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THE WEYL UPPER BOUND ON THE DISCRETE
SPECTRUM OF LOCALLY SYMMETRIC SPACES

LIZHEN JI

1. Introduction

1.1. Let G be a reductive Lie group with finitely many connected
components, and I' a cofinite volume discrete subgroup of G. Let K C GG
be a maximal compact subgroup, and X = G/K be the associated sym-
metric space, which is the product of a symmetric space of noncompact
type and a possible Euclidean space. Then I'\X is a locally symmet-
ric space of finite volume. For simplicity, we assume, unless otherwise
specified, that there exists a reductive algebraic group G defined over
Q satisfying the conditions in [18, p. 1] such that G = G(R), and
' C G(Q) is an arithmetic subgroup.

Any finite dimensional unitary representation o of K defines a ho-
mogeneous bundle E, on X and hence a locally homogeneous bundle
E, on T'\X. The bundle E, admits a locally invariant connection v/
which is the push forward of the invariant connection on the homoge-
neous bundle E,. The connection v defines a quadratic form D on
sections of E,: For any f € C§°(I'\ X, 0),

D)= [ v i@ds,
X
This quadratic form D defines an elliptic operator A on L?(I'\ X, o),

called the Laplace operator, where L?(T'\ X, o) denotes the space of L?-
sections of . If o is irreducible, A is equal to a shift of the restriction of
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98 LIZHEN JI

the negative of the Casimir element of the Lie algebra of G' by a constant
determined by o (cf. [5, Theorem 2.5, p. 49] and [32, Equation 6.10, p.
386]).
If I\ X is compact, A has a discrete spectrum Spec(A) : A} < Ag <
- (repeated with multiplicity) on L?(I'\ X, o), and the spectral count-
ing function N(A) = [{\; € Spec(A) | A\; < A}| satisfies the famous
Weyl law:
_ny2 VOl X)
O3+

lim N = (4m)

Wim 7 dim o,

where n = dimI'\ X, dim o is the dimension of the representation space
of o, i.e., the rank of the bundle F,, and I'(:) is the Gamma function.

From now on we assume that '\ X' is noncompact. Then A has both
a continuous spectrum Spec.,,(A) and a discrete spectrum Specg;s(A) :
A1 < Ag < --- (repeated with multiplicity), which could be finite.

Denote the counting function of the discrete spectrum of A by
Ng(A) = [{\i € Specgis(A) | Ai < A}. In [4, Theorem 1], Borel and
Garland showed that Ng4(A) is finite for all A > 0. Inspired by the above
Weyl law for compact quotients and a result of Donnelly [11, Theorem
1.1] (see Lemma 2.3.2 below) on the cuspidal discrete spectrum, they
raised the following question [4, §4.7]:

Question 1.1.1. Decide whether N4()) satisfies the following Weyl
upper bound

. Ng(X) _n/o Vol(T\ X)
A—+oo ):iﬂ < (4r) ﬂm

One of the main results of this paper is to answer this question
affirmatively in several cases. The results in this paper strongly suggest
that the answer to the above question is always positive.

Theorem 1.1.2 (8§5). If the Q-rank of G is equal to 1 or the R-rank
of G, i.e., the rank of X, is less than or equal to 2, then the counting
function Ng(N\) of the discrete spectrum of A satisfies the Weyl upper
bound, i.e.,

i sup NI _ (4 ¥0lT\X)

A— 400 /2 — (4ﬂ—) F(% + 1)

dim o,

where n = dAim '\ X, and dimo is the dimension of the representation
space of o.



THE WEYL UPPER BOUND

Siegel modular varieties I'\Sp(2,R)/U(2) and the Hilbert modular
varieties satisfy the condition in the above theorem, and hence the
Weyl upper bound holds for them, but the Siegel modular varieties
I'\Sp(n,R)/U(n) for n > 3 do not satisfy this condition. On the other
hand, we show below that for Siegel modular varieties I"'\Sp(3, R) /U (3),
Ny()) satisfies a bound of the sharp order, though not the sharp con-
stant.

The sharp upper bound on Ny(\) was known only in the following
cases. If G = SL(2,R), the upper bound in Theorem 1.1.2 is due to
Selberg and follows from the Selberg trace formula [46, p. 668]. For the
general rank-one X, this upper bound is due to Donnelly [9, Theorem
1.1]. The only higher rank case where this upper bound was known to
hold is when G = SL(n,R) and I' C SL(n,Z) is a congruence subgroup,
n > 3; in fact, the upper bound then follows from a result of Moeglin
and Waldspurger [33] on an explicit description of the residual discrete
spectrum that implies that every Eisenstein series induce at most one
residual eigenfunction, and the result of Donnelly mentioned earlier on
the Weyl upper bound on the cuspidal discrete spectrum in [11, Theorem
1.1] (see Lemma 2.3.2 below). Donnelly also proved in [10] a (nonsharp)
polynomial upper bound on Ng()) in the I-rank-1, in particular the Q-
rank-1, case (see below for the precise bound).

To state general result, we need more notation. For any proper
rational parabolic subgroup P of G, there is a boundary locally sym-

metric space 'y, \ X p, which is a boundary component of the reductive

. . V- RBS . . .
Borel-Serre compactification I'\X . The dimension of the split cen-

ter of the Levi quotient of P is called the Q-rank (or the split rank,
or the parabolic rank) of P, denoted by rankg(P). Then the Q-rank
of G, denoted by rankg(G), is equal to the maximum of rankg(P) for
all proper rational parabolic subgroups P. Since I'\ X is noncompact,
rankg(G) > 1. (See §2.2 for more details.)

Theorem 1.1.3 (§7). The counting function Ny(\) of the discrete
spectrum of A satisfies the following upper bound:

2 vOLT\X)

: n/2 m/2
T+ 1) dimo A"“ + O(1)A™=,

Ng(A) < (L +o(1))(4r)

where n = dim '\ X, m is equal to the mazimum of

(rankg(P) 4+ 1) dim Iy, \ Xp
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for all proper rational parabolic subgroups P of G such that
rankg(P) < rankg(G) — 1,

where o(1) goes to zero, and O(1) is a bounded quantity as A — +oo.
In particular, there exists a positive constant C such that for all A > 1,

Nd()\) < C(l + )\% max{n,m}) < C(l + )\%rankQ(G))‘

When m < n, this theorem implies that Ny()\) satisfies the Weyl
upper bound. The condition m < n is clearly satisfied when rankg(G)
is equal to 1 since there is no proper rational parabolic subgroup P
satisfying rankg(P) < rankg(G) — 1. When the R-rank of G is equal
to 2, then m = 0 and hence m < n. Therefore, this theorem implies
Theorem 1.1.2.

For Siegel modular varieties I'\Sp(3,R) /U (3), n = 12 and m = 12.
Theorem 1.1.3 implies the following bound of sharp order.

Corollary 1.1.4. When I'\X = I'\Sp(3)/U(3), there exists a con-
stant ¢ such that for all A >0

Ny(A) < e(1+22),
where n = dimT'\ X = 12.

Theorem 1.1.3 improves the following bound on Ng()\) due to Miiller
[35, Theorem 0.1] ! that

Ng(\) < C(1+ )\%Jr‘%"rankQ(G))

for a positive constant C. (See also Remark 7.2.3 below for explana-
tions.) When rankg(G) = 1, Donnelly proved earlier in [10, Theorem
4.11] that Ng(\) < C(1 + A2™P)) where p = max{dimTp;,\Xp | P
is a proper rational parabolic subgroup of G}, and Langlands proved
independently in [29] that Ng(A) has a polynomial upper bound.

Such a polynomial upper bound on Ng()\) is closely related to the
trace class conjecture in the theory of the Selberg trace formula (see
[35] and [48]). In fact, the method of proof of Theorem 1.1.3 is used
in [21] to prove a polynomial upper bound on the discrete spectrum
of L?>(I'\G) and hence the trace class conjecture in full generality, i.e.,
the K—finiteness assumption on the convolution function in [35] will be
removed.

Tt is stated in [35, Theorem 0.1] that Ng(\) < C(1 4+ A*"). Actually, the proof
only gives the above weaker bound.
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Remark 1.1.5. The results of this paper along with [21] have been
announced in [22]. It is claimed there that the Weyl upper bound is
satisfied by the counting function Ngz(A) in all higher rank cases also.
Unfortunately, in an early version of this paper, there is a gap, as in
[35, p. 523], in the last step bounding the residual discrete spectrum
associated with rational parabolic subgroups of rank greater than or
equal to 2 (see Remark 7.2.3 below for details). Because of this, we can
prove the Weyl upper bound only in the cases listed in Theorem 1.1.2
and get the weaker upper bound in Theorem 1.1.3 above for other cases.
This weakening of the upper bound on Ny4(A), however, does not affect
the solution of the trace class conjecture announced in [22].

1.2, On the other hand, relatively little is known about lower
bounds for N4(A). Inspired by his upper bound on Ny(\) and results for
G = SL(2,R) (see below), Miiller made the following closely related but
extremely difficult conjecture [36, Remarks 2, p. 180]. (This question
is also raised in [4, §4.7].)

Conjecture 1.2.1. If ' is an arithmetic subgroup of G, then the
Weyl law holds:

e vOlT\X)

fim NaV
(3 +1)

" X077 dime:

— (47)

An interesting corollary of Conjecture 1.2.1 is that the discrete sub-
space L2(I'\ X, o) is of infinite dimension, which is not known in general.

In [45, Conjecture 2], Sarnak made an even stronger conjecture that
under the same assumption, the counting function for the cuspidal dis-
crete spectrum alone satisfies the Weyl law. It seems that it is implicitly
conjectured in [45] that the counting function of the residual discrete
spectrum is of smaller order than the Weyl law (see Conjecture 1.3.1
below).

If T is an irreducible cofinite volume discrete subgroup and the rank
of X is greater than or equal to two, then Margulis’ superrigidity the-
orem [31] implies that I is arithmetic, and hence the assumption that
I' is arithmetic is always satisfied in this case. On the other hand, if
G = SL(2,R) and I'\ X is a Riemann surface, the theory of disappear-
ance of the cuspidal discrete spectrum under a generic deformation in
the Teichmiiller space of I'\ X developed by Phillips and Sarnak [45],
[41] and others shows that the arithmetic assumption on I' is necessary.
In fact, in [51], Wolpert showed that under the multiplicity one assump-
tion on new forms, the Weyl law does not hold for a generic Riemann
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surface which is the sphere with even number of punctures and certain
symmetries.

In view of the results of Efrat for function fields (see [15] for a sum-
mary), it may be necessary to require I' to be a congruence subgroup
in Conjecture 1.2.1.

Conjecture 1.2.1 has been proved only for the following cases:

1. G =SL(2), I" a congruence subgroup, o the trivial representation,
a combination of results of Selberg [46, pp. 668 and 670], Hejhal
[19, Chapter 11], and Huxley [20].

2. G =50(n,1) or SU(1,n), I' a congruence subgroup, o the trivial
representation, by Reznikov [43].

3. G = RyoSL(2) 2 T a congruence subgroup of the Hilbert modular
group (any arithmetic subgroup is automatically congruent in this
case), o the trivial representation, by Efrat [13, p. 6] (the details
are in [14]).

So Conjecture 1.2.1 is still open for a general arithmetic but non-
congruence subgroup I' of SL(2,7Z).
In the above cases, the Weyl law is proved in two steps:

1. Obtain the Weyl-Selberg law from the Selberg trace formula:

—n/2 VO](F\X)

)\n/2’
)

Na(A) + No(A) ~ (4r)

where N (A) counts the continuous spectrum and is an integral of
the determinant of the scattering (or intertwining) matrix.

2. Study the scattering matrix and show that the term N.()) is of
smaller order than \/2 as A\ — +o0.

In the general case, the trace formula in the original sense of Selberg
is not as well developed as in the case of SL(2), though Arthur has
developed a trace formula which expresses the trace of a convolution
operator on the cuspidal subspace and is very powerful for applications
to number theory and automorphic forms (see [1] and the references
there). In particular, the Weyl-Selberg law is not known in general.

’In R;,qSL(2), k is a totally real number field, and Ry/q is the functor of the
restriction of the scalar.
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Another main result of this paper gives bounds for the counting
function of eigenvalues of the pseudo-Laplace operator (Theorem 3.3.2).
This result can be considered as an analogue of the Weyl-Selberg law,
since the spectrum of the pseudo-Laplacian involves both the discrete
and the continuous spectra of the Laplacian. But the second step above
is extremely difficult and seems to be out of reach now.

