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THE ISOPERIMETRIC PROFILE OF
HOMOGENEOUS RIEMANNIAN MANIFOLDS

CH. PITTET

Abstract

We compute, up to a multiplicative constant, the isoperimeric profile of
(non-compact) homogeneous Riemannian manifolds by constructing “ex-
plicit” exhaustions which give estimates for the distribution of the volume.
For those Riemannian manifolds only three very different isoperimetric pro-
files exist and the isoperimetric profile governs the asymptotic of the heat
kernel decay on the diagonal and vice-versa. By discretisation, the isoperi-
metric profiles of finitely generated discrete subgroups of Lie groups are also
computed.

1. Introduction

1.1 The classical isoperimetric profile

Let X be a complete Riemannian manifold and let 0 < t < vol(X). The
isoperimetric profile of X is

Ix(t) = voll(Islif)zt vol (0%2),
where the infimum is taken over relatively compact domains 2 with
regular boundary Q. Compare [5, pp. 140-143], [16, 4.74]. With the
exception of the simply connected constant sectional curvature spaces
R™, S™, H™ where the infimum is realised by balls, the exact computation
of Ix(t) even for familiar Riemannian manifolds may be problematic.
For example, in the case of real projective spaces with the locally spher-
ical metric, the answer is known and proved only in dimension 2 and
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3 [5, p.141]. See [36], [35] for estimates in the case of periodic metrics
covering the torus.

1.2 Asymptotic invariants

At the beginning of the 80s, M. Gromov {20}, [17] initiated the study
of non-bounded Riemannian manifolds and other metric spaces includ-
ing infinite finitely generated groups with word metrics, up to quasi-
isometry. The emphasis is then on the asymptotic invariants which
capture the large scale geometry of the space [22] and not on the local
structure of the space. For example, the universal cover of a compact
Riemannian manifold and its fundamental group with a word metric
are essentially viewed as the same object. On a finitely generated group
I' with finite symmetric generating set S, the discrete version of the
isoperimetric profile is

Ir(n) = min |09,
[Q]=n
where the minimum is taken over subsets Q of I' of cardinality n and
where

N={yeQ:3se€S:yseT\ N}

See [22] 0.5 and 5.E. From this unified viewpoint, the isoperimetric pro-
file becomes a computable asymptotic invariant -at least for homoge-
neous Riemannian manifolds and finitely generated discrete subgroups
of Lie groups; see Theorem 2.1, which is strongly related to the heat
kernel decay. On a finitely generated group I' with finite symmetric
generating set S, the discrete heat kernel is given by the probabilities

pa(@,y) = Y p(20,21)-p(2n-1, 2n),

204000520

where the sum is taken over the n+ 1-uples of I with 2g = = and z, = y,
and where p(z,y) = |S|7! if 27!y € S and p(z,y) = 0 if this is not the
case.

1.3 Amenability according to Fglner and Kesten

In 1955 Fglner [14] proved that a finitely generated group I' is non-
amenable if and only if for any finite symmetric generating set S there
exists an € > 0 such that

109)] > €]
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for all finite subsets 2 in I'. In 1959 Kesten [29] proved that a finitely
generated group I' is non-amenable if and only if for any finite symmetric
generating set S of I, there is a constant C > 0 such that

pn(e,e) < C’exp(—%)

for all n € N. In 1968 Milnor [32] pointed out relations among the
curvature of a compact Riemannian manifold, the growth of its funda-
mental group and the decay of p,(e,e). The problem he raised at the
end of the paper, namely whether p, (e, €) has an exponential decay if I
is the fundamental group of a compact negatively curved Riemannian
manifold, has a natural solution relying on the isoperimetric profile. In-
deed, let zg be a base point in the universal cover X of X and consider
the unit vector field
Z(x) = grad(d(z, zo))

defined on X \ {zo} where d(z,z) is the distance between z and xo.
As the curvature of X is negative, it follows that there is an € > 0 such
that for all z € X'\ {z9} we have

divZ(z) > e.

