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WEIL-PETERSON CONVEXITY OF THE ENERGY
FUNCTIONAL ON CLASSICAL AND UNIVERSAL
TEICHMULLER SPACES

SUMIO YAMADA

1. Introduction

1.1. Weil-Petersson convexity and classical Teichmiiller
space. Suppose that we have a smooth compact Riemanninan main-
fold M" of dimension n with a metric g, and a compact surface N? with
a hyperbolic metric G. We assume that both M and N have no bound-
ary. Let {z'} be a local coordinate for M™, and {y®} a local coordinate
for N2.

The following statements follow from the results of Eells, Sampson
[3] and Hartman [8] as well as Al'bers [1].

Theorem. Given a continuous map ¢ : M™ — N?, there is a
smooth harmonic map u : M™ — N? homotopic to ¢, and u is unique
in the homotopy class, unless the image of the map is a point or a closed
geodesic in N.

Eells and Lemiare [4] have shown that as long as harmonic maps exist
and are uniquely determined, when the image metric is varied smoothly
along a curve G' (with G° = @), the harmonic maps
u : (M, g) — (N,G") vary smoothly without changing homotopy type
in the parameter ¢ for sufficiently small ¢. (In order to ensure the ex-
istence and uniqueness of u; for all ¢, we require the negativity of the
sectional curvature of G'.) In particular, the energy functional;

1 - Oug Oul
&0 =5 [ Ghatug? GG,

Received March 10, 1998. The author was partially supported by NSF Grant
DMS 9701303.

35



36 SUMIO YAMADA

is a smooth function of ¢. Here the energy functional is seen as a func-
tional solely dependent on the image metric. Now we restrict our atten-
tion to the space M _; of hyperbolic metrics on N2. Then as the image
metric varies within M_1, a harmonic map exists and is unique unless
its image is a point or a geodesic, and the energy functional is smoothly
dependent on the image metric G in M_g:

(SZM,l—)R.

Note that any diffeomorphism f : N> — N? homotopic to the iden-
tity map is an isometry from (N, f*G) to (N,G). Since an isometry
preserves the energy, the energy functional defined on M _; is invariant
under the action of the identity component Dy of the diffeomorphism
group D. Hence the energy functional can be regarded as a functional
well defined on the Teichmiiller space T = M_1/Dy, that is

E: Mfl/DO —>R+.

Notice that even when the image of the harmonic map is a closed
geodesic, the map is unique up to rotation of the geodesic, under which
the energy functional is invariant. Also when the image of the map is a
point, it is unique up to translation of the point in N, and the energy
in that case is zero. Hence as far as the energy functional is concerned,
it is well defined for maps of all homotopy types, including the two
degenerate cases.

A Teichmiller space, regarded as the space of conformal structures
on a given Riemann surface of higher genus (¢ > 1), has a Riemannian
metric, a positive definite pairing between two tangent vectors, which
are holomorphic quadratic differentials, called Weil-Petersson metric.
On the other hand, the space of smooth metric M has a natural L?
metric, which gives a pairing to two symmetric (0, 2)-tensors (see Freed-
Groisser [5].) Fischer and Tromba showed in [7] that the Weil-Petersson
metric is the same as the L?-metric on M restricted to M _1/D (seen
as a slice in M).

Now suppose that o(t) is a Weil-Petersson geodesic parameterized
by arc-length in the Teichmiiller space 7(N) = M_;/D. Then we can
lift o(t) horizontally to M _;. The lift Gy is itself a geodesic in M_
with its tangent vector h in T, M satisfying the tracefree, transverse
condition [6]:

(1) tr¢h =0 and dgh = 0.
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Thus along the geodesic Gy, the energy functional £ is a smooth
function in t. We now state the main theorem.

Theorem 3.1.1 (Weil-Petersson convexity of the energy functional).
Under the assumptions above, the function E(t) is a strictly convex func-
tion in t, and hence the energy functional € : T(N) — R is strictly
convex along any Weil-Petersson geodesic in T (N).

M. Wolf [26] studied the properties of harmonic maps into a higher
genus Riemann surface as the image metric varies within the Teichmiiller
space. He showed that in the setting where the domain metric is a
hyperbolic surface of the same genus as the image, and when the map
is homotopic to the identity, the Weil-Petersson exponential map at the
base point (the point representing the domain metric in the Teichniiller-
space) can be approximated up to order two by the space of so-called
Hopf differentials, or equivalently the space of Beltrami differentials.
He has also shown that the energy functional is proper with respect to
the topology induced by the Weil-Petersson distance, by constructing a
diffeomorphism from the space of Hopf differentials to the Teichmiller
space. His results thus suggested that at both local and global levels,
the Teichmiiller space of a Riemann surface with respect to the Weil-
Petersson metric could be viewed as the space of harmonic maps as the
metric of the image of the harmonic map is varied.

Note that the statement of the convexity theorem above is indepen-
dent of the homotopy class of the harmonic map, as well as the domain
(M, g).

For the case where the domain is (N2, g) for some hyperbolic metric
g, and the harmonic map u : (N, g) — (N, G) is homotopic to the iden-
tity map, the convexity has been proven by A. Tromba [24]. However,
the second t derivative of the Weil-Petersson geodesic in Tromba’s cal-
culation [24] differs from that of the author. (See the Remark following
Theorem 2.3.2.)

One can take an m copies of S', each is sent to the hyperbolic surface
N? by a harmonic map u;, i = 1,2,...,m and the maps is arranged so
that each copy of S; is mapped to a closed geodesic in N and the
collection of the closed geodesics to “fill” the hyperbolic surface, that
is, m is the smallest number such that the complement of the geodesics
is a collection of simply connected open sets. Then using a result of S.
Kerckhoff [11], one can show that £(G) = Y_" | E(u;) is proper on T,
thus obtaining a functional both proper and convex, (for a sum of convex
functionals is still convex) providing an exhaustion function of 7(N) by
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its sublevel sets. S. Wolpert [29] showed the same result by means of
the geodesic length functional instead of the energy functional, a major
consequence of which was giving an alternative proof of the Nielsen
Realization Problem originally resolved by Kerckhoff [11]

More generally we will show the following.

Proposition 3.1.1. When u., : m (M) — 71 (N) is surjective, then
E(G) is proper on T(N)

Note that as in the previous example M = [[™ S!, we do not require
the domain manifold M to be connected.
Combining Theorem 3.1.1 and Proposition 3.2.1, one has

Theorem 3.2.1. When u, : m (M) — 7w (N) is surjective, then
there is a hyperbolic metric G in T (N) which uniquely minimizes £(G).

In the fourth section of this paper, the linear structure of the energy
functional defined on the Teichmiiller space is further studied. We will
have an expression for the gradient vector 8 of the energy functional €.

When the domain manifold (M?", g) is Kihler, and if there exists
a holomorphic map u : (M?",g) — (N?,G), then we will show that
the gradient vector 6 of the energy functional £(G) vanishes, and there-
fore the hyperbolic metric G is characterized to be the unique energy
minimizing metric within the homotopy class of u. As a consequence
of Theorem 3.1.1 as well as the properties of the tensor #, we have the
following statement.

Corollary 4.4.1. Suppose that a harmonic map u from a com-
pact Kihler manifold (M?",g) to a compact hyperbolic Riemann sur-
face (N?,G) is holomorphic. Then the hyperbolic metric G minimizes
the energy functional £ : T — R uniquely.

1.2. Weil-Petersson geometry of universal Teichmiiller sapce.
In the second part of the paper, we will study the Weil-Petersson geome-
try of the universal Teichmiiller space U7 . It is analogously constructed
to the classical Teichmiiller space 7(N) of a compact Riemann surface
N in the following sense.

The classical Teichmiiller space can be regarded as the space of
Riemannian surfaces H?/T" where the Poincaré disk H? is the univer-
sal cover of N, and T' (Fuchsian group) is the fundamental group of
N represented as a subgroup of the isometry group SL(2,R) for HZ2.
Two Fuchsian group 'y and T’y are related by a quasiconformal map
¢ : D — D such that ¢(y1(z)) = 72(¢(z)). Recall that two different
conformal structures are equivalent in the Teichmiiller space T if one
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is obtained by pulling back the other by a diffeomorphism homotopic
to identity map of N. It can be shown (see [12]) that two different
quasi-conformal maps ¢1, ¢9 : D — D are equivalent in this sense if

b1

o =2,

The universal Teichmiiller space, first introduced by Bers [2], is de-
fined to be the space obtained precisely as above, ezcept one takes the I’
to be the identity in SL(2, R). Since a quasiconformal map from D? onto
itself restricted to S' = OD? is quasisymmetric (i.e., one-dimensional
dilation is uniformly bounded), the universal Teichmiiller space UT can
be identified with

QS8(S')/SL(2,R),

where QS(S!) is the group of quasicsymmetric homeomorphisms of the
unit circle.

It was shown by Nag-Veriovsky [16] that the Weil-Petersson met-
ric defined on U7 at the Poincaré metric on D? is isometric to the
pairing between two vector fields on S' given by the Sobolev norm of
H3/2. Hence we need to restrict our attention to the smooth part of
Q8(S1)/SL(2,R), i.e., a submanifold M of UT whose tangent space at
the Poincaré metric Gy is the space of the L?(H?)-integrable symmetric
(0, 2)-tensors, or equivalently the space of H?/%-integrable vector fields.
M is a Kéhler submanifold on U7, for the Weil-Petersson metric at Gy
is Kahler.

In the fifth section, we will show that one has an L2-orthogonal de-
composition on the tangent space at the identity Gy (Theorem 5.0.2).
Formally, the submanifold M C U7 is a homogeneous space
Diff S1/SL(2,R) (see [25] for the algebraic aspects of the space), yet
we do not know the suitable regularity condition to be imposed on
Diff S' in order to make M a smooth manifold, except the Lie algebra
of Diff S consists of vector fields on S* with H?3/2 Sobolev regularity.
In particular the existence of geodesic given an initial velocity remains
unknown. In this paper, we will assume the existence of Weil-Petersson
geodesics near the identity.

The Weil-Petersson geometery of the classical Teichmiiller space
has been actively studied, and it is known that even though the Weil-
Petersson metric is not complete [27], the Teichmiiller space is geodesi-
cally convex [28], simply connected (see [10], first proven by Fricke), and
sectional curvature is non-positive (Jost [9], Wolpert [27] and Tromba
23)).
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Wolpert’s proof [28] for 7 being Weil-Petersson-geodesically convex
uses the convexity and properness of the length functional £(G) on T,
as well as the fact that 7 is negatively curved.

The functional & : UT — R we will look at is the integral of the
anti-holomorphic part |Ju|? of the energy density of a quasiconformal
harmonic maps v : H? — H? with asymptotic Dirchlet conditions f :
S' — S'. which is a sufficiently smooth quasisymmetric map. The
existence and uniqueness of such maps, which substitutes the existence
and uniqueness of Eells-Sampson [3], Hartman [8] and Al’bers [1] have
been studied by Li-Tam [13], [14]. The functional is shown to be finite
(Theorem 6.0.3) under the regularity condition that [G:] € UT represent
points of twice differentiable diffeomorphisms in Diff S'/SL(2, R).

The following theorem, which offers a convex functional locally de-
fined near the identity in AT, gives a hope that the universal Teichmiiller
space UT too is geodesically convex.

