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�� Introduction

���� Weil�Petersson convexity and classical Teichm�uller

space� Suppose that we have a smooth compact Riemanninan main�
foldMn of dimension n with a metric g� and a compact surface N� with
a hyperbolic metric G� We assume that both M and N have no bound�
ary� Let fxig be a local coordinate for Mn� and fy�g a local coordinate
for N��

The following statements follow from the results of Eells� Sampson
��� and Hartman ��� as well as Al�bers ����

Theorem� Given a continuous map � 	 Mn � N�� there is a
smooth harmonic map u 	 Mn � N� homotopic to �� and u is unique
in the homotopy class� unless the image of the map is a point or a closed
geodesic in N �

Eells and Lemiare �
� have shown that as long as harmonic maps exist
and are uniquely determined� when the image metric is varied smoothly
along a curve Gt �with G� � G
� the harmonic maps
ut 	 �M� g
 � �N�Gt
 vary smoothly without changing homotopy type
in the parameter t for su�ciently small t� �In order to ensure the ex�
istence and uniqueness of ut for all t� we require the negativity of the
sectional curvature of Gt�
 In particular� the energy functional�

E�t
 � �

�

Z
Mn

Gt
���ut
g

ij �u
�
t

�xi
�u�t
�xj

d�g

Received March ��� ����	 The author was partially supported by NSF Grant
DMS �
�����	

��



�� sumio yamada

is a smooth function of t� Here the energy functional is seen as a func�
tional solely dependent on the image metric� Now we restrict our atten�
tion to the space M�� of hyperbolic metrics on N�� Then as the image
metric varies within M��� a harmonic map exists and is unique unless
its image is a point or a geodesic� and the energy functional is smoothly
dependent on the image metric G in M��	

E 	 M�� � R�

Note that any di�eomorphism f 	 N� � N� homotopic to the iden�
tity map is an isometry from �N� f�G
 to �N�G
� Since an isometry
preserves the energy� the energy functional de�ned on M�� is invariant
under the action of the identity component D� of the di�eomorphism
group D� Hence the energy functional can be regarded as a functional
well de�ned on the Teichm�uller space T �M���D�� that is

E 	M���D� � R��

Notice that even when the image of the harmonic map is a closed
geodesic� the map is unique up to rotation of the geodesic� under which
the energy functional is invariant� Also when the image of the map is a
point� it is unique up to translation of the point in N � and the energy
in that case is zero� Hence as far as the energy functional is concerned�
it is well de�ned for maps of all homotopy types� including the two
degenerate cases�

A Teichm�uller space� regarded as the space of conformal structures
on a given Riemann surface of higher genus �g � �
� has a Riemannian
metric� a positive de�nite pairing between two tangent vectors� which
are holomorphic quadratic di�erentials� called Weil�Petersson metric�
On the other hand� the space of smooth metric M has a natural L�

metric� which gives a pairing to two symmetric ��� �
�tensors �see Freed�
Groisser ����
 Fischer and Tromba showed in ��� that the Weil�Petersson
metric is the same as the L��metric on M restricted to M���D �seen
as a slice in M
�

Now suppose that ��t
 is a Weil�Petersson geodesic parameterized
by arc�length in the Teichm�uller space T �N
 � M���D� Then we can
lift ��t
 horizontally to M��� The lift Gt is itself a geodesic in M��

with its tangent vector h in TGtM satisfying the tracefree� transverse
condition ���	

��
 trG h � � and �Gh � ��
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Thus along the geodesic Gt� the energy functional E is a smooth
function in t� We now state the main theorem�

Theorem ����� �Weil�Petersson convexity of the energy functional
�
Under the assumptions above� the function E�t
 is a strictly convex func�
tion in t� and hence the energy functional E 	 T �N
 � R is strictly
convex along any Weil�Petersson geodesic in T �N
�

M� Wolf ���� studied the properties of harmonic maps into a higher
genus Riemann surface as the imagemetric varies within the Teichm�uller
space� He showed that in the setting where the domain metric is a
hyperbolic surface of the same genus as the image� and when the map
is homotopic to the identity� the Weil�Petersson exponential map at the
base point �the point representing the domain metric in the Teichn�uller�
space
 can be approximated up to order two by the space of so�called
Hopf di�erentials� or equivalently the space of Beltrami di�erentials�
He has also shown that the energy functional is proper with respect to
the topology induced by the Weil�Petersson distance� by constructing a
di�eomorphism from the space of Hopf di�erentials to the Teichm�uller
space� His results thus suggested that at both local and global levels�
the Teichm�uller space of a Riemann surface with respect to the Weil�
Petersson metric could be viewed as the space of harmonic maps as the
metric of the image of the harmonic map is varied�

Note that the statement of the convexity theorem above is indepen�
dent of the homotopy class of the harmonic map� as well as the domain
�M� g
�

For the case where the domain is �N�� g
 for some hyperbolic metric
g� and the harmonic map u 	 �N� g
 � �N�G
 is homotopic to the iden�
tity map� the convexity has been proven by A� Tromba ��
�� However�
the second t derivative of the Weil�Petersson geodesic in Tromba�s cal�
culation ��
� di�ers from that of the author� �See the Remark following
Theorem ������


One can take anm copies of S�� each is sent to the hyperbolic surface
N� by a harmonic map ui� i � �� �� ����m and the maps is arranged so
that each copy of S� is mapped to a closed geodesic in N and the
collection of the closed geodesics to ��ll� the hyperbolic surface� that
is� m is the smallest number such that the complement of the geodesics
is a collection of simply connected open sets� Then using a result of S�
Kerckho� ����� one can show that E�G
 �

Pm
i��E�ui
 is proper on T �

thus obtaining a functional both proper and convex� �for a sum of convex
functionals is still convex
 providing an exhaustion function of T �N
 by
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its sublevel sets� S� Wolpert ���� showed the same result by means of
the geodesic length functional instead of the energy functional� a major
consequence of which was giving an alternative proof of the Nielsen
Realization Problem originally resolved by Kerckho� ����

More generally we will show the following�

Proposition ������ When u�� 	 	��M
� 	��N
 is surjective� then
E�G
 is proper on T �N


Note that as in the previous exampleM �
�m S�� we do not require

the domain manifold M to be connected�
Combining Theorem ����� and Proposition ������ one has

Theorem ������ When u� 	 	��M
 � 	��N
 is surjective� then
there is a hyperbolic metric G in T �N
 which uniquely minimizes E�G
�

In the fourth section of this paper� the linear structure of the energy
functional de�ned on the Teichm�uller space is further studied� We will
have an expression for the gradient vector 
 of the energy functional E �

When the domain manifold �M�n� g
 is K�ahler� and if there exists
a holomorphic map u 	 �M�n� g
 � �N�� G
� then we will show that
the gradient vector 
 of the energy functional E�G
 vanishes� and there�
fore the hyperbolic metric G is characterized to be the unique energy
minimizing metric within the homotopy class of u� As a consequence
of Theorem ����� as well as the properties of the tensor 
� we have the
following statement�

Corollary ������ Suppose that a harmonic map u from a com�
pact K�ahler manifold �M�n� g
 to a compact hyperbolic Riemann sur�
face �N�� G
 is holomorphic� Then the hyperbolic metric G minimizes
the energy functional E 	 T � R uniquely�

���� Weil�Petersson geometry of universal Teichm�uller sapce�

In the second part of the paper� we will study the Weil�Petersson geome�
try of the universal Teichm�uller space UT � It is analogously constructed
to the classical Teichm�uller space T �N
 of a compact Riemann surface
N in the following sense�

The classical Teichm�uller space can be regarded as the space of
Riemannian surfaces H��� where the Poincar�e disk H� is the univer�
sal cover of N � and � �Fuchsian group
 is the fundamental group of
N represented as a subgroup of the isometry group SL���R
 for H��
Two Fuchsian group �� and �� are related by a quasiconformal map
� 	 D � D such that �����x

 � �����x

� Recall that two di�erent
conformal structures are equivalent in the Teichm�uller space T if one
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is obtained by pulling back the other by a di�eomorphism homotopic
to identity map of N � It can be shown �see ����
 that two di�erent
quasi�conformal maps ��� �� 	 D� D are equivalent in this sense if

��

���
S�

� ��

���
S�

The universal Teichm�uller space� �rst introduced by Bers ���� is de�
�ned to be the space obtained precisely as above� except one takes the �
to be the identity in SL���R
� Since a quasiconformal map fromD� onto
itself restricted to S� � �D� is quasisymmetric �i�e�� one�dimensional
dilation is uniformly bounded
� the universal Teichm�uller space UT can
be identi�ed with

QS�S�
�SL���R
�

where QS�S�
 is the group of quasicsymmetric homeomorphisms of the
unit circle�

It was shown by Nag�Veriovsky ���� that the Weil�Petersson met�
ric de�ned on UT at the Poincar�e metric on D� is isometric to the
pairing between two vector �elds on S� given by the Sobolev norm of
H���� Hence we need to restrict our attention to the smooth part of
QS�S�
�SL���R
� i�e�� a submanifoldM of UT whose tangent space at
the Poincar�e metric G� is the space of the L��H�
�integrable symmetric
��� �
�tensors� or equivalently the space of H����integrable vector �elds�
M is a K�ahler submanifold on UT � for the Weil�Petersson metric at G�

is K�ahler�
In the �fth section� we will show that one has an L��orthogonal de�

composition on the tangent space at the identity G� �Theorem �����
�
Formally� the submanifold M � UT is a homogeneous space
Di� S��SL���R
 �see ���� for the algebraic aspects of the space
� yet
we do not know the suitable regularity condition to be imposed on
Di� S� in order to make M a smooth manifold� except the Lie algebra
of Di� S� consists of vector �elds on S� with H��� Sobolev regularity�
In particular the existence of geodesic given an initial velocity remains
unknown� In this paper� we will assume the existence of Weil�Petersson
geodesics near the identity�

The Weil�Petersson geometery of the classical Teichm�uller space
has been actively studied� and it is known that even though the Weil�
Petersson metric is not complete ����� the Teichm�uller space is geodesi�
cally convex ����� simply connected �see ����� �rst proven by Fricke
� and
sectional curvature is non�positive �Jost ���� Wolpert ���� and Tromba
����
�
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Wolpert�s proof ���� for T being Weil�Petersson�geodesically convex
uses the convexity and properness of the length functional L�G
 on T �
as well as the fact that T is negatively curved�

The functional E� 	 UT � R we will look at is the integral of the
anti�holomorphic part j�uj� of the energy density of a quasiconformal
harmonic maps u 	 H� � H� with asymptotic Dirchlet conditions f 	
S� � S�� which is a su�ciently smooth quasisymmetric map� The
existence and uniqueness of such maps� which substitutes the existence
and uniqueness of Eells�Sampson ���� Hartman ��� and Al�bers ��� have
been studied by Li�Tam ����� ��
�� The functional is shown to be �nite
�Theorem �����
 under the regularity condition that �Gt� � UT represent
points of twice di�erentiable di�eomorphisms in Di� S��SL���R
�

The following theorem� which o�ers a convex functional locally de�
�ned near the identity in UT � gives a hope that the universal Teichm�uller
space UT too is geodesically convex�

Theorem ������ Given a family of harmonic maps

ut 	 �D
�G�
� �D�� G�


with Gt a horizontal lift of a Weil�Petersson geodesic in UT � and with

ut

���
S�

� IdS�� we have

E��G�
 � ��

d

dt
E��Gt
jt�� � ��

d�

dt�
E��Gt
jt�� �

�

�
�

In particular the anti�holomorphic energy functional de�ned on UT �
Di� S��SL���R
 is convex with respect to the Weil�Petersson distance
at �G�� � UT or equivalently at �IdS� � � Di� S��SL���R
�

As seen above� the various regularity conditions imposed on Di� S�

leaves much to be desired in order to provide a well�de�ned geometry
on M � Yet it is the author�s hope to show that the submanifold M �
Di� S��SL���R
 of UT has a nice Weil�Petersson geometry similar to
the one for the classical Teichm�uller space T