Let w be the volume form on X. If Q is a domain in X with regular
boundary 0f2, then the divergence version of Stokes formula shows that

e x vol(Q) < /

divZw = / izw < vol(0N).
Q 0N

This implies the corresponding inequality
100 > €9

(with another constant €) for subsets 2 of the fundamental group of X .
To prove it, consider the orbit of a ball of radius r = diam(X) in X under
the action of the subset 2 C T and the generating set of I' consisting of
the elements v € I" such that d(yzg,xo) < 2 + 1. The results of Fglner
and Kesten mentioned above imply the exponential decay of pnle,€).
Compare with [3], [22, 0.5 C], [38]. Another proof reads as follows. The
fundamental group of a compact negatively curved manifold contains
a free subgroup on two generators [21, 5.3 E], [15, 1.32, 1.38] and the
probability of returning to the origin cannot decrease when passing to
a (finitely generated) subgroup [39)].
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1.4 Varopoulos links between growth, isoperimetry and

heat decay
In 1982 Pansu [34] established the lower bound
3
I(t) > ®
- C

for t > 1 and C a constant for the isoperimetric profile of the 3-
dimensional Heisenberg group with a left-invariant Riemannian met-
ric and the corresponding lower bound for the lattices of this Lie group.
Around the middle of the 80s Varopoulos [51] computed the asymptotics
of the heat kernel diffusion on Lie groups with polynomial growth. He
showed that the following conditions are equivalent on a connected Lie
group with a left-invariant Riemannian metric:

d
JA>1:Vt> 1,% < vol(By) < At?,

d
2

t
IB21:Vt> 1= <pee) < Bt~5,

where d is an integer and B, is the Riemannian ball of radius ¢. He also
discovered close relations between the behaviour of the heat kernel dif-
fusion and Sobolev inequalities. A geometric application of this work is
that on a Lie group with polynomial growth of degree d, the isoperimet-
ric profile (with respect to a left-invariant Riemannian metric) satisfies

d—1
d

t

I(t) 2

Q

for ¢ > 1 and a constant C. See [51] 0.6, p. 348 and references.

1.5 The inequality of Coulhon and Saloff-Coste

In [11] Coulhon and Saloff-Coste give a direct proof, i.e., not using the
heat kernel decay- of this inequality. Moreover, their argument gives
a lower bound for the isoperimetric profile starting from an arbitrary
growth of the balls. For example, if the growth is exponential, the lower
bound they get is
t
I(t) > ————,
®) 2 C'log(t)
where t > 1 and C is a constant. In [37] and [41] it is shown that the
above inequality is essentially optimal in the case of polycyclic groups
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with exponential growth. This raises the question of the existence of
finitely generated amenable groups with an isoperimetric profile bigger

than
t

log(t)
and shows also that to find such an example, the information on the
growth is of no help. In [53], [54], [56], the asymptotic of the heat
kernel decay for a general Lie group is computed. See also [24] and [2].
A surprising % exponent appears:

1

ST < ife,e) < Cexpl(—2),

C

where t > 1 and C > 1 is a constant. Among connected Lie groups,
these asymptotic characterises the unimodular amenable groups with
exponential growth (see Theorem 2.1).

1.6 The functional equation of Coulhon and Grigor’yan

In [18] Grigor'yan and [7] Coulhon obtain, in an abstract setting, a
refined link between the asymptotic of the heat kernel diffusion and the
first eigenvalue of compact domains for the Dirichlet problem. See also
[9]. Their result implies that, under suitable hypotheses on the space
X, the isoperimetric profile I(t) is given (up to multiplicative constants