1.3. To sketch the proof of Theorem 1.1.2, we need to introduce
more notation.

As mentioned above, we assume in the following that I'\ X is non-
compact. Then the space L?(I'\ X, o) can be decomposed into two non-
trivial subspaces:

L*(I\X,0) = L3(T'\X,0) ® LZ(I'\ X, 0),

where A has a discrete spectrum on L3(I'\ X, o) and a continuous spec-
trum on L2(I'\X, o).
The discrete subspace L2(I'\ X, o) has a further decomposition:

Lg(T\X,0) = P\X,0) & L7, (D\X, 0),

CUS(

where L2, (T\X, o) is spanned by the cuspidal eigenfunctions of A,
i.e., those eigenfunctions whose constant terms along all proper rational
parabolic subgroups are zero (§2.3), and L?,,(T'\ X, o) is the orthogonal
complement of L2, (I'\X, o) in L3(T'\ X, o), called the residual discrete
subspace.

In [11, Theorem 1.1] (see Lemma 2.3.2 below), Donnelly proved that
the counting function Ng,s(A) of the cuspidal discrete spectrum, i.e.,
the spectrum of A on the cuspidal subspace L2,,(T'\ X, o), satisfies the

following Weyl upper bound:

CUS(

dimo.

Neus(A) < (47)~ n/2VOl( \X

lim sup
L' +1)

A—+00 An/2

Let Nyes(A) be the counting function of the residual discrete spec-
trum, i.e., the spectrum of A restricted to L7, (I'\X, o). Then

res(
Ny(A) = Neus(A) + Nyes (V).

Therefore, the problem is to bound N,..s(A) and to get the right constant
for Ng(A). Examples, whose residual discrete spectra are understood,
and our work below strongly suggest the following conjecture.
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Conjecture 1.3.1. The counting function of the residual discrete
spectrum Nyes(N) is of smaller order than N2 s A — 400, where
n=dimI\X.

Remark 1.3.2. From the point of view of representation theory of
G, the residual discrete subspace is contained in the subspace spanned
by the complementary series subrepresentations ® and hence the residual
discrete spectrum is contained in the complementary spectrum defined
in [12]. If I'\X is compact, it is proved in [12, Theorem 8.3] that the
counting function of the complementary spectrum is indeed of smaller
order than the Weyl law, i.e., the analogue of Conjecture 1.3.1 holds for
compact spaces '\ X.

To bound the residual discrete spectrum, we introduce a pseudo-
Laplacian (or cut-off Laplacian) Ay, where T is the truncation param-
eter. The domain of A7 roughly consists of those functions whose con-
stant terms along all proper rational parabolic subgroups above height
T vanish (see §3 below for the precise definition). Then the spectrum
of Ar is discrete. By modifying the arguments of Donnelly in [11], we
prove that the spectral counting function of Ap satisfies the Weyl upper
bound and a lower bound of the same order (Theorem 3.3.2), which is
an analogue of the Weyl-Selberg law as mentioned earlier.

Then the problem is to understand the relation between the eigen-
values of A and Ar. All the cuspidal discrete spectrum of A is contained
in the spectrum of Ar since truncating the constant terms above T" does
not affect the cuspidal functions (3.7.2), but the relation between the
residual discrete spectrum of A and the spectrum of Ar is not entirely
clear. Our guiding philosophy below is that Az is a good perturbation
of A and hence that the residual discrete spectrum can be approximated
uniformly by a part of the spectrum of Arp.

To explain our approach to the residual discrete spectrum, we need
to introduce further notation. As above, we assume that G is the real
locus of a reductive algebraic group, and I' C G(Q) is an arithmetic
subgroup.

The space L?(I'\ X, o) can be decomposed according to the associa-
tion classes C of rational parabolic subgroups P and the cuspidal spectra
{1} of the boundary locally symmetric spaces I'j7, \ Xp associated with

3Tt is shown in [49] that tempered subrepresentations of L?(I'\G) is cuspidal, and
hence residual discrete subspace is contained in the space spanned by nontempered
subrepresentations.
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P (see Lemma 2.5.3):
L*(T\X,0) = ) ®LZ(T\X,0),
M .
LEI\X,0) = > @L,(I\X,0).
%
When C = {G}, LA(I'\ X, 0) is the cuspidal subspace L?,,(I'\X, ). For
any 1 <r <rankg(G), the subspace

ST LA(D\X,0) N L3, (D\X, 0),

c
where the sum over C is over all the association classes of rational
parabolic subgroups of rank r, is called the rank r residual discrete
spectrum of A. The above decomposition of L?(T'\ X, o) also induces
a decomposition of the pseudo-Laplacian Ap (§3.8). One significance
of this decomposition of L?(T'\ X, o) is that after this decomposition,
the discrete spectrum of A can be separated away from the continuous
spectrum and the regular perturbation theory can be applied (see the
remarks after Lemma 2.5.3 and Remark 4.2.4).

Using these decompositions and some positivity of the scattering
matrices, we can show that the majority of the rank-one residual discrete
spectrum can be approximated uniformly by the corresponding part
of the spectrum of Ay (Corollary 5.2.7); in particular, Theorem 1.1.2
holds,

If such a uniform approximation also holds for the higher rank resid-
ual discrete spectrum, then the Weyl upper bound Az (Theorem 3.3.2)
implies immediately that the counting function Ny(A) of the discrete
spectrum of A satisfies the Weyl upper bound. We believe that such a
uniform approximation holds, but we can not prove it. Instead, we fol-
low Miiller’s approach in [35] of reducing the bound on the higher rank
residual discrete spectrum to bounds on poles of the rank-one scatter-
ing matrices. Using the above result on the rank-one residual discrete
spectrum, the bound on the eigenvalues of Ar, and the decomposition
of A and Ay induced from Equation (1) above, we can improve the
estimates of Miller and prove Theorem 1.1.3.
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2. Spectral decomposition of L?(I'\ X, 0)

2.1. In this section, we describe Langlands’ theory of Eisenstein
series (2.4), various decompositions of L?(I'\X, o) (2.5), the residual
discrete spectrum as iterated residues of the cuspidal Eisenstein series
(2.6), and some properties of the scattering matrices needed for the
reduction to the rank-one case (2.7).

For convenience, throughout this paper, a function on I'\ X is identi-
fied with a I'-invariant function on X, and the same convention applies
to other quotient spaces.

2.2. Recall from §1.1 and §1.3 that G is the real locus G(R) of a
reductive algebraic group G defined over (Q and satisfying the conditions
in [18, p. 1], and I' C G(Q) an arithmetic subgroup. Fix a maximal
compact subgroup K of G and hence a basepoint zy of X = G/K.

For any rational parabolic subgroup P, let Np be the unipotent
radical of P. Denote the real locus P(R) of P by P, and the real locus
Np(R) of Np by Np. Then P has a (rational) Langlands decomposition
P = NpMpAp such that MpAp is stabilized by the Cartan involution
determined by K, where Ap is a lift of the connected component of the
real locus of the split center of the Levi quotient Np\P of P, and Mp is
a lift of the real locus of the anisotropic part Mp of the Levi quotient.
Denote the Lie algebras of Ap and Np by ap and np respectively. Then
ap acts on np, and the set of roots is denoted by ¥(P, Ap). The half
sum of the roots in (P, Ap) with multiplicity is denoted by pp.

For any g € P, write

(1) g =np(g)mp(g)ap(g) = np(g)mp(g) exp(Hp(g)),

where np(g) € Np,ap(g) € Ap, Hp(g) € ap, mp(g) € Mp are uniquely
determined by g.
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Let Kprp, = KN Mp. Then Kjy, is a maximal compact subgroup of
Mp, and Xp = Mp/Kyy, is the boundary symmetric space associated
with P. *

Since P acts transitively on X, the above decomposition induces the
following decomposition of X:

(2) X:NPXXPXAP,
i.e., any point z € X = G/K can be uniquely written as
z =np(z)ap(z)zp(z)K,

where
np(:L‘) € Np,zp(:L‘) € Xp= MP/KMP7

ap(z) € Ap.

The arithmetic subgroup I' induces several discrete subgroups as-
sociated with the Langlands decomposition of P. Define I'p =T'N P,
'y, =T'p N Np, and I'yr, to be the image of I'p under the projection
P = NpApMp — Mp. Then I'y, is a cocompact subgroup of Np, and
T'arp is an arithmetic subgroup of Mp. The quotient I'ps, \ X p is called
the boundary locally symmetric space associated with P. As mentioned
in §1.1, these boundary locally symmetric spaces form the boundary

—~—RBS
components of the reductive Borel-Serre compactification I'\ X e (see
[24, §7)).

2.3. Let E, be the locally homogeneous bundle over I'\ X defined
by a finite dimensional unitary representation o of K. Let f be an
E,-valued, locally bounded measurable function on I'\ X. The constant
term fp of f along a rational parabolic subgroup P is defined by

(1) fp(z) = / L Jn

where dn is the Haar measure on Np normalized by the condition that
VOI(FNP\NP) =1.

The subspace of L?(I'\ X, o) consisting of all functions whose con-
stant terms along all proper rational parabolic subgroups vanish is called
the cuspidal subspace and denoted by L?,,(T'\ X, o).

cus

*In general, Xp is not of noncompact type; instead, it is the product of a sym-
metric space of noncompact type and a Euclidean space, i.e., Mp is only reductive,
not necessarily semisimple. This is the reason that we start with a reductive, instead
of semisimple, algebraic group G.
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Lemma 2.3.1. The spectrum of the Laplace operator A on
L2, (T\X,0) is discrete, i.e., is of finite multiplicity and has no finite
accumulation point. This spectrum is called the cuspidal spectrum and
denoted by Speceys(I'\ X, 0).

Proof. Tt essentially follows from a result of Gelfand and Piatetski-
Shapiro [17] [18, Theorem 3]. See [4] for a complete proof of this result.
q.e.d.

Let N.yus(A) be the counting function of the cuspidal discrete spec-
trum in L2, (T\ X, o). Then Lemma 2.3.1 implies that Ng,s()) is finite
for every A > 0. As mentioned earlier, Donnelly proved the following

Weyl upper bound on Ngys(A) [11, Theorem 1.1].

Lemma 2.3.2. The counting function of the cuspidal spectrum
Neus(N) satisfies the Weyl upper bound:

a2 vOl(I\X)
TG +1)

. N, .
/\hm sup —— < (4m) dimo
Remark 2.3.3. Donnelly proved this result for locally symmetric
spaces of noncompact type. But the same method works in the slightly
more general situation here. (See also Remark 3.4.3.)

2.4. We now introduce cuspidal Eisenstein series associated with
a rational parabolic subgroup P. Let oy : Ky, — GL(V) be the
restriction of the representation ¢ : K — GL(V). Then ojs defines
a bundle E,,, on I'y,\Xp and the space L?(Tp,\Xp,on) of Ey,, -
valued functions on I'js, \Xp. For any u € Speceus(I'ar, \Xp, oar), and
a cuspidal eigenfunction ® on 'y, \Xp, A® = p®, where A is the
Laplacian on L?(T'ys,\Xp,opr) defined as in §1.1, define an Eisenstein
series

E(P,® A\, z) = Z e(pp+A)(HP(7m))q)(ZP(7x))’
Y€l p\I'

where Hp(yz) € ap and zp(yz) € Xp are the components of yz in the
decomposition of X in Equation 2.2.(2)%, and A € a}% ® C, Re(A) €
pp+apt,apt ={A€ap | (A,a) >0 for all @ € X(P, Ap)}. This series
converges uniformly over compact subsets of (pp + a}" +ia}) x X and
can be continued as a meromorphic function in A to the whole complex
space a}, ® C (see Proposition 2.4.2 below).

"Here Equation 2.2.(2) means equation (2) in §2.2. The same convention applies
to the rest of the paper.
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The theory of constant terms of the Eisenstein series plays an im-
portant role in the spectral theory of I'\X. To state it, we need the
following definition.

Definition 2.4.1. Two rational parabolic subgroups P,Ps are
called associated if there exists ¢ € G such that Ad(g)ap, = ap,. The
set of such isomorphisms between ap, and ap, is denoted by W (ap,, ap,).
For simplicity, W (ap,,ap,) is denoted by W (ap,).

