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ZERO-LOOP OPEN STRINGS IN THE COTANGENT
BUNDLE AND MORSE HOMOTOPY*

KENJI FUKAYA! AND YONG-GEUN OH?

0. Introduction. Many important works in symplectic geometry and topology
are regarded as the symplectization or the quantization of the corresponding results in
ordinary geometry and topology. One outstanding example is the celebrated Arnold
conjecture which concerns the number of fixed points of a symplectic diffeomorphism
or that of intersection points of two Lagrangian submanifolds. The homological version
of the conjecture has been proved in various cases (see [F11-5], [02,3,6], [On] and [PSS],
and [O7] for a survey and references on the Arnold conjecture and Floer homology).
The estimate (in its homological version) predicted by the Arnold conjecture can
be regarded as the symplectization or the quantization of the Morse inequality, and
conversely the latter can be considered as the semi-classical limit and so a consequence
of the former. From now on, we will use the term “quantization” for the similar process
that appear below.

To illustrate this statement, we consider the cotangent bundle of a given compact
manifold and the graphs of exact one forms. The graph of an exact one form becomes
a Lagrangian submanifold of the cotangent bundle with respect to the canonical sym-
plectic structure. Then Floer’s result on the Lagrangian intersections [F11,3] will imply
the Morse inequality. The Lagrangian intersection theory is indeed the intersection
theoretic version of the Morse theory, while the Lefsechtz intersection theory is that
of the degree theory of generic vector fields.

The principle that the symplectic topology and geometry of the cotangent bundle
(or more generally that of symplectic manifolds) is the quantization of the ordinary
topology and geometry of the base, is a general principle which can be applied to
many other situations. The equivalence of the two often holds, when there occurs the
absence of the quantum contribution (or the non-existence of the bubbling phenomena).
In this paper, we will provide another example of this principle in which we prove that
the rational homotopy type of a compact manifold M can be described by the moduli
space of pseudo holomorphic disks with appropriate Lagrangian boundary conditions
in its cotangent bundle T*M. The precise statement of our result is in Section 1.

Our result paves the way to applying the A*-structure introduced by the first
author [Fu2] to the study of the estimate, in terms of the rational homotopy invari-
ant of the base manifold, of the number of intersections of the zero section in the
cotangent bundle and its Hamiltonian deformation. This enables us to go one step
further, beyond the existing homological estimate in the literature, towards the proof
of the original Arnold conjecture which states that the number of the intersections
will be greater than or equal to the Morse number of M. Viterbo [V] and Eliashberg-
Gromov [EG] have also studied this kind of estimate using the generating functions of
Lagrangian submanifolds.
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Furthermore analytical details similar to ours in this paper will be required in the
various versions of the Floer theory in the symplectic geometry and our proof will also
serve there as a cornerstone with obvious but maybe technically tedious modifications.
We refer to [PSS] or [RT2] for the announcement of similar analytical results in the
context of Hamiltonian diffeomorphisms, and to [08,9] for further applications of the
Floer theory to symplectic topology based on such analytic results as one in this paper.

Now we review some of the previous results related to the results in this paper.
Floer [F11-4] defined and studied Floer homology of the general pair (Lo, L;) of La-
grangian submanifolds on a given symplectic manifold (P,w), essentially under the
assumption m2(P) = {e} and m(L;) = {e}. Under this assumption, Floer proved
that Floer homology is well defined and invariant under the Hamiltonian deforma-
tion of L’s. He also proved, under the assumption mo(P, L) = {e}, that if L; is
a Hamiltonian deformation of Lg, then a (slightly modified) Floer homology of the
intersection of the two Lagrangian submanifolds is the ordinary homology of the La-
grangian submanifold L. Floer’s proof (without change) can be applied to the case
of the cotangent bundle P = T*M and to the graphs L of exact one-forms, where the
assumption 7o (P, L) = {e} is automatically satisfied. Subsequently the second author
of the present paper relaxed Floer’s assumption and developed the Floer theory for
the class of monotone Lagrangian submanifolds, which includes Floer’s as a special
case (See [02,3,6]). One difference of the general monotone case from Floer’s is the
existence of non-trivial quantum contribution which changes the Floer homology from
the ordinary homology. We refer to [O6] for some application of the study of the
quantum contribution to the symplectic topology of Lagrangian embeddings.

In the mean time, inspired by a talk by Donaldson [D], the first author further
studied Lagrangian intersections and pseudo holomorphic curves where there are in-
volved 3 Lagrangian submanifolds or more (this problem is also related to the study
of the (gauge theory) Floer homology of 3-manifolds with boundary as was discussed
in [Ful,2,4]), and discovered an A structure on the Floer homology. A% structure
was first discovered by Stasheff in the study of homotopy theoretic structures in the
algebraic topology ([St1]).

As is discussed in [Fu2,3|, the construction of the A structure on the Floer
homology is parallel to that of quantum ring discussed in [R], [RT1] and [KM]: Roughly
speaking, the A* structure on the Floer homology is the 0-loop correlation function of
the (topological) open string while the quantum ring (and the quantum higher Massey
product defined in [Fu3]) is the 0-loop correlation function of the (topological) closed
string. Similar A* structures are discovered independently by various physicists in the
context of the string theory and also by M. Kontsevitch [Ko1,2]. The operad structure
discussed by various mathematicians (see [Ge], [St2], [HL]) is that corresponding to
our A structure in the closed string.