and for t > 1) by
VA1),

where A(t) is defined by the functional equation

d _ _
2 los(ps ) = A(p),

where p; = pi(z, z) is the heat kernel and z € X is a base point. The
present paper can be regarded as a first step to find out which spaces
fulfil the above ”suitable” hypotheses. On a homogeneous Riemannian
manifold, the above relation between the isoperimetric profile and the
heat kernel is true. We invite the reader to check the predicted corre-
spondences in the three cases of Theorem 2.1. The lambda functions are
respectively A(z) = C where C > 0 is a constant, A(z) = z~¢ where d
is a positive integer and A(z) = log(x)~2. To summarize, the first case
corresponds (in the discrete setting of finitely generated groups) to the
equivalence obtained by applying the theorems of Fglner and Kesten
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cited above. The second case corresponds (for Lie groups) to the equiv-
alences first established through Sobolev inequalities by Varopoulos as
mentioned above. The third equivalence gives a geometric explanation
for the exponent % in the decay

exp(—t3)

if we succeed in making clear what a @3 isoperimetric profile means.
We also prove that the discrete analogous correspondence is true for
finitely generated discrete subgroups of Lie groups.

1.7 The homogeneity assumption

With no homogeneity assumption it is not true that the decay of the
heat kernel determines the isoperimetric profile. For example, in [49] it
is shown, under geometric finiteness assumptions that if

d—1
t 4

I(t) =

Q

for ¢t > 1 and for a constant C, then

sup py(z,y) < Ct

I!y
(for another constant C') but the best known converse seems to be that
if .

suppy(z,y) < Ct™2

z,y

then
4.

16 > 7

02—

(again for another constant C). See [52]. In [6], Carron constructs
a complete Riemannian manifold with positive injectivity radius and
bounded sectional curvature with

[N1[-W

supps(z,y) < t72,
z,y

and he shows that the inequality

a—1
t o
I(t) > —
t) 2 —

for C' a constant and ¢ > 1 fails for any o > %. See also [10].
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1.8 Questions and speculations

We conclude this introduction with a general question. Let X be a
connected complete Riemannian manifold such that the isometry group
G of X acts quasi-transitively, that is, such that the orbit space G\ X is
compact. (Here we do not assume that G is connected.) Let z € X be a
base point. Let p; = p(z, ) be the heat kernel of X on the diagonal at
. Is the isoperimetric profile of X given (up to multiplicative constants
and for large t) by
tv/A()

where A(t) is defined by

d _ _
2 1o8(p ") = Ap, 1)?

Notice that the case of quasi-homogeneous Riemannian manifolds (as
defined above) contains (after suitable discretisations, see (39]) the case
of finitely generated groups. Let us recall why. If F is a finitely gen-
erated free group and if I' = F/R is our finitely generated group, let
B be a compact Riemannian manifold with 7,(B) = F. The Galois
group I' of the covering X — B corresponding to the normal subgroup
R 4 F is quasi-isometric to X. Hence the asymptotics of the isoperi-
metric profile and of the heat kernel on X are essentially the same as
the asymptotics of their discrete analogs on T. Already for metabelian
groups, the asymptotics of p, (e, €) and I(n) can be quite complicated.
It turns out that there are many solvable groups with an isoperimetric
profile much bigger than ﬁ; See [42]. Finding the sharp lower bound
for their isoperimetric pro ie seems to be a difficult task. For example
the metabelian wreath products F'{ Z* where F is a finite abelian group
have

k
Pn(e, ) ~ exp(—n¥+z),

where ~ means bounded above and below up to multiplicative const?nts
and up to periodicity problems. See [42]. Hence A(z) = log(z)™% so

that we expect

n

I(n) ~ —.
log(n)?

What has been proved is that there exists a constant C > 1 such that

I(n) > __71__2_
() 2 Clog(n)®
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for all n» € N and that for many n € N

n

In)<C .
< log(n)*
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2. Statement of the results

2.1 Three classes of homogeneous Riemannian manifolds

We will use the following notation. If f, g : R} — R% are functions, we
write

f(t) 2 g(t),
if there exist constants A > 1 and B > 0 such that for all ¢ > 1 we have

f(t) < Ag(Bt).

If f(t) <X g(t) and g(t) < f(t) we write f(t) ~ g(t) and we say that f
and g have the same asymptotic behavior.