Theorem 6.0.3. Given a family of harmonic maps
ut : (D*Go) — (D?,Gy)

with Gy a horizontal lift of a Weil-Petersson geodesic in UT, and with

ut| = Idg1, we have
&5(Go) =0,
4 £5(G1)li=o = 0
dt g\Tt)|t=0 — Y,
d? 1
2a(Gr)li=0 = 5.

In particular the anti-holomorphic energy functional defined on UT =
Diff S'/SL(2,R) is conver with respect to the Weil-Petersson distance
at [Go] €EUT or equivalently at [Idg:] € Diff S'/SL(2,R).

As seen above, the various regularity conditions imposed on Diff S*
leaves much to be desired in order to provide a well-defined geometry
on M. Yet it is the author’s hope to show that the submanifold M =
Diff S/ SL(2,R) of UT has a nice Weil-Petersson geometry similar to
the one for the classical Teichmiiller space T

The first half of this paper contains a part of the author’s doctoral
dissertation [30] at Stanford University, and he wishes here to thank his
thesis advisor Richard Schoen for his support and encouragement.
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2. Weil-Petersson geodesic equation

2.1. L?-metric and its Levi-Civita connection. The natural
L?-metric defined on the space of symmetric (0, 2)-tensors at a Rieman-
nian metric G on a manifold N is given as

()i = [ () (@)

where

Tra(z) (h, k)
Tr ((G—1 B)- (G k))

(h, 9) ()

(A - B denotes matrix multiplication)
2
> GGy
i,7,k,1=1

For this metric we will find an expression for the Levi-Civita con-
nection D. Let hy, ho and hz be constant (0,2)-tensor over N2. Then
we have [h;, h;] = 0 for any ¢ and j, where the bracket denotes the Lie
derivative of h; in the direction of h;. These relations as well as the
so-called six term formula (see [20] for example.) for the Levi-Civita
connection give the following;

1
(Dpy  hoy h3) =§{h1(h2,h3> + ho(h1, he) — h3(hi, ha)
+ ([h1, ha), hs) — ([h1, hs), ho)—)[ho, k3], hi) }
1
=5 (ha, hs) + ha(h, hs) — ha(hn, ho)}
On the other hand, by definition we have
d _ _
ath o) = | [ G B 6 Ry, (0
t1t=0 N
where Gy = G + ths
:/ Tr(G*I-(—h3)-G*l-hl-G*I-hZ)duG(:p)
N

+ /NTr (G hi- G e (—hs) - G o )i ()

|
+/ Tre (G’_l-hl-G_l-h2>§(TrG hs)duc (z)
N
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:_/ Tr (G—l-h3-0—1 (hy -G hz))duc(w)
N
—/ Tr (G’l chg-G ' (hy-GT1- hl))
N

1
+ / Trg (G hy - Gy (T hi)dpg ()
N
= — (hg,h1G71h2> — (hg,hQGilfn)

1 1
+( <Z Trg h3> hasha ) + (b, (Z Trg h3> ha).
When h;’s are trace-free, note that h;(h;, hy) is symmetric with re-
spect to 7,7 and k. Then we have

Proposition 2.1.1. For trace-free (0,2)-tensors hy,hy and hs, the
Levi-Civita connection D for the L?>-metric can be written as

1 B 1 ,
(Dp, ha, h3) = —§(h1G Lhy, hs) — §(h2G Yhi, h3).
In particular we have
1 1
(2) Dy, hy = —EhlG_th - 5hgc:—lhl.

2.2. L?-Decomposition of the space of (0,2)-tensors. Sup-
pose that G is a hyperbolic metric on N2, i.e., the sectional curvature
Kg = —1. And let h be a (0, 2)-tensor which induces a deformation of
G preserving the curvature,

d
—K =0.
e 0
Proposition 2.2.1. h satisfies a partial differential equation glob-
ally on N:
(3) —(Ag — 1) Trg h + dgogh = 0.

This is sometimes called the Lichnerowitz formula [6].

Proof. In dimension two, the Ricci tensor and the sectional cur-
vature are related by R,3 = KG,3. Using the Christoffel symbols we
have the following expression for the Ricci tensor.

_ ) )
Rag =) AT0s, = Tas+ T ha = ThaTha)
v,0
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where
af

1
Tos = §G76(Ga6ﬁ + Gpsa — Gapo)-

When the metric varies in ¢ so that G* = G + th,

«Q

. 1
Los = §G76(ha5;ﬂ + R — hapss)
and therefore

. 1
Rap =5 G (haspy + hpsiay — hagisn
- hm?wﬁ + h75;aﬂ - ha7;5ﬂ)
1
= Gvahaﬁ;% + §G75(ha5;,37 + hﬁ&m)-

Since 2K =}, 5 G*’ Rz, we have

2K =— > h*Ros+ G Rag
o,p
=Trgh— ATrgh + 0cdch
=(—A+1)Trgh + d0gégh =0,

where A is the Laplacian with respect to G.  q.e.d.

Definition 2.2.1. For any (0, 2)-tensor, we define a differential
operator L as

Lah = —(AG — 1) Trg h + dadgh.

Note that the kernel of the differential operator Lg is the tangent
space of M _; at the hyperbolic metric G.

We now obtain an expression for the adjoint operator L7, of L5. By
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definition,

< Lof h>=< f,Lah >
:/ f(@)Lah(z)dpg(z)
N
:/Nf(ac)(—AG+1)TrG h(z)duc ()
+ /N £ (@)dcdh(z)dpc (z)
:/N(—AG+1)f(ac) Trg h(z)dpc (2)
/(HessG I, > dMG( )
N
:/N({(—AG+1)f}G, h)G(z) A (T)
/(HessG fih) ey dpe ()
N
:/N<{( Ag +1)f}G + Hessg f, ) dMG( )-

Proposition 2.2.2. For o function f defined on N, the adjoint
operator L* of L is given as

L'f={(-Ag+1)f}G + Hessg f.

We are now ready to state the theorem about the L?-decomposition
of symmetric (0, 2)-tensors. It is a statement specific to two dimension,
while in higher dimensional cases A. Fischer and J. Marsden [6] obtained
a more general decomposition of the deformation space of a constant
scalar curvature metric.

Theorem 2.2.1. Suppose that G is a hyperbolic metric on N2, and
that h is a smooth symmetric (0,2)-tensor defined over N. Then there is

a unique L? orthogonal decomposition of h as a tangent vector belonging
to TaM as follows:

(4) h = Pg(h) + LxG + L*f,

where Lx G is the Lie derivative of G in the direction of a vector field
X on N, and X, f, Pg satisfy the following equations:

(5) oc(Lxh) = dgh,
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(6) LaLlgf = Lah,

(7) Pg(h) =h — LxG — L*h.

Proof. First note that the Lie derivative is the adjoint operator of
dg up to a sign, that is,

< LxG,h >=< X, —dcgh >=< 65X, h > .

Thus the operator §gLxG = (—0qd;X) is self-adjoint with respect to
the L?-metric. It is of the second order and elliptic, with its kernel
trivial, hence its cokernel is trivial as well. To see that the kernel is
indeed trivial, note that

< 006X, X >=< 05X,06X >=0,

hence that §6*X = 0 implies that 65X = —LxG = 0. But since there
is no non-zero Killing vector field on a closed hyperbolic manifold, we
know that X = 0. Therefore given h, there exists a smooth solution X
to the equation 31 , and it is unique.

Similarly, the operator Lo Ly, is clearly self-adjoint, and a simple
calculation shows that the principal symbol of the operator is A?, and
hence the operator is elliptic of the fourth order. Its kernel is also trivial.
To see this, suppose that L, f = 0. Then

LG ={(=A¢+1)f}G + Hessg f
=0.

Now take the trace of both sides with respect to the metric G, and
obtain

2(-Ag+ 1) f+Aqf =—Aqf +2f
=0.
Since Ag is a nonpositive operator, i.e., all the eigenvalues A of Agf =
Af are negative, —Aqgf + 2f = 0 implies that f = 0. Thus, given
LaLif =0, we have;
<LoLlgf,f>=<Laf Laf >
=0.
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And hence Lf, f = 0. But we have just seen that this implies that f = 0.
To show the orthogonality of the decomposed spaces, we first claim
that dgLf,f = 0. To do so, choose a normal coordinate y* so that

W

Gij = 0;; and G = 0 for all 4, j, k, where “;” in the subscript denotes
the covenant derivative. Then

daLef = dc{(—Acf + f)G + Hessg f}
= —{(Acf); + fi}ij + fizyj
= —(Acf)i+ fi+ fiji+ Risf;
= —(Agf)i+ fi+ (Acf)i— fi
= 0.

Here we have used the following fact:
Fijig = Figi + Bij f

where R;; is the Ricci tensor. Given R;; = KqGjj, we have R;; = —0;;.
Secondly we claim LzLxG = 0. This is so since LxG is a (0,2)-
tensor in Tg M _1, and since TgM_1 is the kernel of Lg.
Now the orthogonality follows formally:

< LxG,Laf >= < =66X, LG >
= < —-X,06L"f >
= 0.

< Pg(h),LxG >=<h—LxG— Lf,LxG >
=<h—LxG—LGf,—0:X >
=< dgh—0cLxG — 0L f,—X >
=< dgh—0cLxG,—X >
=0,

< Pg(h),LLf >= < LaPa(h), f >
=< (h—LxG = L;f), LGf >
=< Leh—LaLxG — LaLlif, f>
=< ﬁgh — ﬁgﬁgf, f >
=0.
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We present one more calculation, which will be used in the next
section.

Proposition 2.2.3. The third component L* f of the decomposition
above has the following expression;

tf ={—(A —=2)"'Lh}G + Hessg f.

Equivalently

{(A=DfIG = {(A -2 Lh)C.

Proof. By definition we have

Lﬁ*f_ (A —1)Trg(L*f) + dadq (L f)

1)
— (A =1) Tre{[(—A — 1) f]G + Hess¢ f}
+0coc{[(—A — 1)f]G + Hessq f}
—(A=D{=2(A=1)f + Af} +{(=AF + [)dij + fij}ij
—(A=D{=(A=2)f} + A(=Af + [} + fijuj
=(A-2)(A-1)f —AA-1)f+A*f - Af
=(A=2)(A-1)f.

Since LL*f = Lh, we have
(A=2)(A=1)f = Lh,
or equivalently (noting that (A — 2) is invertible)
(A—-1)f =(A—-2)"'Lh.
Hence

Lf=—{(A-1)f}G + Hessg f
=—{(A—2)7"Lh}G + Hessg f.

q.e.d.

2.3. Weil-Petersson geodesic equation. Let M? be the space
of Riemannian metrics on N? whose components axe in H*(N,R), and
denote the space of hyperbolic metrics by M?; € M?. Then we will
show

47
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Theorem 2.3.1. M? | is a smooth submanifold of M.

Proof. The sectional curvature is a map
K: M° - R,

and M*; = K 1{—1}. By the implicit function theorem, it suffices to
show that —1 is a regular value for K, i.e., that if K(G) = —1 for some
G € M? |, then

DK (G)(= Lg) : T¢eM® — H*?(N,R)

is surjective. But in the previous section, we have shown that L, is
infective, which in turn implies that Lq is surjective.  q.e.d.

Let Dy be the group of smooth diffeomorphisms on N? homotopic to
the identity map: N — N. Then we define the quotient space M _1 /Dy
to be the space of hyperbolic metrics with the following equivalent re-
lation;

G ~ G' if exists some ¢ in Dy such that G' = ¢*G.