The first author next applied the same construction of this A structure in
the context of the Morse theory. The basic idea is to use several Morse functions
simultaneously and to study the corresponding ordinary differential equations given
by the gradient vector fields on arbitrary trees, which will produce an A* structure
on the ordinary homology group (more precisely on the Morse homology). We call
these constructions the Morse homotopy theory. The idea of using several Morse
functions simultaneously to deduce more information of the topology of manifolds was
independently discovered also by M. Betz and R. Cohen [BC]. It turns out that this
A structure thus constructed on the (co)homology group (in the case of rational
coefficient) is the Morse homotopy analogue of the De-Rham homotopy theory of



98 K. FUKAYA AND Y.-G. OH

D.Sullivan [Su]. Therefore by the result of D. Sullivan [Su] and D.Quillen [Q], it
follows that A* structure determines the rational homotopy type of the manifold.

The main goal of this paper is to show that the Morse homotopy theory on a
manifold M which uses trees as the graphs is equivalent to the open string theory
of 0-loop on its cotangent bundle. In mathematical language, the topological open
string theory of 0-loop means the study of pseudo holomorphic disks with Lagrangian
boundary condition. Therefore our main result (Theorem 1.7) implies that the rational
homotopy type of a manifold can be described also by pseudo holomorphic disks in
its cotangent bundle.

We would like to mention here some more results which are relevant to the present
paper. In [W2], Witten discussed a relation of the 0-loop open string theory to non-
commutative geometry of A. Connes [Co] and hinted for example, that coefficients of
the g-th composition map in the A structure on Floer homology has a cyclic sym-
metry which can be related to the theory of cyclic cohomology in the noncommutative
geometry. Compare this also with Kontsevitch’s paper [Kol]. Subsequently, Witten
expanded this point of view to include the higher loop case in [W4], namely the case of
Riemann surfaces of higher genus, and discovered that the Chern-Simons perturbation
theory developed in [AS], [Ba], [GMM] and [Kol] can be described by the higher genus
correlation function of open strings on the cotangent bundle. Our point of view that
the open string theory is the quantization of the Morse theory can be also applied
to the case of general Riemann surfaces: The higher loop correlation functions in the
topological open string theory on the cotangent bundle are the quantization of the
Morse homotopy of general graphs of higher loop on the base manifold. We refer to
[Fu6], especially Section 8, in regard to this point of view. A more systematic study
of open strings of higher loop is the subject of future research.

The organization of this paper is as follows. In Section 1, we give the definitions of
the two moduli spaces, one that of graph flows in the Morse theory and the other that
of pseudo-holomorphic discs in the symplectic geometry, and state our main result
which asserts their equivalence. In Section 2, we give a brief summary of the A
structure and explain what our main result means to the A® structure. Sections 3
to 17 of the paper are devoted to the proof of the main theorem. Those sections are
divided into two parts.

Part I is devoted to the case in which we concern three Lagrangians and three
Morse functions. In this case, our main theorem asserts that studying the zero-
dimensional part of the moduli-space of pseudo holomorphic disks with the corre-
sponding Lagrangian boundary condition gives rise to the cup product of the base
manifold. Part Iis mainly of the analytic nature. The similar analytic argument will
be required in Part IT where the general case is studied. In Part II, we will not repeat
those analytic details we provide in Part I, but focus only on the new phenomena we
need to handle with. The contents of each sections of Part I and II are in order. In Sec-
tion 3, we provide the appropriate analytical set up of the Sobolev space we use, and
re-state the main theorem in the case of the three Lagrangians. In Section 4, to each
given element of the moduli space of the graph flows, we explicitly construct a map
from a disk to the cotangent bundle which is approximately (pseudo)-holomorphic.
Section 5 is devoted to the error estimate of these approximate solutions. In Section
6, we prove that the linearized operators of the approximate solutions are surjective,
when the moduli space of the graph flow in the Morse theory satisfy appropriate
transversality condition. The (Fredholm) inverse of this linearized equation is studied
in Section 7 where we establish various estimates we need later. Using the estimates
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in Section 8, we find an exact solution in a neighborhood of the approximate solution
defined in Section 3. In Section 9, we prove that every pseudo holomorphic disk in
our moduli space is obtained in this way (in the semi-classical limit). This completes
the proof of the main theorem in the case of three Lagrangians.

One main new phenomenon we must take care of in the general case is that the
domains of the equations have moduli themselves. In the case of pseudo holomorphic
disks, the space of conformal structures on the disc with & marked points on its
boundary has moduli when the number of marked points are bigger than 3, while the
conformal structure is unique if the number of point is 3 or less. Similarly in the case of
the Morse theory, we need to consider the moduli space of metrics on the corresponding
trees. Therefore to compare the moduli space of pseudo holomorphic disks with that
of graph flows, we also need to incorporate these moduli of the conformal structures
on the disk with k¥ marked points on its boundary and of the metric structures of the
relevant graphs.