Theorem 2.1. Let X be a connected non-compact Riemannian
manifold which is homogeneous in the sense that its group of isome-
tries acts transitively on it. Then three cases occur and they can be
distinguished either geometrically by the isoperimetric profile, or ana-
lytically by the large time decay of the heat kernel on the diagonal, or
algebraically by the structure of the identity component G of the group
of tsometries of X as follows:

1. I(t) ~ t & p; ~ exp(—t) < G is non-amenable or non-unimodular.

2. I(t) ~ Eé(Tg & pp~ exp(—té) < G is amenable unimodular with

exponential growth.

3. I(t) ~ t%,d ENep~ t"%,d € N & G has polynomial growth
of degree d.
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In terms of the structure of G, cases 2) and 3) above have more
algebraic descriptions but they are also more complicated to state. Up
to taking quotients by compact subgroups and up to taking co-compact
subgroups (see Proposition 3.6) we are left with a simply connected
solvable Lie group S. To such a group correspond naturally a simply
connected nilpotent group N and an abelian group 7. The group T acts
both on S and on N with the property that the corresponding semi-
direct products are equal: ST = NT. If T is non-compact, we are in
case 2). If T' is compact, we are in case 3) and the integer d is given by

[
d=ixrank(N'/N*1),
=1
where N* is the ith term in the descending central series of N. See [1].
(There is a missing hypothesis in Th. 4.2 in [1]. Nevertheless, as T acts

via the adjoint action by semi-simple transformations, the semi-direct
product NT has exponential growth if and only if T is non-compact.)

2.2 Exhaustions by Fglner sets and distribution of the
volume

Much of the paper is devoted to prove the upper bounds in 2) and 3)
for the isoperimetric profile. We prove the following.

Proposition 2.1. Let X be a connected homogeneous Riemannian
manifold. There exists a family of compact submanifolds Q; of mazimal
dimension (with corners) which exhaust the space,

X=J
t>1

and Sbs C Sy if s < t. Moreover, each set Qy is itself ehausted by a fam-

ily of compact submanifolds At of mazimal dimension (with corners)
with the following properties:

Qt= U At,e

0<e<t

and Ay o C Ay if € > €, Ayo = Q4 and there is a constant ¢ > 0
(depending on X only) such that

d(OAser, OAse) > c(€ — ).
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If the connected component of the identity G of the group of isometries
of X is unimodular amenable with exponential growth, then there is
a stmply connected unimodular solvable Lie group S which is quasi-
wsometric to X and for allt > 1

vol(Age) = c(A! — ept)3(t — €)",

vol (8% < C(AH)4 1,

where ¢ > 0, C > 1, A > u > 1 are constants d is the growth degree
of the simply connected nilpotent commutator group S, S], and r is the
rank of S in the sense that S/[S,S] ~ R". If G has polynomial growth
of degree d, then for allt > 1

vol(Ase) = c(t — €),

vol(08Y;) < Ct41,
where ¢ > 0, C > 1 are constants.

Remark 2.1. In the case of polynomial growth the sets A;. are
related to the ; by

At,e = Qt—eD

for some D > 0. In the case of exponential growth there is no s = s(t, €)
such that the sets A; which exhaust A;g are equal to Asp.

Remark 2.2. In the case of a unimodular amenable Lie group G
with exponential growth, the integers d > 1 and r > 1 are not naturally
associated to the bilipschitz equivalence class of X. The simplest way
to see this is perhaps to consider the universal cover of the connected
component of the identity of the group of rigid motions of the plane.
Any left-invariant Riemannian metric on it is bilipschitz equivalent to
the three-dimensional Euclidean space (in fact both groups are regular
covers of the 3-torus) but its commutator subgroup is isomorphic to
R?. (To obtain an example with exponential growth we can take the
Cartesian product of this group with a unimodular solvable group with
exponential growth.) Nevertheless, the existence only of d > 1 and
r > 1 is enough to imply the optimal lower bound

exp(—Ctl/3)

pt(e’e) > C

See [8].