Let P, P4 be two associated rational parabolic subgroups. For any
cuspidal eigenvalue p € U7_;Speceys(Tar, \ X p,, oas,) denote the eigenspace
of p in L2,,(Car;\Xp,,001,) by Ecus(Tar,\Xp,, 001, 11). Then for any
s € W(ap,,ap,) and A € ap ® C, there is an intertwining operator (or
scattering matrix)

(1) CP2,P1 (Sa A) : Scus (FM1 \XP1 s OMy M) — Scus (FM2 \XPz » O My M)

such that for any ® € E.us(Tar, \Xp,,0n,, 1), the constant term of
E(Py,®,A) along Py is given by

(2) EP2 (Plv (I)v Aa :E) = Z 6(5A+pP2)(HP2 (m))CPz,Pl (Sa A)(I)(ZE),

sEW(llpl ,llp2)

where the s action on ap, is defined as follows: For any A € ap, , H € ap,,
(sA)(H) = A(s 'H) (see [18, Theorem 5]).

These intertwining operators satisfy functional equations. Let C
be an association class of proper rational parabolic subgroups, and
Ci,---,C, be the G(Q)-conjugacy classes in C. Let Py, -+, P, be rep-
resentatives of the G(Q)-conjugacy classes. For any 1 < i < r, let
P;i,--- , P, be representatives of the I'-conjugacy classes in C;. Then
P, 1<:<r, 1< <, are representatives of the I'-conjugacy classes
in C. Denote the split component ap, by a;, and ap, by a;. Choose
yiy € K such that Py = yilPZ-y;ll. Then a; = Ad(y;;)a;. By duality,
Ad(y;;) defines a map Ad(y;) : af — a).

For the association class C, define

Speceys(C) = U;:l U;i:1 SpeCCUS(FMil \XPil’UMil)’

called the cuspidal spectrum of the class C. For every u € Spece,s(C),
define

(3) SC’LLS (CZ? /1’) = 69?1.:1801,“3 (FM”\XP” 9 UMil ] /1’)
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For any @ = (@4, - ,®y,) € Ecus(Ci, 1), and A € af ® C, define
ri
E(Pza (I)a A) = Z E(-Pila (I)la Ad(yzl)A)
1=1

Then for 1 <i,j <r, s € W(aj,a;), A € af ® C, the scattering matrix
Cji(saA) : gcus(Cia,U) — gcus(Cj,N)

has entries Cp,, p, (Ad(yjk)s Ad(yqa) Y, Ad(yg)A), 1 < k < rj, 1 <1<
ri, and the constant term of E(P;, ®, A) along P is given as follows:

(@) EBp (P00 = Y LA (05, M) D) 4,
SEW (a;,a;)

where (Cjj(s,A)®);; is the jk-component in the decomposition
Eeus(Cj, 1) in Equation (3) above.

A basic result in the theory of Eisenstein series is the following (see
[18, Theorems 7, 8, 9] and [34, Proposition IV.1.11]).

Proposition 2.4.2.

1. Forany 1 <i,j <r,s € W(a;,uqa;), the scattering matriz Cj;(s, A)
is meromorphic in A € af ® C, whose all singularities lie along
hyperplanes of the form (a, A) = ¢, where a € X(P;, A;) and ¢ is a
constant. Moreover, the singular hyperplanes in the tube domain
over the positive chamber a;-‘+ + \/—_la;-‘ are real and simple.

2. For any ® € E.ys(Ci, 1), the Eisenstein series E(P;, ®, A) satisfies
the functional equation

E(PZ, q), A) = E(P]', Cji(s, A)q), SA)

3. The Eisenstein series E(P;, ®,A) is meromorphic in A € af @ C
whose poles (with multiplicity) are contained in the union of the
poles of Cy;(s,A), s € W(aj,a;5), 1 <j<r.

Remark 2.4.3. To get the spectral decomposition of L2(T'\G) with
respect to all invariant differential operators, one usually requires the
cuspidal function ® in E(P,®, A, x) to be an eigenfunction of all invari-
ant differential operators as in [27] [34] [40]. Since we mainly deal with
the spectral decomposition of the Laplacian on L?(I'\ X, o), we only re-
quire ® to be an eigenfunction of the Laplacian on L?(I" 7, \ Xp, o) to
save notation.



THE WEYL UPPER BOUND 111

2.5. In general,
E(P,®,A,z) ¢ L*(T\X, 0),
though
E(P,®,A,z) € L7, (T\ X, 0).

To get square integrable functions, we need to introduce pseudo-Eisenstein
series. For any function f € C§°(ap), define

E(P,(I),f,fl,‘) = Z f(Hp(’y:E))(I)(ZP(’}/:E)).
Y€l p\T

Lemma 2.5.1 ([18, Corollary to Lemma 26]). For any such f,
E(P,®, f,7) € L*(T\X, 0).

The relation between the Eisenstein series and the pseudo-Eisenstein
series is as follows. Let f( ) be the Fourier transform of f:

/ f(H)e WHer)H) gy,

Then
(1) maaﬁmz/' E(P, f(A)®, A, 2)dA,
Re(A)=X

where X € pp + a}" [18, Lemma 28].

Lemma 2.5.2 ([18, Lemma 39]). Let Py, Py be two rational parabolic
subgroups, and ®1, Py are two cuspidal eigenfunctions on Ty \Xp, and
T, \Xp, with eigenvalues p1, po respectively. Then

(E(P1, @1, f1), E(P2, @2, f2))2 =0
if either Py and Py are not associated, or i # po.

For any association class C of rational parabolic subgroups and a cus-
pidal eigenvalue p € Speceys(C), which is the union of the cuspidal eigen-
values of L?(T'y,\Xp, o) for all the parabolic subgroups P € C, the
pseudo-Eisenstein series E(P, @, f), where ® € E.us(Ta/\Xp, o, 1),
P e, f € C5°(ap), span a closed subspace of L*(T'\ X, o), denoted by
L%, u(F\X ,0). For convenience, the pair (C, ) is called a cuspidal pair.

For each association class C, define

Le(M\X,0) = Y Lg,(I\X,0).
HESpeccus (C)

Then we have the following decomposition of L?(T\ X, o).
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Lemma 2.5.3 ([18, Lemma 45]). With the above notation,

L*(T\X,0) =) @®Lc(T\X,0) = Y _ &L; ,(I'\X,0),
¢ (C.w)

where the second sum is over all the cuspidal pairs (C,u). The Laplace
operator A preserves this decomposition and hence is the direct sum of
the restrictions to the subspaces.

In general, the discrete spectrum of A on L?(I'\ X, ) is embedded in
the continuous spectrum. But after this decomposition of L?(T\ X, o)
in Lemma 2.5.3, the discrete spectrum is separated out. For exam-
ple, if C = {G}, then A has only a discrete spectrum on L2(T'\X, o),
which is equal to the cuspidal subspace L?,,(I'\X, ). For an associa-
tion class C of rank-one parabolic subgroups, the discrete spectrum of
A on L%,H(I‘\X, o) is below its continuous spectrum on L%,H(I‘\X, o)
(see Lemma, 4.2.2 below). For other association classes, it is more com-

plicated (see Remark 4.2.4 below).

2.6. Next we recall the description of the residual discrete spectrum
as iterated residues of cuspidal Eisenstein series. Besides the cuspidal
eigenfunctions and cuspidal Eisenstein series, the residual discrete spec-
trum and the associated noncuspidal Eisenstein series are also needed
to give the spectral decomposition of L?(I'\ X, o).

For any rational parabolic subgroup P, an affine subspace in a}, ® C
is called admissible if it is the intersection of affine hyperplanes of the
form {A € a}, ® C | (a,A) = ¢}, where a € X(P,Ap), and (-,-) is
induced from the Killing form. In particular, the affine hyperplanes
{A € ap ® C| (o, A) = ¢} are called admissible hyperplanes.

A complete flag of admissible subspaces of ap:

F:ap@C=V,DV,.1D---DVy, r=dimap,

is called an admissible flag. For any admissible flag, choose real unit
vectors A; € V;, i = 1,--- ,r such that A; L V;_1. Then for any mero-
morphic function E(A) on a}, ® C whose singularities lie on admissible
hyperplanes, we can define the iterated residue ReszFE along the ad-
missible flag F as follows: E.(A) = E(A), and for ¢ = 0,--- ,r — 1,
Ae ‘/ia

1
Ei(A) =6 /0 Eip1(A+ 6™ 1N 1)d,
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where 0 is a small positive number so that E;i(A + zA;11) has no
singularities for 0 < |z| < §, and

ResrE(A) = Ep(Ao),

where Ag is the unique element in Vj.
By Lemma 2.5.3, to describe the residual discrete subspace
L?,.(T\X, o), it suffices to describe the subspaces

L7es(T\X,0) N LE ,(P\X, 0)
for all cuspidal pairs (C, p). If C = {G}, then

Lg,u(r\x, o) C L?

cus

(T\X, o),
and this intersection
Loy (T\X, 0) N L¢ ,(T\ X, 0)

is empty. We assume that C is an association class of proper rational
parabolic subgroups. Then

L7 ,(T\X,0) N L¢ ,(T\X,0)

is given as follows.

For any P € C, ® € E.us(Ca/\Xp,on, 1), by Proposition 2.4.2,
the singularities of E(P, ®, A) lie on admissible hyperplanes of a}, ® C.
For any r singular hyperplanes H,--- ,H, with N]_;H; = {A¢}, where
r=dimap, set V, =ap®C, and for j =1,--- ,r, V. =HiN---NH;.
Then F : V; D --- Vo = {Ao} is an admissible flag. For every s € W(ap),
s - F is also an admissible flag.

For any f € Cg°(ap), let }(A) be its Fourier transformation which

A
is a holomorphic function on a}, ® C. Then Resz(E(P, ®,A)f(A)) is a

function on I'\ X.

Proposition 2.6.1 ([27, Theorem 7.1, p. 222] [34, Theorem V.3.13,
p. 221)). Let *a¥ be the closed cone in a} dual to the positive cham-

ber alt, i.e., the span of the roots in L(P,Ap). If Ay € Ta}, then
A
the following sum of iterated residues 3 cyy (4,) Ress.7(E(P, @, A) f(A))

is square integrable, i.e., belongs to L2(T\X, o), and is an eigenfunc-
tion of A with eigenvalue |pp|?> — |Ao|? + p. Furthermore, the resid-
ual discrete subspace L2,,(T'\X,0) N Lgyﬂ(F\X,O') is spanned by these
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A
iterated residues - ey (q,) Ress 7 (E(P, ®,A)f(A)) at singular points

Ay in the bounded, closed domain {A € Ta} | |[A| < |pp|}, where
PelC ®eus('m\Xp,o0m,p), and f € C§(ap).

Remark 2.6.2. The sum over W (ap) is necessary for the square

integrability of the residues. In fact, each individual iterated residue
A
Resxz(E(P,®,A)f(A)) may not be square integrable. See [16, Remark

1 at the end of §6] for an explicit example. On the other hand, if
A
rankg(P) = 1 and @ is cuspidal, then Resz(E(P, ®,A)f(A)) is square

integrable and the residual discrete subspace of Lg, ,(I'\X, 0) is spanned
by such residues.

A
Remark 2.6.3. The factor f(A) is inserted because E(P,®,A)

could have nonsimple poles outside the positive chamber a’l‘f. This

phenomenon can be seen in the example of G2 in [27, Appendix III].

Remark 2.6.4. The fact that the singular point Ag is restricted to
the bounded domain {A € *a} | |A] < |pp|} could be briefly explained
as follows: The Eisenstein series E(P,®,A) is holomorphic in A when
Re(A) € pp + a}‘;“. The residues are picked up when the contour of
integration in Equation 2.5.(1) is moved from X\ € pp + ap" to A = 0.
In the process, contours of smaller dimension based at one point A\, are
moved to another basepoint Ay, where A; belongs to an admissible real
affine subspace V' which is the intersection of singular hyperplanes of
E(P,®,A), and )\, is the intersection of this admissible subspace V' and
the subspace spanned by the roots which define V. (See [28] and [27,
Appendix III] for pictures and illustrations of the deformation of the
contours of integration.) So after the whole deformation process, only
iterated residues at points in the above bounded domain are picked up.

Remark 2.6.5. Once we get the residual discrete spectrum, we can
describe the complete spectral decomposition of L%,M(F\X ,o) for C #
{G}. The complement of the residual discrete spectrum in Lg, L(I\X, 0)
is a continuous spectrum. This continuous subspace is spanned by wave
packets of Eisenstein series E(Q, ¥, A), Re(A) = 0, where Q is a ratio-
nal parabolic subgroup containing a group P € C, and WV is a residual
eigenfunction on I'p,\ Xq, which is the residue of an Eisenstein series
on T Mg \X¢ associated with a cuspidal eigenfunction ® on I'p7,\ Xp.
If Q =P, then E(Q,¥,A) = E(P,®,A) is a cuspidal Eisenstein series.
Otherwise, such Eisenstein series E(Q, ¥, A) arise as sums of the iter-



THE WEYL UPPER BOUND 115

ated residues of the cuspidal Eisenstein series F (P, ®, A) along an affine
subspace of positive dimension.

