us to deal
with maps with only C��smooth regularity� Indeed� our consideration
uses only the lower order Moser formal theory and the large automor�
phism groups on the balls� This method seems also to be very useful
for studying other related problems for mappings between balls �such
as rationality and degree estimate problems� etc
�

Another implication of our theorem is the analyticity result of f �
Regularity of CR mappings between hypersurfaces in the same complex
space has attracted considerable attentions in recent years and many
results have been obtained �see ��� and the survey papers ���� ����
�
However� the understanding of regularity of CR mappings between hy�
persurfaces in di
erent complex spaces is still rather poor �see ����� �����
��	�� ����� ���
� We mention that in all previous work� it was always essen�
tial to assume that the map under study is at least �codimension � �
�
times continuously di
erentiable to boost�up higher regularity� It seems
that the theorem of this paper also gives the �rst re�ection principle for
maps whose initial regularity is independent of the codimension�

Finally� we would like to mention a di
erent but closely related in�
teresting problem ������ ����
� which stems from problems establishing
the Mostow super�rigidity theorem to complex hyperbolic space forms
�see ���� for a solution in the small codimensional case and ���� for cer�
tain related applications to the study of dynamics
� Let f be a proper

holomorphic embedding from Bn into BN such that f�Bn
 is stabilized
by a certain discrete subgroup � of Aut�BN 
 �N � n � �� with f�Bn
��
compact� Is f then a totally geodesic embedding�
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�� Basic set�ups� a normalization property

and a Preliminary Lemma

We let M� � �Bn and M� � �BN be two connected open pieces of
the unit spheres in Cn and CN � respectively� After a linear fractional
transformation� we can assume that M�� M� contain the origin and are
de�ned� respectively� by the following equations�

����
 Imw �

n��X
j��

jzj j�� �z� w
 �M�� Imw
� �

N��X
j��

jz�j j�� �z�� w�
 �M��

Write Lj � �izj
�
�w

� �
�zj

for j � �� � � � � n � �� Then fL�� � � � � Ln��g
forms a global basis for the complex tangent bundle T�����M� of M��
Let

F � �f� �� g
 � �f�� � � � � fn��� ��� � � � � �N�n� g

be a non�constant C��smooth CR map from M� into M� with F ��
 �
�� We recall that the CR assumption of F indicates that LjF � �
for each j� By the Lewy extension theorem� it is well�known that F
extends holomorphically to a certain pseudoconvex side of M� denoted
by �� Here� we can also assume that � is �lled in by holomorphic disks
attached to M�� Now� applying the maximum principle and the Hopf
lemma to the subharmonic function� �Img �Pn��

j�� jfjj� �
PN�n

j�� j�jj�
over �� we conclude that F ��
 � HN � f�z�� w�
 � Im�w�
 � jz�j�g and
��Img�

��Imw�
j� � 	 � �� Since ��Img�

��Rew� j� � �� �g
�w
j� � 	�

Next� we notice that the assumption F �M�
 �M� gives the following
non�linear functional equation with respect to F �

����

g � g

�i
�

n��X
j��

jfjj� �
N�nX
j��

j�j j�� �z� w
 �M��

Applying Ll� LkLl and LkLl to ����
� we have

Llg

�i
�
X
j

Llfjfj �
X
j

Ll�j�j �
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LkLlg

�i
�
X
j

Lk�Llfj
fj �
X
j

Lk�Ll�j
�j �

LkLlg
�i

�
X
j

�
LkLlfj � fj � Llfj � Lkfj

�
�
X
j

�
LkLl�j � �j � Ll�j � Lk�j

�
�

�����


Letting �z� w
 � ��� �
 in the above �rst two equations� we obtain

�g

�zl
j� � ��g

�zk�zl
j� � ��

On the other hand� write ef � �f� �
�

El � �
� ef
�zl


j� � �
�f�
�zl

� � � � �fn��
�zl

�
���
�zl

� � � � ��N�n
�zl


j��

and

Ew � �
� ef
�w


j� � �
�f�
�w

� � � � �fn��
�w

�
���
�w

� � � � ��N�n
�w


j��

Notice that LkLlg
�i j� � 
kl

�g
�w
j� � 
kl 	 with 
lk �

�
�� if k �� l

�� if k � l
� Use of

�����
 leads to that ElEk
t
� 	
lk� Extend fE��

p
	� � � � � En���

p
	g to

a certain orthonormal basis fE��
p
	� � � � � En���

p
	�C�� � � � � CN�ng of

CN��� Denote by A the �N � �
� �N � �
 �constant unitary
 matrix

A ��

�BBBBBBBBBBBBB�

E��
p
	

�
�
�

En���
p
	

C�

�
�

CN�n

�CCCCCCCCCCCCCA
�

Let

F � � �ff�� g�
 ���f��� � � � � fn���� ���� � � � � �N�n�� g�

�
�p
	
F �
�
At �

� ��
p
	

�
�

����
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Then F ��M�
 � �HN and

F ����
 �

�
�id
�n�����n��� ��
�n�����N�n� �

	 	 �

�
�

Notice that g � 	g�� One can thus write

fj
� � zj � ajw �

n��X
k�l��

ejklzkzl �O�jwj�
 � o�j�z� w
j�
�

�j
� � bjw �

n��X
k�l��

qjklzkzl �O�jw�j� jzwj
 � o�j�z� w
j�
������


g� � w � dw� �O�jzwj
 � o�j�z� w
j�
�
where aj� bj � e

j
kl� q

j
kl and d are certain constants with e

j
kl � ejlk� q

j
kl � qjlk�

Write

a � �a�� � � � � an��� b�� � � � � bN�n
� r � �

�
Ref�

�g�

�w�
j�g�������


and de�ne G � Aut��HN 
 ����� ������ p�����
 by

G �

�
z� � aw�

� � �i � z��a � ���r � i � a�a �
w�
�

w�

� � �i � z��a � ���r � i � a�a �
w�

�
�

����


where we have used the standard notation � �� � ��
Pk

j�� �j�j for

any vectors �� � � Ck� Thus by a direct computation� we see that
F �� � � ef��� g��
 �� G � F � still maps M� into �HN � Moreover� F

��

satis�es the following normalization condition �compare ����
 with �	�
����
� p� ����
�

F ���
��f�� � z


�zl
�
�f��

�w
�
����

�zl
�
����

�w
�

�g��

�zl
�
��g�� � w


�w
�
��g��

�zl�zk
�Re

��g��

�w�
� �� at �z� w
 � ��

����


Notice

al �
�

	
Ew � El

t
� bl �

�p
	
Ew � Cl

t
�

ejkl �
�

�	
ef ��zkzl��
 �Ej

t
� qjkl �

�

�
p
	
ef ��zkzl��
 � Cj

t
�

����
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We have the following� which will be used for our proof of Theorem A�

Lemma ���� Assume the notation which we have set up so far�

Suppose that

f�� � z �O�jwj� � jzwj
 � o�j�z� w
j�


and

��� � O�jwj� � jzwj
 � o�j�z� w
j�
�
Namely� suppose that ��f��

�zkzj
j� � �����

�zkzj
j� � � for any k� j� Then one has

the following feedback for ef �
ef ��zkzl��
 � �

p��
	

�Ew � Et
l 
Ek �

�
p��
	

�Ew �Et
k
El�

Proof of Lemma ��	� Notice that

���j �
��j � bjg

�

� � �i �ff��a � ���r � i � a�a �
g�
�

Comparing the coe�cients of terms of the form zlzk in the Taylor ex�
pansion of the above expression and using the given hypothesis� we get
easily that qjkl � �� for any j� k� l� Since qjkl �

�
�
p
�
ef ��zlzk��
 � Cj

t
� it

follows that the �N � �
�tuple ef ��zlzk��
 stays in the space spanned by
fE�� � � � � En��g� so that there exist constants f	jklg such that

����
 ef ��zkzl��
 � n��X
j��

	jklEj �

Next� considering the Taylor expansion of f��j in the following

f��j �
f�j � ajg

�

� � �i �ff��a � ���r � i � a�a �
g�
�����


and using the hypothesis� we obtain
P

ejklzkzl��i
P

l alzjzl � �� Hence�

it follows that ejkl �
p���
jkal � 
jl ak
� so that� by ����
�

�

�	
ef ��zkzl��
Ej

t
�

p��
jk
	

Ew � Et
l �

p��
jl
	

Ew � Et
k�
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Combing this with ����
 and making use of the orthogonality� El �Ej
t
�

	
jl gives

	jkl �
�
p��
	

�
jkEw �El
t � 
jlEw � Ek

t
�

Returning to ����
 completes the proof of Lemma ���� q�e�d�

�� Chern�Moser Lie�derivate and a semi�linear equation

In this and the following sections� we will present the proof of Theo�
rem A� After the discussion in x�� the C��smooth CR map F � �f� �� g

sending M� into M� can� now and in what follows� be assumed to take
the following form�

f � z � �f� g � w � �g with �f� �g� � � O�j�z� w
j�
�
���g

�zl�zk
j��Re �

��g

�w�
j� � ��

����


Our idea for the proof of Theorem A can be brie�y described as
follows� We �rst use the Moser formal theory to verify the hypothesis
in Lemma ���� Then� we compose f with the automorphisms of the
Heisenberg hypersurfaces to produce a continuous family of mappings�
from which we will derive a di
erential equation �See �����
 in x�
� This
equation will be good enough to tell that F � �z� �� w
� In this section�
we will extend the lower order case of a fundamental lemma of Chern�
Moser to the case applicable in our setting�

To proceed� we �rst recall some notation and de�nitions used in �	�
and ����� and assign the weights � and � to z and w� respectively� Then a
�possibly real
 polynomial h�z� w� z� w
 is a weighted homogeneous poly�
nomial of degree s if for each t � �� h�tz� t�w� tz� t�w
 � tsh�z� w� z� w
�
We say that a function h de�ned over M� is in the class P � owt�s
 if
there is a polynomial h� and a function h� such that h � h� � h� with

limt���
h��tz�t�w�tz�t�w�

ts

 � uniformly with respect to �z� w
 � ���� �
�

When the above h� � �� we say h � owt�s
�
Now� substituting ����
 into ����
� we obtain

����
 Im�w � �g
 �
n��X
j��

jzj � �fj j� �
N�nX
j��

j�j j�� �z� w
 �M��

Suppose that we have the decompositions� �fj �
Pm��

s��
�fj
�s�
�owt�m��
�

�g �
Pm

s�� �g
�s� � owt�m
� and �j �

Pm�l
s�l �

�s�
j � owt�m� l
 �with l � �
�



linearity problem for proper holomorphic maps ��

Here� as in ����� we use the notation ��
��� to denote a certain weighted
holomorphic homogeneous polynomial of weighted degree �� Then� after
collecting terms in ����
 of weighted degree k� we have the following k�th
semi�linearization of ����
�

Im
�
�g�k��z� w
 � �i � z� �f �k����z� w
 �

	
�

N�nX
j��

k�lX
p�l

�
�k�p�
j �j

�p�
�N �k�� �z� w
 �M��

����


where m � k � l� and N �k� is a weighted homogeneous polynomial of
weighted degree k� contributed by �f ����� with � � k � �� Moreover�
N �k� � � if �f ����� � � for � � k � �� Therefore� when �g����� �f �������
����� � � for �� � �k and �� � k ��k � m
� the �k�th linearization of
����
 can be simpli�ed as

Im
�
�g��k��z� w
 � �i � z� �f ��k����z� w
 �

	
�

N�nX
j��

�
�k�
j �j

�k�
� �z� w
 �M��

�����


Similarly� when �g����� �f ������� ����� � � for �� � �k and �� � k ��k�� �
m
� the ��k � �
�th linearization of ����
 reduces to

Im
�
�g��k����z� w
 � �i � z� �f ��k��z� w
 �

	
� ��

�z� w
 �M��
�����


Write L� �f ������ �g���
 � Im��g��� � �i � z� �f ����� �
jM� � which is
the Lie derivative of 
� � Imw � Pn��

j�� jzj j� along the vector �eld
X � �Re��g��� �

�w
�
P �fj

����� �
�zj

 restricted to M�� The operator L is

the basic tool for the construction of the local normal form of strongly
pseudoconvex hypersurfaces� and for many other studies �see� for in�
stance� the work �	�� ����� etc
� In particular� we mention the following
lemma of Chern�Moser� which partially motivated our present study�

Lemma ��� ��	� Lemma ���� p�����
� Consider the linear equation

L�f� g
 � Im�g � �i � z� f �
 � � with f� g holomorphic near the
origin� Then it has a unique solution �f� g
 � ��� �
 if the following

normalization condition holds�

f j�� gj�� �f
�w

j�� �f
�zl

j�� �g
�zl

j�� �g
�w

j�� ��g

�zlzkj� �Re�
��g

�w�

j� � ��
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For the proof of Theorem A� the following lemma involving L is of
fundamental importance�

Proposition ���� Consider the following semi�linear equation of

weighted degree � with respect to the holomorphic polynomials P �	��

Q��� � �Q
���
� � � � � � Q���

n��
� and �
���
j �j � �� � � � � k� of weighted degree

�� �� and �� respectively�

����
 L�Q���� P �	�
 �

kX
j��

j����
j �z� w
j�� �z� w
 �M��

Assume the following normalization condition holds�

��
���
j

�w
� Re

��P �	�

�w�
� �������


Then P �	� � �� Q��� � a����z
w with

��i � a����z
� z � jzj� �
kX

j��

j����
j �z
j��

where a����z
 is a vector�valued holomorphic polynomial of degree one�

Moreover� if k � n��� then �
��� has only trivial solution Q
���
j � P �	� �

�
���
j � ��

We should mention that when all �
���
j are assumed to be �� then

Proposition ��� reduces to �th�order case of Lemma ���� Also� we point
out that when k � n � �� The last statement in Proposition ��� fails�
Indeed� this is the only place in the course of the proof of Theorem A�
where the codimension restriction is used� The geometric interpreta�

tion of Proposition ��� is that the expression
Pk

j�� j����
j j� stays in the

Moser normal space N 	 ��	�
 when k � n � �� We remark that the
last statement in Proposition ��� may hold also in any higher degree
case� However� we will not pursue this because the present version of
Proposition ��� is good enough for our purpose later�

Proof of Proposition 
�	� By �����
� we can write

Q����z� w
 � a����z
w � b����z
�
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P �	��z� w
 � A�	��z
 �B����z
w �D�w
�

with Re�D�
 � �� and �
���
j �z� w
 � h

���
j �z
� Here a��� and b��� are vector�

valued holomorphic polynomials of degrees � and �� respectively� Then
����
 reads as

Im
�
A�	� �B���w �D�w

� � �i � z� a��� � w � �i � z� b��� �
	

�

kX
j��

jh���j �z
j�� �z� w
 �M��
�����


where w � u� ijzj� with u � Re�w
� Noticing that fz� ug are indepen�
dent variables� �����
 can be split into the following equations�

Im
�
A�	��z
 � iB����z
jzj� �D�jzj	 � � � z� a����z
jzj� � ib����z
 �

	

�
kX

j��

jh���j �z
j��

������


Im
�
B����z
 � �iD�jzj� � �i � z� a����z
 �

	
u � ��

Im�D�u
�
 � ��

�������


Now� �������
 together with the normalization condition gives that D� �
�� Moreover� noting that u is real and collecting terms of the form zlzk�
we can also conclude from �������
 that B��� � �� Hence

Im�i � z� a����z
 �
 � ��

Returning to ������
� we similarly obtain that A�	� � � and b��� � ��
Therefore� P �	� � � and Q��� � a����z
w� Furthermore� combining
these with ������
� we get

��i � z� a����z
 � jzj� �
kX

j��

jh���j �z
j��

To complete the proof of the second part of Proposition ���� it now
su�ces for us to apply the following Lemma ��� to the equation ��i �
z� a����z
 � jzj� �Pk

j�� jh���j �z
j��
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Lemma ���� Let f�jgkj�� and f�jgkj�� be holomorphic functions in

z � Cn near the origin� Assume that �j��
 � �j��
 � �� Let H�z� z
 be
a real analytic function for z � � such that

����


kX
j��

�j�z
�j�z
 � jzj�H�z� z
�

Then when k � n� �� H�z� z
 � ��

Proof of Lemma 
��� Complexifying ����
� we have

kX
j��

�j�z
�j��
 �� z� � � H�z� �
�����


with z� � independent variables� Without loss of generality� we can fur�
ther assume that �j �� � for each j� Therefore� we can �nd a point z�
su�ciently close to the origin such that �j�z�
 � �j �� � for each j�

By the assumption� k � n� �� we can easily see that

Vz� � fz � �j�z
 � �j�z�
� j � �� � � � � kg

de�nes a complex analytic variety of dimension at least � near z�� By
our choice of z� and by �j��
 � �� it is clear that Vz� can not contain
a complex line passing through the origin� Hence� there exists a point
z� � Vz� such that Vz� contains a complex curve C