In Section 10, we study the stratification of the moduli space of metric structures
of the graph. This stratification also induces the corresponding stratification on the
moduli space of the graph flow. In Section 11, we construct approximate solutions of
the pseudo holomorphic curve equation in a way similar to Section 4, where we need
to work on each of the strata separately. Because of the moduli of the domains, the
construction of approximate solutions is more delicate than in Section 3. In Section
12 and 13, we construct exact solutions of pseudo holomorphic curve equation out of
these approximate solutions on each stratum. The main point we need to discuss at
this stage is to prove that the linearized operators at the approximate solutions are
surjective. Again this will follow from an appropriate transversality condition of the
moduli space of the graph flows. This transversality is carefully discussed in Section
12 and exact solutions of the pseudo holomorphic curve equation are constructed in
Section 13.

By now, we have found diffeomorphisms between the two moduli spaces in each
stratum. Section 14, 15, 16 and 17 are devoted to the proof that these diffeomorphisms
can be glued to construct a global diffeomorphism between the two moduli spaces of
pseudo holomorphic disks and of graph flows. We do this in three steps. First,
we provide an identification of the moduli space of conformal structures on the disc
with k& marked points on its boundary and that of metric structures on the trees
(with k exterior edges). Stasheff proved in [St1] that the latter is homeomorphic to
the Euclidean space. We re-prove his theorem and also show that the natural cell
decompositions in the two moduli spaces are dual to each other under the above
identification. This argument involves the theory of quadratic differentials and the
triangulation of the moduli space of marked Riemann surface (See [Mu], [Ha], [P],
[Str] for some explanations on these subjects. Our case is the real version of those
in the literature). This result, in particular, implies that the moduli space of metric
structures on the graphs is a manifold. Using this, we define a smooth structure on the
moduli space of graph flows in Section 15. Finally in Section 16 and 17, we complete
the proof of the main theorem.

Both authors would like to thank Newton Institute for its hospitality, where they
both stayed and where the present work was initiated. They would also like to thank
K. Ono for some helpful discussions.

1. Statement of the main results. In this section, we define two moduli spaces
of our concern, one in the Morse theory and the other in the symplectic geometry. To
describe the Morse theory side, we first introduce the moduli space of metric Ribbon
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trees.
DEFINITION 1.1. A ribbon tree is a pair (T,4) such that T is a treeand i : T —
D? C C is an embedding which satisfy the following :
(1.1.1) No vertex of T has 2-edges.
(1.1.2) ¥ v € T is a vertex with one edge, then i(v) € 0D?.
(1.1.3) i(T) N 8D? consists of vertices with one edge.

~T

FIGURE 1.1

We identify two pairs (7,%) and (7",4'), if T and T" are isomorphic and 7 and ¢’ are
isotopic. Let Gy, be the set of all triples (T',4,v;) where (T, 1) is as above, v; € TNOD?
and T'N 8D? consists of k points.

We remark that choosing v; € T N 8D? is equivalent to choosing an order of
T N 8D? which is compatible with the cyclic order of D? = S'.

DEFINITION 1.2. We call a vertex an interior vertez if it has more than 2 edges
attached to it and call it an exterior vertex otherwise. We call an edge an interior
edge if both of its vertices are interior and call it ezterior otherwise. Let CL,.(T) be
the set of all exterior edges and CL,,(T") be the set of all interior edges. C2,,(T") and
C9 .(T) stand for the set of exterior and interior vertices respectively.

For each t = (T,i,v1) € G, let Gr(t) be the set of all maps £ : C},,(T) —» R*.
We put Grg = |Uicg, Gr(t) and define a topology on it as follows:

Let ¢; € Gr(t). We assume that lim;_, £;(€) converges to £x(e) for all e € C},,(T).
Let t' = (T",4',v1) € Gk be the ribbon tree obtained by collapsing all the edges e in
T such that £o(e) = 0. We define £y, : CL;(T") — Rt by the restriction of £o,. We
then say that the limit of £; € Gr(t) is £o. From the definition, it is easy to see that
Gry, = Uyeg, Gr(t) provides a cell decomposition of Grg. Stasheff [St1] proved that

Gry. is homeomorphic to RF=3. We give an alternative proof of this statement later
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in Section 14, where we also explicitly provide a smooth structure on Gry.
We next introduce the moduli space T s of disks with k£ marked points on the
boundary as follows: We define

{(21,...,2k)€(3D2)k ‘:i#zj’ if i # }
Tok =

1,°++ , 2k Tespects the cyclic order of 0D?

)
~

We use the counter clockwise cyclic ordering for S' = dD2. Here (21, - ,2k) ~
(24,+++,2;) if and only if there exists a biholomorphic map ¢ : D> — D? such that
w(2:) = z.

LEMMA 1.3. T is homeomorphic to RF=3.

Proof. Tt is well known that there exists a unique bi-holomorphic map ¢ : D? —
D? such that ¢(z1) = 1, ¢(22) =v/—1, ¢(23) = —1. Hence we have

zi#zj, fi#]
Tok = 4 (24, ,2) € (0D*)F3 |Im 2; <0,
Re zi+1 > Re 2;

Then the map : Tg — To,k—1 (24, ,2k) — (24, ++ , zk—1) is a fiber bundle and its
fiber is homeomorphic to R. Lemma 1.3 then immediately follows. 0

Our main result of this paper identifies two moduli spaces, one is related to
Morse theory, and the other is related to symplectic geometry more specifically to the
Lagrangian intersection theory. We next define those moduli spaces.