As we have seen in the L?-decomposition theorem in the previous
section, any symmetric (0, 2)-tensor h can be decomposed as

h=Pgh+LxG+ L

as a tangent vector in Te M. Note that Poh+ L X is tangent to T M 4
by construction. Also, given a family of diffeomorphisms ¢y : N — N
with ¢g = Idy, ¢; G is clearly in M _;. Since by definition

d .
LXG == % tio(ﬁt G,

where %‘ qut, it follows that L X is an element of ToM_; as well.
t=
Hence Pgh 1s also tangent to T M 1.
Remark. By construction, note that a symmetric (0,2)-tensor
tangent to the Teichmiiller space Tg(M_1/Dy) is in the kernel of the

operator Lg, as well as the kernel of the divergence operator dg. The
first condition says that h satisfies

—(Ag — 1) Trg h + dgdgh = 0,
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and the second condition is
ogh =0.

Thus A satisfies
—(Ag—1)Trgh =0.

But the Laplacian defined on N is a negative operator as we have seen,
hence the equation above implies that

TrghEO.

Therefore we characterize the tangent space of the Teichmiiller space
as;

(8) Tg(Mfl'Do) = {h H TI“G h =0 and Agh = 0}

These are sometimes called trace-free, transverse conditions. It should
be noted here that a deformation being tangent to the Teichmiiller space
is equivalent to saying that the deformation is the Lie derivative of
the metric G in the direction of a vector field induced by a harmonic
Beltrami differential. (See Wolpert’s paper [27])

We now have three spaces: M, M_; and M_1/Dy. The previous
theorem says that M_; is a smooth submanifold of M. As for the
relationship between M_; and M_1/Dy, we have so far shown the
following:

Proposition 2.3.1. The quotient map P : M_1 — M_1/Dy) is a
Riemannian subversion with respect to the L?>-metric where the tangent
space TaM_y is decomposed into the horizontal subspace Tg(M_1/Dy)
and the vertical subspace TGDy.

Fischer and Tromba [7] identified the L? metric restricted to M 1 /Dp)
with the metric historically called Weil-Petersson metric.

A standard result from differential geometry says (see [20] for ex-
ample) that given a Riemannian submersion P : M_; — M_;/Dy),
a Weil-Petersson geodesic o(t) in the Teichmiiller space M _1/Dy) can
be uniquely lifted to a geodesic Gy in M_; once the initial point G
is specified in M_; with 7(Gp) = 0(0). Moreover the length of the
geodesic is preserved by the lifting.

Definition 2.3.1. The map [[, : TeM — (TgM~_;)* is defined
to be the projection operator such that given the L? decomposition of
a (0,2)-tensor h in TgM, i.e.,

h = Pg(h) + LxG + L§f,
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it is a projection onto the third component;

[I( =cer

e

Now suppose that G; is a horizontal lift of a Weil-Petersson geodesic
o(t). One can consider Gy as a path of hyperbolic metrics in M. Since
G, is a path in M _1, it satisfies the tangency condition:

(9) [1Gw) =0,
Gt

where the dot denotes the ¢-derivative. This says that the third compo-
nent (of the L2-decomposition 2.2.1) of the tangent vector to the path
G is zero. Also since Gy is a horizontal lift of a path in the Teichmiiller
space M_1/Dy, the tangent vector G, is contained in the first compo-
nent of the L?-decomposition, i.e., it is orthogonal to both T, Dy and
(Tg,M_1)*, or equivalently PGt(Gt) = G,.

The fact that the path G! is a geodesic in M_; implies that the
curvature of the curve G; has to lie entirely in the direction

(T, M_1)*" C T M.
Thus we must have
(10) D¢, Gy =[[(D¢, G,
Gt

where D stands for the covariant derivative for the L2-metric.
We now state the main result of this chapter. Though it is highly
technical, it will be crucial later in proving the main convexity theorem.

Theorem 2.3.2. Given a horizontal lift Gy of a Weil-Petersson
geodesic o(t), we have the following equality:
d2

(1) G

1.
= (Z“GOH2 + 04) Go + Lx+vGo,

where o = 3(Ag — 2)"Gol|?> > 0 and X, Y are vector fields on N2,

Remark. It should be rioted that A. Tromba in [24] has done a
similar calculation to obtain an expression of the second time derivative
of a horizontal lift of a Weil-Petersson geodesic, according to which,

d2

=

1 .
= 5||G0||2G0+LXG0
t=0
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with trg, (LxGo) =0.

Proof. ~ We may choose a coordinate system so that it is normal
at a point, i.e., G;; = 0;; and Gy, = 0 for all 4,7, and k. With
these coordinates, the trace-free, transverse conditions for a tensor h
are respectively written as:

(12) hi1 + hoo =0,

(13) hij.j + hej,; =0 for j =1,2.

Using the formula obtained previously for the Levi-Civita connection
for the L2-metric on M, we have
DGtG‘ =G+ Dg,Go

Gy — Co- G- Cho,

and this,we can rewrite equation (10) as follows:

Go + DGOGO = H(Go + DG'OG())
Go
= H(éo + H(DGOGO)§
Go Go

equivalently,

[1(Go) =Go + D¢, Go) = [[ (D¢, Go)
Go Go

:éo + (DG'OGO

)

)TGOM—I

where the last term is the component of the symmetric (0,2)-tensor
DGOGO, tangent to M_1 at Gj.
Now we will differentiate equation (9) with respect to t:

d .
0=l 116G

Gt
d . .
=m0 E(GO) + Q(GO)

d . . .
- o ];[(G()) + Gy + (DG'OGO
¢

)

)TGOM—I
dt
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where the last equality is due to equation (14). Rearranging the terms
gives
; d ) )
Go=—= Co) — (D, &
o= T~ (2o

t

)TG’OM—I

Recall that DGOGO = —GO . GO_1 . G’g. We will use the notation

h and Gy interchangeably. Also G below is Go. Note h - G™1 - h =
Zizl hixhij = 1||h||?G. This is simply due to the observation that

(hn h12> _ (hn hi2 )
hot  hog hia —h1i1
and that

_ h?, + h? 0 1
h - lh:hh: 11 12 :_h2 .
G whig = (M Y ) = kPG

Note that a symmetric (0,2)-tensor of the form fG where f is a
function on N2 (a deformation in a conformal direction) and a trace-
free symmetric (0, 2)-tensor is pointwise orthogonal with respect to the
inner product ((,*));, and hence are L? orthogonal to each other.

In particular, since Pg(h-G~'-h) is trace-free, the tensor h-G~'-h =
LIA|?G induces no deformation in the trace-free transverse direction,
that is,

Pg(h-G~'-h) =0.

- \TgoM-1 . .
) , which appeared in

This in turn says that the term (DGO Gy

equation (14), has no component tangent to the Teichmiiller space, that
. TaaM-1
is, (DG0G0> 0 = LxGy. for some vector field X on N2.

Putting the above observations together, we have so far shown

G :% g(h)‘tzo - (DGOGU>TGOM_1

d
_2 h ‘ — Ly Go.
dt‘t:O 1;1( ) t=0 xGo
t

Now we will calculate the term % HGt(h)‘ above. Using the
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formula in Proposition 2.2.3 we obtain

d d
dt H(h)‘tzo :E['tht‘t:o
Gy
— - (e -2 cama )
dt ! ! t=0
(14) + (i Hessg ft‘ )
dt * =0

d
—_(Ag-2) (2L
(Ag )(dtﬁGth

)é
t=0

d
+ Hessg, <%ft‘t0> .

where the function f; is the solution to L, Ly, ft = La.h. To justify
the last equality, we need to show

d d
) = (1], )
(dt essGy Ji t:0> (dt essGo Jt t:0>

which follows from observing

d .
(% Hessg, ft‘to) = %g% 1/t(Hessq, fi — Hessg, fo

+ Hessg, fo — Hessg, fo)
= %ir% 1/t(Hessq, fi — Hessq, fo)
_).

d
=Hessg, %ft ‘t—o'

Now we proceed to calculate %[,Gth

Lemma 2.3.1. In the given setting, we have

d 3
L (Seh ‘ — _2y |
9 bau)|_ =2l

Proof. By definition, we have

(Och)i =G hijx
=G (hijk = hpi T, — hipTy)-
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where “;” stands for the covariant derivative, and , the partial derivative.
leferentlating the expression at t = 0 as G deforms in the direction A,
we obtain

(66, h)F = — W*hij
— Gy (%G”q(G’iq;k + Grgi — Gik;q))
— ijhip (%qu(qu;k + Grgij — ij;q))
= — W hiji
- %ijhij’pq(hiq;k + Pigii — hiksq)
B %ijhipqu(hjq;k + higj — hjk;q)'

We may assume that G;; = d;;. Then h being traceless transverse
implies that h;;,; axe fully symmetric, i.e.,

hi1;2 = h12;1 = ho1;1 = —haao,
hao.1 = ho1,2 = hi2:2 = —hi1;1,
from which it follows that
1
(0ch); Zhjkhjkl -5 thjhpj;i
j,p
=75 Z hpghpgsi
=— —Hh||-2'-

Therefore we have (dgh)® = —%V||h||2 qe.d.
Now we observe
d [ ]
=1 (Lah) =[=(Ag, = 1) Trg, h+ d6,06,h)
= - (AGO - 1)(TI'Gt h). + (5G5Gth).
—(Ag, — 1)(hijhji) + ¢, (0, h)®
3
~ (Bgq — DIAJ? + ba (—Zvuth)

3
= (Agy = DIIRI* = FAc[IR]*
= (&g, — ) [IAll*.
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Here Gy = G. Hence going back to equation (14), we have

d
:0> G+ T Hessq, f o

d 1 (d
(% g) (h)‘t:O == (8c-2" (%EGth t

(1
—— (86 -2 (380~ 1) InIPG

d
+ Hessg, (%ft ‘t[])
1
(15) =—(Ac—2)"' ;(Ag —2-2)|Al*C

d
Hessa ( 4
+ Hessq (dt ft t:0>
Loeqo 1 —1 72
= — IBIPG + 5 (A —2) 7 PG

+Lv(% )Go,

ft
t=0

Denote the vector field —V (%ft) by Y.

Lemma 2.3.2. If (Ag —2)"'f = u with f >0, then u < 0.

Proof. The hypothesis implies Agu — 2u = f. Suppose max u > 0.
Then at a point where the maximum is achieved, we have Agu < 0, and
—2u < 0. Hence f = Agu — 2u < 0 which contradicts to the hypothesis
f>0. qed.

Applying the lemma above when f = |h||2, we know that
$(Ag —2)7Y|Rh||? <0, which together with the lemma yields

= =—(= LyG
= IGI(’”LO (4||h|| +a)G+ vGo,
t

where L(Ag —2)~U|A2 >0 and Y = -V (%ft‘t:(]).
Finally, going back to the Weil-Petersson geodesic equation (10) we
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get

d

Go=— —
0 dt lt=0

[T - £xGo

Gy

1 1
16) =+ (§101?) 6 - (5(da -2 HIH?) 6+ Ly Go— LxGo
1
= (Z“hHQ + a) G+ Ly —x Gy.

q.e.d.

3. Convexity Theorem
3.1. Proof of the Convexity Theorem.

Theorem 3.1.1(Weil-Petersson convexity of the energy functional).
Under the assumptions above, the function E(t) is a strictly convex func-
tion in t, and hence the energy functional € : T(N) — Ry is strictly
convex along any Weil-Petersson geodesic in T (N).