2.7. The above description of the residual discrete spectrum as
iterated residues and Proposition 2.4.2 show that to bound the counting
function of the residual discrete spectrum, it suffices to bound the num-
ber of complete flags of singular hyperplanes of the scattering matrices
C(s,A) in the bounded domain in Proposition 2.6.1.

In the rest of this section, we recall from [18, Chap. V] and [35, pp.
523-525] that the scattering matrices of higher rank parabolic subgroups
can be expressed as products of the scattering matrices of rank-one
parabolic subgroups of some Levi subgroups of G. This reduces the
problem to bounding the poles of the scattering matrices of rank-one.

Let C be an association class of rational parabolic subgroups. Fix a
parabolic subgroup P € C with split component A = Ap. Then there
is a canonical correspondence between the set of rational parabolic sub-
groups whose split components are equal to A and the set of chambers
in a. Denote the chambers of a by Cy,---,Cy, and the corresponding
parabolic subgroups by Py,--- ,P,. Since every parabolic subgroup in
C is G(Q)-conjugate to a parabolic subgroup whose split component is
equal to A, the set of Py,--- ,P, contains a set of representatives of
the G(Q)-conjugacy classes in C in §2.4. For any 1 < i < ¢, denote the
G(Q)-conjugacy class in C containing P; by C;. Then for any s € W(a)
and 1 <14,j < g, we can define a scattering matrix Cj;(s,A) as in §2.4.

Lemma 2.7.1 ([18, Theorem 8]). For any 1 < 4,5,k < q, and
s,t € W(a),
Cji(ts,A) = Cji(t, sA)Chi(s, A).

Lemma 2.7.2 ([18, Lemmas 80 and 115]). For any 1 < i < ¢,
Cii(1,A) = Id. For any 1 < i,j < q, s € W(a), if sC; = Cj, then
Cji(s,A) is holomorphic in A € a* @ C.

Lemma 2.7.3 ([18, p. 123]). For any two chambers C; and Cj,
there exists a chain of chambers Cy,,--- ,C;i, with p < |S(P, Ap)| such
that C;;, = C;, C;, = Cy, and C; and C; are adjacent for | =
1,---,p—1.

+1

From Lemma 2.7.1, we get the following factorization of the scatter-
ing matrices.

Lemma 2.7.4. For any 1 <i,j < q and s € W(a), let Cy = sCj,
and Cj,---,Cj, a chain connecting C; and Cj as in Lemma 2.7.3.



116 LIZHEN JI

Then
(1) Cji(s, A) = Cji(1, sA)Cli(s, A)
2) = Cjoia(L,8A) - i (1,5A) Chi(s, A).

By Lemma 2.7.2, Cgi(s,A) is holomorphic. Since the chambers
Cj,, Cj,,, are adjacent, to bound the singularities of Cj;(s,A), it suf-
fices to bound the singularities of Cj;(1,A) when Cj, C; are adjacent.

Assume that Cj,C; are adjacent. Let Q be the unique rational
parabolic subgroup containing both P;, P; with ag =C; N ?j, in par-
ticular, rankg(Q) = rankg(P;) — 1. Then P;, P; determine two rank-
one parabolic subgroups 'P;,'P; of Mq. Denote the Lie algebra of the
split component of 'P; by 'a;. Then dim’a; = 1. Denote the Mq(Q)-
conjugacy classes of rational parabolic subgroups of Mq containing
'P;,'P; by 'C;,'Cj, and the scattering matrix by C;;(s,'A), s € W('a;),
'A € ("a;)* ® C, where ("a;)* is the dual of ;.

Lemma 2.7.5 ([18, p. 124-125], [35, p. 524-525]). An entry of
the scattering matriz Cj;(1,A) is either zero or equal to an entry of the
rank-one scattering matriz Crjr;(s,’A), where s € W('a;), and 'A is the
restriction of A to'a; ® C.

3. The pseudo-Laplacian Ap

3.1. In this section, we recall the pseudo-Laplacian (or cut-off
Laplacian) Ar introduced by Miiller [35, §3] and show that its count-
ing function satisfies the Weyl upper bound and a lower bound of the
same order (§3.3). This result could be interpreted as an analogue of
the Weyl-Selberg law as mentioned in §1.2. Then we characterize the
eigenfunctions of Ar in order to establish connections between A and
A7 (83.7).

The pseudo-Laplacian Ar is closely connected with Arthur’s trun-
cation operator AT in [2], [39]. In fact, A7 can be defined through AT
(see §3.3).

3.2. Before defining the pseudo-Laplacian, we recall the pre-
cise reduction theory. Let Pi,--- ,P,, be a set of representatives of
[-conjugacy classes of rank-one, i.e., maximal rational parabolic sub-
groups of G. Let a;j =ap,, j =1,--- ,m. Define

m
g = @jzlaj.
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Then for any rational parabolic subgroup P, there is a well defined map
(1) IP t0g — ap

such that if P = Pj, 1 <j < m, then Ip,; is the projection from agy to
the factor ap,, [39, p. 330], [44].

Let p; be the half sum of the roots in ¥(P;, A;) with multiplicity.
Then p; defines a vector Hy, in a; under the duality defined by the
Killing form. These vectors H,,, j = 1,--- ,m, define a unique vector
H, in ag such that Ip,(H,) = H,,.

Fix a large positive number ¢ so that T' = tH, € ag. For any rational
parabolic subgroup P, define

AP,T :{BH € AP | a(H) > a(IP(T))aa € E(Pa AP)}a
Ap ={e" | (Ip(T) — H,V) >0 for all V € a}},

ie., Ag is a shift of the negative of the obtuse cone dual to the dominant
cone Apy = expa’. Using the decomposition X = Np x Ap x Xp in
Equation 2.2.(2), we get a subset Np x AL x Xp in X.

Denote by X7 the intersection NpNp X A}T, x Xp over all proper
rational parabolic subgroups P. Then X7 is a I'-invariant noncompact
submanifold with corners of X of codimension 0 and is the central tile
in [44, Equation (5.1)] associated with the parameter T'.

Proposition 3.2.1 ([44, Proposition 2.2, Theorem 5.7]). Fort>> 0
and T = tH,, the quotient '\ X7 is a compact submanifold with corners
of T\ X, denoted by (T'\X)r.

Intuitively, (I'\X)7 is obtained by chopping off all the cusps at in-
finity at the height 7" and hence is a compact core of I'\X. In the
following, T" will be referred to as the truncation parameter.

Let Py,---,P), be a set of representatives of ['-conjugacy classes of
proper rational parabolic subgroups. Then the precise reduction theory
in [44, Proposition 2.2 and Theorem 5.7] can be stated as follows.

Proposition 3.2.2. For every 1 < 1 < p, there exists a compact
submanifold with corners w; C T'p,\Np, x Xp, which is left Np, -invariant
such that when t is sufficiently large as above and T = tH,, the sub-
set w; x Ap, 7 C I'p\X is mapped injectively into T\X whose image
is still denoted by w; x Ap, 7, and I'\X admits the following disjoint
decomposition:

p
F\X = (F\X)T U Hwi X APi,T-
i=1

117
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3.3. Denote by H'(I'\X, o) the Sobolev space of sections f of the
vector bundle F, such that

/ P 419 fP < +oo.
r\X

For the truncation parameter 7' € ap as above, define a subspace
HL(T\X,o0) of HY(T'\ X, 0) as follows:

Hp(I\X,0) ={f € H'('\X,0) | fp(nza) =0
forn € Np,z € Xp,a € Apr},

where P runs over all proper maximal parabolic subgroups of G. For
a non-maximal parabolic subgroup P, the constant term fp(nza) van-
ishes when a € Ap \ AL, n € Np, 2 € Xp. Roughly, HL(I'\X,0) is
the subspace of functions all whose constant terms vanish outside the
compact core (I'\X)r. (See Remark 3.3.3 for another description of
Hp(T\X,0).)

Since H:(T'\ X, o) is a closed subspace of H'(I'\ X, ), the Dirichlet
quadratic form

D(f)z/F\X|vf|2

restricts to HL(I'\X, o) and defines a self-adjoint operator A7 on the
closure of HL(I'\X, o) in L?(I'\X, o) [35, p. 489]. This operator Ay is
called the pseudo-Laplace (or cut-off Laplace) operator at the height T'.
If G = SL(2,R), this operator was first defined by Lax and Phillips [30],
and used by Colin de Verdiere [7] to study the meromorphic continuation
of the Eisenstein series and the discrete spectrum.

Proposition 3.3.1 ([35, Theorem 3.23]). The spectrum of Ar is
discrete and the counting function Np(X) = [{\; € Spec(Ar) | A; < A}
satisfies Np(\) < (1 + X2),\ > 0, where n = dimT\X and ¢ is a
positive constant.

The main result of this section is the following bounds for the pseudo-
Laplacian Ar.

Theorem 3.3.2. Let Np()\) be the counting function of the eigen-
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values of Ar. Then

7"/2M dimo < lim inf Nr(A)
F(% + 1) A—+00 An/2
) Nr(N)
<l w5
—n/2 VOI(F\X)

L'(g+1)

(4m)

<(4m) dimo.

Only the upper bound for Ny ()) is used in the proof of Theorems
1.1.2 and 1.1.3, but the lower bound is of independent interest. It will be
shown below that N7 (\) involves counting of both the discrete spectrum
and the continuous spectrum of A, and hence this theorem can be looked
upon as an analogue of the Weyl-Selberg law as mentioned in §1.2 (see
Remark 3.5.2 for more details).

In the next two subsections §3.4 and §3.5, we prove Theorem 3.3.2.
In §3.6, we introduce other pseudo-Laplace operators. In the Q-rank-
one case, they are the same as Ar but different in the higher rank cases.
These other operators seem to have nicer geometric properties.

Remark 3.3.3. Let L2(I'\X,0) be the closure of H:(['\X, o) in
L?('\X,0). This subspace can be described by Arthur’s truncation
operator AT, [2, p. 89], [39], [35, pp. 487-489]. Let Py, ---,P, be the
set of representatives of I'-conjugacy classes of proper rational parabolic
subgroups as in §3.2. For each P;, let x; be the characteristic function of
tap ={H €ap, | (H,V)>0forall V e a}ti}, which is the obtuse cone
dual to the dominant cone aﬁi. Then for a large truncation parameter
T as in §3.2, if f is continuous and belongs to L?(I'\ X, o), define

Aﬂf(m) = Z Xi(HPi (’}/:E) - IPi(T))fPi (7*’1;)’

’yEFPi\F
where Ip (T) is the image of T' in a; (see Equation 1 in §3.2), and

p

AT f(x) = fla) + Y (=)™ ePIAL f(x).

=1

A basic property of the truncation operator A7 is that for every maxi-
mal proper rational parabolic subgroup P, (AT f(z))p(nza) = 0 for all
n € Np, z € Xp, a € Apr, i.e., AT f(z) satisfies precisely the vanishing
conditions in the definition of H:(T'\X, o), hence ATf € L4(T\X,0);
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furthermore, A7 extends to an orthogonal projection on L*(I'\ X, o) [2,
Remark, p. 92], and L2(T\X,0) = ATL3'\X,0). Consequently, we
can define H1L(I'\X,0) and hence the pseudo-Laplacian Ar by setting
HL(T\X,0) = HY(T\X,0) N ATL2(I'\X,0). This gives a more direct
relation between the pseudo-Laplacian Ap and Arthur’s truncation op-
erator AT,

3.4. First we prove the upper bound for Np()) in Theorem 3.3.2:
Proposition 3.4.1.

lim sup Nr(y)
A— 400 /2

< (4m)~

Proof. The proof is a combination of the precise reduction theory
and the proof of [11, Theorem 1.1]. Let

p
F\X = (F\X)T U Hwi X APi,T
=1

be the decomposition in Proposition 3.2.2. Let Yy, & > 1, be a
family of smooth compact submanifolds with boundary such that (1)
Yo C Yort1, and U2, Yy, = [\ X, (2) the interior of Y, contains

(M\X)7 U JJws x (Ap, 0 NAFE),

and Yp ; is contained in the interior of
T,
(M\X)7 U JJwi x (Ap 0 AT,

where T, = kH, +T = (k +t)H),.