The �rst half of this paper contains a part of the author�s doctoral
dissertation ���� at Stanford University� and he wishes here to thank his
thesis advisor Richard Schoen for his support and encouragement�
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�� Weil�Petersson geodesic equation

���� L��metric and its Levi�Civita connection� The natural
L��metric de�ned on the space of symmetric ��� �
�tensors at a Rieman�
nian metric G on a manifold N is given as

hh� kiL� �
Z
N�

hh� giG�x�d
�G�x
�

where

hh� giG�x� � TrG�x��h� k


� Tr
�
�G�� � h
 � �G�� � k


�
�A �B denotes matrix multiplication


�
�X

i�j�k�l��

GikhkjG
jlkli�

For this metric we will �nd an expression for the Levi�Civita con�
nection D� Let h�� h� and h� be constant ��� �
�tensor over N�� Then
we have �hi� hj � � � for any i and j� where the bracket denotes the Lie
derivative of hj in the direction of hi� These relations as well as the
so�called six term formula �see ���� for example�
 for the Levi�Civita
connection give the following�

hDh� � h�� h�i �
�

�

�
h�hh�� h�i� h�hh�� h�i � h�hh�� h�i
� h�h�� h��� h�i � h�h�� h��� h�i�i�h�� h��� h�i

�
�
�

�
fh�hh�� h�i� h�hh�� h�i � h�hh�� h�ig

On the other hand� by de�nition we have

h�hh�� h�i � d

dt

���
t��

Z
N
Tr�G��

t � h �G��
t � k
d�Gt�x


where Gt � G� th�

�

Z
N
Tr
�
G�� � ��h�
 �G�� � h� �G�� � h�

�
d�G�x


�

Z
N
Tr
�
G�� � h� �G�� � ��h�
 �G�� � h�

�
d�G�x


�

Z
N
TrG

�
G�� � h� �G�� � h�

��
�
�TrG h�
d�G�x
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��
Z
N
Tr
�
G�� � h� �G�� � �h� �G�� � h�


�
d�G�x


�
Z
N
Tr
�
G�� � h� �G�� � �h� �G�� � h�


�

�

Z
N
TrG

�
G�� � h� �G�� � h�

��
�
�TrG h�
d�G�x


�� hh�� h�G��h�i � �h�� h�G
��h�i

�
D��



TrG h�

�
h�� h�

E
�
D
h��

�
�



TrG h�

�
h�

E
�

When hi�s are trace�free� note that hihhj � hki is symmetric with re�
spect to i� j and k� Then we have

Proposition ������ For trace�free ��� �
�tensors h�� h� and h�� the
Levi�Civita connection D for the L��metric can be written as

hDh�h�� h�i � ��

�
hh�G��h�� h�i � �

�
hh�G��h�� h�i�

In particular we have

��
 Dh�h� � ��

�
h�G

��h� � �

�
h�G

��h��

���� L��Decomposition of the space of ��� �
�tensors� Sup�
pose that G is a hyperbolic metric on N�� i�e�� the sectional curvature
KG � ��� And let h be a ��� �
�tensor which induces a deformation of
G preserving the curvature�

d

dt
KG�th

���
t��

� ��

Proposition ������ h satis�es a partial di�erential equation glob�
ally on N �

��
 ���G � �
TrG h� �G�Gh � ��

This is sometimes called the Lichnerowitz formula ��	�

Proof� In dimension two� the Ricci tensor and the sectional cur�
vature are related by R�� � KG��� Using the Christo�el symbols we
have the following expression for the Ricci tensor�

R�� �
X
���

f������ � ������ � �����
�
�� � �����

�
��g
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where

���� �
�

�
G���G���� �G���� �G����
�

When the metric varies in t so that Gt � G� th�

����� �
�

�
G���h��	� � h��	� � h��	�


and therefore

�R�� �
�

�
G���h��	�� � h��	�� � h��	��

� h��	�� � h��	�� � h��	��


��G��h��	�� �
�

�
G���h��	�� � h��	��
�

Since �K �
P

��� G
��R��� we have

� �K ��
X
���

h��R�� �G�� �R��

�TrG h��TrG h� �G�Gh

����� �
TrG h� �G�Gh � ��

where � is the Laplacian with respect to G� q�e�d�

De	nition ������ For any ��� �
�tensor� we de�ne a di�erential
operator LG as

LGh � ���G � �
TrG h� �G�Gh�

Note that the kernel of the di�erential operator LG is the tangent
space of M�� at the hyperbolic metric G�

We now obtain an expression for the adjoint operator L�G of LG� By
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de�nition�

� L�Gf� h �� � f�LGh �
�

Z
N
f�x
LGh�x
d�G�x


�

Z
N
f�x
���G � �
TrG h�x
d�G�x


�

Z
N
f�x
�G�Gh�x
d�G�x


�

Z
N
���G � �
f�x
TrG h�x
d�G�x


�

Z
N
hHessG f� hiG�x�d�G�x


�

Z
N
hf���G � �
fgG�hiG�x�d�G�x


�

Z
N
hHessG f� hiG�x�d�G�x


�

Z
N
hf���G � �
fgG�HessG f� hiG�x�d�G�x
�

Proposition ������ For a function f de�ned on N � the adjoint
operator L� of L is given as

L�f � f���G � �
fgG�HessG f�

We are now ready to state the theorem about the L��decomposition
of symmetric ��� �
�tensors� It is a statement speci�c to two dimension�
while in higher dimensional cases A� Fischer and J� Marsden ��� obtained
a more general decomposition of the deformation space of a constant
scalar curvature metric�

Theorem ������ Suppose that G is a hyperbolic metric on N�� and
that h is a smooth symmetric ��� �
�tensor de�ned over N � Then there is
a unique L� orthogonal decomposition of h as a tangent vector belonging
to TGM as follows�

�

 h � PG�h
 � LXG� L�f�
where LXG is the Lie derivative of G in the direction of a vector �eld
X on N � and X� f� PG satisfy the following equations�

��
 �G�LXh
 � �Gh�
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��
 LGL�Gf � LGh�

��
 PG�h
 � h� LXG�L�h�

Proof� First note that the Lie derivative is the adjoint operator of
�G up to a sign� that is�

� LXG�h ��� X���Gh ��� ���GX�h � �

Thus the operator �GLXG � ���G��GX
 is self�adjoint with respect to
the L��metric� It is of the second order and elliptic� with its kernel
trivial� hence its cokernel is trivial as well� To see that the kernel is
indeed trivial� note that

� �G�
�
GX�X ��� ��GX� �

�
GX �� ��

hence that ���X � � implies that ��GX � �LXG � �� But since there
is no non�zero Killing vector �eld on a closed hyperbolic manifold� we
know that X � �� Therefore given h� there exists a smooth solution X
to the equation �� � and it is unique�

Similarly� the operator LGL�G is clearly self�adjoint� and a simple
calculation shows that the principal symbol of the operator is ��� and
hence the operator is elliptic of the fourth order� Its kernel is also trivial�
To see this� suppose that L�Gf � �� Then

L�Gf �f���G � �
fgG�HessG f

���

Now take the trace of both sides with respect to the metric G� and
obtain

����G � �
f ��Gf ���Gf � �f

���

Since �G is a nonpositive operator� i�e�� all the eigenvalues 
 of �Gf �

f are negative� ��Gf � �f � � implies that f � �� Thus� given
LGL�Gf � �� we have�

� LGL�Gf� f �� � L�Gf�LGf �
���
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And hence L�Gf � �� But we have just seen that this implies that f � ��
To show the orthogonality of the decomposed spaces� we �rst claim

that �GL�Gf � �� To do so� choose a normal coordinate yi so that
Gij � �ij and Gij	k � � for all i� j� k� where ��� in the subscript denotes
the covenant derivative� Then

�GL�Gf � �Gf���Gf � f
G�HessG fg
� � f��Gf
j � fjg�ij � fij	j

� � ��Gf
i � fi � fjj	i �Rijfj

� � ��Gf
i � fi � ��Gf
i � fi

� ��

Here we have used the following fact	

fij	j � fjj	i �Rijfj

where Rij is the Ricci tensor� Given Rij � KGGij� we have Rij � ��ij �
Secondly we claim LGLXG � �� This is so since LXG is a ��� �
�

tensor in TGM��� and since TGM�� is the kernel of LG�
Now the orthogonality follows formally	

� LXG�LGf �� � ���GX�L�Gf �
� � �X� �GL�f �
� ��

� PG�h
� LXG �� � h� LXG�L�Gf� LXG �

� � h� LXG�L�Gf����GX �

� � �Gh� �GLXG� �GL�f��X �

� � �Gh� �GLXG��X �

���

� PG�h
�L�Gf �� � LGPG�h
� f �
� � �h� LXG�L�Gf
�L�Gf �
� � LGh�LGLXG�LGL�Gf� f �
� � LGh�LGL�Gf� f �
���

q�e�d�
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We present one more calculation� which will be used in the next
section�

Proposition ������ The third component L�f of the decomposition
above has the following expression


L�Gf � f���� �
��LhgG�HessG f�

Equivalently

f��� �
fgG � f��� �
��LhgG�

Proof� By de�nition we have

LL�f �� ��� �
TrG�L�f
 � �G�G�L�f

�� ��� �
TrGf����� �
f �G�HessG fg

� �G�Gf����� �
f �G�HessG fg
�� ��� �
f����� �
f ��fg� f���f � f
�ij � fijg	ij
�� ��� �
f���� �
fg�����f � fg� fij	ij

���� �
��� �
f ����� �
f ���f ��f

���� �
��� �
f�

Since LL�f � Lh� we have

��� �
��� �
f � Lh�

or equivalently �noting that ��� �
 is invertible


��� �
f � ��� �
��Lh�

Hence

L�f �� f��� �
fgG�HessG f

�� f��� �
��LhgG�HessG f�

q�e�d�

���� Weil�Petersson geodesic equation� Let Ms be the space
of Riemannian metrics on N� whose components axe in Hs�N�R
� and
denote the space of hyperbolic metrics by Ms

�� � Ms� Then we will
show
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Theorem ������ Ms
�� is a smooth submanifold of M�

Proof� The sectional curvature is a map

K 	Ms � R�

and Ms
�� � K��f��g� By the implicit function theorem� it su�ces to

show that �� is a regular value for K� i�e�� that if K�G
 � �� for some
G �Ms

��� then

DK�G
�� LG
 	 TGMs � Hs���N�R


is surjective� But in the previous section� we have shown that L�G is
infective� which in turn implies that LG is surjective� q�e�d�

Let D� be the group of smooth di�eomorphisms on N� homotopic to
the identity map	 N � N � Then we de�ne the quotient space M���D�

to be the space of hyperbolic metrics with the following equivalent re�
lation�

G � G� if exists some � in D� such that G� � ��G�

As we have seen in the L��decomposition theorem in the previous
section� any symmetric ��� �
�tensor h can be decomposed as

h � PGh� LXG� L�Gf

as a tangent vector in TGM� Note that PGh�LGX is tangent to TGM��

by construction� Also� given a family of di�eomorphisms �t 	 N � N
with �� � IdN � ��tG is clearly in M��� Since by de�nition

LXG �
d

dt

�����
t��

��tG�

where d
dt

���
t��

�t� it follows that LGX is an element of TGM�� as well�

Hence PGh is also tangent to TGM���

Remark� By construction� note that a symmetric ��� �
�tensor
tangent to the Teichm�uller space TG�M���D�
 is in the kernel of the
operator LG� as well as the kernel of the divergence operator �G� The
�rst condition says that h satis�es

���G � �
TrG h� �G�Gh � ��
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and the second condition is

�Gh � ��

Thus h satis�es
���G � �
TrG h � ��

But the Laplacian de�ned on N is a negative operator as we have seen�
hence the equation above implies that

TrG h � ��

Therefore we characterize the tangent space of the Teichm�uller space
as�

��
 TG�M��D�
 � fh 	 TrG h � � and �Gh � �g�
These are sometimes called trace�free� transverse conditions� It should
be noted here that a deformation being tangent to the Teichm�uller space
is equivalent to saying that the deformation is the Lie derivative of
the metric G in the direction of a vector �eld induced by a harmonic
Beltrami di�erential� �See Wolpert�s paper ����


We now have three spaces	 M�M�� and M���D�� The previous
theorem says that M�� is a smooth submanifold of M� As for the
relationship between M�� and M���D�� we have so far shown the
following	

Proposition ������ The quotient map P 	 M�� �M���D�
 is a
Riemannian subversion with respect to the L��metric where the tangent
space TGM�� is decomposed into the horizontal subspace TG�M���D�

and the vertical subspace TGD��

Fischer and Tromba ��� identi�ed the L� metric restricted toM���D�

with the metric historically called Weil�Petersson metric�

A standard result from di�erential geometry says �see ���� for ex�
ample
 that given a Riemannian submersion P 	 M�� � M���D�
�
a Weil�Petersson geodesic ��t
 in the Teichm�uller space M���D�
 can
be uniquely lifted to a geodesic Gt in M�� once the initial point G�

is speci�ed in M�� with 	�G�
 � ���
� Moreover the length of the
geodesic is preserved by the lifting�

De	nition ������ The map
Q

G 	 TGM� �TGM��

� is de�ned

to be the projection operator such that given the L� decomposition of
a ��� �
�tensor h in TGM� i�e��

h � PG�h
 � LXG� L�Gf�
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it is a projection onto the third component�Y
G

�h
 � L�Gf�

Now suppose that Gt is a horizontal lift of a Weil�Petersson geodesic
��t
� One can consider Gt as a path of hyperbolic metrics in M� Since
Gt is a path in M��� it satis�es the tangency condition	

��

Y
Gt

� �Gtt
 � ��

where the dot denotes the t�derivative� This says that the third compo�
nent �of the L��decomposition �����
 of the tangent vector to the path
Gt is zero� Also since Gt is a horizontal lift of a path in the Teichm�uller
space M���D�� the tangent vector �Gt is contained in the �rst compo�
nent of the L��decomposition� i�e�� it is orthogonal to both TGtD� and
�TGtM��


�� or equivalently PGt� �Gt
 � �Gt�
The fact that the path Gt is a geodesic in M�� implies that the

curvature of the curve Gt has to lie entirely in the direction

�TGtM��

� � TGtM�

Thus we must have

���
 D 
Gt

�Gt �
Y
Gt

�D 
Gt

�Gt
�

where D stands for the covariant derivative for the L��metric�
We now state the main result of this chapter� Though it is highly

technical� it will be crucial later in proving the main convexity theorem�

Theorem ������ Given a horizontal lift Gt of a Weil�Petersson
geodesic ��t
� we have the following equality�

���

d�

dt�
Gt

�����
t��

�

�
�



k �G�k� � �

�
G� � LX�YG��

where � � �
���G � �
��k �G�k� � � and X�Y are vector �elds on N��

Remark� It should be rioted that A� Tromba in ��
� has done a
similar calculation to obtain an expression of the second time derivative
of a horizontal lift of a Weil�Petersson geodesic� according to which�

d�

dt�
Gt

�����
t��

�
�

�
k �G�k�G� � LXG�
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with trG��LXG�
 � ��

Proof� We may choose a coordinate system so that it is normal
at a point� i�e�� Gij � �ij and Gij	k � � for all i� j� and k� With
these coordinates� the trace�free� transverse conditions for a tensor h
are respectively written as	

���
 h�� � h�� � ��

���
 h�j	j � h�j	j � � for j � �� ��

Using the formula obtained previously for the Levi�Civita connection
for the L��metric on M� we have

D 
Gt

�G
���
t��

� �G� �D 
G�
�G�

� �G� � �G� �G��
� � �G��

and this�we can rewrite equation ���
 as follows	

�G� �D 
G�
�G� �

Y
G�

� �G� �D 
G�
�G�


�
Y
G�

� �G� �
Y
G�

�D 
G�
�G�
�

equivalently� Y
G�

� �G�
 � �G� �D 
G�
�G�
�

Y
G�

�D 
G�
�G�


� �G� �
�
D 
G�

�G�

�TG�M��

�

where the last term is the component of the symmetric ��� �
�tensor
D 
G�

�G�� tangent to M�� at G��
Now we will di�erentiate equation ��
 with respect to t	

� �
d

dt

���
t��

Y
Gt

� �Gt


�
d

dt

���
t��

Y
Gt

� �G�
 �
Y
G�

� �G�


�
d

dt

���
t��

Y
Gt

� �G�
 � �G� �
�
D 
G�

�G�

�TG�M��

�



�� sumio yamada

where the last equality is due to equation ��

� Rearranging the terms
gives

�G� � � d

dt

���
t��

Y
Gt

� �G�
�
�
D 
G�

�G�

�TG�M��

�

Recall that D 
G�
�G� � � �G� � G��

� � �G�� We will use the notation

h and �G� interchangeably� Also G below is G�� Note h � G�� � h �P�
k�� hikhkj �

�
�khk�G� This is simply due to the observation that

�
h�� h��
h�� h��

�
�

�
h�� h��
h�� �h��

�

and that

h �G�� � h � hikhkj �

�
h��� � h��� �

� h��� � h���

�
�

�

�
khk�G�

Note that a symmetric ��� �
�tensor of the form fG where f is a
function on N� �a deformation in a conformal direction
 and a trace�
free symmetric ��� �
�tensor is pointwise orthogonal with respect to the
inner product hh�� �iix� and hence are L� orthogonal to each other�

In particular� since PG�h�G�� �h
 is trace�free� the tensor h�G�� �h �
�
�khk�G induces no deformation in the trace�free transverse direction�
that is�

PG�h �G�� � h
 � ��

This in turn says that the term
�
D 
G�

�G�

�TG�M��

� which appeared in

equation ��

� has no component tangent to the Teichm�uller space� that

is�
�
D 
G�

�G�

�TG�M��

� LXG�� for some vector �eld X on N��

Putting the above observations together� we have so far shown

�G� �
d

dt

Y
Gt

�h

���
t��

�
�
D 
G�

�G�

�TG�M��

�
d

dt

���
t��

Y
Gt

�h

���
t��

� LXG��

Now we will calculate the term d
dt

Q
Gt
�h

���
t��

above� Using the
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formula in Proposition ����� we obtain

d

dt

Y
Gt

�h

���
t��

�
d

dt
L�Gt

ft

���
t��

��
�
d

dt
f��Gt � �
��LGthgGt

���
t��

�

�

�
d

dt
HessGt ft

���
t��

�
��



�� ��G � �


�
d

dt
LGth

���
t��

�
G

�HessG�

�
d

dt
ft

���
t��

�
�

where the function ft is the solution to LGtL�Gt
ft � LGth� To justify

the last equality� we need to show�
d

dt
HessGt ft

���
t��

�
�

�
d

dt
HessG� ft

���
t��

�
�

which follows from observing�
d

dt
HessGt ft

���
t��

�
� lim

t��
��t�HessGt ft �HessGt f�

�HessGt f� �HessG� f�


� lim
t��

��t�HessGt ft �HessGt f�


�HessG�
d

dt
ft

���
t��

�

Now we proceed to calculate d
dtLGth

���
t��

�

Lemma ������ In the given setting� we have

d

dt
��Gth


���
t��

� ��



rkhk��

Proof� By de�nition� we have

��Gh
i �G
jkhij	k

�Gjk�hij�k � hpj�
p
ik � hip�

p
jk
�
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where ��� stands for the covariant derivative� and � the partial derivative�
Di�erentiating the expression at t � � as G deforms in the direction h�
we obtain

��Gth

�
i �� hjkhij	k

�Gjkhpj

�
�

�
Gpq�Giq	k �Gkq	i �Gik	q


��

�Gjkhip

�
�

�
Gpq�Gjq	k �Gkq	j �Gjk	q


��
�� hjkhij	k

� �

�
GjkhpjG

pq�hiq	k � hkq	i � hik	q


� �

�
GjkhipG

pq�hjq	k � hkq	j � hjk	q
�

We may assume that Gij � �ij � Then h being traceless transverse
implies that hij	k axe fully symmetric� i�e��

h��	� � h��	� � h��	� � �h��	��
h��	� � h��	� � h��	� � �h��	��

from which it follows that

��Gh

�
i ��

X
j�k

hjkhjk	i � �

�

X
j�p

hpjhpj	i

�� �

�

X
p�q

hpqhpq	i

�� �



khk�	i�

Therefore we have ��Gh

� � ��

�rkhk� q�e�d�

Now we observe

d

dt

���
t��

�LGth
 � ����Gt � �
TrGt h� �Gt�Gth�
�

�� ��G� � �
�TrGt h

� � ��G�Gth


�

�� ��G� � �
�hijhji
 � �G���Gth

�

�� ��G� � �
khk� � �G�

�
��



rkhk�

�

�� ��G� � �
khk� � �



�G�khk�

���G� � �
 khk��
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Here G� � G� Hence going back to equation ��

� we have

�
d

dt

Y
Gt

	
�h

���
t��

�� ��G � �
��

�
d

dt
LGth

���
t��

�
G�

d

dt
HessGt f

���
t��

�� ��G � �
��

�
�



�G � �

�
khk�G

�HessG�

�
d

dt
ft

���
t��

�

�� ��G � �
�� �



��G � �� �
khk�G���


� HessG

�
d

dt
ft

���
t��

�

�� �



khk�G�

�

�
��G � �
�� khk�G

� L
r
�

d
dt

���
t��

ft

�G��

Denote the vector �eld �r 
 ddtft� by Y �

Lemma ������ If ��G � �
��f � u with f � �� then u 	 ��

Proof� The hypothesis implies �Gu� �u � f � Suppose max u � ��
Then at a point where the maximum is achieved� we have �Gu 	 �� and
��u � �� Hence f � �Gu� �u � � which contradicts to the hypothesis
f � �� q�e�d�

Applying the lemma above when f � khk�� we know that
�
���G � �
��khk� 	 �� which together with the lemma yields

d

dt

Y
Gt

�h

���
t��

� �
�
�



khk� � �

�
G� LYG��

where �
���G � �
��khk� � � and Y � �r

�
d
dtft

���
t��

�
�

Finally� going back to the Weil�Petersson geodesic equation ���
 we



�� sumio yamada

get

�G� �� d

dt

���
t��

Y
Gt

�h
� LXG�

��

�
�



khk�

�
G�

�
�

�
��G � �
��khk�

�
G� LYG� � LXG����


�

�
�



khk� � �

�
G� LY �X G��

q�e�d�

�� Convexity Theorem

���� Proof of the Convexity Theorem�

Theorem ������Weil�Petersson convexity of the energy functional
�
Under the assumptions above� the function E�t
 is a strictly convex func�
tion in t� and hence the energy functional E 	 T �N
 � R� is strictly
convex along any Weil�Petersson geodesic in T �N
�

Remark� Here we regard the energy of the maps ut as a well�
de�ned functional on the Teichm�uller space� It is well�de�ned� for if two
hyperbolic metrics on N�� di�er by a di�eomorphism � homotopic to
identity G� � ��G�� then the map � 	 �N�G�
� �N�G�
 is an isometry�
hence if u 	 �M� g
 � �N�Gi
� i � �� �� are harmonic respectively� then
u� � � 
 u� and E�u�
 � E�u�
�

Proof� We want to show

d�

dt�
E�t
 � ��

First look at the �rst t derivative of E�t
�
The energy for a family of harmonic maps ut 	 �M

n� g
 � �N�� Gt

of a given homotopy type is written as

E�ut
 ��

�

Z
M

trg�u
�
tGt
d�g

�
�

�

Z
N
gijGt��

�u�t
�xi

�u�t
�xj

d�g�
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Di�erentiating this expression with respect to t gives

d

dt
E�ut


���
t�t�

�
�

�

Z
M

trg

�
d

dt
u�tGt

�
d�g

�
�

�

Z
M

trg

�
u�t�

d

dt
Gt

�
d�g

�
�

�

Z
M

trg

�
d

dt
u�tGt�

�
d�g

�
�

�

Z
M

trg

�
u�t� �Gt�

�
d�g

�
�

�

Z
M

trg


u�t� �LWt�

Gt� �
�
d�g�

where

Gt � Gt� � t �Gt� �
�

�
t� �Gt�

and

Wt��ut��x

 �
d

dt
ut

���
t�t�

� u�t�TN�

Note here that the second term is the �rst variation of the energy in
the direction of Wt��ut��x

 which is zero for ut� is harmonic� Therefore
the �rst time�derivative of the energy functional is of the form