Remark. Here we regard the energy of the maps u; as a well-
defined functional on the Teichmiiller space. It is well-defined; for if two
hyperbolic metrics on N?2 differ by a diffeomorphism ¢ homotopic to
identity G5 = ¢*G1, then the map ¢ : (N, G3) — (N, G1) is an isometry,
hence if u : (M,g) — (N, G;), i = 1,2, are harmonic respectively, then
u; = ¢pouy and E(uy) = E(us).

Proof. We want to show

d2
—&(t) > 0.

First look at the first t derivative of £(t).
The energy for a family of harmonic maps u; : (M",g) — (N?,Gy)
of a given homotopy type is written as

2

1 ii oul ou’
= G L2t dpg.
2 /Ng 18 5t oz I

1
& (uy) =—/ trg(uy Gi)dpg
M
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Differentiating this expression with respect to ¢ gives

d 1 d .
%S(ut)‘t:to =5 /M try <%uth> dpsg

1 L d
=3 /M trg <ut0%Gt> dpig
1 d ,
+ 3 /M try (%ut Gt0> dpg
1 . S
9 /M trg (UtoGto> dpig

1 k
+ 3 /M trg (uf, [Lw,, Gio)) dpsg,

where 1
Gy = Gy, + Gy, + §t2Gt0
and

d .
Wiy (ugy () = %ut‘t:to € u;, TN.

Note here that the second term is the first variation of the energy in
the direction of Wi, (u¢,(z)) which is zero for u, is harmonic. Therefore
the first time-derivative of the energy functional is of the form

1 . d
3 /M trgy (utoEGt> dprg.
As for the second time-derivative, we have
d? d (1 :
L ‘ =2 (2] trg(ul Gy ) d ‘
dt? () t=ty dtp (2 /M rg(uiy to) 9]0
1 L
25/ trg(ugGo)
M
1 e
+3 /M try (uO(LWOGO)) ditg-
As observed above, the term
1 *
3 /M trg (uto(LWtO Gto))d,ug

vanishes for all ¢y due to the fact the wu,, is harmonic. Differentiating
this term with respect to tg at £y = 0 gives

3 /M try (uO(LWO(LWOGg))> + 3 /M trg (uO(LWOGU)) dpg = 0.
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Since the first term above is the second variation of the enrgy E(ug) in
the directions of Wy and Wy, it follows that

1

2 /M trg (ué(LWoGO)> dpg = —52E(u0)(Wo, Wo).

Hence we have the following expression for the second time derivative
of the energy functional £(u;) at t = 0:

dZ

ﬁg(ut)‘ —= 1/M try (ulGo) — 62E (ug) (Wo, Wo).

t=0 2

We will now prove the following proposition.

Proposition 3.1.1. Under the conditions previously set, we have

PG Wo.Wo) < ¢ [ G0l Gang o s

Once we have this proposition, it follows that

d? 1

(G = [ (Codapg Tt duy — 826, (W, Wh)

1 1. . .

=3 /N <ZHG0“2 + a) Gaﬁgmuiaufdﬂg
— 6%Ec(Wo, Wy)
1

>5 [ (1601 +40) Gasgug g

-5 | 1G0lP Gaggu

which proves the convexity of the energy functional.
Note that the equality holds in the above inequality when « is zero
as well as (RN (W, du)du, W)i2(q) is zero. Since
1 I
o= —5(8g —2) Gl
and the operator %(AG —2)~! has no kernel, & = 0 implies h = 0. When
Gy = 0, by definition Wy = 0, hence the quantity
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(RN (W, du)du, W) r2(c) vanishes. This implies that the energy func-
tional is strictly convex. The strict convexity holds even when the im-
age of the harmonic map is a closed geodesic. In that case, the term
(RN(W, du)du, W) 12(c) is zero, and thus the equality holds only when

a = 0 or equivalently Go = 0. These observation establishes the strict
convexity of the energy functional parameterized by the Weil-Petersson
arc length.

Proof of Proposition 3.1.1. Going back to the equality previously
obtained:

1 .
—/ trg (US(LW0G0)> dpsg = 6° E(ug)(Wo, Wh).
2/

Locally one can express the integral

1 * s 1 - &
— | trg (UU(LWOGO)) =5 [ (Go)ap,W7g"u; ufdu(;
2 Ju 2 Jn

+ /N(Go)aﬂgijWiaufdug.
This is obtained by differentiating in t the expression

1 . 1 i oug auf
3 ] o (6iG) duy =5 [ 07 (Godastunla) G Sy,

Lemma 3.1.1. In the current setting, the second variation of the
energy has the following expression;

1 . « .
(17)  8%Eq(Wo, W) = —5/ (Go)as (Vg/axiw> ujgdpg,
N

where VE is the covariant derivative on the bundle E = v~ (TN) in-
duced by the connections defined on M and N.

Proof. Two things will be used in the proof; the harmonic map
equation and the integration by parts. We now have the following series

59
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of equalities:

1 . ..
826 (Wo, Wo) = — = / (G0)ap, Wg uiull dp,
M

\)

+

Il
N | =
s

(Go)apg" Woulldp,
(G0)apy W 9" ()uulldpg

(Go)apyu) g Weuldpg

N = N = N = N N =N

(Gg)aggijWau;-Bjdug

(Go)aﬁgij Wa“?dﬂg

(G0)apg " Wi (\/g)idw

(Go)aﬁgijWiaU?d/ﬁg

_l.

1
7l
L s 8\ g
+\/§9 (\/gz)u] Hg

(Go)asg™ Wi dpy

) 1 ..
(Colas™ (o vy +

+

N = N = N = N = N =

(Gg)agWaAgu’Bdug

(Go)aﬁgijWiaU?dﬂg

_l.

(Gg)agWagingéuZugd,ug

(Go)aﬁgij Wiaufd,ug

+

QD E s e e I

0)asg” (VEW)u dpg.

Mlll —
=

The first equality is due to what we have observed above, and the second
one is obtained by integrating one half of the term |’ M(Gg)ag g" Wiauf dpig
of the previous line by parts.

The third equality implies that the first two terms of the previous
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step cancel each other, once one notes that the Go = h tensor is fully
symmetric, i.e.,

hi1 = — hg2, hia = ha1,
hi2,2 =ho12 = ha21 = —hi1 1,

hi2,1 =h211 = hao2 = —hi12

with respect to G5 = dqg since Go = h satisfies the tracefree-transverse
condition.

The fourth equality follows from the harmonic map equation u sat-
isfies;

AguP + gijAf(suzug =0.
Finally one obtains the last equality by noting that, with respect to
Ga,@‘ = 5aﬁa

(VEW)® = W; + T2 (u)Weu?

)

and also the symmetry of the Christoffel symbols, i.e.,

F%2 = F%l = Fh = —F52
and
Fb = F%l = F%2 = _F%l
as well as the relations (Go)u = h11 = —haa, h12 = ho1, and g;; = gji.

q.e.d.

With respect to Gog = dag, as well as g;; = d;;, we have the following
inequality, which is due to the Cauchy-Schwarz inequality. Recall h =
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G’g below.

n 1 -
Pecmn W) =3 (= [ hast¥:7 VW)l dy,

\)

n

= Z (_% /]V[{hn(ViW)1 + h12(ViW)*}uidpg

=1

1
) /M{h21 (Vi)' + h22(Vz'W)2}U?dug>
n

-y (_% /M{ml(viW)1 + hia (VW) Yul dpg

=1

—% /M{h12(viW)1 - hll(ViW)Q}“?dﬂg>

= 2; (% /M % {%(hu)Z(u})2 - %(h12)2(u})2} dig

1=
1 1(1

v [ 5 {5l d? + 502020 |,
+3 [ T 2T P, )

=30 (=5 [0+ G D + 20

1=

+3 [ IO+ (TP,

1 . i o 1
__6/ 1GolI*Gapg ug de,ungi/ VW ||2dpag-
M M

Now the standard second variation formula of the energy functional
for harmonic maps says (see [9] for example) that

PEWW) = [ VWPl = (R OV, dudu, W) ().

The second term on the left is the sectional curvature of the image N,
hence it is always less than or equal to zero. Thus we have

PEW.W) < [ [TW Py
M
Hence the previous inequality gives

1 .
PEW.W) < 3¢ [ 1GolPGasgusulduy + 38°Ec(W. W).
M
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The statement of the proposition now follows, and hence the proof of
the theorem is complete. q.e.d.

3.2. Applications of the Convexity Theorem. We will
show that under a certain topological condition on the harmonic map
u : M — N, the energy functional defined on the Teichmiiller space
T(N) is not only strictly convex but also proper, hence one can find a
unique minimizer G in T(N) of &.

Theorem 3.2.1. Suppose that we have harmonic maps u : (M, g) —
(N, G) with varying hyperbolic metrics G in one homotopy class and with
the induced map

Uy : (M) = 7 (N)

surjective. Then the energy functional € : T(N) — R is both strictly

convez and proper, and hence one can find o unique energy-minimizing
point [G] in T.

Remark. The domain manifold M need not be connected.
To prove this, what we need to show is

Proposition 3.2.1. If the induced map u, : (M) — w (N) is
surjective, then the energy functional € : T(N) — R is proper.

The properness of the energy functional has been shown by Michael
Wolf [26] when the domain manifold is a hyperbolic surface (N, g) with
the harmonic map homotopic to the identity. The energy minimizing
metric in this case is simply g, the hyperbolic metric of the domain, and
the harmonic map w is the identity on N.

When the domain manifold is a disjoint union of S, each copy of S'
is mapped to a simple closed geodesic in N so that the image of S1’s “fill”
the surface N, Steve Kerckhoff [11] has shown that the sum £(G) of the
length L(7;) of all the closed geodesics +; is a proper functional defined
on T (N). Scott Wolpert [29] proved that the functional £(G) is convex
along a Weil-Petersson geodesics, and used this result to demonstrate
that even though the Teichmiller space is not geodesically complete
wtih respect to the Weil-Petersson metric, one can show that for any
two given points in 7(N), one can find a unique length minimizing
Weil-Petersson geodesic connecting the points. Note that the theorem
above generalizes these two cases previously known.

Proof. We will look at the sublevel set S(C) of the energy functional
within the space M _; of hyperbolic metrics. Due to the result of Eells-
Sampson [3], Hartman [8] and Al’bers [1], once a continuous map ¢ from
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M to N is given with its induced homomorphism ¢, : w1 (M) — w1 (N)
surjective, then for any hyperbolic metric G there exists a unique smooth
harmonic map v : (M, g) = (N, G) homotopic to S(C) which is defined
as

S(C)={GeM_1:E(G)<C < ool

Our goal is to show that S(C)/Dy is sequentially compact in the Te-
ichmiiller space M _1/Dy.

For our setting, the so called Bochner’s formula (see [18]) combined
with the standard elliptic estimate (the DiGeorgi-Nash-Moser iteration)
gives the following estimate,

sup e(u) < C [ el
M M

where the constant C' is dependent of the sectional curvature K¢, which
is —1, but independent of the choice of the hyperbolic metric G on N.
This says that on SL(K),

sup e(u) < C < oo.

M
Since the domian manifold is compact, having a uniform bound on the
energy density ensures that the diameters of the images of the harmonic
maps u : (M, g) — (N, G) are also uniformly bounded provided that G
is in §(C).