For every pair of 4 and £, let Y ;. be a smooth manifold with bound-
ary in I'p,\ X such that (1) Y; is invariant under Np,, (2) the image of
Yir in I\ X contains w; x Ap, 7 — Yy, and the images of Y7 4,--- , Ypy,
in '\ X together with Yy cover I'\X, (3) the image of Y;; in '\ X is
contained in the complement of Yj 1, and the image in the split com-
ponent Ap, of points in Y;; is contained in the complement of Ag’;’l
in Ap, and hence shrinks to infinity, and the image in I'ps, \Xp, of
points in Y;; is bounded uniformly for & (in fact contained in a fixed
neighborhood of (FMPi \Xp)7).

For every ¢+ = 1,--- ,p, the homogeneous bundle E, on X induces
a bundle E, on I'p\X. Denote the space of L?-sections of E, by
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L*(T'p\X, o), and the subspace for Y;; by L?*(Y;, o). Define the cus-
pidal subspace H., (i, o) by

cus

H;yy(Yik,0) = {f € H' (Yig,0) | fp =0 for all proper P O P;}.

Since Y; ;, is invariant under Np, and hence all Np for P D P;, the
cuspidal subspace is well-defined. The Dirichlet quadratic form defines
a self-adjoint operator A; x on the closure of H,(Y; x,0) in L?(Y;x,0),
where the subscript N stands for the Neumann boundary condition.

Lemma 3.4.2. The spectrum of A; n is discrete and its spectral
counting function N;(X\) satisfies the following bound:

w3

Ni,k()‘) S 6Z(k)>‘ ) A Z 13

where ¢;(k) — 0 as k — +oo.

Proof. This follows from the same proof of [11, Corollary 7.6]. One
crucial point here is that the component of Y; . is Ap, shrinks to infinity,
while the component of Y; j; in I'nz,, \ Xp, stays bounded as k — +oo0.

Remark 3.4.3. As pointed out recently in [8], there is a possi-
ble gap in the construction of the cuspidal Neumann heat kernel in
[11]. Briefly, the order of the three steps in constructing the cuspidal
heat kernel of X;; with the Neumann boundary condition needs to be
changed to the following: (1) Average the heat kernel of X over I'p,
to get the heat kernel of I'p,\X. (2) Use the method of single layer
potentials to adjust the heat kernel to satisfy the Neumann boundary
condition. (3) Remove the constant term of the heat kernel in Step (2)
to make it cuspidal.

In [11], Step (3) was performed before Step (2). This causes a prob-
lem since after the constant terms are removed, the heat kernel does
not satisfy the bounds needed to carry out the method of single layer
potentials. See [8] for details and also [37, pp. 332-334] for some related
comments.

Proof of Proposition 8.4.1. Denote the counting function of the
Neumann eigenvalues of Yy ;, by No i (A). Since Yy 1, Y1 g, -, Yp 1 form
a covering of I'\ X and the image of Y; j is contained in the complement
of (I'\X)r, we have an inclusion

H%“(F\Xa U) C HI(YUJ%U) D Hclus(Yl,k’U) - Hclus(}/lhk’ U)'
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The principle of Neumann bracketing implies that
P

Np(A) < Nog(X) + ZNi,k(A)-
i=1

Since Yj , is a compact submanifold with boundary,

. N[] k()\) —n/2 VOI(YO k) —n/2 VOI(F\X)
ZORVY SOk T\
m, = = U0 ra Ty <UD Ty

and we get from Proposition 3.4.2 that

lim sup

Nr(\ L evol(D\X) &
Jim sup N0 < (42 0D > i)

+
PE+1) =

Since ¢;(k) — 0 as kK — 400, the upper bound for Ny () in Proposition
3.4.1 follows immediately.

Remark 3.4.4. In an early vision of this paper, the following
slightly different proof of Proposition 3.4.1 was given, which turned
out to be problematic, as explained below.

By the precise reduction theory, for each T > T, we get a covering
of I'\X and hence a bound on Nz (A):

771,/2 VOI(F\X)T/
o3 +1)

(1) lim sup Nr(Y)

< (4
A—+00 An/2 _( ﬂ—)

dimo + ¢(T"),

where ¢(T") comes from bounds on the counting functions of the Neu-
mann cuspidal eigenvalues of the covering of the infinity: w; x Ap, 77,
i =1,---,p (or their slight enlargements). We claimed that since Ap, 7
shrinks towards infinity as 7" — oo, limyr_,o, ¢(T") = 0, which would
imply the Weyl upper bound for N7 (). Hoffmann pointed out recently
that this is not obvious. Actually, ¢(T”) is a product of two factors,
one goes to zero and another to infinity. This can be seen through the
example T'\ X = I';\H? x I'y\H?, where H? is the upper half plane, and
I'\H?, T';\H? are non-compact and have finite volume. The reason
is that when P; is not a minimal parabolic subgroup, as 7! — oo, w;
becomes unbounded, i.e., not enough constant terms are removed on
w; X Ap, v in this upper bound. Briefly, w; is a I'n,, \INp, bundle over
(Carp \Xp,)1, and (I'ar,, \ X p, )7 develops cusps as T' — 50, and hence
these new constant terms associated with the cusps of T Mp \Xp, (or
rational parabolic subgroups of Mp,) need to be removed also. If we
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remove these new constant terms, then the argument is equivalent to
the above proof of Proposition 3.4.1.

Unfortunately, this approach outlined here was also used in [21] to
prove the Weyl upper bound for the pseudo-Laplacian of I'\G. The
above discussions show that the arguments in [21, Proposition 4.3.2]
need to be modified as indicated above or replaced by an analogue of
the proof of Proposition 3.4.1 here. On the other hand, for a fixed
T' > T, Equation (1) gives a bound Np(\) < ¢(1 + A%). Such a bound
(in fact, any polynomial bound) is sufficient for the proof of the trace
class conjecture in [21, Theorem 1.1.2].

The proof of Proposition 3.4.1 combines the covering in [11, p. 243]
and the decomposition in Proposition 3.2.2. Since the constant terms
of functions in H:(I'\X,0) do not vanish along all horospheres, unlike
cuspidal functions, this combination seems necessary.

3.5. Next we prove the lower bound for Nz (X) in Theorem 3.3.2:
Proposition 3.5.1.

lim inf Nr(V)
A——+o00 )\”/2

_ny2 VOl(\ X))
T(Z+1)

Proof. Let H((I'\X)r,o0) be the Sobolev space with vanishing
boundary values. Then it defines through the Dirichlet quadratic form
a Laplacian Ap on L?((T\X)r, o) satisfying the Dirichlet boundary
condition. Let Np(A) be the counting function of the eigenvalues of
Ap. Since (I'\X)7 is a manifold with corners, it clearly satisfies the
segment property (see [42, p. 256] for its definition and applications)
and hence Np(\) satisfies the Weyl law (see [47, Corollary 2.5));

N evol((D\X)) |

dim o.

> (4m)

For every function f in H}((I'\X)r, o), its extension by zero out-
side (D\X)r gives a function f in H'(I'\X,0). We claim that f €
HL(T\X,o). In fact, for any point x € X which is mapped into the
complement of (I'\X')7 in I'\ X and any maximal rational parabolic sub-
group P, by the definition of (I'\X)7 in §3.2, the orbit Npz of x under
Np is also projected into the complement of (I'\ X')7. This implies that
f satisfies the vanishing conditions for the definition of HL(T'\X, o) in
§3.3. This proves the claim. Then the mini-max principle implies that

Nr(A) = Np(A),
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and the lower bound for Nr(\) in the proposition follows from the Weyl
law for Np(A) above.

Remark 3.5.2. It was announced in [22, Theorem 2.4.1] that N7 ())
satisfies the lower Weyl bound also, i.e., vol((I'\ X')7) in the above propo-
sition could be replaced by vol(I'\X). Actually, the arguments only
worked in the Q-rank-1 case, and for the higher rank case, they worked
for a different pseudo-Laplacian (see §3.6 below for various pseudo-
Laplacians in the higher rank case), though we believe that this sharp
lower bound is true. One potential application of this lower bound for
Np()) in Proposition 3.5.1 is to serve as an analogue of the Weyl-Selberg
law as mentioned near the end of §1.2. Specifically, suppose we could
show that all eigenfunctions of Ar are either cuspidal eigenfunctions
of A or truncation by AT of some Eisenstein series, and show that the
contribution coming from the continuous spectrum of A is of smaller
order than \/2, the analogue of Step 2 in §1.2, and that the residual
discrete spectrum of A can be approximated well by the corresponding
part of the spectrum of Ay (see Corollary 5.2.7 below for the rank-1
case). Then the Weyl upper bound of N7 (A) would imply the Weyl
upper bound of Ny(A), and the lower bound for Np(\) would give a
bound
ol (T\X)r)

.. o Na(N)
l f
1m 11 F(% + 1)

- dimo.
A—+00 A2

> (4m)

Since limy_, o vol((I'\X)7) = vol(I'\X), by letting T" — oo, we would
get the desired Weyl lower bound and hence the Weyl law for Ny()\).

Remark 3.5.3. As mentioned in the previous remark, in the Q-
rank-1 case, the pseudo-Laplacian Ar satisfies the Weyl law. In fact,
this Weyl law can be used to derive the Weyl-Selberg law. These results,
together with discussions of other pseudo-Laplacians in the higher rank,
will be treated elsewhere.

Remark 3.5.4. In [21, Theorem 1.2.1], it is claimed as in an earlier
version of this paper that the pseudo-Laplacian A for I'\G satisfies the
Weyl lower bound also. As pointed out in Remark 3.5.2, the arguments
there actually only work for the Q-rank-1 case, and in the higher rank
case, the lower bound in [21, Proposition 4.4.1] should be replaced by a
weaker one that is obtained by substituting vol((I'\G)r) for vol(I'\G).
Since this lower bound for the pseudo-Laplacian of I'\G is not used in
the rest of that paper, in particular, the proof of [21, Theorem 1.1.2],
this change does not affect the paper.
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3.6. In this section, we introduce another pseudo-Laplace operator
Ar. This operator is more geometric and can be generalized to other
spaces, and hence is of independent interests, though not used in this
paper.

By the precise reduction theory in Proposition 3.2.2, I'\X admits
the following disjoint decomposition I'\X = (I'\X)7p U [T?_; wi x Ap, 1,
where wj; is a compact manifold with corners invariant under Np,. Using
this decomposition, we define a subspace I:I%(F\X,U) of HY(T'\X,0)
as follows: HL(T\X,0) = {f € HY(T'\X,0) | for every 4, points w €
wi, a € Ap, 7, and all P containing P;, fp(wa) = 0.} As above, the
Dirichlet quadratic form defines a self-adjoint operator A in the closure
of HL(T\X,0) in L*(T'\ X, 0).

It is conceivable that Ar has a discrete spectrum, and the counting
function N7 (\) of its spectrum satisfies the Weyl law. Though each
w; X Ap, 7 is not a smooth manifold with boundary, it is a manifold with
corners, and it seems that the method of single layers and the procedure
of [11] plus the modification in [8] can still be applied to show that the
spectrum of Ay is discrete and satisfies the Weyl upper bound. On
the other hand, since the removal of the constant terms for functions in
IQT%(F\X ,0) is simpler, it can be shown that Az also satisfies the Weyl
lower bound, and also that Ar depends real analytically on ¢, where
T =tH,.

The pseudo-Laplacian Aq can be generalized to other spaces, for
example, compact perturbations of I'\X and manifolds with corners
whose metrics respect the corner structure. In other words, Ar depends
only locally on the geometry at infinity. On the other hand, it is not
obvious whether the pseudo-Laplacian A7 can be generalized to other
spaces.

To avoid the problems with the corners of w; X Ap, 7, there is another
way to define a pseudo-Laplacian. By slightly enlarging w; x Ap, 1
and rounding off the corners, we can get a covering of I'\ X by smooth
manifolds with boundary. Then we can require the suitable constant
terms to vanish near infinity to define a cut-off Sobolev space and hence
a pseudo-Laplacian. Such a pseudo-Laplacian can also be shown to
satisfy the Weyl law.

In the Qrank-1 case, the three pseudo-Laplacians coincide. But
they are different in the higher rank case. One problem with the latter
two pseudo-Laplacians is that they are not connected to Arthur’s trun-
cation operator AT. These pseudo-Laplacians and their properties will
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be discussed elsewhere.

Remark 3.6.1. This operator A7 was not introduced in the early
version of this paper, but Ar was confused with Ay in several places.

3.7. In order to apply the Weyl upper bound for Ar in Theorem
3.3.2 to study the discrete spectrum of A, we need to understand the
relation between A and Ar.

First we recall the domain of Ap [35, p. 490]. Let H }(T'\ X, 0) de-
note the space of distributions in D'(I'\ X, o) that extend to continuous
linear functionals on H'(I'\ X, o).