� near z� parametrized
by an equation of the form

����
 z�t
 � z� � vt� o�t
�

where fz�� vg are independent vectors and jtj � �� Notice that for each
z � C� and � with � z� � �� � and � close to �� we have

P
�j�j��
 � ��

Also notice that a direction computation based on ����
 shows that all
such � �ll in an open subset of Cn� We conclude that

P
j �j�j�z
 � ��

Hence� ����
 can be reduced to

k��X
j��

��j�z
� �j
�k
�k�z

��j�z

 �� z� z � H�z� z
�

Now� applying an induction argument� it follows easily that
P

�j�j � �
and H � �� q�e�d�
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�� A criterion for linearity

We now give a criterion on linearity for C��smooth CR mappings
between spheres� Notice that the results of the present section applies
to any codimensional case� Namely� N can be any positive integer with
N � n�

To start� we let T � �
�u
be the real tangent vector �eld along �Hn

transversal to T������Hn �T
������Hn� We notice that

����
 fL�� � � � � Ln��� L�� � � � � Ln��� Tg forms a basis of CT�Hn�

Parametrize M� by R
�n�� through �z� u
 
 �z� w
 � �z� u � ijzj�
� and

introduce the standard pairing ��� �
 over M�� For any di
erential opera�
tor Y with smooth coe�cients along M�� we can �nd its formal adjoint
di
erential operator Y � with smooth coe�cients such that �Y ��
� 

 �
��� Y ��


� Here � � C��M�
� 
 � C�� �M�
� Then for each continuous
function h and a di
erential operator with smooth coe�cients Y along
M�� Y �h
 can be identi�ed as a distribution acting on the testing func�
tion space C�� �M�
 in the canonical way� �Y �h
� 

 � �h� Y ��


� A
continuous function h is called a CR function if Lj�h
 � � in the sense
of distribution for each j�

With the above notion� we can state the following useful fact� whose
proof is quite straightforward�

Lemma ���� �a� T commutes with Lj for each j� Hence� for any

continuous CR function h over M�� Th is a CR distribution over M��

too� Moreover� Th � � �
�i �Lj � Lj�h �

�
�iLj�Ljh
�

�b� Let h be a C� CR function over M� and let � be a C� function

over M�� Then for any k� it holds� in the sense of distribution that

Lk�L
�
k�h
�
 � �iLk�T �h

� � L�

k�h
Lk��
�

Lk�Lk�T �h

�
 � �iT ��h
�� Lk�T �h

Lk��
�
����


Next� let F be a twice continuously di
erentiable CR mapping from
M� into M� such that F ��
 � �� which satis�es the normalization in
����
� For each �z�� w�
 � M�� write ��z��w�� � Aut�Hn
 for the map
sending �z� w
 to �z � z�� w � w� � �i � z� z� �
� De�ne ��z��w�� �
Aut�HN 
 by

��z�� w�
 � �z� � ef�z�� w�
� w
� � g�z�� w�
� �i � z�� ef�z�� w�
 �
�



�� xiaojun huang

where ef � �f� �
 is as before� Then

F�z��w���z� w
 � �f�z��w��� ��z��w��� g�z��w��
 � ��z��w�� � F � ��z��w��

is still a twice continuously di
erentiable CR map from a small open
piece of �Hn containing � into �HN with F�z��w����
 � �� As in x�� we
can similarly de�ne the data 	�z��w��� �El
�z��w��� �Ew
�z��w��� �Cl
�z��w���

A�z��w��� F
�
�z��w��

� a�z��w��� r�z��w��� �e
j
kl
�z��w��� �q

j
kl
�z��w��� and G�z��w���

etc� which are now subscripted by �z�� w�
 for they depend on the choice
of �z�� w�
� As in x�� we can normalize F ��z��w��

by composing it with

G�z��w�� to get the map F ���z��w��
� �f���z��w��

� ����z��w��
� g���z��w��


 so that

the normalization condition as in ����
 holds for F ���z��w��
� Notice that

F ���z��w��
also depends on the choice of �Cl
�z��w��� The purpose of this

section is to prove the following linearity criterion� which should be also
useful for other related investigations�

Theorem ���� Let F be a twice continuously di�erentiable CR

mapping from M� into M� such that F ��
 � �� which satis�es the nor�

malization in �
�	�� Assume the new map F ���z��w��
is as de�ned in the

above paragraph� Suppose that for each �z�� w�
�� �
 � M�� it always

holds that

f���z��w��
� z �O�jwj� � jzjjwj
 � o�j�z� w
j�


and

����z��w��
� O�jwj� � jzjjwj
 � o�j�z� w
j�
�

Then F �z� w
 � �z� �� w
�

We remark that in terms of Lemma ��� to be presented in the next

section� the assumption in Theorem ��� is equivalent to that
������

�z��w��
�

�zk�zl
j�

� �� or that
���f��

�z��w��
�

�zk�w
j� � � for each k� l and �z�� w�
 � ��

Before proceeding to the proof of Theorem ���� we need to put
Lemma ��� in a more applicable form� To this aim� we �rst write
z� � �z���� � � � � zn����
� and

ef�z��w�� �
�
�f�
�z��w��� � � � � �fn��
�z��w��� ���
�z��w��� � � � � ��N�n
�z��w��

�
�

In the following� we �rst collect certain expressions whose proofs follow
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from a direct computation�

�Ew
�z��w�� ��
ef�z��w��


�
w��
 �

ef �w�z�� w�
�

�El
�z��w�� ��
ef�z��w��


�
zl
��
 � ef �zl�z�� w�
 � �izl�� ef �w�z�� w�


�Ll� ef
�z�� w�
��
g�z��w��

��
zl
��
 �Ll�g � �i � ef� ef �
�z�� w�
�

�g�z��w��

�

w��
 �g
�

w�z�� w�
� �i � ef �w�z�� w�
� ef�z�� w�
 ��

	�z�� w�
 ��	�z��w�� � g�w�z�� w�
� �i � ef �w�z�� w�
� ef�z�� w�
 ��� ef�z��w��

	��

zlzk
��
 �� ef
��zkzl�z�� w�
 � �iz��l� ef
��zkw�z�� w�


� �iz��k� ef
��zlw�z�� w�
� �z��lz��k� ef
��ww�z�� w�


�Ll�Lk� ef

�z�� w�
�

Noticing the arbitrariness of �z�� w�
 and applying Lemma ��� to F
��
�z��w��

�
the above formulas then allow Lemma ��� to be restated as follows�

Lemma ���� Assume the above notation and assume the hypothesis

in Theorem ���� For each j� k and at each point �z� w
�� M�
 � �� we
then have the following�

Lj�Lk� ef

 � �i

	�z� w

� ef �w � �Lj ef
t
Lk� ef


�
�i

	�z� w

� ef �w � �Lk ef
t
Lj� ef
������


Proof of Theorem ���� Write Ak�z� w
 �
�i ef �w�Lk� ef�

t

��z�w� � which is clearly

C� over M�� Assume� without loss of generality that Lk�fk
 �� � over
M�� Then we �rst notice that Lemma ��� gives immediately that

Ak�z� w
 �
L�
k�fk


�Lk�fk

�

Lj�Lk��

 �Aj�z� w
Lk��
 �Ak�z� w
Lj��
�

����


In particular� we obtain

����
 L�
k��
 � �Ak�z� w
Lk��
�

In the following� we will often use the simple fact that two continuous
functions are the same in the usual sense if and only if they are the same
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in the distribution sense� Now� Applying Lk to ����
 and using Lemma
����b
� we can easily get

����
 �iLk�T ��

 � Bk���z� w
Lk��
 �Bk��T ��
�

whereBk�� � �iAk�z� w
 � C��M�
 andBk�� � Lk��Ak�z� w

 � C��M�
�
Notice that there are certain functions bk�j such that

Bk�� � bk���z� w
Lk�T �fk

 � bk���z� w
L
�
k�fk
������


where bk�j�z� w
 � C��M�
 for j � �� �� Indeed� by Lemma ����
�b
 and
����
� we have