�

�

Z
M

trg

�
u�t�

d

dt
Gt

�
d�g�

As for the second time�derivative� we have

d�

dt��
E�ut


���
t�t�

�
d

dt�

�
�

�

Z
M

trg�u
�
t�

�Gt�

�
d�g

���
t���

�
�

�

Z
M

trg�u
�
�
�G�


�
�

�

Z
M

trg

�
u���LW�

�G�

�
d�g�

As observed above� the term

�

�

Z
M

trg

�
u�t��LWt�

Gt�

�
d�g

vanishes for all t� due to the fact the ut� � is harmonic� Di�erentiating
this term with respect to t� at t� � � gives

�

�

Z
M

trg

�
u���LW�

�LW�
G�



�
�

�

�

Z
M

trg

�
u���LW�

�G�

�
d�g � ��
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Since the �rst term above is the second variation of the enrgy E�u�
 in
the directions of W� and W�� it follows that

�

�

Z
M

trg

�
u���LW�

�G�

�
d�g � ���E�u�
�W��W�
�

Hence we have the following expression for the second time derivative
of the energy functional E�ut
 at t � �	

d�

dt�
E�ut


���
t��

��
�

�

Z
M

trg�u
�
�
�G�
� ��E�u�
�W��W�
�

We will now prove the following proposition�

Proposition ������ Under the conditions previously set� we have

��E�G
�W��W�
 	 �

�

Z
N
k �G�k�G��g

iju�i u
�
j d�g�

Once we have this proposition� it follows that

d�

dt�
E�Gt
 �

�

�

Z
N
� �G�
��g

iju�i u
�
j d�g � ��EG��W��W�


�
�

�

Z
N

�
�



k �G�k� � �

�
G��g

iju�i u
�
j d�g

� ��EG�W��W�


��

�

Z
N

�
k �G�k� � 
�

�
G��g

iju�i u
�
j d�g

� �

�

Z
N
k �G�k�G��g

iju�i u
�
j d�g

���

which proves the convexity of the energy functional�

Note that the equality holds in the above inequality when � is zero
as well as hRN �W�du
du�W iL��G� is zero� Since

� � ��

�
��G � �
��k �G�k�

and the operator �
���G��
�� has no kernel� � � � implies h � �� When

�G� � �� by de�nition W� � �� hence the quantity



weil�peterson convexity ��

hRN �W�du
du�W iL��G� vanishes� This implies that the energy func�
tional is strictly convex� The strict convexity holds even when the im�
age of the harmonic map is a closed geodesic� In that case� the term
hRN �W�du
du�W iL��G� is zero� and thus the equality holds only when

� � � or equivalently �G� � �� These observation establishes the strict
convexity of the energy functional parameterized by the Weil�Petersson
arc length�

Proof of Proposition ������ Going back to the equality previously
obtained	

�

�

Z
M

trg

�
u���LW�

�G�

�
d�g � ��E�u�
�W��W�
�

Locally one can express the integral

�

�

Z
M

trg

�
u���LW�

�G�

�
�
�

�

Z
N
� �G�
����W

�giju�i u
�
j d�G

�

Z
N
� �G�
��g

ijW�
i u

�
j d�g�

This is obtained by di�erentiating in t the expression

�

�

Z
M

trg

�
u�t �G�

�
d�g �

�

�

Z
M
gij� �G�
���ut�x



�u�t
�xi

�u�t
�xj

d�g�

Lemma ������ In the current setting� the second variation of the
energy has the following expression


���
 ��EG�W��W�
 � ��

�

Z
N
� �G�
��

�
rE
���xiW

��
u�j g

ijd�g�

where rE is the covariant derivative on the bundle E � u���TN
 in�
duced by the connections de�ned on M and N �

Proof� Two things will be used in the proof� the harmonic map
equation and the integration by parts� We now have the following series
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of equalities	

��EG�W��W�
 �� �

�

Z
M
� �G�
����W

�giju�i u
�
j d�g

�

Z
M
� �G�
��g

ijW�
i u

�
j d�g

�
�

�

Z
M
� �G�
����W

�gij�x
u�i u
�
j d�g

� �

�

Z
M
� �G�
����u

�
i g

ijW�u�j d�g

� �

�

Z
M
� �G�
��g

ijW�u�ijd�g

� �

�

Z
M
� �G�
��g

ijW�u�j d�g

� �

�

Z
M
� �G�
��g

ijW�u�j �
p
g
idx

�
�

�

Z
N
� �G�
��g

ijW�
i u

�
j d�g

�� �

�

Z
M
� �G�
��W

�

�
�p
g
gij
p
gu�ij �

�p
g
giji
p
gu�j

�
�p
g
gij�

p
gi
u

�
j

�
d�g

�
�

�

Z
N
� �G�
��g

ijW�
i u

�
j d�g

�� �

�

Z
M
� �G�
��W

��gu
�d�g

�
�

�

Z
M
� �G�
��g

ijW�
i u

�
j d�g

�� �

�

Z
M
� �G�
��W

�gij����u
�
i u

�
jd�g

�
�

�

Z
M
� �G�
��g

ijW�
i u

�
j d�g

�
�

�

Z
M
� �G�
��g

ij�rE
i W 
�u�i d�g�

The �rst equality is due to what we have observed above� and the second
one is obtained by integrating one half of the term

R
M � �G�
��g

ijW�
i u

�
j d�g

of the previous line by parts�
The third equality implies that the �rst two terms of the previous
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step cancel each other� once one notes that the �G� � h tensor is fully
symmetric� i�e��

h�� �� h��� h�� � h���

h���� �h���� � h���� � �h�����
h���� �h���� � h���� � �h����

with respect to G�� � ��� since �G� � h satis�es the tracefree�transverse
condition�

The fourth equality follows from the harmonic map equation u sat�
is�es�

�gu
� � gij��

��u
�
i u

�
j � ��

Finally one obtains the last equality by noting that� with respect to
G�� � ��� �

�rE
i W 
� � Wi � �����u
W

�u�i

and also the symmetry of the Christo�el symbols� i�e��

��
�� � ��

�� � ��
�� � ���

��

and

��
�� � ��

�� � ��
�� � ���

��

as well as the relations � �G�
�� � h�� � �h��� h�� � h��� and gij � gji�

q�e�d�

With respect to G�� � ���� as well as gij � �ij � we have the following
inequality� which is due to the Cauchy�Schwarz inequality� Recall h �
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�G� below�

��EG�W��W�
 �
nX
i��

�
��

�

Z
M
h���ru���TN�

i W 
�u�i d�g

�

�

nX
i��

�
��

�

Z
M
fh���riW 
� � h���riW 
�gu�i d�g

��

�

Z
M
fh���riW 
� � h���riW 
�gu�i d�g

�

�

nX
i��

�
��

�

Z
M
fh���riW 
� � h���riW 
�gu�i d�g

��

�

Z
M
fh���riW 
� � h���riW 
�gu�i d�g

�

	
nX
i��

�
�

�

Z
M

�

�

�
�

�
�h��


��u�i 

� �

�

�
�h��


��u�i 

�



d�g

�
�

�

Z
M

�

�

�
�

�
�h��


��u�i 

� �

�

�
�h��


��u�i 

�



d�g

�
�

�

Z
M

�

�
f���riW 
��� � ���riW 
���gd�g

�

�

nX
i��

�
��

�

Z
N
f�h��
� � �h��


�gf�u�i 
� � �u�i 

�gd�g

�
�

�

Z
M
��riW 
��� � ��riW 
���d�g

�

�
�

��

Z
M
k �G�k�G��g

iju�i u
�
j d�g �

�

�

Z
M
krWk�d�g�

Now the standard second variation formula of the energy functional
for harmonic maps says �see ��� for example
 that

��EG�W�W 
 �

Z
M
krWk�d�g � hRN �W�du
du�W iL��G��

The second term on the left is the sectional curvature of the image N �
hence it is always less than or equal to zero� Thus we have

��EG�W�W 
 	
Z
M
krWk�d�g�

Hence the previous inequality gives

��EG�W�W 
 	 �

��

Z
M
k �G�k�G��g

iju�i u
�
j d�g �

�

�
��EG�W�W 
�
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The statement of the proposition now follows� and hence the proof of
the theorem is complete� q�e�d�

���� Applications of the Convexity Theorem� We will
show that under a certain topological condition on the harmonic map
u 	 M � N � the energy functional de�ned on the Teichm�uller space
T �N
 is not only strictly convex but also proper� hence one can �nd a
unique minimizer G in T �N
 of E �

Theorem ������ Suppose that we have harmonic maps u 	 �M� g
 �
�N�G
 with varying hyperbolic metrics G in one homotopy class and with
the induced map

u� 	 	��M
 � 	��N


surjective� Then the energy functional E 	 T �N
 � R is both strictly
convex and proper� and hence one can �nd a unique energy�minimizing
point �G� in T �

Remark� The domain manifold M need not be connected�

To prove this� what we need to show is

Proposition ������ If the induced map u� 	 	��M
 � 	��N
 is
surjective� then the energy functional E 	 T �N
� R is proper�

The properness of the energy functional has been shown by Michael
Wolf ���� when the domain manifold is a hyperbolic surface �N� g
 with
the harmonic map homotopic to the identity� The energy minimizing
metric in this case is simply g� the hyperbolic metric of the domain� and
the harmonic map u is the identity on N �

When the domain manifold is a disjoint union of S�� each copy of S�

is mapped to a simple closed geodesic in N so that the image of S��s ��ll�
the surface N � Steve Kerckho� ���� has shown that the sum L�G
 of the
length L��i
 of all the closed geodesics �i is a proper functional de�ned
on T �N
� Scott Wolpert ���� proved that the functional L�G
 is convex
along a Weil�Petersson geodesics� and used this result to demonstrate
that even though the Teichm�uller space is not geodesically complete
wtih respect to the Weil�Petersson metric� one can show that for any
two given points in T �N
� one can �nd a unique length minimizing
Weil�Petersson geodesic connecting the points� Note that the theorem
above generalizes these two cases previously known�

Proof� We will look at the sublevel set S�C
 of the energy functional
within the space M�� of hyperbolic metrics� Due to the result of Eells�
Sampson ���� Hartman ��� and Al�bers ���� once a continuous map � from
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M to N is given with its induced homomorphism �� 	 	��M
 � 	��N

surjective� then for any hyperbolic metricG there exists a unique smooth
harmonic map u 	 �M� g
 � �N�G
 homotopic to S�C
 which is de�ned
as

S�C
 � fG �M�� 	 E�G
 	 C ��g�
Our goal is to show that S�C
�D� is sequentially compact in the Te�
ichm�uller space M���D��

For our setting� the so called B�ochner�s formula �see ����
 combined
with the standard elliptic estimate �the DiGeorgi�Nash�Moser iteration

gives the following estimate�

sup
M

e�u
 	 C

Z
M
e�u
d�g �

where the constant C is dependent of the sectional curvature KG� which
is ��� but independent of the choice of the hyperbolic metric G on N �
This says that on SL�K
�

sup
M

e�u
 	 C ���

Since the domian manifold is compact� having a uniform bound on the
energy density ensures that the diameters of the images of the harmonic
maps u 	 �M� g
 � �N�G
 are also uniformly bounded provided that G
is in S�C
�

We now claim that the infectivity radius inj�N�G
 with G in S�C

is bounded below by some positive number �M � Suppose the contrary�
Then there exists a sequence of hyperbolic metrics fGig in S�C
 such
that inj�Gi
 is going down to zero� This means that there is some
nontrivial closed geodesic �� in N � uniquely representing the homotopy
class of ���� pinching o� to a point as the hyperbolic metric on N�

changes within S�C
�
A classical theorem called the collar theorem �see ��� for example for

a complete statement
 states that there is a collar

C���
 � fp � N 	 dist�p� ��
 	 w���
g

of width

w���
 � arcsinh

�
�� sinh

�
�

�
l���


�

�

which is isometric to the cylinder ��w���
� w���
� � S� with the Rie�
mannian metric ds� � dp� � l����
 cosh