We now claim that the infectivity radius inj(N,G) with G in S(C)
is bounded below by some positive number ;7. Suppose the contrary.
Then there exists a sequence of hyperbolic metrics {G;} in S(C) such
that inj(G;) is going down to zero. This means that there is some
nontrivial closed geodesic «; in N, uniquely representing the homotopy
class of [y;] pinching off to a point as the hyperbolic metric on N2
changes within S(C).

A classical theorem called the collar theorem (see [2] for example for
a complete statement) states that there is a collar

C(n) = {p € N : dist(p,m) <w(n)}
of width .
w(7y1) = arcsinh {1/ sinh (ﬁl(71)> } ,

which is isometric to the cylinder [—w(7y1),w(y1)] x S! with the Rie-
mannian metric ds? = dp? + 1%(71) cosh? pdt?.
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As the length I(y;) of the closed geodesic v; goes down to zero,
the width w(y1) of the cylinder grows to infinity, which implies that
the diameter of the hyperbolic surface is going to infinity. However,
this contradicts to the fact that the diameter of the hyperbolic surface
(N, G) is uniformly bounded as long as G belongs to S(C). Hence the
claim that the infectivity radius inj(N, G) with G in S(C) is bounded
below by some positive number €3, has been verified.

Now we are ready to apply the following compactness result to our
setting. (see Mumford’s original paper [15], or [22].)

Lemma 3.2.1 (Mumford Compactness Theorem). Let a set S con-
sist of all the hyperbolic metrics defined on a closed Riemann surface N
of genus greater than one, whose infectivity radii are bounded below by
e > 0. Then for any sequence {G;} in S, there is a subsequence {Gj, }
and a sequence {f; } of diffeomorphisms of N, such that the pulled-
back metric f}, Gi, converges to a hyperbolic metric Goo in S in the G*
sense.

i

Applying this lemma to our setting with € = 57, we know that when
{G;} is a sequence of metrics in SL(K), then there is a subsequence
{G;, } and a sequence {f;, } of diffeomorphisms of N such that

fi.Giy = Goo

in M_y in the G*™ topology. For the sake of simplicity, we will be using
index k instead of 7; from now on. Now consider the sequence of har-
monic maps uy : (M, g) — (N, Gj) which are all in the same homotopy
class with its induced map (M) — 71 (N) surjective. Note that since
by construction the map fk_1 : (N,G) — (N, f}) is an isometry, the
composite map

filou: (M,G) = (N, fG)

is harmonic. Also note that the convergence f;Gj — G is in C°, we
have a C'°°-convergence of the maps f,~ Lo u with respect to the metric
g and G. Hence there exists sufficiently large K such that for all
k > K, the maps f,;l oug : M — N are in the same homotopy class as
the harmonic map us : (M,g) = (N,Gw).

We now wish to show that for any ¢ and j greater than K, f; and
fj are homotopic. We have just shown that fk_1 o u; and fk_1 ou; are
homotopic. Equivalently we can find a diffeomorphism ;; : N — N
such that 1) homotopic to identity, and satisfying

pijo fi oui(p) = ;' ouy(p).

65
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Recall that w;,u; are homotopic. Hence there exists a diffeomorphism
6;; of N homotopic to the identity, and satisfying 6;; o u;(p) = u;(p).
Let p in M be a base point for the homotopy group 7 (M, p). Then we
have the following commutative diagram:

WU )* ( 1‘71)* o
B (w)em (M, p) L (1Y), () (M, p)

7"-1(‘2\471))

(ij )«

(/7))o (M, p)

Note that in the diagram, (u;)., (u;). are suriective, (), (6;;)« are
isomorphisms, and ( f{l)*, ( fjfl)* are bijective homomorpisms. We want

to show that (f; ). and ( fj_l)* are indeed isomorphic. Take any 7 in

(fj_l)*(uj)*m(M, p). Then pull back v to (u;j).m1 (M, p) in two different

ways in the commutative diagram to get
[fioyofill=1[0i0 fiot;' othijo f;t ot

in (uj)em(M,p) = 71 (N, u;j(p)). It then follows that fj*1 is homotopic
to 40 f{l oHi;l. Since both 1);; and 01.;1 are diffeomorphisms homotopy
to the identity map of N, we conclude that f; is homotopic to f;. This
says that the sublevel set SL(K) is sequentially compact in M _4/Dy.
Thus the proposition is proved. g.e.d.

4. First variation of the energy functional

4.1. Linear functional F and its Riesz representation. Given
a smooth harmonic map v : (M",g) — (N2, G), with a hyperbolic met-
ric G, define a linear functional F on the space I'’(TgM(N)) of contin-
uous sections of the bundle T M (N), which is the bundle of symmetric
(0, 2)-tensors over N as follows:

F(h) = /M%trg(u*h)dug.

By the Riesz representation theorem, there exists a measure A on
[(TgM(N)) such that
F(h) = (b, X),



WEIL-PETERSON CONVEXITY 67

where (, ) gives the pairing between the space of continuous sections
and its dual space, namely, the space of measures.
With a local coordinate system, one can locally write down F(h) as

F() = [ Shastu@)g 7wt dug(a) = [ haaly)ddas v)

Note that Ayjpe is symmetric as well as non-negative-definite, for the

matrix g/ uf‘(ac)uf (x) is non-negative-definite pointwise.

Proposition 4.1.1. The measure X\ is divergence free in the weak
sense, i.e., F(LxG) = 0 for any smooth vector fleld X on N.

(Recall that the Lie derivative LxG is the dual operator of the di-
vergence operator dg up to a sign.)

Proof. Let ¢y : N — N be a family of diffeomorphisms of N with
#° = Idy. Then ¢ : (N,G) — (N, ¢;G) is a family of isometrics, and
we have

E(u,G) = E(rou, ¢;G).
Differentiate both sides with respect to ¢, and obtain

“dt |, 2

d 1 1
:% §trg(u*(LXG))d,ug +/ §trg(u*(LXa))dﬂg
M M

—2F(LxG)
:2(LX G7 >‘)7

04 / L by (67 0 )" (67 G)) g
M

where X = %qﬁt‘ o Since this holds for any smooth vector field X on
t=
N, it follows that X is weakly divergent free. q.e.d.

4.2. Absolute continuity of the measure ).

Theorem 4.2.1. Suppose h is a continuous section of the bundle of
symmetric (0,2)-tensors over N2. Then the measure juy defined below
15 absolutely continuous with respect to the two-dimensional Lebesque
measure g on N unless u maps M to a closed geodesic or a point in
N:

i) = [ hdua,
ACN

where A is any Lebesgue measurable set on N.
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Proof. Suppose A C N? has zero Lebesgue measure. Then we claim
that the set u '[A] has zero measure with respect to the n-dimensional
Lebesgue measure p, on M".

Suppose the contrary, i.e., pug(u"1[A]) > 0. We shall use the follow-
ing results from [31].

Proposition 4.2.1. The set of points Ry C M™, where the differ-
ential du of a smooth harmonic map u : M™ — N¥ has rank zero, is of
Hausdorff dimension at most (n — 2), unless u maps the whole M to a
point in N.

Proposition 4.2.2. The set of points Ry C M"™, where the differ-
ential of a smooth harmonic map u : M™ — N* has rank one, is of
Hausdorff dimension at most (n — 1), unless u maps the whole M to
either a point or a geodesic in N.

It thus follows that pg(Ro) = pg(R1) = 0, so that
pro(u™ ARy 1 Ry)) = pigl™ [4]) > 0.

We can find a Lebesgue point p in u='[A]\(RoNR;). At p the differential
du is nondegenerate, and then |det(du)| > 0. Thus there exist some
e > 0 and 7 > 0 such that |det(du)| > /2 > 0 on the set

By(p) N (u AR N R)).

We obtain

lim inf / | det(du)|dpg [/ wpr™ >€/2 >0,
=0 \J W AN\ (RonR))NB; (p)

where w,, is the volume of the unit Euclidian ball in R™. On the other
hand, the area formula implies that the numerator of the left hand side
is equal to pg(A Nu[B,(p)]) < pge(A) =0, a contradiction.

Hence we have shown that when A has pg-measure zero, then u [ A]
has y1,-measure zero. Thus note that for a measurable set A in N 2 we
have

fon (A) :/Aha,@d)\aﬂ

- Ou® JuP
_ ij gu
/u—l(A) has (u(z)g 0zt OxJ g ()

=0.
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This proves the absolute continuity of the measure u, on N. q.e.d.

We remark here that when one chooses the continuous section h of
the bundle of (0,2)-tensor to be the image metric G, then ug can be
regarded as the “push-forward measure” of the energy measure e(u)dp,
on M.

4.3. The gradient vector of the energy functional. From
now on, we restrict our attention back to the case in which the image
is a closed hyperbolic surface of genus > 1. As seen in the previous sec-
tion, the measure A is absolute continuous with respect to the Lebesgue
measure fi on N, and thus there is a set of L' functions Tog o0 N such
that

F(h) =(h,A)

= / hasdA
N

= / hagTapdpa
N
=(h,T)12(q)-
Recall, from the Section 2, the following differential operators

Lh=(—A + 1) Trg h+ dadch,
Lf=((A+1)f)G + Hessg f.

In Chapter Two, we have seen that LL* is an elliptic operator of order
four whose principal symbol is A2, and its pindex is zero. Thus LL*
is a Fredholm operator from H*(N) to H*~*(N). Furthermore it was
shown that the cokernel of the operator LL* is zero. So it follows that
for a given function ¢ in H*(N), one can solve the equation

LLf=¢

for f, and the solution is unique and is in H**4(N).

Recall that for fixed o and 3, 7,5 is a L' function on N. We will
show here that 7,4 is in H 17¢(N) for any € > 0. Set 7,3 = f. By the
standard argument using a partition of unity when a function f defined
on N is in H*(N), restricted to one chart f can be thought as a function
in H*(R?) with a compact support. Hence we want to show that

fOr
ey = [ G ereede < o0
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By definition we have

[ FOP e /[ e fw)e Saef?
R R?

T epE® = (1t e
(fus f]da)?
S/m (1+ezye®
<oo,

since [ |f|dz < oo, and 1/(1 + &)1 is integrable over R2.
Now consider the equation

LLYf = L.

Since we know this is solvable, and when 7,4 is in H'*¢(R?) as shown
above, L7,5 is in H!7¢72. Now LL* is an operator from H! *to H 37¢,
the solution f in the above equation lies in H'~¢. Thus we have the
following proposition.

Proposition 4.3.1. The (0,2)-tensor T as defined above is a section
of the bundle of symmetric (0,2)-tensors whose components are in the
Sobolev space H '~% for any € > 0, and the solution f to the equation
LLYf = LT isin H™¢(N).

We will now show the following theorem.

Theorem 4.3.1. The tensor § =1 — (L*f) is trace-less and trans-
verse, and hence 011 — 1015 s locally a holomorphic function.

The theorem above says that in the space of symmetric (0, 2)-tensors,
7 is composed of two vectors; one is in the direction perpendicular to the
space M _; of hyperbolic metrics on N, whose components lies in H~!'~¢
and the other is tangent to the Teichmiiller space whose components are
smooth as real and imaginary parts of a quadratic holomorphic differen-
tial. Note here that when the functional F is restricted to the symmetric
(0,2)-tensors of unit length which are trace-free, transeverse, i.e., unit
tangent vectors to the Teichmuller space, 6 gives the direction in which
F is maximized. This clearly follows from the above decomposition, i.e.,

F(h) =(h,T)12(c)
(h,0 + L f)r2(c)
(hy0)12(c2),
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and the last expression is maximized when the tracefree transverse vec-
tor h is in the direction of 6.