Lemma 3.7.1. The domain of Ap consists of all ¢ € HL(T'\X, o)
such that there exists a distribution D € H~1(I'\X, o) which vanishes
on HL(T\X,0) and Ap — D belongs to the closure of H:-(T'\X, o) in
L*(T\X,0). Then Arp = Ap — D.

Lemma 3.7.2. Assume that A € Speceys(A) and ¢ € L?,,(T\X, 0)

with Ap = Ap. Then ¢ € Dom(Ar) and Arp = Ap. In particular,
Speccus(A) - SpeC(AT)'

Proof. Since Ap = A\p € HL(I'\ X, o), the distribution D in Lemma
3.7.1 is equal to zero, and hence Arp = Ap.

3.8. In order to study other eigenfunctions of Ar and their con-
nection with the spectrum of A, we decompose A7 according to the
decomposition of L?(I'\ X, o) in Lemma 2.5.3.

Lemma 3.8.1. For every cuspidal pair (C,p) as in Lemma 2.5.3,
define Hy o ,(P\X,0) = Hp(T\X,0)NLg ,(\X,0). Then Hp(T\X, o)
is equal to the completed sum in H'(I'\X, o) of H%,C,H(F\ng) over all
cuspidal pairs (C, ).

Proof. By Lemma 2.5.3, any f € HL(I'\X,0) can be decomposed
into f =3¢, fou, where fc, € L%,M(F\X, o). Since

v fIE= / V feul?,
/F\X| | %F\X| cul

we have fc, € HY(T'\X, o).

For any cuspidal pair (C, ) and any rational parabolic subgroup P,
either the constant term (f¢,)p of fc, along P vanishes, or for any
fixed a € Ap, (fe,u)p(za) is a cuspidal eigenfunction on Iy, \Xp of
eigenvalue p. This implies that if (Ci, 1) # (Ca, p2), (fei, )P # 0, and



THE WEYL UPPER BOUND 127

(feou)P # 0, then (fe, 4 )p and (fe,,u,)p are linearly independent as
functions on I'ps, \ X p. Therefore, for a € Apr, fp(za) = 0 implies that

(feu)p(za) = 0, and hence f¢, € H%)c,u(F\X,O') for all (C,u). This
completes the proof. q.e.d.

For every cuspidal pair (C, i), the subspace H%’,c, u(F\X ,0) defines a
self-adjoint operator denoted by At ¢ , on the closure of H%’,c, u(F\X ,0)
in L%,M(F\X’ o). We note that when the parabolic subgroups in C are of
rank-one, this operator A, is the operator A; defined in [35, p. 500].
The above lemma shows that A7 is the direct sum of these operators
AT,C,M-

3.9. When C = {G}, Lemma 3.7.2 shows that Ar¢, = A on
L%,H(I‘\X ,0). In this subsection, we study the eigenfunction of Azc ,
when the parabolic subgroups in C are of rank-one. Fix an association
class C of rank-one parabolic subgroups and a cuspidal eigenvalue y €
Speceys(C).

To characterize the eigenfunctions of Ap, we need the truncation
operator AT [2, p. 89], [39] as recalled in Remark 3.3.3. For functions in
L%,H(I‘\X, o), AT can be simplified as follows. Let Py,--- ,P,, be a set
of representatives of I'-conjugacy classes of maximal rational parabolic
subgroups. Then

ATf(z) = f(z) = Y AL f(@).
=1

Recall from [39, p. 370] that a function f € Ly (T'\X, o) is of
moderate growth if for any invariant differential operator D, any rational
parabolic subgroup P and any compact subset w C Np x Xp, there exist
A € a3, independent of D and a positive constant ¢ = ¢(D) such that

for any w € w, a € Apr,
(1) |Df(wa)| < ca®.

A basic property of the truncation operator A’ is that if a function f
on I'\ X is of moderate growth, then AT f decays rapidly at infinity, and
in particular belongs to L?(T'\ X, o) (see [39, Theorem 5.2], [2, Lemma
1.4]).5

°If f satisfies an equation A f = A\f on I'\ X and has an upper bound |f(wa)| < ca®
on every Siegel set wAp 7, then the elliptic theory implies that Inequality (1) above
also holds for all other invariant differential operators D, and hence f is of moderate
growth.
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Denote the unique unit vector in a’l‘;ir by A;. For any
¢ = ((I)la"' 7(1)771)7

where A®; = u®;, ¢; € Lzus(FMi\XPNUMPi)v s € C, define

E(®,5) =Y BE(P,®;,sA;), seC.
=1

Lemma 3.9.1 ([35, Lemma 3.14]). Let E(®,s) be an Eisenstein
series defined above for ® # 0. If for o fixred s and all i = 1,--- ,m,
Ep (®,s,a2) = 0 when a = exp Ip,(T) and z € Xp, then ATE(®,s) is
a nonzero eigenfunction of Ar.c ,, with eigenvalue |pp|? — s* + u, where
|pp| is equal to the norm of the half sum of the roots in X(P, Ap) with
multiplicity for any P in C.

Remark 3.9.2. For a smooth function f of moderate growth, AT f
does not belong to HL(I'\X,0) in general. In the above lemma, the
vanishing condition on the constant terms implies that

ATE(®,s) € H}(T\X, 0).

4. Perturbation of Ar.

4.1. In this section, we show that A7 is a continuous family of self-
adjoint operators in T'. This allows us to study branches of eigenvalues
of Ap. The results in this section are not used in the proofs of Theorem
1.1.2 and 1.1.3, but the behavior of the eigenvalues of A7 as T varies is
interesting in itself.

Lemma 4.1.1. For T =tH,, t > 0, A7 depends continuously on
t, and hence the eigenvalues of Ar depend continuously on t.

Proof.  Since Ar is defined on the closure of HL(I'\ X, o) through
the Dirichlet quadratic form, the eigenvalues of Ar are given by the
Rayleigh quotient and the mini-max principle. Since the vanishing con-
ditions defining H-(I'\ X, o) depend continuously on 7', the eigenvalues
of A7 also change continuously.

Remark 4.1.2. In view of the close connection between the pseudo-
Laplace operator Az and Arthur’s truncation operator A7, and the fact
that for an invariant integral operator of compact support K (z,y) the
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trace of the truncated kernel ATATK(x,v) is a polynomial in T for
sufficiently large t [2, p. 88], it is conceivable that Az depends real
analytically on ¢, where T' = tH .

4.2. We now the study convergence behavior of the continuous
branches of eigenvalues of Ar as t — +o0. Since H:(I'\ X, o) converges
to HY(T'\ X, 0) as t — 400 and the eigenvalues of A7 are given by the
mini-max principle applied to the Rayleigh quotient associated with
the Dirichlet quadratic form D on HL(T'\X, o), it is conceivable that
Spec(Ar) converges to Spec(A) as t — +o00.

Remark 4.2.1. There are different ways to define the convergence
of Spec(Ar) to Spec(A). A weak convergence is to treat them as subsets
of R. Then Spec(A) is a union of finitely points and a half line going
to the positive infinity (the most interesting eigenvalues are embedded
in this half line, the continuous spectrum), while Spec(Ar) is a union
of discrete points. It can be shown that below the continuous spectrum
in Spec(A), the eigenvalues of Spec(Ar) converge to the corresponding
eigenvalues in Spec(A), and the points in Spec(Ar) become dense in
the half line in Spec(A). (See [23] for some related discussions about
the spectral degeneration.) A more interesting question concerns the
behavior of eigenfunctions, in particular those that might converge to
the eigenfunctions whose eigenvalues are embedded in the continuous
spectrum.

By Lemma 3.7.2, Speceys(A) C Spec(Ar). This implies that for any
Aj € Speceys(A), there is a constant branch \;j(T) = A; € Spec(Ar).
On the other hand, the relation between Spec,.s(A) and Spec(Ar) is
not entirely clear.

Let C be an association class of rational parabolic subgroups of
rank-1, and g € Speceus(C). Consider the restriction A¢, of A to
Lg, ,(I'\X, 0) and the corresponding component Az, of Ar in §3.8.

Lemma 4.2.2. The continuous spectrum of Ac,,, on Lgyﬂ(F\X,a)

is [ + |pp|?, +00), and the residual discrete spectrum is contained in
[, 11+ |pp|?), in particular, is outside the continuous spectrum, where
|pp| is the norm of the half sum of the roots in (P, Ap) with multiplicity
for any P € C.

Proof. This follows from the spectral decomposition of La M(F\X ,0)
in Remark 2.6.5. More precisely, E(®, A) satisfies

AB(®,4) = (u+ |op|* — A%)E(®, A).
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Since the continuous spectrum is spanned by E(®,iA), where A is real,
and the residual discrete spectrum by residues of E(®,A) at points in
(0, |pp|], the lemma follows. q.e.d.

Since the residual discrete spectrum of A¢ , is outside the continuous
spectrum and the set of eigenvalues of A7 ¢, converges to the spectrum
of Ac, as t — +oo, we get the following result.

Proposition 4.2.3. Let \y < --- < X, be the residual eigenvalues
in L%,M(F\X, o) repeated with multiplicities, and A\ (t) < --- < A\.(t) the
first r eigenvalues of Arc . Then fori=1,--- r, lim_, 1o Ai(t) = Ai.

It will be shown in §5 that except for at most one of them,
A = Xi(t)] < |ppl*.

Remark 4.2.4. If C is an association class of rational parabolic
subgroups of rank greater than one, then the residual discrete spectrum
of A¢, on Lg, ,(I'\X, o) could be embedded in the continuous spectrum
of Ac . On the other hand, if all invariant differential operators are
considered, then the residual discrete spectrum is not embedded in the
continuous spectrum anymore.

5. Bounds on the rank-1 residual discrete spectrum

5.1. In this section, we show that the majority of the rank-one
residual discrete spectrum can be approximated uniformly by the cor-
responding eigenvalues of Ar and use it to prove Theorem 1.1.2.

5.2. It follows from §3.9 that in studying eigenfunctions of Ar,
the key point is to understand the constant terms of Eisenstein series.

Let P be a maximal, i.e., Q-rank-1, rational parabolic subgroup of
G, and C an association class containing P. Denote the opposite group
NpApMp of P by P, where the Lie algebra np of N, is spanned by
the root spaces of the negative of the roots in ¥(P, Ap). In the notation
of §2.7, P~ corresponds to the negative of the positive chamber aj_f,.
Then P~ € C, and any group in C is G(Q)-conjugate to either P or P .
And P~ is G(Q)-conjugate to P if and only if —1 € W (ap), i.e., W(ap)
contains two elements.

Let Pq,--- ,P, be a set of representatives of the G(Q)-conjugacy
classes in C. Thenr =1or 2. For any 1 <4 <r, let P;;,--- , Py, be a
set of representatives of the I'-conjugacy classes in the G(Q)-conjugacy
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class containing P; as in §2.4. Then Py, 1 < i <r, 1 <1 < 1y, are
representatives of all the I'-conjugacy classes in the association class C.

Let A; be the unique unit vector in af"', 1<i<r. Ifr =1, then
W (ay) = {£1}. Define

(1) C(Z) = 011(—1,2’[\1), zeC.

If r =2, then W(a;) = {1}, i = 1,2, and W (ay, az) = {s}. Define

_ 0 Cia(s71, zA9)
@) C@‘QMWM)H 0?).

For 1 € Speceys(C), define Ecys(C, 1) = @ Eeus(Ci, 1) Then
(3) C(2) : Eus(Cypp) = Eeus(Cyp), ze€C.

By the functional equation in Lemmas 2.7.1 and 2.7.2, C(z) satisfies the
following equations:

(4) C(2)C(—z)=1d, C(2)*=C(z), zeC
For any ® = (®;)/_; € Ecus(C, 1), define
r
E(®,2) =) E(P;, ®;,zA;).
i=1

By Lemma 2.7.2, C;;(1,A) = Id. Then it follows from Equation 2.4.(4)
that for any P;; € C;, the constant term of E(®, z) along Pj; is given by

Ep,(®, 2, 1) —e(#Adi)Aitpir) Hu (@) @,
+ e(72AdWi)Aitpi) Hit(2) (0(2)B) (2,

where ®; = (@)L, C(2)® = (C(2)®)a), i = 1,--- ,r,l =1,--- |1y
For simplicity, define ¢;(z) = (Ad(yi)A)(H;(z)). Since p;(Hy(z)) =
|pir|ti(x) and |p;| are the same for different i and [, we denote |p;| by
|p| and get

(5) Ep,(®,2,1) = e HPt @ @) 4 (24Pt (O(2) ).
Lemma 5.2.1.