� �dt��
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As the length l���
 of the closed geodesic �� goes down to zero�
the width w���
 of the cylinder grows to in�nity� which implies that
the diameter of the hyperbolic surface is going to in�nity� However�
this contradicts to the fact that the diameter of the hyperbolic surface
�N�G
 is uniformly bounded as long as G belongs to S�C
� Hence the
claim that the infectivity radius inj�N�G
 with G in S�C
 is bounded
below by some positive number �M has been veri�ed�

Now we are ready to apply the following compactness result to our
setting� �see Mumford�s original paper ����� or �����


Lemma ����� �Mumford Compactness Theorem
� Let a set S con�
sist of all the hyperbolic metrics de�ned on a closed Riemann surface N
of genus greater than one� whose infectivity radii are bounded below by
� � �� Then for any sequence fGig in S� there is a subsequence fGikg
and a sequence ffikg of di�eomorphisms of N � such that the pulled�
back metric f�ikGik converges to a hyperbolic metric G� in S in the G�

sense�

Applying this lemma to our setting with � � �M � we know that when
fGig is a sequence of metrics in SL�K
� then there is a subsequence
fGikg and a sequence ffikg of di�eomorphisms of N such that

f�ikGik � G�

inM�� in the G� topology� For the sake of simplicity� we will be using
index k instead of ik from now on� Now consider the sequence of har�
monic maps uk 	 �M� g
 � �N�Gk
 which are all in the same homotopy
class with its induced map 	��M
� 	��N
 surjective� Note that since
by construction the map f��

k 	 �N�G
 � �N� f�k 
 is an isometry� the
composite map

f��
k 
 u 	 �M�G
� �N� f�kG


is harmonic� Also note that the convergence f�kGk � G� is in C�� we
have a C��convergence of the maps f��

k 
 u with respect to the metric
g and G�� Hence there exists su�ciently large K such that for all
k � K� the maps f��

k 
 uk 	 M � N are in the same homotopy class as
the harmonic map u� 	 �M� g
 � �N�G�
�

We now wish to show that for any i and j greater than K� fi and
fj are homotopic� We have just shown that f��

k 
 ui and f��
k 
 uj are

homotopic� Equivalently we can �nd a di�eomorphism �ij 	 N � N
such that � homotopic to identity� and satisfying

�ij 
 f��
i 
 ui�p
 � f��

j 
 uj�p
�
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Recall that ui� uj are homotopic� Hence there exists a di�eomorphism

ij of N homotopic to the identity� and satisfying 
ij 
 ui�p
 � uj�p
�
Let p in M be a base point for the homotopy group 	��M�p
� Then we
have the following commutative diagram	

	��M�p
 �ui
�	��M�p
 �f��
i 
��ui
�	��M�p


�uj
�	��M�p
 �f��
j 
��uj
�	��M�p


H
H
H
H
H
H
H
Hj

�ui��

�
�ui��

�
�f��i ��

�

�	ij��

�

�
ij ��

�
�f��j ��

Note that in the diagram� �ui
�� �uj
� are suriective� ��ij
�� �
ij
� are
isomorphisms� and �f��

i 
�� �f��
j 
� are bijective homomorpisms� We want

to show that �f��
i 
� and �f��

j 
� are indeed isomorphic� Take any � in

�f��
j 
��uj
�	��M�p
� Then pull back � to �uj
�	��M�p
 in two di�erent

ways in the commutative diagram to get

�fj 
 � 
 f��
j � � �
ij 
 fi 
 ���

ij 
 �ij 
 f��
j 
 
��

ij �

in �uj
�	��M�p
 � 	��N�uj�p

� It then follows that f��
j is homotopic

to �ij 
f��
i 

��

ij � Since both �ij and 

��
ij are di�eomorphisms homotopy

to the identity map of N � we conclude that fi is homotopic to fj� This
says that the sublevel set SL�K
 is sequentially compact in M���D��
Thus the proposition is proved� q�e�d�

�� First variation of the energy functional

���� Linear functional F and its Riesz representation� Given
a smooth harmonic map u 	 �Mn� g
 � �N�� G
� with a hyperbolic met�
ric G� de�ne a linear functional F on the space ���TGM�N

 of contin�
uous sections of the bundle TGM�N
� which is the bundle of symmetric
��� �
�tensors over N as follows	

F�h
 �

Z
M

�

�
trg�u

�h
d�g�

By the Riesz representation theorem� there exists a measure 
 on
���TGM�N

 such that

F�h
 � �h� 

�
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where � � 
 gives the pairing between the space of continuous sections
and its dual space� namely� the space of measures�

With a local coordinate system� one can locally write down F�h
 as

F�h
 �

Z
�

�
h���u�x

g

iju�i u
�
j d�g�x
 �

Z
N
h���y
d
���y
�

Note that 
��be is symmetric as well as non�negative�de�nite� for the

matrix giju�i �x
u
�
j �x
 is non�negative�de�nite pointwise�

Proposition ������ The measure 
 is divergence free in the weak
sense� i�e�� F�LXG
 � � for any smooth vector 
eld X on N �

�Recall that the Lie derivative LXG is the dual operator of the di�
vergence operator �G up to a sign�


Proof� Let �t 	 N � N be a family of di�eomorphisms of N with
�� � IdN � Then �t 	 �N�G
 � �N���tG
 is a family of isometrics� and
we have

E�u�G
 � E��t 
 u� ��tG
�

Di�erentiate both sides with respect to t� and obtain

� �
d

dt

Z
M

�

�
trg���

�
t 
 u
����tG

d�g

�
d

dt

Z
M

�

�
trg�u

��LXG

d�g �

Z
M

�

�
trg�u

��LXG

d�g

��F�LXG


���LXG�

�

where X � d
dt�

t
���
t��

� Since this holds for any smooth vector �eld X on

N � it follows that 
 is weakly divergent free� q�e�d�

���� Absolute continuity of the measure 
�

Theorem ������ Suppose h is a continuous section of the bundle of
symmetric ��� �
�tensors over N�� Then the measure �h de�ned below
is absolutely continuous with respect to the two�dimensional Lebesgue
measure �G on N unless u maps M to a closed geodesic or a point in
N �

�h�A
 	�

Z
A�N

hd�G�

where A is any Lebesgue measurable set on N �
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Proof� Suppose A � N� has zero Lebesgue measure� Then we claim
that the set u���A� has zero measure with respect to the n�dimensional
Lebesgue measure �g on Mn�

Suppose the contrary� i�e�� �g�u
���A�
 � �� We shall use the follow�

ing results from �����

Proposition ������ The set of points R� � Mn� where the di�er�
ential du of a smooth harmonic map u 	 Mn � Nk has rank zero� is of
Hausdor� dimension at most �n� �
� unless u maps the whole M to a
point in N �

Proposition ������ The set of points R� � Mn� where the di�er�
ential of a smooth harmonic map u 	 Mn � Nk has rank one� is of
Hausdor� dimension at most �n � �
� unless u maps the whole M to
either a point or a geodesic in N �

It thus follows that �g�R�
 � �g�R�
 � �� so that

�g�u
���A�n�R� 
R�

 � �g�u

���A�
 � ��

We can �nd a Lebesgue point p in u���A�n�R�
R�
� At p the di�erential
du is nondegenerate� and then jdet�du
j � �� Thus there exist some
� � � and r � � such that jdet�du
j � ��� � � on the set

Br�p
 

�
u���A�n�R� 
R�


�
�

We obtain

lim inf
r��

�Z
�u��
A�n�R��R����Br�p�

jdet�du
jd�g
�

wnr
n � ��� � ��

where wn is the volume of the unit Euclidian ball in Rn� On the other
hand� the area formula implies that the numerator of the left hand side
is equal to �g�A 
 u�Br�p
�
 � �g�A
 � �� a contradiction�

Hence we have shown that when A has �G�measure zero� then u���A�
has �g�measure zero� Thus note that for a measurable set A in N�� we
have

�h�A
 �

Z
A
h��d
��

�

Z
u���A�

h���u�x

g
ij �u

�

�xi
�u�

�xj
d�g�x


���
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This proves the absolute continuity of the measure �h on N � q�e�d�

We remark here that when one chooses the continuous section h of
the bundle of ��� �
�tensor to be the image metric G� then �G can be
regarded as the �push�forward measure� of the energy measure e�u
d�g
on M �

���� The gradient vector of the energy functional� From
now on� we restrict our attention back to the case in which the image
is a closed hyperbolic surface of genus � �� As seen in the previous sec�
tion� the measure 
 is absolute continuous with respect to the Lebesgue
measure �G on N � and thus there is a set of L� functions ��� on N such
that

F�h
 ��h� 



�

Z
N
h��d


�

Z
N
h�����d�G

�hh� �iL��G��

Recall� from the Section �� the following di�erential operators

Lh ����� �
TrG h� �G�Gh�

L�f ���� � �
f
G�HessG f�

In Chapter Two� we have seen that LL� is an elliptic operator of order
four whose principal symbol is ��� and its pindex is zero� Thus LL�
is a Fredholm operator from Hs�N
 to Hs���N
� Furthermore it was
shown that the cokernel of the operator LL� is zero� So it follows that
for a given function � in Hs�N
� one can solve the equation

LL�f � �

for f � and the solution is unique and is in Hs���N
�
Recall that for �xed � and �� ��� is a L� function on N � We will

show here that ��� is in H�����N
 for any � � �� Set ��� � f � By the
standard argument using a partition of unity when a function f de�ned
on N is in Hs�N
� restricted to one chart f can be thought as a function
in Hs�R�
 with a compact support� Hence we want to show that

kfkH����R�� �

Z
R�

j  f��
j�
�� � j�j�
���d� ���
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By de�nition we have

Z
R�

j  f��
j�
�� � j�j�
��� d� �

Z
R�

j R
R� f�x
e

�ix�dxj�
�� � ��
���

d�

	
Z
R�

�
R
R� jf jdx
�

�� � ��
���
d�

	��

since
R jf jdx ��� and ���� � ��
��� is integrable over R��

Now consider the equation

LL�f � L��

Since we know this is solvable� and when ��� is in H����R�
 as shown
above� L��� is in H������ Now LL� is an operator from H���to H�����
the solution f in the above equation lies in H���� Thus we have the
following proposition�

Proposition ������ The ��� �
�tensor � as de�ned above is a section
of the bundle of symmetric ��� �
�tensors whose components are in the
Sobolev space H���� for any � � �� and the solution f to the equation
LL�f � L� is in H����N
�

We will now show the following theorem�

Theorem ������ The tensor 
 � � � �L�f
 is trace�less and trans�
verse� and hence 
�� � i
�� is locally a holomorphic function�

The theorem above says that in the space of symmetric ��� �
�tensors�
� is composed of two vectors� one is in the direction perpendicular to the
spaceM�� of hyperbolic metrics on N � whose components lies inH����

and the other is tangent to the Teichm�uller space whose components are
smooth as real and imaginary parts of a quadratic holomorphic di�eren�
tial� Note here that when the functional F is restricted to the symmetric
��� �
�tensors of unit length which are trace�free� transeverse� i�e�� unit
tangent vectors to the Teichm�uller space� 
 gives the direction in which
F is maximized� This clearly follows from the above decomposition� i�e��

F�h
 �hh� �iL��G�

�hh� 
 � L�fiL��G�

�hh� 
iL��G��
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and the last expression is maximized when the tracefree transverse vec�
tor h is in the direction of 
�

It should be remarked that given a tracefree transverse deformation
h of a hyperbolic metric G�F�h
 is the directional derivative of the
energy functional E�G
 in the direction of h � TGT �

Proof� For ��� in H����� we have a solution f to the equation
LL�f � L� where f is in H���� Note that this means that the equation
is satis�ed distrubutionally� i�e�� for all � in C��N
� we have