It should be remarked that given a tracefree transverse deformation
h of a hyperbolic metric G, F(h) is the directional derivative of the
energy functional £(G) in the direction of h € T T.

Proof.  For 7,5 in H17¢, we have a solution f to the equation
LL*f = L1 where f is in H'~¢. Note that this means that the equation
is satisfied distrubutionally, i.e., for all ¢ in C*°(N), we have

(18) /N (£L*$) fdpc(y) — /N (L b T duc(y) = 0.

Similarly £* f is defined distributionally, i.e.,

/ (o £° )y i () = / (Ch) fdpc(y),
N N

for any smooth symmetric (0, 2)-tensor h. Recall that Proposition 4.1.1
implies that

(19) /N (LxG.7) e dic(y) =0

for any smooth vector field X on N. Also note that for any vector field
X on N, the decomposition theorem from Section 2 yields

(20) /N (Lx G\ L* o dc ) = /N L(LxG)fducly) = 0,

since LxG is in TaM_1 = ker L. Define 8 = 7 — L*f which is at this
point only weakly defined, since the regularity of 7 is only H!~¢. Then
from equations (19) and (20), we have

(LxG,0) 2y = (LxG, (T = L™ ) 12(c2)
= (LxG,7)r2q) — (LxG, L f)r2q) =0

for any smooth vector field X on N. Thus 0 is weakly divergence-free,
ie.,

(21) 50 =0

weakly.
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Now we will show that trg @ = 0 weakly. Note that for any smooth
function ¢ on N,

/ H(L0)duc: = / HL(r — L£°f))duc
N N
- / H(LT — LL* F)dpc
N

— / (¢, T)aduc — / (LL*$) fduc
N N
-0,

where the last equality is due to equation (18) above. Hence we have

0= [ otco)
/N<£*¢, 0)aduc

{(=A¢ + ¢)G + Hess ¢}, 0) adpg

{(~Ad + )G}, O)aduc + /N (Hess 6,6) adjuc

(=20 + )G} O)aduc +3 [ (LasGbaduc

I
TS TSI

{(~A¢ + $)G. Oduc
=/ (A + ¢) Tre: 0.
N

Note that for a given smooth function % on IV, we can always find a
smooth function ¢ such that —A¢ + ¢ = 1 since the operator —A +1:
C*®(N) — C*°(N) is invertible. Thus for any smooth function ¢ on N,

(22) /N $(Tee:0) = 0,

that is, Trg 8 = 0 weakly.

Now fix a point p in N, and choose a coordinate chart U around p
such that G' = 6;;. We will show that the (0,2)-tensor 6 = 6;; is locally
smooth within the chart U.

Recall Weyl’s lemma, that if § is a complex valued L (U) function
such that any complex valued compactly supported smooth function f
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on U satisfies
(23) [ @0,
N

then 6 is a holomorpic function.

Let f = z1 + iz2 where z; and zo are compactly supported smooth
functions, and 0 = 0y, — i015. Then knowing that 0 is tracefree as well
as transverse weakly we will show that equation (23) holds for any f,
so that by Weyl’s lemma, 6 is holomorphic, and hence 6 is trace-free,
transverse strongly:

[ @:ni= [ @1 +ioupon i)
U U
= / {(@11 — 222) +i(m12 + 22,1) } (011 — i612)
U
:/ (1,011 — 22,2011 + 12012 + 2,1012)
U
+ Z/ (—21,16012 — 222012 + 12011 + 2,16011).
U

Choose a smooth vector field X to be 104, i.e., with no dy compo-
nent. Then the fact that 6 is weakly divergence-free implies that

(25) / (LxG)O = / z1,1011 + z1,2012 = 0.
U U

Similarly by choosing X = 220> one obtains

(26) / (LxG)O = / x9,1012 + w22022 = 0.
U U

Since 0 is tracefree, we have

(27) / IL‘272(011 + 922) =0.
U

Putting the above three equations together, it follows that the real
part of the last term in equation (24) is zero. The same method applies
to show the imaginary part of the last term in equation (24) is also zero.
Hence Weyl’s lemma implies that 611 — 1612 is holomorpic on U C N.
This proves the regularity of 6.  g.e.d.

4.4. Holomorphic maps and the £-energy minimizing met-
rics. When the domain (M?" g) is a compact Kihler manifold and
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the harmonic map u : (M?", g) — (N2,G) is holomorphic, the 7 tensor
has the following pointwise expression:

Tap(y) = / g7 uful oy, (z),
u=l(y)cM

where v~ !(y) is an (n — 1)-complex dimensional subvariety of M, and
dog, is the induced volume form on the subvariety u='(y) C M.

Since u is holomorphic, the linear map du : T,M?*" — TyzyN 2,
restricted to the plane spanned by the two nondegenerate directions
of du, is conformal. It then follows that the integrand (g% uf‘u]ﬁ )(z) is
conformal to G g, g(y) for every z € u~!(y) and therefore 7 is conformal
to G.

This in turn implies that the tracefree transverse part 6 of 7 is
identically zero on N. In other words, the gradient vector of the energy
functional £ : T — R vanishes at G. Due to Theorem 3.1.1, we have
the following statement.

Corollary 4.4.1. Suppose that a harmonic map u from a com-
pact Kihler manifold (M?",g) to a compact hyperbolic Riemann surface
(N2,Gyg) is holomorphic. Then the hyperbolic metric Gy minimizes the
energy functional £ : T — R uniquely, while the hyperbolic metric G
and thus the harmonic map u vary within the homotopy class [u].

Remark. The converse does not hold, for one can find a Riemann
surface M with a certain conformal structure and with gy > gn(g =
genus), from which there is no nontrivial holomorpic map to N.

5. Universal Teicmiiller space and its Weil-Petersson metric

Recall that the Teichmiiller space 7 is constructed as the space M_;
of hyperbolic metrics on a compact Riemann surface N? of genus > 1
modulo the pull-back action of the group Dy of diffeomorphisms homo-
topic to the identity. With respect to the Weil-Petersson metric, 7 has
non-positive sectional curvature, and though the space is not geodesi-
cally complete — a Weil-Petersson geodesic cannot be extended indefi-
nitely — 7T is still geodesically convex, that is, every pair of points can be
joined by a unique minimizing geodesic (S. Wolpert [29]). As an attempt
to generalize those results to the cases over non-compact manifolds, we
will consider the universal covering space of N2, the hyperbolic two
space H2. Tt can be modeled on the open disc D? = {z € R? : || < 1}
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with the standard Poincaré metric Gy = 4(1 — |2|?)72|dz|?>. The uni-
formization theorem says that

M_{(H?) = {G : G = B*G), where ® a diffeomorphism of D?}.

As for the regularity of the diffeomorphisms, we will impose each dif-
feomorphism to be quasiconformal. This comes from the fact that each
hyperbolic metric has a conformal structure obtained by pulling back
the standard Euclidian structure by a solution of a Beltrami equation, a
quasiconformal map from a disc to itself. The full isometry group of Gy
is all the Mobius transforms, which, using the upper half space model
of H?, is SL(2,R). Thus one has the following identification:

(28) M_i(H?) = QC(D?)/SL(2,R),

where QC(D?) is the group of quasiconformal maps from D? to itself.
Now define the universal Teichmiiller space U7 to be

(29) UT = M_,(H?)/QC(D?),

where QC(D?) is the group of quasi-conformal maps from D? to itself
fixing the boundary 0D? = S, or equivalently it can be seen as the
group of diffeomorphisms of H? inducing the trivial map Idg: : S' —
S' on the geometric boundary of H?. (Once again at this point the
diffeomorphisms are required to be quasiconformal.)

Noting here that the intersection between the two groups SL(2, R)
and QC(D?) is the identity, we have following identifications.

UT =M_;(H*)QC(D?)
=QC(D?)/SL(2,R)/QCy(D?)
=QC(D?)/QCy(D?)/SL(2, R)

Q8(SY)/SL(2,R),

where QS(S) is the group of quasisymmetric maps from S! to itself.
In the tangent space T, M_1 of M_; at G, we need to restrict our
attention to the space of L?-integrable symmetric tensors, since we are
to use the Weil-Petersson metric on 7. Denote by M the Kihler sub-
manifold of YT whose tangent space at [G] is given by the L?-integrable
symmetric (0,2)-tensors, or equivalently M is the Kahler submanifold
of UT = QS(8")/SL(2,R) whose tangent space is H%? vector fields
on S'. Then we have the following L?-decomposition theorem, almost
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identical to the decomposition theorem for the Teichmiiller space T over
a compact Riemann surface.

Theorem 5.0.1. Suppose that Ggo is the Poincaré metric, i.e.,
4(1—12)?)"2(dz? +dy?) on D%, and that h is a smooth L?(H?)-integrable
symmetric (0,2)-tensor defined over H2. Then there is a unique L?
orthogonal decomposition of h as a tangent vector belonging to Tg,M
as follows:

(30) h = Pg,(h) + LxGo + L™ f,

where LxGq is the Lie derivative of Gy in the direction of a vector field
X on N, and X, Pg,(h) satisfy the following equations:

(31) dcy (Lxh) = daoh,
(32) LGOL*Gof = LGoha
(33) Pgy(h) = h — LxGo — L*h.

Proof.  Recall that the space I'§°(Tg,M) of compactly supported
smooth sections of the bundle of symmetric (0, 2)-tensors on H? is dense
in the space I';2(Tg,M) of L%-integrable symmetric (0,2)-tensors on
H2. Hence given a tensor h in I'z»(Tg, M), there is a sequence {h;} in
'8 (T, M), which converges to h in L?-norm, namely,

1
2
lim [|h — hi||f2 = lim (/ (h—hi,h — hi)a,dpa, (w)) =0.
11— 00 11— 00 H2

In the proof of the L2-decomposition Theorem 2.2.1 of the space of
sections of symmetric (0, 2)-tensors, integrations by parts were used fre-
quently to establish the orthogonality among the different components.
In the current setting, the manifold in question is no longer compact,
and we will need the following result, which would formally allow us to
integrate by parts.

Lemma 5.0.1. The differential operators Lc L, and 0Gy0g,,
acting on functions in C3°(H2)NH?(H?) and vector fields in X§°(H?)N
H'(H?) respectively, are both strictly coercive in the sense that

(LaoLaof, fre > Cllfl%e
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and
<_5G062’0Xv X>L2 > CIHX“?*{I

for some C,C" > 0.

Proof. Since f € C§°(H?) is compactly supported, integration by
parts induces no boundary term. Noting that Lg, is self-adjoint, we
have

| (CarkanDtduc, = [ (€af. Lo hadic

= [ =2+ D11Go+ Hessc, (-2 + Df1Go
+ HeSSGO f>G0d,uG0
= [ =5+ DA1GalPdu,

H %d
+ [ Hess, flPduc,
+ 2/ <(—A + 1)f]G0, HeSSG0 f>G0dNG0

H2

= [ {20(-2+ DI + [ Hessc, I
F2A-A+1)F(A]) dug,

= [ [HADF +21 + | THessc, 1Pldcy

= [ (VA7 27 + | Hessar, £V,

< H 2d

< [ Iessa, flPduc,

SIS
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As for the second part, it is similarly proven:
/H (=065, %, X)aducy

_ /H (06X, 865, X) i
N /HQ(VJ'X Y VX dpg,dpc,
— /H2(2||VX||2 +2V,; X'V, X7 )dpg,
B /H 2VX|? —2(ViV;X") X )dpc,
N /f12{2IIVX!|2 —2[(V;ViX") + Rici; X'|X }dpcq
- /1-12,{2||VX||2 = 2[(V;ViX") = 85 X'1X7 Ydpg,
= /H2 2IVX|* +2(06,X)* + 21X *)duc,

> / 2V X [2dpucs,
H2
= 2 X |-

q.e.d.