Let fi,---, fr be C*°-functions on M, and g be a Riemannian metric on M. We
assume that f;11 — f; is a Morse function for each 7. (Here we put fr+1 = f1.) An
element of My(M : f,p) is a pair ((T,i,v1,£),1) of elements of (T, %,v1,£) € Gri, and
amap I : T — M satisfying the Conditions (1.2.1), (1.2.2), (1.2.3) below.

(1.2.1) I is continuous, I(v;) = p;.

Before stating two other conditions, let us fix some notations. The set D? —i(T')
has k connected components. We denote them by D; where the closure D; contains v;
and v;+1. We define a metric on T such that the exterior edge is isometric to (—oo, 0]
and the interior edge e is isometric to [0, £(e)].

For each e € C},,(T) we fix its orientation with respect to which the 2 vertices
1(e) and o(e) are determined so that e goes from 4(e) to o(e). Note that for each given
edge e there are two of the domains D; such that its closure contains e. We define the
integers lef(e) and rig(e) so that the closure of Dj.¢(.) contains e and Dy.y () is on
the left side of e with respect to the orientation of e and R?. The definition of rig(e)
is similar (Figure 1.2). There are k exterior vertices. Let e;’s be the exterior edges
containing v;. Then we may set lef(e;) =1+ 1, rig(e;) = i.

Now two other conditions for ((T'i,v1,£),1) to be an element of M,(M : f,p)
are given as follows:

(1.2.2) Let e; € CL,, and identify e; ~ (—00,0]. Then

dl|e,
% = —grad(fiy1 — fi).

(1.2.3) Let e € C},, and identify e ~ [0, £(e)]. Then

dl|e,
% = —gl'ad(flef(e) - f"ig(e))'
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leg(e)

FIGURE 1.2

We have a natural projection
T Mg(M : f,p) = Gry.

THEOREM 1.4. For generic fi, -+, fr, the space My(M : f,ﬁ) is a C*°-manifold
of dimension

k
Z,U(Pi) —(k—=1n+(k-3)

such that = becomes a smooth map where n = dim M.

Here pu(p;) = p(s,4,—7)(pi) is the Morse index of the critical point p; of fiy1 — f;
for i = 1,---n( mod n). This theorem was stated without proof in [Fu2, 3, 5]. We
will prove it in §15.

We next define another moduli space M j(T*M : K‘, P*) in the symplectic geom-
etry side. We let AS be the graph of edf; C T*M. This is a Lagrangian submanifold.
For each critical point p of f; — f;, we can associate a point z¢ in the intersection
A$N A5, Namely for a critical point p; of fi+1 — fi, we put § = (p;, €df;(p;)) which is
a point in the intersection A; N Ag,,.

We now take an almost complex structure J that is compatible to the standard
symplectic form w on T*M and define

DEFINITION 1.5. The moduli space Mj(T*M : A<, Z€) consists of the pairs
([21,- -+ »2k),w) of elements ([z1, - , 2] € To,x and a map w : D* - T*X satisfying
the following conditions (1.3.1), (1.3.2) and (1.3.3) (We remark that 8D?—{z1,-- - , 21}
consists of k connected components.): Let 8;D? be the component whose closure con-
tains z; and 2z;41.

(1.3.1) w(z;) = p§.
(1.3.2) w(8;(D?)) C As.
1.33) JoTw=Two J.
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Again there is a natural map
M(T*M : K¢, 5) = To .-

THEOREM 1.6. For generic f;, the space M j(T*M : K¢, 7€) is a C® manifold

of dimension
k

S ) - (k= n+ (k-3)
i=1
where u(p;) are the same integers as in Theorem 1.4.

The proof of this theorem in general involves a transversality argument under
the perturbation of boundary conditions rather than under the perturbation of almost
complex structures, and some index calculation. See [O4, 5] for this transversality
argument for k£ = 0 case and [O9] for an index calculation relevant to the dimension
formula in this theorem. We will not give the complete proof of Theorem 1.6 here,
because in the case of our main theorem in which ¢ will be assumed to be sufficiently
small, we can prove it in a different way (during the proof of main theorem.)

We now restrict ourselves to the canonical almost complex structure J = J, on
T*M that is naturally induced from the Levi-Civita connection of the metric g on M.
From now on, we will always assume, unless otherwise specified, that J is this canonical
almost complex structure. We first note that if a Riemannian metric g is given to M,
the associated Levi-Civita connection induces a natural almost complex structure on
T*M, which we denote by J, and which we call the canonical almost complex structure
(in terms of the metric g on M). We are going to fix the Riemannian metric g on M
once and for all. This canonical almost complex structure has the following properties:

(1.4.1) Jy is compatible with the canonical symplectic structure w on T*M.
(1.4.2) For every (q,p) € T*M, J, maps the vertical tangent vectors to horizontal
vectors with respect to the Levi-Civita connection of g.
(1.4.3) On the zero section opy C T*M, J, assigns to each v € T;M C T(4,0)(T*M)
the cotangent vector J,(v) = g(v,-) € Ty M C T(4,0)(T*M). Here we use the canonical
splitting

Ti0)(T*M) = T,M & T M.