���


Z
N
�LL��
fd�G�y
�

Z
N
hL��� �iG�y
d�G�y
 � ��

Similarly L�f is de�ned distributionally� i�e��Z
N
hh�L�fiG�y�d�G�y
 �

Z
N
�Lh
fd�G�y
�

for any smooth symmetric ��� �
�tensor h� Recall that Proposition 
����
implies that

���


Z
N
hLXG� �iG�y�d�G�y
 � �

for any smooth vector �eld X on N � Also note that for any vector �eld
X on N � the decomposition theorem from Section � yields

���


Z
N
hLXG�L�fiG�y�d�G�y
 �

Z
N
L�LXG
fd�G�y
 � ��

since LXG is in TGM�� � kerL� De�ne 
 � � � L�f which is at this
point only weakly de�ned� since the regularity of � is only H����� Then
from equations ���
 and ���
� we have

hLXG� 
iL��G� � hLXG� �� �L�f
iL��G�

� hLXG� �iL��G� � hLXG�L�fiL��G� � �

for any smooth vector �eld X on N � Thus � is weakly divergence�free�
i�e��

���
 �G
 � �

weakly�
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Now we will show that trG 
 � � weakly� Note that for any smooth
function � on N �Z

N
��L

d�G �

Z
N
��L�� �L�f

d�G

�

Z
N
��L� �LL�f
d�G

�

Z
N
hL��� �
Gd�G �

Z
N
�LL��
fd�G

���

where the last equality is due to equation ���
 above� Hence we have

� �

Z
N
��L



�

Z
N
hL��� 
iGd�G

�

Z
N
hf����� �
G�Hess�g� 
iGd�G

�

Z
N
hf����� �
Gg� 
iGd�G �

Z
N
hHess�� 
iGd�G

�

Z
N
hf����� �
Gg� 
iGd�G �

�

�

Z
N
hL��G� 
iGd�G

�

Z
N
hf����� �
Gg� 
iGd�G

�

Z
N
����� �
TrG 
�

Note that for a given smooth function � on N � we can always �nd a
smooth function � such that ���� � � � since the operator ���� 	
C��N
� C��N
 is invertible� Thus for any smooth function � on N �

���


Z
N
��TrG 

 � ��

that is� TrG 
 � � weakly�
Now �x a point p in N � and choose a coordinate chart U around p

such that G � �ij � We will show that the ��� �
�tensor 
 � 
ij is locally
smooth within the chart U �

Recall Weyl�s lemma that if !
 is a complex valued L�
loc�U
 function

such that any complex valued compactly supported smooth function f
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on U satis�es

���


Z
N
���zf
!
 � ��

then !
 is a holomorpic function�
Let f � x� � ix� where x� and x� are compactly supported smooth

functions� and !
 � 
�� � i
��� Then knowing that 
 is tracefree as well
as transverse weakly we will show that equation ���
 holds for any f �
so that by Weyl�s lemma� 
 is holomorphic� and hence 
 is trace�free�
transverse strongly	Z

U
���zf
!
 �

Z
U
���f � i��f
�
�� � i
��


�

Z
U
f�x��� � x���
 � i�x��� � x���
g�
�� � i
��


�

Z
U
�x���
�� � x���
�� � x���
�� � x���
��


� i

Z
U
��x���
�� � x���
�� � x���
�� � x���
��
�

��



Choose a smooth vector �eld X to be x���� i�e�� with no �� compo�
nent� Then the fact that 
 is weakly divergence�free implies that

���


Z
U
�LXG

 �

Z
U
x���
�� � x���
�� � ��

Similarly by choosing X � x��� one obtains

���


Z
U
�LXG

 �

Z
U
x���
�� � x���
�� � ��

Since 
 is tracefree� we have

���


Z
U
x����
�� � 
��
 � ��

Putting the above three equations together� it follows that the real
part of the last term in equation ��

 is zero� The same method applies
to show the imaginary part of the last term in equation ��

 is also zero�
Hence Weyl�s lemma implies that 
�� � i
�� is holomorpic on U � N�
This proves the regularity of 
� q�e�d�

���� Holomorphic maps and the E�energy minimizing met�

rics� When the domain �M�n� g
 is a compact K�ahler manifold and
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the harmonic map u 	 �M�n� g
� �N�� G
 is holomorphic� the � tensor
has the following pointwise expression	

����y
 �

Z
u���y��M

giju�i u
�
j d�g�y�x
�

where u���y
 is an �n � �
�complex dimensional subvariety of M � and
d�g�y is the induced volume form on the subvariety u���y
 �M �

Since u is holomorphic� the linear map du 	 TxM
�n � Tu�x�N

��
restricted to the plane spanned by the two nondegenerate directions
of du� is conformal� It then follows that the integrand �giju�i u

�
j 
�x
 is

conformal to G��� g�y
 for every x � u���y
 and therefore � is conformal
to G�

This in turn implies that the tracefree transverse part 
 of � is
identically zero on N � In other words� the gradient vector of the energy
functional E 	 T � R vanishes at G� Due to Theorem ������ we have
the following statement�

Corollary ������ Suppose that a harmonic map u from a com�
pact K�ahler manifold �M�n� g
 to a compact hyperbolic Riemann surface
�N�� G�
 is holomorphic� Then the hyperbolic metric G� minimizes the
energy functional E 	 T � R uniquely� while the hyperbolic metric G
and thus the harmonic map u vary within the homotopy class �u��

Remark� The converse does not hold� for one can �nd a Riemann
surface M with a certain conformal structure and with gM � gN �g �
genus
� from which there is no nontrivial holomorpic map to N �


� Universal Teicm�uller space and its Weil�Petersson metric

Recall that the Teichm�uller space T is constructed as the spaceM��

of hyperbolic metrics on a compact Riemann surface N� of genus � �
modulo the pull�back action of the group D� of di�eomorphisms homo�
topic to the identity� With respect to the Weil�Petersson metric� T has
non�positive sectional curvature� and though the space is not geodesi�
cally complete " a Weil�Petersson geodesic cannot be extended inde��
nitely " T is still geodesically convex� that is� every pair of points can be
joined by a unique minimizing geodesic �S� Wolpert ����
� As an attempt
to generalize those results to the cases over non�compact manifolds� we
will consider the universal covering space of N�� the hyperbolic two
space H�� It can be modeled on the open disc D� � fz � R� 	 jzj � �g
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with the standard Poincar�e metric G� � 
�� � jzj�
��jdzj�� The uni�
formization theorem says that

M���H
�
 � fG 	 G � #�G�� where # a di�eomorphism of D�g�

As for the regularity of the di�eomorphisms� we will impose each dif�
feomorphism to be quasiconformal� This comes from the fact that each
hyperbolic metric has a conformal structure obtained by pulling back
the standard Euclidian structure by a solution of a Beltrami equation� a
quasiconformal map from a disc to itself� The full isometry group of G�

is all the M�obius transforms� which� using the upper half space model
of H�� is SL���R
� Thus one has the following identi�cation	

���
 M���H
�
 �� QC�D�
�SL���R
�

where QC�D�
 is the group of quasiconformal maps from D� to itself�
Now de�ne the universal Teichm�uller space UT to be

���
 UT �M���H
�
�QC�D�
�

where QC�D�
 is the group of quasi�conformal maps from D� to itself
�xing the boundary �D� � S�� or equivalently it can be seen as the
group of di�eomorphisms of H� inducing the trivial map IdS� 	 S� �
S� on the geometric boundary of H�� �Once again at this point the
di�eomorphisms are required to be quasiconformal�


Noting here that the intersection between the two groups SL���R

and QC�D�
 is the identity� we have following identi�cations�

UT �M���H
�
QC�D�


�QC�D�
�SL���R
�QC��D�


�QC�D�
�QC��D�
�SL���R


�QS�S�
�SL���R
�

where QS�S�
 is the group of quasisymmetric maps from S� to itself�
In the tangent space TG�M�� ofM�� at G�� we need to restrict our

attention to the space of L��integrable symmetric tensors� since we are
to use the Weil�Petersson metric on UT � Denote by M the K�ahler sub�
manifold of UT whose tangent space at �G�� is given by the L��integrable
symmetric ��� �
�tensors� or equivalently M is the K�ahler submanifold
of UT � QS�S�
�SL���R
 whose tangent space is H��� vector �elds
on S�� Then we have the following L��decomposition theorem� almost
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identical to the decomposition theorem for the Teichm�uller space T over
a compact Riemann surface�

Theorem 
����� Suppose that G� is the Poincar�e metric� i�e��

���jzj�
���dx��dy�
 on D�� and that h is a smooth L��H�
�integrable
symmetric ��� �
�tensor de�ned over H�� Then there is a unique L�

orthogonal decomposition of h as a tangent vector belonging to TG�M
as follows�

���
 h � PG��h
 � LXG� � L�f�

where LXG� is the Lie derivative of G� in the direction of a vector �eld
X on N � and X�PG��h
 satisfy the following equations�

���
 �G��LXh
 � �G�h�

���
 LG�L�G�f � LG�h�

���
 PG��h
 � h� LXG� �L�h�

Proof� Recall that the space ��� �TG�M
 of compactly supported
smooth sections of the bundle of symmetric ��� �
�tensors onH� is dense
in the space �L��TG�M
 of L��integrable symmetric ��� �
�tensors on
H�� Hence given a tensor h in �L��TG�M
� there is a sequence fhig in
��� �TG�M
� which converges to h in L��norm� namely�

lim
i��

kh� hikL� � lim
i��

�Z
H�

hh� hi� h� hiiG�d�G��x

� �

�

� ��

In the proof of the L��decomposition Theorem ����� of the space of
sections of symmetric ��� �
�tensors� integrations by parts were used fre�
quently to establish the orthogonality among the di�erent components�
In the current setting� the manifold in question is no longer compact�
and we will need the following result� which would formally allow us to
integrate by parts�

Lemma 
����� The di�erential operators LG�L�G�� and �G��
�
G�
�

acting on functions in C�� �H�

H��H�
 and vector �elds in X�
� �H�



H��H�
 respectively� are both strictly coercive in the sense that

hLG�LG�f� fiL� � Ckfk�H�



weil�peterson convexity 



and
h��G���G�X�XiL� � C �kXk�H�

for some C�C � � ��

Proof� Since f � C�� �H�
 is compactly supported� integration by
parts induces no boundary term� Noting that LG� is self�adjoint� we
haveZ
H�

�LG�L�G�f
fd�G� �
Z
H�

hL�G�f�L�G�fiG�d�G�

�

Z
H�

h����� �
f �G� �HessG� f� ����� �
f �G�

�HessG� fiG�d�G�
�

Z
H�

k����� �
f �G�k�d�G�

�

Z
H�

kHessG� fk�d�G�

� �

Z
H�

h���� �
f �G��HessG� fiG�d�G�

�

Z
H�

f������ �
f �� � kHessG� fk�

� ����� �
f��f
gd�G�
�

Z
H�

����f
f � �f� � kHessG� fk��d�G�

�

Z
H�

�krfk� � �f� � kHessG� fk�
d�G�

	
Z
H�

kHessG� fk�d�G�
�kfk�H� �
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As for the second part� it is similarly proven	Z
H�

h��G���G�X�XiG�d�G�

�

Z
H�

h��G�X� ��G�XiG�d�G�

�

Z
H�

�rjX
i �riX

j
�d�G�d�G�

�

Z
H�

��krXk� � �rjX
iriX

j
d�G�

�

Z
H�

��krXk� � ��rirjX
i
Xj �d�G�

�

Z
H�

f�krXk� � ���rjriX
i
 � Ricij X

i�Xjgd�G�

�

Z
H�

f�krXk� � ���rjriX
i
� �ijX

i�Xjgd�G�

�

Z
H�

��krXk� � ���G�X
� � �kXk��d�G�

�
Z
H�

�krXk�d�G�
� �kXk�H� �

q�e�d�

Having shown that those two operators are elliptic� self�adjoint� and
coercive� from a standard argument it follows that given a smooth sym�
metric ��� �
�tensors h� which is compactly supported on H�� there are
unique smooth solutions X and f to each of the equations