Lk�Ak
 � Lk�
�

�Lk�fk


L�

k�fk
 �
�i

Lk�fk

Lk�T �fk

�

Hence� to see �����
� it su�ces to take bk���z� w
 � Lk�
�

Lk�fk�

 and bk�� �

�i
Lk�fk�

� which are apparently C� over M��

Applying Lk to ����
� we obtain in the sense of distribution

����
 �	T ���
 � h� Lk�Bk��
�T ��

�

where h � Lk��bk��Lk�T �fk

 � bk��L
�
k�fk

Lk��

� By Lemma ��� �b
�

h can be identi�ed with�
ck��Lk�T �fk

 � ck��T

��fk
 � ck��L
�
k�fk



�
Lk��


�
�
ck�	Lk�T �fk

 � ck�
L

�
k�fk


�
T ��


for certain c�k�js� which are continuous over M�� Hence� h is equivalent
to a continuous function and we thus obtain point�wisely that

����
 T ���
 � Ck���z� w
Lk��
 � Ck���z� w
T ��
�

where Ck�j are certain continuous functions over M��
Now� since � are CR over M�� LkT ��
 and Lj�Lk��

 � �� Identify

M� with a neighborhood of � in R�n�� through the map �x� y� u
 

�z � �x� iy
� w � u� ijzj�
 and write X for the vector ���

�x
� ��
�y
� ��
�u

� We

then see from ����
� ����
� ����
 and ����
 that there is a certain matrix
 �x� y� u
 whose entries are continuous functions over M� such that X
satis�es the following

����
 DX �  �x� y� u
Xt� X��
 � ��
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Regarding ����
 as a di
erential equation in X and applying the unique�
ness theory� it follows that X � �� Indeed� for any p � �x�� y�� u�
 �
�� let Xp�t
 � X�tp
 for � � t � �� Then

dXp

dt
�  p�t
Xp�t


t by
����
 for a certain continuous matrix function �in t � ��� ��
  p�t
 with
k p�t
k �� kpk� where k � k stands for the super�norm� Since Xp��
 � ��

Xp�t
 �
R t
�  p�p�
Xp��


td� � Hence kXpk � CkpkkXpk for some con�
stant C � � independent of p� It thus follows that Xp � � once kpk � �

C
�

Since ���
 � �� this also gives that � � � over M��
Once we showed that � � �� then �f� g
 is a C� CR di
eomorphism

between two small open pieces �near the origin
 of �Hn� Applying a
classical theorem of Alexander� we see that �f� g
 extends to an auto�
morphism of Hn� Since �f� g
 satis�es the normalization condition in
����
� we get that �f� g
 � �z� w
� say� by Lemma ���� �Here� after know�
ing � � �� we remark that we can also directly get �f� g
 � �z� w
 by
studying the uniqueness of the �rst n�� components of Equation �����
�
coupled with Lj�Lk�g

 � �iLj�Lk�f

 � f �
 The proof of Theorem ���
is complete� q�e�d�

�� Completion of the proof of Theorem A

We now proceed to the proof of Theorem A� We start with the
following�

Proposition ���� Let F � �f� �� g
 be any twice di�erentiable CR

mapping from M� into M� satisfying the normalization condition �
�	��

Assume that N � �n � �� Then f � z � owt��
� g � w � owt��
 and
� � owt��
�

In what follows� to simplify the notation� we use P� and P� for
polynomials which may be di
erent in di
erent contexts� We say that
wt�P�
 � k if jP��tz� t�w� tz� t�w
j � Ctk�

We proceed by presenting the following Lemma ��� and Lemma ����
Since Lemma ��� is elementary� we leave its proof to the reader� �Dif�
ferent from Proposition ���� the following two lemmas hold in any codi�
mensional case�


Lemma ���� �a� For any function � � Ck�M�

owt�k
 with k � ��
Lj��Lj��� owt�k � �
� and T� � owt�k � �
�

�b� If � � C��M�
 is such that Lj��
� Lj��
 � P � owt�k � �
 for
each j and T ��
 � P � owt�k � �
� then � � P � owt�k
� Moreover�

write � � h� � h�� where h� is a polynomial with weighted degree not
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larger than k and h� � owt�k
� Then in case � is CR� h� must be a

holomorphic polynomial in �z� w
�

Lemma ���� Let F � �f� �� g
 � �f�� � � � � fn��� ��� � � � � �k� g
 be

a twice di�erentiable CR map from M� into M� satisfying the nor�

malization condition �
�	�� Then� f � Q � owt��
 and g � P �
owt��
 with P � Q certain holomorphic polynomials� In fact� we can