1. The poles of E(®,z) are contained in the poles of C(z)®.
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2. The poles of C(z) in the right half plane Re(z) > 0 are simple,
real and contained in the interval (0,]|p]].

3. The residual discrete spectrum in L%’M(F\X, o) is spanned by
Res,,(E(®, z)), where ® € E.us(C, 1), and zy € (0,|p|] is a pole

of C(z).

Proof. Parts (1) and (2) follow from Proposition 2.4.2, and Part
(3) from Proposition 2.6.1 and Remark 2.6.2.  q.e.d.

For u € (0,|p[], C(u)* = C(u), i.e., C(u) is Hermitian symmetric
and hence can be diagonalized. Let uy,--- ,um, € (0,]p|] be the poles of
C(z) in the half plane Re(z) > 0 and d = dim E.,5(C, ). Then we have
the following [35, p. 485 and Proposition 3.6].

Lemma 5.2.2. For u € (0,|p|], there exists an analytic family of
bases ®1(u), -, Py(u) of Ecus(C,p) such that the following hold:

1. Each ®(u) is an eigenfunction of C(u), C(u)®k(u) = Ag(u) Py (u).

2. Ewvery eigenvalue \i(u) is a real valued analytic function in u €

(Oa |:0|] \ {ulv Tt aum}'

3. Near each pole uj of C(u), j =1,--- ,m, Ag(u) has the following
erpansion
o0
kj i
Ne(u) = A > aki(u—uy)’
u — ’u,]' i—0
with pg; > 0. In particular, Ag(u) is singular at u; if and only if
prj > 0.

Proof.  The eigenfunctions ®(u) are not mentioned explicitly in
[35, Proposition 3.6]. But the existence of such analytic families of
eigenfunctions is a part of Rellich’s theorem. (See [26, Chap. 2, §4.5
and 6.2].) q.e.d.

For every 1 <k <d, 1 < j <m with pp; > 0, E(®4(uj),u) has a
nonzero residue Res,; E(®y(u;),u) at u = u; which is an eigenfunction
?, and these eigenfunctions generate the
residual discrete subspace in Lg, LI\X, o).

For each 1 < k < d, denote the poles of Az(u) in (0, |p|] by
Uk, < -+ < Ug,m,, Which are the subsets of the poles uq,--- ,uy, with

pgj > 0. Then for any j =1,--- ,my,

of eigenvalue Ay, ; = p+ |p|*> — u

lim Mg (u) = £oo.

u—rup ;+0
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In particular, if my > 2, then in each interval (uy j_1,ug ;), 2 < j < my,
the value of \x(u) changes from +o00 to —oo. Therefore, for any trunca-
tion parameter T' = tH,,, there exists a point u = uy, ;(t) € (ugj—1, u,;)
such that

(ut]p|)tir(exp I;;(T)) (—u+pl)ti (exp [ (T)) _
(1) e + Ap(u)e 0.

By Lemma 3.9.1, we get the following lemma.

Lemma 5.2.3. For any 1 < k < d with my > 2, 2 < j < my
and uy, ;(t) above, AT E(®y(uy j(t)), ur ;(t)) is a nonzero eigenfunction
of the pseudo-Laplacian Ar with eigenvalue Ay, ;(t) = p+|p|* —uk; ()%

The above discussions show that between every pair of poles
Uk j—1,Uk,j, there is an eigenfunction of Ap. In fact, such an eigen-
function is unique.

Proposition 5.2.4. For 2 < j < my, there exists a unique solution
ug,j(t) in (ugj—1,u ) to the above Equation (1) when t > 0.

Proof. Since H%,C, ,(T'\X, 0) increases and converges to
HNT\X,0) N L¢ ,(T\X,0)

as t — +oo, the mini-max principle implies that the eigenvalues of
At are decreasing functions of ¢ and converge to the spectrum of
Ac,. Let Nre,(X) be the counting function of Arc ,, and Ne¢ ()
the counting function of A¢ . Then, for any A < u + |p|?, which is the
bottom of the continuous spectrum of A¢ , (see Lemma 4.4.2),

(2) Ny u(X) < Ne(N).

Since limy ;0 Ag,1(u) = —oo, we can find a point uy1(t) €
(0,ug,1) when ¢ > 0 such that AT E(®(ug,1(t)), ur1(t)) is an eigen-
function of Ap. As shown above, Equation (1) has at least one solution
in each interval (u; j_1,u; ), and each such solution produces an eigen-
function of Arc . If there are two solutions to Equation (1) in some
interval (u; j_1,u; ), the above inequality (2) will not hold for A slightly
smaller than u + |p|?. This proves the proposition. q.e.d.

As pointed out in the above proof, when t > 0, we can get
ug1(t) € (0,uk1) such that ATE(®g(ug1(t)), uk1(t)) is an eigenfunc-
tion of A7. But it is not clear that such a point uy 1 (¢) should exist for
all ¢ > to.
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Lemma 5.2.5. For 1 <k <d and 2 < j < my, the eigenfunction
(uk, () — ug ) AT B(®p (ug ;i (t), ur,;(t)) of Ar converges to the residual
eigenfunction Resy, ; E(®k(ugj),u) as t — +oo.

Proof. Clearly, when ¢ — 400, uy, j(t) — ug,;, and hence Ay ;(t) —
>‘k,j and

(o (t) — e ) AT E(®p (ugj (1)), un,j(t)) — Resy, , B(Pp(up,j),u).
q.e.d.

Lemma 5.2.6. For every 1 < k < d and 2 < j < my, the branch
Ak,j(t) in Lemma 5.2.5 converging to A\, ; satisfies the following bound:

Mej < Mg () < My + 1ol

Proof. 1t follows from the fact that uy ;(t) € (ug;—1,ur,;) C [0, ]p])-

Corollary 5.2.7. For the residual eigenvalues {\} in L, (I\X, o),
except for at most dim E.,5(C, \) of them, the branches \i(t) above con-
verging to \p satisfy the following inequality:

Ak < Ak(t) < Mg+ ol

Recall that C is an association class of rank-one rational parabolic
subgroups of G. Let Ny¢sc(A) be the counting function of the discrete
spectrum in L2(T'\X, o), Ny cus()) the counting function of

Lgus (Car \XPys o0ay),
and N7 () the counting function of A restricted to the closure of

HL(\X,0) N LET\X,0)

in L2(I'\ X, o) (see §3.8). Then we have the following bound on Ny ¢ (A).

Proposition 5.2.8. For an association class C of rank-one,

r T
Nresc(\) < Nre(h+ o) + ) ) Nieus(M).
=1 1=1

Proof. Tt follows from Corollary 5.2.7 and the fact that for any
® € Eus(C, 1), any residual eigenfunction induced from E(®,A) has an
eigenvalue greater than pu.
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Proposition 5.2.9. Let N)()\) be the counting function of the dis-
crete spectrum in the subspace L%, (T\X,0) &Y . L2(T\X, o), where C

cus
runs over all association classes of rank-1. Then

NL(N) vol(I'\ X)
/\EToo Sup An/2 = (4m) L(g+1) dimo
Proof.  Let Ci,---,Cp, be all the association classes of rank-one

rational parabolic subgroups. Then

Nél(A) = Neus(A) + ZNT@S,CZ'(A)7
=1

m
Ncus(A) + ZNT,CZ'(A) < NT(A)
i=1
Here we have used the fact that L2,,(I'\ X, o) is contained in the domain
of Ay (Lemma 3.7.2) and orthogonal to Lgi(F\X,O'). For each C;, let
P;i,--- ,Pj,, be representatives of the I'-conjugacy classes in C;. Then
Proposition 5.2.8 implies that

Nres,Ci (>‘) < NT,Ci(A + |P|2) + ZNil,cus(A)a
=1

and hence

m T
NJN) < NeO+ 102) + 303 Nius V).
=1 [=1
Since dim Xp, < dim X = n, Lemma 2.3.2 gives that for every pair 4,/
above, .
Nil,cus()\) = O(AdlmXP”/Z) = O(An/Q)

as A = +00. Then the bound for N)()) follows from the Weyl upper
bound in Theorem 3.3.2. qg.e.d.

Proof of Theorem 1.1.2. 1If the Q-rank of G is equal to 1, then
all proper rational parabolic subgroups are of rank-1, and hence all the
residual discrete spectrum is of rank-1. Therefore, Ny(\) = N/ ()), and
the Weyl upper bound on Ng()) is given by Proposition 5.2.9.

If the R-rank of G is equal to 2, there are two cases to consider.
If Qrank of G is equal to 1, then it is a special case of the above
paragraph. If the Q-rank of G is equal to 2, then only the minimal
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rational parabolic subgroups are of rank 2 and hence greater than one.
For any minimal rational parabolic subgroup P, dim Xp = 0, since the
rank of X is equal to 2 and dim Ap = 2. Let C be the association class
containing P. Then the residual discrete spectrum in LZ(T'\ X, o) is of
finite dimension. This implies Ng(A) = N}(A) + O(1), and the Weyl
upper bound on Ny()\) also follows from Proposition 5.2.9.

6. Bounds on the poles of the rank-one scattering matrices

6.1. In this section, we bound the number of poles of the rank-one
scattering matrix on the negative real line, which is needed to bound
the poles of the higher rank scattering matrices in the bounded domain
{A € Ta% | |A| < |pp|} in Proposition 2.6.1, i.e., the higher rank residual
discrete spectrum.

6.2. Let C be an association class of rank-one rational parabolic
subgroups, p € Speceys(C), and C(2) : Eeus(C, 1) — Ecus(C, 1) the scat-
tering matrix defined in §5.2. Then det C'(z) is a meromorphic function
of z.

Lemma 6.2.1 ([35, Theorem 5.10]). The determinant det C(z) is
the quotient of two holomorphic functions of order less than n + 2.

Let u,---,u; € (0,]p|] be the poles of det C(z) in the right half-
plane Re(z) > 0, and let n, k& > 1, be the poles of det C(z) in the
left half-plane Re(z) < 0, both repeated with multiplicities. Denote
dim &Eeys(C, ) by d as above. Fix a truncation parameter 7' = tH, with
t > 0 as in §3.2. Using the functional equation for C(z) and Hadamard’s
factorization theorem, Miiller proved the following result for det C(z).

Proposition 6.2.2 ([35, Theorem 6.9]). There ezists a negative
number a such that

! _
det C’(z’):q‘zl_['z+u‘7 HZ—H?k, z € C,
o1 P T s 2 Tk

where g = 2T D+Ia  gnd hence for v € R,

l
y . Qs 2Re(ng)
— log(det C =1 - '
3, 108(det Oiv) =logg + ]2:: v? +uj ' ; Re(nk)? + (v — Im(nk))?

6.3. We use the above factorization of det C'(z) to bound the
number of its poles on the negative half of the real line.
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Lemma 6.3.1. Let Nrgc,(x) denote the counting function of the
eigenvalues of A, (see §3.8). Then for any V >0,

v
d .
| / - log det C(iv)dv| <2nNrcx(p+ |p|* + V?)
-V
+ (4t]p|V + 47) dim Eys(C, ).

Proof.  Recall that T' = tH, is the truncation parameter. Define
Cy(z) = e 2#IPIC(2). By the functional equation of C(z) in Equa-
tion 5.2.(4), C(iv), v € R, is unitary and hence C.(iv) is also uni-
tary. So Cy(iv) can be diagonalized. Since Cy(z) is holomorphic in
a neighborhood of Re(z) = 0, the regular perturbation theory in [26,
Chap. 2, §4.5 and 6.2] implies that there exist real valued analytic
functions £y (v),--- , B4(v) such that e#1(¥) ... ¢Bi() are the eigenval-
ues of C(iv), v € R. Denote the corresponding analytic branches of
eigenfunctions by ®1(v),--- ,®4(v). Then

d
d . d . /
e log det C'(iv) = 2t|p|d + 7 log det Cy(iv) = 2t|p|d + jg_l B;(v),

and
Vo4 d 1% )
(1) |/V£logdet C(iv)dv| §4t|p|Vd+j;|/Vﬂj(v)dv|.

Each 3;(v) is only determined up to 27Z. Since C,(0)*> = Id, we can
fix B;(v) by picking either 3;(0) = 0 or . For every j = 1,--- ,d, let
vj1 < -+ < vjy,, bethe all the points in [V, V] such that efiv) = 1.
Then

vj1
|/J B}(v)dv| <2,
-V

v
| Bj(v)dv| <2,

Uj,m

Vjn;
|/ ! B (v)dv| <2,
Vj,1
and hence

\%4
(2) | /V Bj(v)dv| < 4 + 27n;.
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For each vk, 1 <k < nj, ATE(®y(vj ), iv;x) is a nonzero eigenfunction
of Ar ¢, with eigenvalue pi+ |p|2+v]2-7 3 in Lemma 5.2.3. Since different
points v;g, 1 < j < d, 1 < k < nj, produce linearly independent
eigenfunctions AT E(®y,(v;4),ivjx) of Arc . we obtain

d
> 2mnj < 2rNpeu(p+ ol + V7).
j=1
Combined with the above inequalities (1) and (2), this completes the
proof of the lemma.