Having shown that those two operators are elliptic, self-adjoint, and
coercive, from a standard argument it follows that given a smooth sym-
metric (0, 2)-tensors h, which is compactly supported on H?, there are
unique smooth solutions X and f to each of the equations

0G0 0¢, X = daohs

Lo LG, f = Laoh.
Here as long as the given tensor i to be decomposed is compactly
supported, then one can integrate by parts as in the proof of the L?

decomposition of tensors over compact surfaces, and thus we have the
L? orthogonal decomposition of

h = Pg, + LxGo + LG, f,

where Pg, belongs to T, UT,LxGoy to Tg,(Diffg D?) and LE, f to
(TgoM_1)*.
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Now recall that given a tensor h in I'z2 (T, M), we had a sequence
of tensors {h;} in T (T, M) convergent to h in L?-norm. For each i,
solve the pair of equations

5G052‘0Xz’ = 5G0hi7
Lao Loy fi = Laghi,

for X; and f;. We want to show next that {X;} and {f;} converge to
some X and f, and to solve the pair of equations

S0, X = Scioh,
LayLe,f = Lagh.

To prove the convergence of X;, note:
ILx;—x; Goll7: :/HQ<LX1'X]-G07LX1'X]-G(])Godﬂ’Go

:/I{2<hl - hjaLXi—XjG(])God/j'Go

1
2
< </ <hi - hj?h’i - h’j>G0d:“G0>
H2

) </I'12 <LX1'7XJ' GU’ LXi*Xj G0>G0dIU‘G0>

=[hi = hjll L2 1 Lx; — x; Goll 2

2

Hence
| Lx;—x;Gollr2 < [|hi — hyjllze.

Recall the statement of the previous lemma, which implies
2(|X; — Xl < |[Lx;—x;Goll2-
Combining them, we have
2| X; — Xl < i — hyll e

Since h; is convergent, and hence Cauchy I';2 (T, M), we know from
the above inequality that X; is Cauchy in the space of H' integrable
vector fields on H2. Denote lim;_,o, X; = X.

As for the regularity of the vector field X, when A is smooth in the
sense that h is in a Sobolev space H® (i.e., the sth derivative of h is L2-
integrable), the convergence h; — h occurs in H®, and the convergence
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X; = X occurs in H°T!, for the space of C* tensors is dense in the
space of H**! tensors. In particular, when h is a smooth tensor, then
X is smooth satisfying the equation

S0 X = Scioh.

Observe here the fact that X thus obtained is integrable implies that

lim 1X112, dc, = O,
r—00 HZ\BT(O) GO 0

which in turn says that viewed as a vector field on the open unit disk,
X has a trivial extension to the geometric boundary of 9D = S* (i.e.,
it vanishes on S'). This is consistent with the description that LxGy
is an element of Tg, (Diffy D?).

Secondly we want to show the convergence of f;. Very similar to the
proceeding argument for X;’s, note that

I£6u = 1DIB = [ (L6, = 1. £, 6 = )y
H2
= [ (= 1), £ (5 = )y

< (/}12((% — hj), (hi — hj)>GodMGO> :

1
2

: (/1—12 (Lo (fi = f7), LG, (fi — fj))GodMGo>
=[hi = hjll 2 |1 £G, (fi — f) 2

Hence
L6, (fi = fi)lle < Mlhi — hyll2-

From the proof of the above lemma, we have
1fllz < NLG fllLe
Putting the two together yields
1fi = fill e < lhi = Rjll 2

Since {h;} is convergent to h and is Cauchy, the above estimate tells us
that {f;} is also Cauchy in H? . When h is a tensor with the regularity
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H*, then the function f is of H5t? by the elliptic regularity theory. In
particular, if A is smooth, then so is f, and satisfies the equation

LaoLe,f = Lah.

Summarizing what we have shown so far, we now have the decom-
position of smooth L2-integrable tensor h as

h = PGo(h) + LxGy + L*Gof'

Recall that choosing a convergent sequence {h;} of smooth compactly
supported symmetric (0, 2)-tensor we have the L? orthogonal decompo-
sition for each i

hi = PGO (hz) + LXiGO + E*Gofia
and the following convergences

lim X; =X in H',

71— 00
lim f; =f  in H?,
1— 00
and therefore
lim Pg,(h;) = Pg,(h)  in L?.

1—00

To show that the above decomposition of & is indeed orthogonal, simply
note that

(LxGo, L, f)a, = lim (Lx,Go, LG, fi)a, = 0
71— 00

and
(Laofs Pao(h))ae = lim (L, fi, Pao (hi)) o = 0.

q.e.d.

An immediate implication of this result, just as for the analogous
result for the compact surfaces, is that the tensor Pg,(h) is trace-free
and divergent-free pointwise on H?.

Recall that the space of complete hyperbolic metrics modeled on
the open unit disk can be identified with the space of quasiconformal
diffeomorphisms up to the Mobius transforms of the disk. Linearize this
picture at the Poincaré metric:

T, M—-1 ={LzGy : Z vector fields generating

quasiconformal diffeomorphisms on D}.

81
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The previous L? orthogonal decomposition states that given a tensor
h € Tg,M, the part tangent to the space M_; consists of Pg,(h) and
LxGy. Hence

L;Gy = PGO (h) + Lx Gy

or equivalently
PGO (h) = LZ,)(G().

The fact that the tensor Pg,(h) is tracefree transverse is equivalent to
the condition that the vector field Y = Z — X satisfies the following

linear PDE;
4
0y | ———==0:Y | =0.
z((l—IZIQ)Z ’ )

The holomorphic quadratic differential ((1 ERE 50z Y) dz?> on D corre-

sponds to the harmonic Beltrami differential ((1 ERE 70z Y) w(z) (see
Wolpert [27].)

6. Convexity theorem for the universal Teichmiiller space

Before we proceed, we will digress in order to motivate the discussion
to follow. Consider the case where the setting for the convexity Theorem
3.1.1 is that the domain manifold (M, g) is taken to be the topologically
same as the target surface N of genus ¢ with a fixed hyperbolic metric
G. Fix then the homotopy type of the maps so that the harmonic maps
ug : (N?,G) — (N?,Gy) are all surjective mappings of degree-one. The
degree one condition is preserved by the change in ¢ because the hamonic
maps u; here are diffeomorphisms due to the result of Schoen-Yau [19]
and Sampson [17]. Note then that the area functional A(Gy) is invariant
in ¢, that is;

A(G) / /det( ungt
% Vdet G
=(det u¢) Vol(N, Gy)

:1-/ d,ugz/ —Kgdug =29 — 2.
N N

Introducing the isothermal coordinates ds% = A(z)|dz|> on (N, G)
and ds?;, = p(u)|dul* on (N,G;) in the complex coordinates z = z + iy
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and u = v + iw, where we adapt the following notation:
o 1[0 .0 0 1/0 .0
—~=s\la—1t5 /> —=zla*1t5 ),
0z 2\ 0x oy 0z 2\ 0z oy

Pl |uf o plute) [ouf
Az) |0z Az) |0z

|0ul* =

Then we have the following expressions for the energy and area densities:

1 _
e(w) =3 tra(u;Gr) = [0'wi|” + |0"ul?,

J(ut) :7'(3/6(;(_1:2@ = |0"uy|* — |0%ul?.
e

The preceeding observation that the area functional is invariant in
t, implies that
d? d?

Wg(at) :WE(UU Gt)

d? / =
=— Otug)? + |0tul?) dug
dt? [n (' "+ 10%u] )

— d_2/ (|3tut|2 _ |§u|2> duc
dt? [ n
d? =
=— [ 2|0tu|?dug.
dit? [n
Therefore the Weil-Petersson convexity of the energy functional 3.1.1
is equivalent to the the Weil-Petersson convexity of this new functional

[ 2100w 2dpc.
Definition 6.0.1. Define anti-holomorphic energy to be

Eaz/ 2|0ul?dpg.
N

We would like to have the convexity result for the universal Te-
ichmiiller space setting. In particular, we will consider the following
setting in analogy to the above setting we have just looked aft.

Suppose that G, is a horizontal lift of a Weil-Petersson geodesic in
UT with Gy the standard Poincaré metric modeled on the Euclidian unit
disk D2. (It should be noted here that there is no satisfactory result
concerning the existence of the geodesic in U T, yet we will assume here
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that there is one.) Recall that the uniformization theorem says that
G; = ¢*Gy for some quasiconformal diffeomorphism ¢ : D? — D2
Here G, is regarded as a complete hyperbolic metric modeled on the
open disk D?. Let u; be a family of harmonic maps

u 1 (D, Go) — (D?,Gy) = (D?, ¢ Go)

satisfying that u;, viewed as a map from D? to itself, has the trivial
extension to the geometric boundary, that is u; |g1= Idg:. This condi-
tion is in place of specifying the homotopy type of the maps between
compact surfaces.

We now have the following picture:

(D%,Gy) % (D%, Gy = ¢} Go) % (D2, G).
Since ¢; above is an isometriy, the composite map
¢ ouy : (D%, Go) — (D?,Go)
is a harmonic map with the asymptotic boundary condition

broug |g1= y |s1 ouy [g1= ¢y |g1 oldgr = ¢y g1 -

We would like to study the behavior of the energy functional as
before in our new setting. However, the energy functional is not well-
defined for it is infinite. So we will instead consider the anti-holomorphic
energy functional discussed above, for which we have the following re-
sult.

Theorem 6.0.2. Provided that G = ¢*Gy represents a point in
M_y with
¢i |s1€ C*(8%;81),E5(G)

is finite.

Proof. For a C? diffeomorphism f : S' — S', which assumes that
the differential does not vanish on S', we will show that one can find a
harmonic map

u: (D,Go) = (D, Gyp)

with the asymptotic boundary condition f such that the energy density
e(u)(z) with z € C is an integrable function along the radial direction
as |z| — 1. For the sake of making the computations simple, we will
model the hyperbolic space on the upper half space with the hyperbolic
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metric given as ds?> = (dz? + dy?)/y?. Hence we have a proper map u
from the upper half plane U to itself, which is harmonic with respect to
the Poincaré metric Gy with asymptotic boundary condition given by
a C? diffeomorphism f : R — R. Without loss of generality, assume
the condition f(0) = 0, and u(0) = 0. We now define asymptotically
harmonic map h : (U,Gy) — (U, Gy) satisfying

h'(z,y) =f(z) + o(y?),
h2(z,y) =yf'(z) + o(y?),

where f'(z) = & f(z) > 0. Then

h'(0,0) = h?(0,0) =0,

Oh' 0y | (00)= Oh® |0z |(9,0)=0,
32h1/3y2 |(0,0): 82h2/8y2 |(0,0):07
0%h' |00y |(9,0)=0,

and the tension field

where

Ag and Vg above are the Euclidian laplacian and the Euclidian gradient
respectively.