Now we are ready to state our main theorem.

THEOREM 1.7. Let J = J, be the canonical almost complex structure on T*M
associated to the metric g on M. For each generic f = (fi) and for sufficiently small
€, we have an oriented diffeomorphism M,(M : f,ﬁ) ~ My;(T*M : Kf,:i’f).

2. A®-structures. Here we briefly discuss the definition of A®-category and
show that our main theorem provides an isomorphism between two A®-categories,
one in the Morse theory and the other in the Lagrangian intersection theory. We refer
to [Fu2, 3, 5] for more details on A>-categories.

DEFINITION 2.1. An A®*-category € consists of a set OB the set of objects and
a cochain complex C*(a,b) for each a,b € OB (that is the set of morphisms) and a
map

(2.1) q* : C*(co,¢1) ® -+ ® C*(c—1,cx) = C*(co, ck)
of degree —(k — 2) such that

(dg* — (-1 ¢*d) (@1 ® - ®z) =Y (1) (1@ ¢ (i @+ ®Tig;) -+ O )
o
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In the case in which there is only one object, the A®-category is called an A*-algebra
(This notion was introduced by Stasheff [St1].)

Our moduli spaces defined in Section 1 can be used to define A*°-categories. More
precisely, we will define topological A®-categories as follows.

DEFINITION 2.2. A topological A®-category consists of a topological space OB
and a chain complex C(a, b) for each pair a, b in a Baire subset of OB, We assume
that they satisfy the properties in Definition 2.1 if (¢1,- - - ,ck) is contained in a Baire
subset of OBF. We also assume that ¢* is locally constant with respect to ¢; where it
is defined.

We first consider the case of the Morse theory and define an A% category MG (M)
for each Riemannian manifold M. Our object in this case is the set of all smooth
functions C*®°(M). For almost all pairs f,g € C®(M), the difference f — g is a
Morse function and its gradient flow is a Morse-Smale flow. Hence we can define its
Morse-Witten complex C.(M : f — g). Recall that the group Cr(M : h) is defined by

Cr(M : h) = the free abelian group genererated by Critg(h)

where Critg(h) is the set of critical points of the Morse index k (See [Mi], [F13], [W1]
or [Sc] for more details). Let us then define the dual complex

Ck(f,g) = Hom (Ck(M : f - g))Z)'

Note that this dual complex can be canonically identified with Caimam—k(M : —(f —
9)) = Cdimm—r (M, g — f) and so we will take

Ck(fag) = Caimm—£(M : g— f)

as the definition in this paper.

Now our k-th composition map ¢* is defined as follows: For each p; € Crit(M, f;11
—fi)fori=1,--- ,k+1( mod n = dim M), we count the number of zero dimensional
components (which can be shown to be compact (and so finite) later). We denote this
number by §Mgy(M : f, D). In terms of the definition

C*(fi, fix1) = Cneu(M : fiy1 = fi),

p; has degree n — p(ys,,, _5y(pi) for i =1,--  k and pry1 € Cu(f1, fr) = Ce(frt1, fr)
has degree iy, ., —f,)(Pk+1)- Therefore from the dimension formula in Theorem 1.4
which can be re-written for (fi,---, fr+1) as

k
dimMy(M : f,9) = p(prs1) — D _(n ~ p(ps)) + (k — 2),
Jj=1
we derive that dim M, (M : f,5) = 0 when

k
(2.2) deg (pe+1) = Y deg (p;) — (k —2).

j=1

Now we define our k-th composition map ¢* by

(2.3) (1] ® - ©[pr]) = Y_tMg(M : f,9)[pr1]

where the sum is taken over all (py, -+ ,pr+1) satisfying (2.2). Using Theorem 1.4
and the description of compactification of My(M : f,p), one can prove by the stan-
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dard compactness and cobordism arguments that they satisfy the axioms of the A%
category in Definition 2.1 (See [Fu2] for some details.)

We next discuss the A category in Lagrangian intersection theory. The con-
struction is based on the Floer homology of Lagrangian intersections. There is some
difficulty in defining the Floer homology for general Lagrangian submanifolds in gen-
eral symplectic manifolds as pointed out by the second author [02] (even if we assume
that the symplectic manifold is semi positive), which requires various restrictions on
the Lagrangian submanifolds. To avoid such trouble in this paper, we consider only
the case in which the Lagrangians are the graphs of exact one forms in the cotangent
bundle, which is relevant to our main theorem. As we mentioned in the introduction,
the construction of the Floer homology is well-defined in this case. Now the definition
of the A category 69 (T™* M)y is as follows:

Its objects are graphs Ay of exact one forms df. For two objects Ay, Ay, we define
the morphisms

C*(As,Ag) = CF"(Ag,Ag)

where CF*(Ay, Ay) is Floer’s cochain complex with an appropriate grading.