Proposition 6.3.2. For any V > 0, there exists a constant b de-
pending on V' such that the number of poles, counted with multiplic-
ity, of det C(2) in [=V,0] is bounded by b(Nrc . (p+ |pl* + 1) + (¢t +
tlpl) dim Eeys(C, p) + 1).

Proof. For any positive pole u; of det C(z),

1 o0
j 1
/ %dvﬁ/ 2Cl’U:'IT.
_1Uj-|-v _001+U

By Proposition 6.2.2, we get

2Re (k)
|/ logq+ZRe (o - Im(y ))2dv|
k>1

d
< 2w+ |/ — log det C(iv)dv|,
—1 dz

where [ is the number of the poles of det C(u) in (0, |p|] counted with
multiplicity and is bounded by the dimension of the residual discrete
spectrum in Lgyﬂ(F\X,a) (see the discussion after Lemma 5.2.2). By
Corollary 5.2.7, we get

[ < Nreu(p+p*) +d

where d = dim E.,5(C, p). Combined with Lemma 6.3.1, this implies

2Re (k)
1 d
|/ qu—i_l;Re (o — T2 !

< AnNre,(p+ |pl* + 1) + (4t|p| + 57)d.
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If ¢ > 1, then 0 < logq < 2(¢t 4+ 1)d + 1, where we have used the fact
that a < 0, and hence

2Re (1)
/. 2 Ree? + (o — T2
)

< 47TNT,C,u(N + ol +1)
+ (4t]p| + 4t + 4 + 5m)d + 2.

If 0 < ¢ <1, then logq < 0. Since every term

/1 2Re(nx) o
—1 Re(ng)? + (v — Im(n))?

is negative, the same inequality (3) holds.
Let m be the number of poles of det C(z) in the interval [—V,0].

Then
l/V 1
m/ 1 5dv < Z / e 54
—yv L+v M €R,—V<np <0 ¥ 1 M+

2|Re(nk)|
—Z/ Re(m)? + (v — Tm(m)2"""

k>1

Together with the above inequality (3), we get
m < b(Nreu(p+ |pf* +1) + (¢ + tlp]) dim Ecus (C, 1) + 1),
where b is a constant depending on V. This completes the proof.

6.4. Next we estimate the poles of the scattering matrix
C(Z) : gcus(calj') — Scus(caﬂ)

n [V, V] counted with multiplicity and the rank of the residue.

The functional equation in Equation 5.2.(4) shows that for v €
[—V,0], C(v) is Hermitian, and hence there exist meromorphic functions
A1(v),- -+, Ag(v), which are eigenvalues of C'(v), where d = dim &.,,5(C, ).

Proposition 6.4.1. For any V > 0, the number of the poles of
A (v), -+, Ag(v) in [=V,0], counted with multiplicity, is bounded by
V(Nrcu(pn+pl? +1) + (t+tp|)d+ 1), where b is a constant depending
on V', and hence the number of poles of the scattering matriz C(s) in
[—V, V] is bounded by

" (Nreu(p + |p” + 1) + (E+ tlp)d + 1),

where V" is a constant depending on V.
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Proof. By definition, det C(v) = H?Zl Aj(v). For any pole 7, of
C(v) in [V, 0], if none of A;(v) vanishes at 7, then the order of C(v)
at ny is equal to the sum of the order of poles of A\;(v) at ng. On the
other hand, if some A;(n;) = 0, then the functional equation of C(z)
implies that A;j(v) has a pole at —n; > 0. The pole —n; of A;(u) is
simple and gives rise to a residual eigenfunction Res_,, E(®;(n),v) in
L%’M(F\X,o). This implies that A;(v) has a simple zero at 7. Since
different such poles —n; produce linearly independent residual eigen-
functions, the sum of the number of the poles of \j(v), j = 1,--- ,d,
in [—V,0] is bounded by the number of the poles of the determinant
detC(v) in [V, 0] and the dimension of the residual discrete spectrum
in L%,M(F\X’ o). By Corollary 5.2.7, the latter is bounded by

(1) Nreu(p + |P|2) + dim Eeus (C, p).

Combined with Proposition 6.3.2, this gives the desired bound on the
number of poles of C(v) in [V, 0].

On the other hand, the number of the poles of C(v) in [0,V] is
bounded by the dimension of the residual discrete spectrum, which is
bounded by the number in Equation (1) as mentioned above. Combined
with the previous paragraph, this completes the proof of the proposition.

7. Bounds on the higher rank residual discrete spectrum and
proof of Theorem 1.1.3

7.1. In this section, we shall complete the proof of Theorem 1.1.3
by using the bounds on the number of poles of rank-1 scattering matrices
in Proposition 6.4.1 and the factorization of the scattering matrices in
§2.7 to bound the number of singular hyperplanes of the higher rank
scattering matrices and hence the counting function of the higher rank
residual discrete spectrum.

7.2. For any rational parabolic subgroup P of G, denote the
counting function of the cuspidal spectrum of L?(Ty,\Xp,oum,) by
Neys,p(A), and the counting function of the pseudo-Laplacian A for
L*(Tpp\Xp,0np) by Nrp()). For an association class C, the counting
function of the cuspidal spectrum of L2(I'\ X, o) is denoted by Nyys.c(A),
and the corresponding counting function of the pseudo-laplacian Ar by
Nrc(N).

Let C be an association class of rational parabolic subgroups of rank
greater than or equal to 2. As in §2.4, let Cy,---,C, be the G(Q)-
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conjugacy classes in C. Then for every p € Speceys(C), 4,7 € {1,--- ,r},
s € W(aj, a;), there is a scattering matrix

Cij(SaA) : Ecus(cz'a,“) - SCUS(Cjwu‘)v Ae a: ® C.

Proposition 7.2.1. For every A > 0, and an association C of rank
greater than or equal to 2 the total number of singular hyperplanes of all
the scattering matrices Cij(s, A) acting on Eys(Ci, ) with pp < X which
meet the bounded region {A € af ® C | |A| < |ppl|}, is bounded by

C(Z NT,Q(A + |pP|2 +1)+ ZZNcus,’P(A) + 1),
Q Q 'P

where Q runs over a set of representatives of I'-conjugacy classes of all
the rational parabolic subgroups containing a group P in C such that
rankg(Q) = rankg(P) — 1, and for every Q in the first sum 'P runs
over a set of representatives of I'pr, -conjugacy classes of rank-1 rational
parabolic subgroups of Mq, and c is a constant depending only on G
and T.

Proof.  For any pu € Speceys(C) with u < A, we first bound the
singular hyperplanes of the scattering matrices on Eg5(C, ). We use the
notation in §2.7. Let A be the split component of a parabolic subgroup
P € C. Then Lemma 2.7.4 shows that to bound the number of poles of
the scattering matrices for the parabolic subgroups in C, it suffices to
bound the poles of Cj;(1,A) in the region {A € a* @ C | |A] < |ppl},
where C;, C; are adjacent chambers of a.

Let P;,P; be the rational parabolic subgroups corresponding to
C;, Cj, and Q the parabolic subgroup containing both P;,P; with

rankg(Q) = rankg(P;) — 1.

Then P;,P; determine parabolic subgroups 'P;,'P; of Mq as in §2.7.
Lemma 2.7.5 implies that the poles of Cj;(1,A) are contained in the
poles of Cijri(s,'A).

Since the association class 'C is of rank-one, from Proposition 6.4.1
it follows that the number of poles of C';/;(s,’A) in the region {'A €
'a* @ C | |'A| < |ppl|}, counted with the multiplicity and the rank of the
residue, is bounded by

b(NT,’C,u(IJ' + |,0’P|2 + 1) + dimgcus(lcau') + 1)?
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where b is a constant depending only on G and the truncation parameter
T, and Nryc,(A) is the counting function of Apscy (§3.8), P € 'C .
Since

Y Neeuln+lopl? +1) <Y Nrjeuh+ pp* +1)
H<A p<A
:NT,’C(A + |p/p|2 + ].)
<NroA+ |pp> + 1),

Z dim 5cus (,C, N) :Ncus,’C(A)a
<A

we get that for the two adjacent chambers C;, C;j above, the total number
of poles in the region {'A € 'a* @ C | |'A| < |pp|} of the rank-one
scattering matrices Cr;/;(1,’A) for all € Speceys('C) with g < X is
bounded by

b(Nrre(A+ pp|* +1) + Newsye(N) +1) <b(D>_ Npg(A+ |ppl” + 1)
Q
+ ZZNcus,’P(A) + l)a
Q 'P

where Q,’P run over the same set of parabolic subgroups as in the
proposition.

By Lemma 2.7.3, for any Cj;(s,A), the number of the above rank-
one scattering matrices Cr;/;(1,’A) which appear in the factorization of
Cji(s,A) in Lemma 2.7.4 is bounded by a constant which only depends
on G. Thus Proposition 7.2.1 follows from the above bound for the
number of the poles of Cr;1;(1,"A).

Proposition 7.2.2. For an association class C of rational parabolic
subgroups P with rankg(P) > 2, the counting function Nyesc(X) of the
residual discrete spectrum of A in L2(T\X, o) is bounded as follows:

Nrese(N) <Y Nrg+lopPP +1) + > ) Newsyp(A) + 1)renkelP),
Q Q 'P

where Q runs over a set of representatives of I'-equivalence classes of
all the rational parabolic subgroups containing a group P in C such that
rankg(Q) = rankg(P) — 1, and for every Q in the first sum 'P runs
over a set of representatives of Iy, -conjugacy classes of rank-1 rational
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parabolic subgroups of Mq, and c is a constant depending only on G
and T. In particular, as X — +00,

Nyesc(A) = O(1)A™2,

where m is the mazimum of (rankg(Q)+1) dim 'y, \ Xq for all rational
parabolic subgroups Q C G with rankg(Q) < rankg(G) — 1.

Proof. First we note that if 4 > A, the residual eigenvalues
in L%,H(I‘\X, o) are greater than A and hence do not contribute to
Nyresc(A). Proposition 2.6.1 shows that the number of residual eigen-
values in L%,H(I‘\X ,0) is bounded by the number of complete flags of
singular hyperplanes of the corresponding scattering matrices meeting
the bounded region {A € a* ® C | |A| < |pp|}. Then the bound on the
number of the singular hyperplanes of the scattering matrices in Propo-
sition 7.2.1 gives a bound on the number of complete flags by raising it
to the power rankg(P) and hence proves the first bound on Ny c(N)
in Proposition 7.2.2.

To prove the second bound on Ny, ¢(A), we notice that

Nrgh+lppl? +1) = O()AT e e
by Theorem 3.3.2, and
Newsyp(A) = O(1)A2 iy \ Yo
by Lemma 2.3.2. Since dim 'y, ,\X'p < dimI'p1,\ X and
rankg(Q) = rankg(P) — 1 < rankg(G) — 1,
we get that as A — +o0
Nyesc(A) = O(1)A™2,
q.e.d.

Proof of Theorem 1.1.3. Let Cy,--- ,Ci be representatives of asso-
ciation classes of rational parabolic subgroups of rank greater than or
equal to 2. Let N/ (\) be the counting function of combination of the
cuspidal spectrum and the rank-one residual spectrum as in Proposition
5.2.9. Then

k
Na(A) = Nj(A) + > Neese;(N),
=1

and the bounds in Propositions 5.2.9 and 7.2.2 give the bound on Ny(\)
stated in Theorem 1.1.3.
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Remark 7.2.3. In an early version of this manuscript, it was mis-
takenly claimed that Nyesc()) is bounded by the total number of sin-
gular hyperplanes of the scattering matrices which meet the bounded
region {A € a* ® C | |A] < |pp|} above for all the cuspidal pairs (C, i),
1 < A. Since the bound for the latter in Proposition 7.2.1 is of smaller
order than A\™/2, if the rank of C is strictly greater than 1, it would imply
that Nyesc(A) is of smaller order than A2 and hence the Weyl upper
bound is satisfied by Ny4(A). The same problem occurred in [35, p. 523].
Because of this, the bound in [35, Theorem 0.1] should be replaced by
the weaker one:

Ng(\) < (1 + )\%Jr%"rankQ(G))

as mentioned in §1.1.
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