The map h is also asymptotically conformal in the sense that with
respect to the Euclidian coordinate z = x + iy,

oh
& - ( )a
oh
55 =
Now by varying the map h by y¢(x,y) where ¢ is a smooth function
with ¢(0,0) = (0,0), we would like to have the tension field to have the
asymptotic behavior of

0 at z = 0.

T(h+y¢) = O(y?).

85
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Using the asymptotic expansion at the point (0,0) at the infinity, we
will find conditions ¢ needs to satisfy.

Denote v = h + y¢. Then the Taylor expansion of v at (0,0) is

v' =h" + (91h'(0))z + (92h"(0))y

SRR 0)a? + S(081(0))y?

(01020 (0))zy + (5 (0))y + (159 ()
(

¢'(0))y + (014" (0)zy + (02 )y® + O(zFyh),
k+1>3.

+
+
+

We proceed to write down the first derivatives of v as a function of
y. They are evaluated on the line z = 0.

o' =1'(0) + (219" )y + 5 (D' O + O1)
00 =3 (O3 (0))y? +2(8a0' (0)y

+ 2K 0 +0(°),
010 ={(0,0:1%(0)) + (O1*(0))

+ 500870 + 0),

000 =f(0) + 3 (BRR(0))y? + 2B (0)y
+ @B +06).

We will also need to express the second derivatives for writing down
the Laplacian term in the tension field.

Ofv' =(074'(0))y + O(y?),
d3v" =(03h"(0))y + 2(924'(0))
+3(05¢'(0))y + O(y?).

With those explicit terms, we now write down the tension field terms
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r(v) = (thl - ﬁ<V0u You >)

=y ((a&bl )y + (331! (0))y
+2(026'(0)) + 3(034" (0))y
-2+ @s o+ l(alaml( 0)y?)
((@2:h°0) + (@160} + 5 (10560
+ (S@R )92 + 2026 0)y + 5 (3311 (0))y?)

1

3

(F10) + S(B3R2(0)y? + 20267 )y
+ §(a%¢2(o)>y2)}>.

It is here that f : S' — S' is required to be C?, namely
(02" (0))%]‘@) exists. For this to be of O(y?), we need the fol-

\_/

l\DI»—A

lowing;:

(34) 929" (0) =

(35) 01051 (0) + 91¢%(0) = 0,

where we have used the fact that v2 = O(y).
As for 72,

1
r2(v) =y (Aoh? + (1 Vou' |2 = [Vou? "))

=y ((33052(0))11 +(93h%(0))y
+2(024%(0) + 3(85¢°(0)))y
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~ SO + @6 0 + @000 0)?)

+ (S@R ) + 206" 0))y + S (@R )
2
- (1 a@h? F@FO)y + 5@ 0))
— (£10) + S @R ) + 2028 0))y
+ g(a%&(o))f)z}).

In order to have 72(v) = O(y?), it then is necessary to have

(36) 0 (0) =

(37) 014 (0) =

Note that the new asymptotically harmonic map v(z) = h(z)+yp(z)
approximates the harmonic map u in the sense that

u(0 + iy) — v(0 +iy) = O(y'*), &> 0.

For calculating the asymptotic expansions of the energy density e(u)
and the area density J(u) evaluated along the line x = 0 in the upper
half space, using the expansions for the approximate map v; we obtain
the following:

2

% E S (00 Ly (' OF + 06,

2 W . y2
) =gz det{0) = L (S O)F + O0P))
as well as
Y 2(,2 -2 1 2
(W22 y* (v +o(y) " = O] + O(y”).
Therefore
1 2 /
e(w) = (g + O (FOF,+06A) = 1402
706 = (e + 00" ) (IO +0G) = 1+007)
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In particular

and therefore it follows that
By = [ (efw) = T))dc, < .

q.e.d.

We believe that the C? condition is not optimal, and one wishes to
find a suitable regularity condition for the asymptotic boundary condi-
tion gb‘ g1+ to preclude all the points in M C UT that are finite Weil-
Petersson distance away from the Poincaré metric Gy.

We can now state the main result of the section.

Theorem 6.0.3 (Weil-Petersson convexity of the anti-holomorphic
energy functional). Given a family of harmonic maps

Up - (DZ,G’U) — (D2,G0)

with Gy a horizontal lift of a Weil-Petersson geodesic in M C UT, and
with ut‘sl = Idg1, we have

SE(GO) = 03
d
Egg(Gt)‘t:O =0,
and
d? 1

S2E(Gy)| =
a2, = 3
In particular the anti-holomorphic energy functional defined on

M = Diff S'/SL(2,R) c UT
is convex with respect to the Weil-Petersson distance at [Gy] € M, or
equivalently at [Idg1] € Diff S*/SL(2,R).
Remark.
M = Diff S'/SL(2,R) c UT
is formally a homogeneous space with a left invariant metric, given by
the Weil-Petersson metric defined at [Gy] € UT (or equivalently at

[Idg:] € Diff S'/SL(2,R)). Hence the convexity of the functional at
the identity can be translated to any point in

M = Diff S'/SL(2,R) Cc UT
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by the group action of Diff S*.
Proof. First of all, the identity map
Up * (DZ,GO) - (D23G0)

is holomorpic, hence |Ju| = 0 and thus £5(Gy) = 0. We want to show
that

d? d?
ﬁgﬁ(Gt)‘tzo ) /Hz(e(ut’Gt) — J(u, Gy))dpa, o
_1
=5
where e(u;, Gy) = %trGo (uiGy) and J(ug, Gy) = %t)

Before differentiating the integral, we will make the following obser-

vation.
d . .
Lemma 6.0.2. The vector field Wy 2] %ut . 1s identically zero.
t=

Remark. This statement corresponds, in the classical setting,
to the observation made by Wolf [26], that the Weil-Petersson geodesic
can be approximated by a path given by linearly extending a harmonic
Beltrami coefficient up to order two.

Proof. Recall that for each t, we have a harmonic map
- def (T2 2
Ut = thO’U,t.(D aGO)_>(D aGO)

with the geometric boundary condition

Ut

= (¢t 0 uy)

Sl

S’l

satisfying the harmonic map equation

s + (log A(@')) . bt = 0,

where A(z) = 4(1 — |2|?) 2. Let us denote %ﬂt .= V(z), where
t—

V(z) is a vector field defined on D. Differentiating the harmonic map

equation above in ¢ and evaluating it at ¢ = 0, one gets

A
Ves + 52V =0
+ A
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or equivalently

for z in D. This implies that the symmetric (0,2) tensor given by the
Lie derivative Ly Gy is then tracefree divergence free.
On the other hand, differentiating ¢; o u; with respect to ¢ at t =0,
we have
d d .
o =i+ T
=X(2) + W(2),

d
%étout‘ )

t=0

where the vector field %qﬁt = X (z) induces a traceless transverse defor-
mation Lg,X of Gy. That in turn yields that the vector field Z also
satisfies the linerized harmonic map equation

So we have

where both V and X induce tracefree transverse deformations of the
Poincaré metric Gy. Note then that the vector field V — X on H?
satisfies the equation

9, (\0:(V — X)) = 0.

Also note that the vector field W vanishes on S*, for u; fixes ST for all
t.

It was shown by P. Li and L.-F. Tam ([13]) that given a C1** asymp-
totic boundary condition f : S* — S' on the geometric boundary S*
of H?, there exists a unique proper harmonic map u : H> — H? with
u|g1= f. When f = Idg:, the identity map H? — H? is the unique har-
monic map. In particular, it follows that there is no proper harmonic
map between two copies of H? with the trivial asymptotic boundary
condition.

Note then that the vector field V — X on H? satisfies the equation

0. (A()0:(V = X)(=)) = 0,

and hence generates a family of harmonic maps u! : H2 — H? with
(V — X) |s1= 0. Yet this cannot occur due to the observation in the
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previous paragraph, provided that the vecotr fields V and X are suffi-
ciently smooth functions on S! (e.g. C1®). Therefore W =V — X =0,
which proves the statement of the lemma. qg.e.d.

Now we are to differentiate the anti-holomorphic functional &(u;)
with respect to ¢ and evaluate at ¢ = 0. All the differentiations will
occur within the integral, and all the calculation will be local.

First differentiate the energy density e(us, Gy) in ¢, and get

d 1 d
%e(ut,Gt) e =2 tra, <dt [uy G’t]>

1 .l d
:5 tra, <ut0 [dth]>
1 d
+ - trGO (dtut Gt0>

25 tra, (Ufo Gto)

1
+ 5 tra, (U:O [LWtO Gto])'

Note here that at ty = 0, < ge(u, Gy) = 0 for W = 0 as well as
tre, (Go) = 0. Differentiate this one more time to obtain
d2

1 *
pre) e(ut, Gt) e 3 trGo(uto[L%WmGto])

1 N .
+ 9 tra, (uto [LWtO Gto])

1 k
(38) + 5 tra, (uto [LWtO (LWtO Gto)])

1 )
+ 5 tra, (U:O [LWtO Gto])

1 .
+ 5 tI‘GO (U:O Gto ) .

Secondly we now differentiate the area density J(u;, G¢) in t:

d d +/det( Ut FGY)
_J(utaGt)‘ ‘
t=to dt Vdet Gy lt=to

dt
1 * *
= 5 trugo (uto [LWtO Gto]) det (U’to Gto )
1 . .
(39) + 2 tru;0 (up, Gio])y/ det(uy, Gi,)

1

=3 tru;, (ugo[Lw, Gio))y/ det(ug, Gy, ).
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The last equality holding for the symmetric (0, 2)-tensor 3 tru; Gy, (ug, G))

is identically zero since Gt:() is tracefree with respect to Gy,.
When tg = 0, dtJ(ut, G¢) =0 for W = 0. Combined with the obser-
vation made above about the energy density e(u,, G;), we can conclude

that

d

The second time derivative of the area density is given by

d2
—5J(ur, Gy) = <LWt0 Gy, LWtO Gt0>u*Gt0

dt? t=to
- <LWt0 Gt07 Gto )'u.* Gto

1 *
(40) + 5 Bug G (Ut [Lﬁwto G1,))

1
+ 5 trugo G, (u:tko [LWtO (LWtO Gto)])

1 . :
+ 5 trug i, (g [Lwi, Gro)-

Recall now the statement of the previous lemma which says W;, = 0
when tp = 0 as well as uy = Idg2. Evaluating equations (38) and (40)
at t = 0 gives

d? 1 1 -
el | =5 tr6y(L sy, Go)+ 5 tray (Go).
and
d? 1
a2 J (ug, Gt)‘ o 2 trg, (L d Wy, Go).

and

Integrating the difference of the terms %e(ut,Gt) —

dt2 > J (ut,Gt)‘ , we have an expression for the second derivative of
=to

the antiholomorphic energy &5(G) with respect to the Weil-Petersson
distance ¢ at ¢t = 0 as follows:

d? d?
ﬁgg(Gt)‘t:O :W </H2 e(uta Gt) - J(uta Gt)) dlj'Go =0

1 B
:E / trGo(Gto)d:“GO'
H2

(41)
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Knowing that the tangent vector Gy along the path of metrics G

remains tracefree with respect to GG; implies that

% trGt(Gt) o = - <GOa G0>G0 + trg, (GO)

=0.

Hence,

tre, (Go) = (Go, Go)ay-

Substituting in equation (41) yields the statement of the theorem:

d? 1 o 1
O], =3 [ (oG, =5

for G is a geodesic parametrized by the Weil-Petersson arc length.

[1]

q.e.d.
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