Recall that as an abelian group CF*(As, Ay) can be identified with CF,_,(Ay,
Ayf) (by a chain isomorphism) that is generated by the intersections of the two La-
grangians Ay, and Ay,. Now we are ready to define the (higher) composition g*. Let
x; € A; N Ayyq) regarded as an element in C*(A;, A;+1). We define similarly as in the
case of Morse theory

(24) ¢ ([21]® - ® [w]) = D IMs(M : f,P)zes].

Again the sum is taken over those z; = (p;,df;(p;))’s where the p;’s satisfy (2.2),
which will imply that M j(M : f:i:‘) is O-dimensional. Furthermore by the same kind
of degree counting as in the case of Morse theory, it follows that ¢* has degree —(k —2)
if we use the grading on C*(Ay, A) transfered from the Morse grading above.

To establish that the map ¢* is really well-defined and satisfies the axioms in
Definition 2.2 with Z-coefficients in general, we need to prove a more general version
of the index formula than in Theorem 1.6, which will replace the Morse index u(p;)
by the Maslov-type index of the Lagrangian intersections, and to study coherent ori-
entations and compactification of the moduli space. This itself should constitute a
nontrivial amount of work and so we will just use our main theorem to transfer here
the corresponding results in the Morse theory (which is much easier to prove) for the
case in which f;’s are sufficiently small. We will refer elsewhere for the complete proof
of the fact that ¢*’s satisfy all the axioms of the A% category.

At least, we can state here the following result which is an immediate translation
of our main theorem.

THEOREM 2.3. MS (M) is isomorphic to a sub-category of SYP(T*M)o.

Remark 2.4. Although we call 6 (T* M) and MS(M) A categories, they are
in fact very close to A® algebras. This is because there exist canonical isomorphisms
between the objects in the above A®-categories.

PART I: CUP PRODUCT

3. Preliminaries. In this Part I, we will consider M4(M : F1P) and My (T*M :
K, Z) for the case k = 3. We first recall the definitions of Mg(M : f, P) and M ;(T*M :
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A, %) for k = 3, where

f: (f17f27f3),ﬁ: (pl,p%p),]\‘ = (A17A27A3) a‘nd 5’: = (.’171,(32,1‘3).
For a given tree T with 3 edges,

FIGURE 3.1

we identify (or give coordinates of) each edge with (—oo,0]. For each given metric g
on M, we consider the map

I:'T—->M

such that the restriction x; = I]¢; to each edge e satisfies the equation

{ L4 = _grad, (fz+1 i)

(3.1) lim xi(r) =p

where e; is the edge between i*® and (i + 1)* domains with i counted mod 3. By

definition, My (M : f,f)’) is the set of all such maps I as above. Geometrically, one
can also identify this set with

ﬂ e (Fir1 — fi)

where W (h) is the unstable manifold of the gradient flow of the function A at the
critical point p € M.

Next, we describe My(T*M : A,Z). We denote by D? the closed unit disc and
let {z1,29,23} C aDgﬁ three distinct fixed points in D? in the cyclic order with
respect to the orientation of #D? induced from the complex orientation of D2 C C. It
is convenient and essential for the later analysis to conformally identify D?\{z1, 22, 23}
with a domain, denoted by ©, with 3 cylindrical ends, see Figure 3.2.

We denote the three boundary components of © by £, s and £3 denoted as in Figure
3.2. We will also denote by co; the point at infinity in © that corresponds to the point
z; in D? under the given conformal identification.

Now for a given almost complex structure J that is compatible with the canonical

symplectic structure w on X =T*M, we define the set

My =Mjs(X:Ah)
:{w:®—>X[5Jw=0,w(€i)CAi and /ew*w<oo}
and for given & = (z1,%2,x3) with z; € A; N Ajta,
My(@) = Ms(X : K, 3) = {w € Ms(X : K) | w(oo;) = 23, i = 1,2,3).
We will be particularly interested in the Lagrangians

A§ := Graph(edf;), 1=1,2,3
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FIGURE 3.2

for a small positive parameter ¢ > 0. We also fix the canonical almost complex
structure J = J, associated to the metric g on M.

The main goal of Part 1 is to prove the following theorem.

THEOREM 3.1. Let g be a fized Riemannian metric on g and J = Jy be the
associated canonical almost complex structure on T*M defined as in (1.4). Suppose
that fiy1 — fi are Morse functions and that the unstable manifolds W, (fiy1 — fi) of
the gradient flow of f;’s for i =1,2,3( mod 3) intersect transversely, i.e., we have

3
(3.2) I (W,;,(fi+1 - fi)) MA in MxMxM
i=1
where A C M x M X M is the diagonal A = {(¢,q,q9) | g € M}. Then there exists
some €y > 0 such that for any 0 < € < €p we have a diffeomorphism

B My(M : f,7) = Ms(X : K, ) := M5
where .
A* = (A}, A5,A3) 3 = (af, 25, 25).

Here we note that if € is sufficiently small, there is a natural one-to-one corre-
spondence between the sets Crit(f;+1 — fi) and A5, ; N A5. The z§’s above are those
corresponding to p;’s respectively. In fact, we have

x5 = (ps, edfi(pi))-

We will prove this theorem by a version of the gluing construction to produce
elements in M j(X : A%, Z°) whose images are close to those in My(M : f,p). There
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are two subtleties in this proof: The first one is to deal with a degeneration into one
dimensional objects, which requires delicate estimates involving weighted norms in the
proof. The second is more serious, in that it is not obvious at all at first sight what we
should glue near the intersection point of the gradient lines to produce approximate
solutions. In most of other gluing problems, it has been quite clear to guess what the
appropriate approximate solutions should be.