choose P � Q such that P � w and Q � z � iw
� a

����z
� where a����z

is a certain �vector�valued� holomorphic polynomial of degree one with

� a����z
� z ��
Pk

j�� j����j �z
j��
Proof of Lemma 
�
� We �rst recall that

����

�

�i
Llg �

X
Ll�fj
fj �

X
Ll��j
�j �

Also� it is easy to verify the following�

���a�
 Llfjfj � �P� � owt��

�P� � owt��

 � P � owt��
�

where wt�P�
 � �� and

���a�
 Ll�j�j � �P� � owt��

�P� � owt��

 � P � owt��
�

where wt�P�
 � �� wt�P�
 � �� Hence� Llg � P � owt��
�
On the other hand� since g � C��M�
� T �g
 � P�owt��
� By Lemma

��� �b
� we see that g � P � owt��
�
Notice g � w � owt��
� Write �g � �g� � owt��
 with �g� a weighted

homogeneous polynomial of degree �� By Lemma ����b
� �g� is holomor�
phic� To see that �g��� � �g� � � and �f ��� � �� it now su�ces for us to
apply Lemma ��� to ������
 with k � � �this can also be quite easily seen
by a straightforward computation
�

Next� we apply Lj to ����
 to yield
�
�iLj�Llg
 � Lj�Ll� ef

 � ef � Ap�

plying the just obtained equation by Lk and making use of Lemma ����

one gets Lj�Ll� ef

 � Lk ef � �� for j� l di
erent from k� and

Lj�Ll� ef

 � Lk ef � cT �Lv� ef

 � ef � c

�i
TLv�g
�

for k � j or k � l� Here when l �� j� we have c � �i� v � fl� jg n fkg�
and when l � j� we have c � �i� v � k� Since Lk�f�
 � 
k� � owt��
� we
can easily solve the above equations LjLl�fk
 and then verify that

LjLl�fk
� cTLl�g


�iLk�fk

� P � owt��
�
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Since

�iT �Ll�g

 � Ll�T � ef

 � ef � �Ll� ef

 � T � ef
�
it follows readily that T �Ll�g

 � P � owt��
� Therefore� we prove that
Lj�Ll�fk

 � P � owt��
 for any j� l� k�

Since F is assumed to be twice di
erentiable� Lj�Llfk
 � 
jl T �fk
 �
P�owt��
 and T �Ll�fk

 � P�owt��
� Making use of Lemma ���� we see
that Ll�fk
 � P � owt��
 for any l� k� Again since T �fk
 � P � owt��
�
fk � P � owt��
 for any k� Also� by Lemma ��� �b
� we can write
f � Q� owt��
 for a certain holomorphic polynomial Q� Making use of
what we obtained above� it is now easy to verify that the expressions
Llfjfj and kLlfjk� stay in P�owt��
 and P�owt��
� respectively� By the
identity ����
� �iT �g
 �� �iTf� f � �kLlfk�� � �iT�� � � �kLl�k��
and the same argument as before� we can see that Lj�g
 � P�owt��
 and
T �g
 � P � owt��
� Similarly� g � P � owt��
 for a certain holomorphic
polynomial P � Finally� applying the �rst part of Proposition ��� to
�����
� we complete the proof of Lemma ���� q�e�d�

Proof of Proposition 
�	� By Lemma ���� we can write f � z� �f ����
owt��
 and g � w � owt��
� where �f

��� is a holomorphic polynomials of
weighted degree �� To �nish the proof of Proposition ���� it su�ces to
apply the last part of Proposition ��� to �����
� q�e�d�

Finally� we are ready to �nish the proof of Theorem A�

Proof of Theorem A� Let F be as in Theorem A and assume that
N � �n � �� After the normalization in x�� we may assume that F
satis�es the normalization condition in ����
� Now� as did in x�� using
the Heisenberg group structures of �Hn and �HN � for any �z�� w�
 � �
and �Cl
�z��w�� as chosen before� we have the new twice di
erentiable
CR map F ���z��w��

from M� into M�� which still satis�es the normal�

ization condition ����
� Applying Proposition ���� we see that f���z��w��

� z � owt��
� g
��
�z��w��

� w � owt��
 and ����z��w��
� owt��
 always hold�

Hence� from Theorem ��� it follows that F � �z� �� w
� This completes
the proof of Theorem A� q�e�d�
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