�G��
�
G�X � �G�h�

LG�L�G�f � LG�h�

Here as long as the given tensor h to be decomposed is compactly
supported� then one can integrate by parts as in the proof of the L�

decomposition of tensors over compact surfaces� and thus we have the
L� orthogonal decomposition of

h � PG� � LXG� � L�G�f�
where PG� belongs to TG�UT � LXG� to TG��Di��D

�
 and L�G�f to

�TG�M��

��
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Now recall that given a tensor h in �L��TG�M
� we had a sequence
of tensors fhig in ��� �TG�M
 convergent to h in L��norm� For each i�
solve the pair of equations

�G��
�
G�Xi � �G�hi�

LG�L�G�fi � LG�hi�
for Xi and fi� We want to show next that fXig and ffig converge to
some X and f � and to solve the pair of equations

�G��
�
G�X � �G�h�

LG�L�G�f � LG�h�
To prove the convergence of Xi� note	

kLXi�Xj
G�k�L� �

Z
H�

hLXi�Xj
G�� LXi�Xj

G�iG�d�G�

�

Z
H�

hhi � hj � LXi�Xj
G�iG�d�G�

	
�Z

H�

hhi � hj � hi � hjiG�d�G�
��

�

�
�Z

H�

hLXi�Xj
G�� LXi�Xj

G�iG�d�G�
� �

�

�khi � hjkL�kLXi�Xj
G�kL� �

Hence
kLXi�Xj

G�kL� 	 khi � hjkL� �
Recall the statement of the previous lemma� which implies

�kXi �XjkH� 	 kLXi�Xj
G�kL� �

Combining them� we have

�kXi �XjkH� 	 khi � hjkL� �
Since hi is convergent� and hence Cauchy �L��TG�M
� we know from
the above inequality that Xi is Cauchy in the space of H� integrable
vector �elds on H�� Denote limi��Xi � X�

As for the regularity of the vector �eld X� when h is smooth in the
sense that h is in a Sobolev space Hs �i�e�� the sth derivative of h is L��
integrable
� the convergence hi � h occurs in Hs� and the convergence
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Xi � X occurs in Hs��� for the space of C� tensors is dense in the
space of Hs�� tensors� In particular� when h is a smooth tensor� then
X is smooth satisfying the equation

�G��
�
G�X � �G�h�

Observe here the fact that X thus obtained is integrable implies that

lim
r��

Z
H�nBr���

kXk�G�d�G� � ��

which in turn says that viewed as a vector �eld on the open unit disk�
X has a trivial extension to the geometric boundary of �D � S� �i�e��
it vanishes on S�
� This is consistent with the description that LXG�

is an element of TG��Di��D
�
�

Secondly we want to show the convergence of fi� Very similar to the
proceeding argument for Xi�s� note that

kL�G��fi � fj
k�L� �
Z
H�

hL�G��fi � fj
�L�G��fi � fj
iG�d�G�

�

Z
H�

h�hi � hj
�L�G��fi � fj
iG�d�G�

	
�Z

H�

h�hi � hj
� �hi � hj
iG�d�G�
� �

�

�
�Z

H�

hL�G��fi � fj
�L�G��fi � fj
iG�d�G�
� �

�

�khi � hjkL�kL�G��fi � fj
kL� �

Hence

kL�G��fi � fj
kL� 	 khi � hjkL� �
From the proof of the above lemma� we have

kfkH� 	 kL�G�fkL� �

Putting the two together yields

kfi � fjkH� 	 khi � hjkL� �

Since fhig is convergent to h and is Cauchy� the above estimate tells us
that ffig is also Cauchy in H� � When h is a tensor with the regularity
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Hs� then the function f is of Hs�� by the elliptic regularity theory� In
particular� if h is smooth� then so is f � and satis�es the equation

LG�L�G�f � LG�h�
Summarizing what we have shown so far� we now have the decom�

position of smooth L��integrable tensor h as

h � PG��h
 � LXG� � L�G�f�
Recall that choosing a convergent sequence fhig of smooth compactly
supported symmetric ��� �
�tensor we have the L� orthogonal decompo�
sition for each i

hi � PG��hi
 � LXi
G� � L�G�fi�

and the following convergences

lim
i��

Xi �X in H��

lim
i��

fi �f in H��

and therefore
lim
i��

PG��hi
 � PG��h
 in L��

To show that the above decomposition of h is indeed orthogonal� simply
note that

hLXG��L�G�fiG� � lim
i��

hLXi
G��L�G�fiiG� � �

and
hL�G�f� PG��h
iG� � lim

i��
hL�G�fi� PG��hi
iG� � ��

q�e�d�

An immediate implication of this result� just as for the analogous
result for the compact surfaces� is that the tensor PG��h
 is trace�free
and divergent�free pointwise on H��

Recall that the space of complete hyperbolic metrics modeled on
the open unit disk can be identi�ed with the space of quasiconformal
di�eomorphisms up to the M�obius transforms of the disk� Linearize this
picture at the Poincar�e metric	

TG�M�� �fLZG� 	 Z vector �elds generating

quasiconformal di�eomorphisms on Dg�
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The previous L� orthogonal decomposition states that given a tensor
h � TG�M� the part tangent to the space M�� consists of PG��h
 and
LXG�� Hence

LZG� � PG��h
 � LXG�

or equivalently

PG��h
 � LZ�XG��

The fact that the tensor PG��h
 is tracefree transverse is equivalent to
the condition that the vector �eld Y � Z � X satis�es the following
linear PDE�

�z

�



��� jzj�
� ��zY
�

� ��

The holomorphic quadratic di�erential
�

�
���jzj��� ��zY

�
dz� on D corre�

sponds to the harmonic Beltrami di�erential
�

�
���jzj��� ��zY

�
� ��z
 �see

Wolpert �����


�� Convexity theorem for the universal Teichm�uller space

Before we proceed� we will digress in order to motivate the discussion
to follow� Consider the case where the setting for the convexity Theorem
����� is that the domain manifold �M� g
 is taken to be the topologically
same as the target surface N of genus g with a �xed hyperbolic metric
G� Fix then the homotopy type of the maps so that the harmonic maps
ut 	 �N

�� G
� �N�� Gt
 are all surjective mappings of degree�one� The
degree one condition is preserved by the change in t because the hamonic
maps ut here are di�eomorphisms due to the result of Schoen�Yau ����
and Sampson ����� Note then that the area functional A�Gt
 is invariant
in t� that is�

A�Gt
 �

Z
N

p
det�u�tGt
p
detG

d�G

��det ut
Vol�N�Gt


�� �
Z
N
d�G �

Z
N
�KGd�G � �g � ��

Introducing the isothermal coordinates ds�G � 
�z
jdzj� on �N�G

and ds�Gt

� ��u
jduj� on �N�Gt
 in the complex coordinates z � x� iy
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and u � v � iw� where we adapt the following notation	

�

�z
�
�

�

�
�

�x
� i

�

�y

�
�

�

�z
�

�

�

�
�

�x
� i

�

�y

�
�

j�uj� �
��u�z




�z


�����u�z
����
�

� j�uj� �
��u�z




�z


�����u�z
����
�

�

Then we have the following expressions for the energy and area densities	

e�ut
 �
�

�
trG�u

�
tGt
 � j�tutj� � j�tuj��

J�ut
 �

p
det�u�tGt
p
detG

� j�tutj� � j�tuj��

The preceeding observation that the area functional is invariant in
t� implies that

d�

dt�
E�Gt
 �

d�

dt�
E�ut� Gt


�
d�

dt�

Z
N

�
j�tutj� � j�tuj�

�
d�G

� d�

dt�

Z
N

�
j�tutj� � j�tuj�

�
d�G

�
d�

dt�

Z
N
�j�tuj�d�G�

Therefore the Weil�Petersson convexity of the energy functional �����
is equivalent to the the Weil�Petersson convexity of this new functionalR
N �j�tutj�d�G�
De	nition ������ De�ne anti�holomorphic energy to be

E�� �

Z
N
�j$�uj�d�G�

We would like to have the convexity result for the universal Te�
ichm�uller space setting� In particular� we will consider the following
setting in analogy to the above setting we have just looked at�

Suppose that Gt is a horizontal lift of a Weil�Petersson geodesic in
UT withG� the standard Poincar�e metric modeled on the Euclidian unit
disk D�� �It should be noted here that there is no satisfactory result
concerning the existence of the geodesic in UT � yet we will assume here
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that there is one�
 Recall that the uniformization theorem says that
Gt � ��G� for some quasiconformal di�eomorphism � 	 D� � D��
Here Gt is regarded as a complete hyperbolic metric modeled on the
open disk D�� Let ut be a family of harmonic maps

ut 	 �D� G�
� �D�� Gt
 � �D�� ��tG�


satisfying that ut� viewed as a map from D� to itself� has the trivial
extension to the geometric boundary� that is ut jS�� IdS� � This condi�
tion is in place of specifying the homotopy type of the maps between
compact surfaces�

We now have the following picture	

�D�� Gt

ut� �D�� Gt � ��tG�


�t� �D�� Gt
�

Since �t above is an isometriy� the composite map

�t 
 ut 	 �D�� G�
� �D�� G�


is a harmonic map with the asymptotic boundary condition

�t 
 ut jS�� �t jS� 
ut jS�� �t jS� 
 IdS� � �t jS� �

We would like to study the behavior of the energy functional as
before in our new setting� However� the energy functional is not well�
de�ned for it is in�nite� So we will instead consider the anti�holomorphic
energy functional discussed above� for which we have the following re�
sult�

Theorem ������ Provided that G � ��G� represents a point in
M�� with

�t jS�� C��S��S�
� E��G


is �nite�

Proof� For a C� di�eomorphism f 	 S� � S�� which assumes that
the di�erential does not vanish on S�� we will show that one can �nd a
harmonic map

u 	 �D�G�
� �D�G�


with the asymptotic boundary condition f such that the energy density
e�u
�z
 with z � C is an integrable function along the radial direction
as jzj � �� For the sake of making the computations simple� we will
model the hyperbolic space on the upper half space with the hyperbolic
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metric given as ds� � �dx� � dy�
�y�� Hence we have a proper map u
from the upper half plane U to itself� which is harmonic with respect to
the Poincar�e metric G� with asymptotic boundary condition given by
a C� di�eomorphism f 	 R � R� Without loss of generality� assume
the condition f��
 � �� and u��
 � �� We now de�ne asymptotically
harmonic map h 	 �U�G�
� �U�G�
 satisfying

h��x� y
 �f�x
 � o�y�
�

h��x� y
 �yf ��x
 � o�y�
�

where f ��x
 � d
dxf�x
 � �� Then

h���� �
 � h���� �
 ���

�h���y j����� �h���x j��������

��h���y� j������ ��h���y� j��������

��h���x�y j��������

and the tension �eld

� i�h
 � ��y�
 �i � �� �
�

where

���h
 � y�
�
��h

� � �

h�
hr�u

��r�u
�i
�
�

���h
 � y�
�
��h

� � �

h�
�jr�u

�j� � jr�u
�j�


�
�

�� and r� above are the Euclidian laplacian and the Euclidian gradient
respectively�

The map h is also asymptotically conformal in the sense that with
respect to the Euclidian coordinate z � x� iy�

�h

�z
�f ���
�

�h

�$z
�� at z � ��

Now by varying the map h by y��x� y
 where � is a smooth function
with ���� �
 � ��� �
� we would like to have the tension �eld to have the
asymptotic behavior of

��h� y�
 � O�y�
�
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Using the asymptotic expansion at the point ��� �
 at the in�nity� we
will �nd conditions � needs to satisfy�

Denote v � h� y�� Then the Taylor expansion of v at ��� �
 is

vi �hi � ���h
i��

x � ���h

i��

y

�
�

�
����h

i��

x� �
�

�
����h

i��

y�

� �����h
���

xy � ��i��

y � ����

i��

xy

� ��i��

y � ����
i��

xy � ����

i
y� �O�xkyl
�

k � l � ��

We proceed to write down the �rst derivatives of v as a function of
y� They are evaluated on the line x � ��

��v
� �f ���
 � ����

���

y �
�

�
������

���

y� �O�y�
�

��v
� �

�

�
����h

���

y� � �����
���

y

�
�

�
����h

���

y� �O�y�
�

��v
� �f�����h���

 � ����

���

gy
�

�

�
������

���

y� �O�y�
�

��v
� �f ���
 �

�

�
����h

���

y� � �����
���

y

�
�

�
�����

���

y� �O�y�
�

We will also need to express the second derivatives for writing down
the Laplacian term in the tension �eld�

���v
i ������

i��

y �O�y�
�

���v
i �����h

i��

y � �����
i��



� ������
i��

y �O�y�
�

With those explicit terms� we now write down the tension �eld terms
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���v
� ���v
	

���v
 �y�
�
��h

� � �

h�
hr�u

��r�u
�i
�

�y�

�
�����

���

y � ����h
���

y

� �����
���

 � ������

���

y

� �

v�

h�
f ���
 � ����

���

y �
�

�
������

���

y�
�

�
�
f�����h���

 � ����

���

gy �
�

�
������

���

y�
�

�
��
�
����h

���

y� � �����
���

y �

�

�
����h

���

y�
�

�
�
f ���
 �

�

�
����h

���

y� � �����
���

y

�
�

�
�����

��o

y�
�i	

�

It is here that f 	 S� � S� is required to be C�� namely

�����
���

 d�

dx�
f�x


���
x��

exists� For this to be of O�y�
� we need the fol�

lowing	

��

 ���
���
 � ��

���
 ����h
���
 � ���

���
 � ��

where we have used the fact that v� � O�y
�

As for ���

���v
 �y�
�
��h

� �
�

h�
�jr�u

�j� � jr�u
�j�


�

�y�

�
�����

���

y � ����h
���

y

� �����
���

 � ������

���


y
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� �

v�

h�
f ���
 � ����

���

y �
�

�
������

���

y�
��

�
��
�
����h

���

y� � �����
���

y �

�

�
����h

���

y�
��

�
�
f�����h���

 � ����

���

gy �
�

�
������

���

y�
��

�
�
f ���
 �

�

�
����h

���

y� � �����
���

y

�
�

�
�����

��o

y�
��i	

�

In order to have ���v
 � O�y�
� it then is necessary to have

���
���
 ������


���
���
 ������


Note that the new asymptotically harmonic map v�z
 � h�z
�y��z

approximates the harmonic map u in the sense that

u�� � iy
� v�� � iy
 � O�y���
� � � ��

For calculating the asymptotic expansions of the energy density e�u

and the area density J�u
 evaluated along the line x � � in the upper
half space� using the expansions for the approximate map v� we obtain
the following	

e�u
 �
�

�

y�

�u�
�

�X
i�j��

��iu
j
� �

y�

�u�
�
��f ���
�� �O�y�

�

J�u
 �
y�

�u�
�
detf�iujg � y�

�u�
�
��f ���
�� �O�y�

�

as well as

y�

�u�
�
� y�



v� � o�y


���
�

�

�f ���
��
�O�y�
�

Therefore

e�u
 �

�
�

�f ���
��
�O�y�


�
��f ���
����O�y�

 � � �O�y�
�

J�u
 �

�
�

�f ���
��
�O�y�


�
��f ���
�� �O�y�

 � � �O�y�
�



weil�peterson convexity ��

In particular
e�u
� J�u
 � O�y�
�

and therefore it follows that

E��u
 �

Z
H�

�e�u
 � J�u

d�G� ���

q�e�d�

We believe that the C� condition is not optimal� and one wishes to
�nd a suitable regularity condition for the asymptotic boundary condi�
tion �

��
S�
� to preclude all the points in M � UT that are �nite Weil�

Petersson distance away from the Poincar�e metric G��
We can now state the main result of the section�

Theorem ����� �Weil�Petersson convexity of the anti�holomorphic
energy functional
� Given a family of harmonic maps

ut 	 �D
�� G�
� �D�� G�


with Gt a horizontal lift of a Weil�Petersson geodesic in M � UT � and
with ut

��
S�

� IdS� � we have

E��G�
 � ��

d

dt
E��Gt


���
t��

� ��

and
d�

dt�
E��Gt


���
t��

�
�

�
�

In particular the anti�holomorphic energy functional de�ned on

M � Di� S��SL���R
 � UT
is convex with respect to the Weil�Petersson distance at �G�� � M � or
equivalently at �IdS� � � Di� S��SL���R
�

Remark�

M � Di� S��SL���R
 � UT
is formally a homogeneous space with a left invariant metric� given by
the Weil�Petersson metric de�ned at �G�� � UT �or equivalently at
�IdS� � � Di� S��SL���R

� Hence the convexity of the functional at
the identity can be translated to any point in

M � Di� S��SL���R
 � UT
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by the group action of Di� S��

Proof� First of all� the identity map

u� 	 �D�� G�
� �D�� G�


is holomorpic� hence j�uj � � and thus E��G�
 � �� We want to show
that

d�

dt�
E��Gt


���
t��

�
d�

dt�

Z
H�

�e�ut� Gt
� J�ut� Gt

d�G�

���
t��

�
�

�
�

where e�ut� Gt
 �
�
� trG��u

�
tGt
 and J�ut� Gt
 �

p
det�u�tGt�p
detG�

�

Before di�erentiating the integral� we will make the following obser�
vation�

Lemma ������ The vector �eld W�
def
� d

dtut

���
t��

is identically zero�

Remark� This statement corresponds� in the classical setting�
to the observation made by Wolf ����� that the Weil�Petersson geodesic
can be approximated by a path given by linearly extending a harmonic
Beltrami coe�cient up to order two�

Proof� Recall that for each t� we have a harmonic map

!ut
def
� �t 
 ut 	 �D�� G�
� �D�� G�


with the geometric boundary condition

!ut

���
S�

� ��t 
 ut

���
S�

� �t

���
S�
�

satisfying the harmonic map equation

!utz�z �


log 
�!ut


�
�ut
!utz!u

t
�z � ��

where 
�z
 � 
�� � jzj�
��� Let us denote d
dt !u

t
���
t��

� V �z
� where

V �z
 is a vector �eld de�ned on D� Di�erentiating the harmonic map
equation above in t and evaluating it at t � �� one gets

Vz�z �

z


V�z � �
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or equivalently

�z�
��zV 
 � �

for z in D� This implies that the symmetric ��� �
 tensor given by the
Lie derivative LVG� is then tracefree divergence free�

On the other hand� di�erentiating �t 
 ut with respect to t at t � ��
we have

d

dt
�t 
 ut

���
t��

�
d

dt
�t

���
t��

�
d

dt
!ut

���
t��

�

�X�z
 �W �z
�

where the vector �eld d
dt�t � X�z
 induces a traceless transverse defor�

mation LG�X of G�� That in turn yields that the vector �eld Z also
satis�es the linerized harmonic map equation

�z�
��zX
 � ��

So we have

V �z
�X�z
 � W �z
�

where both V and X induce tracefree transverse deformations of the
Poincar�e metric G�� Note then that the vector �eld V � X on H�

satis�es the equation

�z�
��z�V �X

 � ��

Also note that the vector �eld W vanishes on S�� for ut �xes S
� for all

t�

It was shown by P� Li and L��F� Tam �����
 that given a C��� asymp�
totic boundary condition f 	 S� � S� on the geometric boundary S�

of H�� there exists a unique proper harmonic map u 	 H� � H� with
u jS�� f � When f � IdS� � the identity mapH� � H� is the unique har�
monic map� In particular� it follows that there is no proper harmonic
map between two copies of H� with the trivial asymptotic boundary
condition�

Note then that the vector �eld V �X on H� satis�es the equation

�z

�

�z
��z�V �X
�z

 � ��

and hence generates a family of harmonic maps ut 	 H� � H� with
�V � X
 jS�� �� Yet this cannot occur due to the observation in the
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previous paragraph� provided that the vecotr �elds V and X are su��
ciently smooth functions on S� �e�g� C���
� Therefore W � V �X � ��
which proves the statement of the lemma� q�e�d�

Now we are to di�erentiate the anti�holomorphic functional E��ut

with respect to t and evaluate at t � �� All the di�erentiations will
occur within the integral� and all the calculation will be local�

First di�erentiate the energy density e�ut� Gt
 in t� and get

d

dt
e�ut� Gt


���
t�t�

�
�

�
trG�

�
d

dt
�u�tGt�

�

�
�

�
trG�

�
u�t�

�
d

dt
Gt

��

�
�

�
trG�

�
d

dt
u�tGt�

�

�
�

�
trG��u

�
t�

�Gt�


�
�

�
trG��u

�
t� �LWt�

Gt� �
�

Note here that at t� � �� d
dte�ut� Gt
 � � for W � � as well as

trG��
�G�
 � �� Di�erentiate this one more time to obtain

d�

dt�
e�ut� Gt


���
t�t�

�
�

�
trG��u

�
t� �L d

dt�
Wt�

Gt� �


�
�

�
trG��u

�
t� �LWt�

�Gt� �


�
�

�
trG��u

�
t� �LWt�

�LWt�
Gt�
�
���


�
�

�
trG��u

�
t� �LWt�

�Gt� �


�
�

�
trG��u

�
t�
�Gt�
�

Secondly we now di�erentiate the area density J�ut� Gt
 in t	

d

dt
J�ut� Gt


���
t�t�

�
d

dt

p
det�u�tGt
p
detG�

���
t�t�

�
�

�
tru�t�

�u�t� �LWt�
Gt� �


q
det�u�t�Gt�


�
�

�
tru�t�

�u�t� �Gt� �

q

det�u�t�Gt�
���


�
�

�
tru�t�

�u�t� �LWt�
Gt� �


q
det�u�t�Gt�
�
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The last equality holding for the symmetric ��� �
�tensor �
� tru�t�Gt�

�u�t� �Gt� �


is identically zero since �Gt�� is tracefree with respect to Gt� �

When t� � �� d
dtJ�ut� Gt
 � � for W � �� Combined with the obser�

vation made above about the energy density e�uy� Gt
� we can conclude
that

d

dt
E��Gt


���
t�t�

� ��

The second time derivative of the area density is given by

d�

dt�
J�ut� Gt


���
t�t�

�� hLWt�
Gt� � LWt�

Gt�iu�Gt�

� hLWt�
Gt� �

�Gt�iu�Gt�

�
�

�
tru�t�Gt�

�u�t� �L d
dt�

Wt�
Gt� �
�
�


�
�

�
tru�t�Gt�

�u�t� �LWt�
�LWt�

Gt�
�


�
�

�
tru�t�Gt�

�u�t� �LWt�

�Gt� �
�

Recall now the statement of the previous lemma which says Wt� � �
when t� � � as well as u� � IdH� � Evaluating equations ���
 and �
�

at t � � gives

d�

dt�
e�ut� Gt


���
t�t�

�
�

�
trG��L d

dt�
Wt�

G�
 �
�

�
trG��

�G�
�

and
d�

dt�
J�ut� Gt


���
t�t�

�
�

�
trG��L d

dt�
Wt�

G�
�

Integrating the di�erence of the terms d�

dt�
e�ut� Gt


���
t��

and

d�

dt�
J�ut� Gt


���
t�t�

� we have an expression for the second derivative of

the antiholomorphic energy E��Gt
 with respect to the Weil�Petersson
distance t at t � � as follows	

d�

dt�
E��Gt


���
t��

�
d�

dt�

�Z
H�

e�ut� Gt
� J�ut� Gt


�
d�G�

���
t��

�
�

�

Z
H�

trG��
�Gt�
d�G� �

�
�
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Knowing that the tangent vector �Gt along the path of metrics Gt

remains tracefree with respect to Gt implies that

d

dt
trGt� �Gt


���
t��

�� h �G�� �G�iG� � trG��
�G�


���

Hence�

trG��
�G�
 � h �G�� �G�iG� �

Substituting in equation �
�
 yields the statement of the theorem	

d�

dt�
E��Gt


���
t��

�
�

�

Z
H�

h �G�� �G�iG� �
�

�
�

for Gt is a geodesic parametrized by the Weil�Petersson arc length�

q�e�d�
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