Now we explain the analytic set-up we are going to use in the gluing construction
mentioned above. We denote by ©; the ith cylindrical region of © and give the
coordinates (7,t) on ©; = (—o00,0) x [0,1]. We also denote

0;(0)={2€0;| —0<T< -0}, i1=1,2,3
3
©0(8) = 0\ | 0:(3)
=1
and

©;(61,02) ={z€0;| - <7< —(51}

for §’s positive. We choose a metric on X = T*M, which is compatible with the
symplectic structure w so that the Lagrangians A; are totally geodesic near intersection
points. Note that when we consider a family of Lagrangians A§, we have to vary the
metric to make the latter condition satisfied. If w(co;) = x;, ¢ = 1,2, 3, then we can
express :

w(r,t) = exp,, §(7,t)
for some £ that satisfies Lagrangian boundary conditions
(33) 5(7-, 0) € Tz.' Ai, E(Ta 1) € Ta:.'Ai+1-

This is because we require that A;’s are totally geodesic near the intersection point
with respect to the metric g. We now define

FlP = Flo(X : K, 3) = {w 10 = X |w(l;) C Aj, w=exp,, { with
[I€le:()ll1,p,e < oo for some R > 0}

where we define the norm || - ||1 5, as follows:

”é”o,p,e = ('/(:)ezlélp)l/p

i/p
l€lne = ( [ et +erivep)
)
Similarly for one forms 5 € Q! (w*TX), we define
1/p
Il = ( [ &7l

_ 1/p
Il = ( [ &7inl +=27iwmr)

One crucial point of taking these norms is that the ordinary Sobolev norm of the
rescaled &, £(u) := £(%) is the same as the weighted norm of ¢, i.e

and

”g”k,p;[O,e] = ||€||k,p,e;[0,1]-



OPEN STRING AND MORSE HOMOTOPY 109

The same applies to 5. Choosing right weighted norms is the most convenient way of
dealing with general singular limit problems like ours. As in [F11], one can prove that
FLP becomes a Banach manifold modeled by W} (w*TX),

WP (w*TX) := {€ € Aw*TX) | £(t:) C TAy, ||€ll1,p,e < 00}
and the map
8y : FMP o HP(w*TX) := IP(ACVT*0 ® w*TX)

becomes a smooth section of the vector bundle

T HP - FhP
where _ 5

H = | H@TX).

weFLP
The following propositions will be the main tools to prove Theorem 3.1, which are
well-known tools in the literature. Here, we adapt Theorem 3.34 and Proposition 3.35
in [MS] to our purpose.

PROPOSITION 3.2 [THEOREM 3.34, [MS]] Let p > 2. Then for every constant
co > 0, there exist constants 6 > 0 and C > 0 such that the following holds. Let
w:0 — X be a map in FP and

Qu : HP = T, F? = WHP(w*T X)
be a right inverse of
Dy := D3j(w) : TuFP — ﬁf
such that Dy, 0 Q,, = id and
1Qull < co, IDwllzz < co, l[Bs(w)llLz < 6.

Then for every £ € Ker Dy, with ||E]|1,pe < 6, there exists a section £ =Qune
WP (w*TX) such that
35(expy, (€ + Qun)) = 0, |Qull1p,e < ClIBs(expy, &)llo,p,e-

PROPOSITION 3.3 [PROPOSITION 3.35 [MS]] Letp > 2. Then for every constant
co > 0 there ezists a constant 6 > 0 such that the following holds. Letw : © — X and
Qu: H? — Ty F5P such that w € F1P, Dy o Qy = id and

1Qull < co, [[Dwllo,p,e < co.

If wo = exp, (&) and wi = exp, (1) are J-holomorphic maps such that &,& €
WIP(w*TX) satisfy

léoll1.p.e <6, 1€Lll1,p,e < co,
and
161 = olloo <6, & —&o € Im Qu,
then

Wy = Wq.

The following lemma is also useful in later computations, which is a standard fact
in symplectic geometry. We omit the proof.
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Lemma 3.4 Let g and h be a two smooth functions on M and G and H be their
lifts to T*M i.e
G(z) = g(mz) (resp. H(z) = h(nz)).

Then the Poisson bracket {G, H} satisfies

{G,H} =0
and so their Hamiltonian flows ¢{ and ¢} commute. In particular, we have
(3.3) (¢8) Xe = Xg

4. Construction of approximate solutions. We divide O into 4 main regions
and 3 intermediate regions which vary depending on € > 0. We will choose a positive
constant a such that

O0<axkl1

in the rest of Part I. In Part II, we have to vary a depending on how fast conformal
structures of the domain © with £ > 3 degenrate. With this constant «, we consider
fori=1,2,3,
0:i(%)={2€0;|—c0o<T<-%
and
o () = O\ UL ©; (&)

We will describe the possible approximate solutions w, on each of these regions sepa-
rately and then interpolate them on the remaining regions of ©.

We start with the regions ©; (%), i = 1,2,3. For each given Morse function h
on M C T*M, we define the Hamiltonian H : X — R by

H(z) := h(rz)

where 7 : T*M — M is the canonical projection. We denote by ¢? the Hamiltonian
flow of H. In the regions ©; (%), we just define

(4.1) w§(2) = wi(r +it) = i 65, _,) (xi(er)

for each given I € M(M : f, D), where we recall

xi:=1

€i-
One can easily check that w, satisfies the required boundary condition
wi(7,0) € Af, wi(7,1) € Aj,,, i =1,2,3.

To describe the part of w® on @0(6%), we first re-scale a neighborhood of each
given intersection point © € N_; Wy (fix1 — fi) C M C T*M in X = T*M. We
consider the exponential map

exp, : I X - X

and denote N
Af = %exp;l(Af) N B,1-.(0) C Tu X.

One can easily see that as € = 0,

A = Ai={(a,p) € TLX ®" |p=Vfi(2)}
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uniformly on compact sets. We will first construct a holomorphic map
Wo:0 - C" 2R 2T, X
with boundary conditions
Wo(€;) C Ay, 1=1,2,3,

and with appropriate asymptotic conditions at each end, which we now describe.
Since we are going to glue the part w§ on Og() to wf’s defined in (4.1), the
asymptotic conditions of w§ should match those (rescaled by €) obtained from

wi (& +it) = g5 68 (xi(e7)).

We identify T, X with C* so that T, M C T,X becomes the real plane R* and J -
T,M C T.X becomes the imaginary plane i - R* C C*. We denote the real and
imaginary parts of v € C® by Re v and Im v respectively. With this notation, it is
now easy to check that we have

(4.2) 21_r>r(1) %Im {exp;1 (wf (6—1; + zt))} = t(Vfir1(z) — Vfi(z)) + Vfi(z).
Therefore, a natural candidate for the needed asymptotic condition will be
(4.3) lim T Gole, (7,) = H(V fisa (2) — Vi(2)) + V fi(2)

uniformly over ¢ € [0,1]. We now prove that this is precisely the natural asymptotic
condition we should impose on .
PROPOSITION 4.1. The solution set of w; : © — C™ satisfying

diip =0, Wo(ls) C A;
(4.4 m_Im oo, (7,1) = H(V fir (2) ~ V(@) + Vi),
for1=1,2,3

is unique (if it exists) up to addition by real constant vectors.

Proof. Suppose that wo and @y be two such solutions. We consider the difference
map

E=wo—wy:0 — C.
Since A; are affine spaces given by
Ri={(a,p) eB" =C" |p=Vfi(a)},

£ satisfies
)R, i=1,2,3.

Furthermore, it also satisfies the asymptotic condition
lim Im {|g, =0  uniformly.
T—ro0
Therefore € : © — C" is a holomorphic map such that
Im & | 0 =0

and |Im ¢| is bounded on ©. Applying the maximum principle to the harmonic map
Im £ on O into C*, we conclude

Imé=0 on ©
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which will in turn imply that
£ = areal constant vector.

This finishes the proof. 0

Now, we will remove non-uniqueness in this proposition by imposing the following
balancing condition (4.7). This will be important in finding a good approximate
solution which enables us to obtain necessary error estimates. Since i is holomorphic
and satisfies

Jlim Tm wole, (7,1) = ¢V fir1(2) — VSi(2)) +V fi(z)
which is a “linear” function on t, Wy must satisfy
(4.5) |@o(r,t) — v; + 1V f(z) + (T + it)(V fis1(z) — VSi(z))| = 0

uniformly as 7 — oo for some vectors v; € R?, j = 1,2,3. We note that the direction
vectors (V fiy1(x) — V fi(x)) satisfy
(4.6) (Vfa(z) = Vfi(2)) + (Vf3(z) = Vi2(2)) + (VSi(z) - Vfs(z)) = 0.
We remove the ambiguity in Proposition 4.1 by imposing the condition
3
(4.7) lim " Re diole, (r,t) = 0.

T——00 £
Jj=1

This can be always achieved, due to (4.6), by choosing appropriate real vectors v;’s in
(4.5).

It remains to prove existence of a solution to (4.4). For notational convenience,
we denote

uj = Vin(e) - Vi), =123
and then the span of u;’s satisfy
dimg spang{u1,usz,us} = 2

because u; + uz +uz = 0 from (4.6). By the uniqueness theorem, it will be enough (if
possible) to construct a solution of (4.4) such that

Image wo C Spanc{ui,us,us} +1iVfi(z).
We denote the affine space of complex dimension 2
W := Spanc{u1,us,us} + iV fi(z) C C".

We will assume without loss of any generality that V f1(z) = 0 and so W becomes a
subspace. In this way, we have reduced the existence problem to one in W = C2. If
we denote

V = Spang{ui,us,us} C R*,

we have
W =Ve +1iVfi(z)

where V¢ is the complexification of V. We now consider two complex projection

m,m W > W
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such that Image m; are one dimensional and
1 = projection along uy = Vfa(z) ~ Vfi(z)
Ty = projection along us = V fz(z) — V fa(z).
By identifying the images of 7;’s with C, we have coordinates which we denote by
(m1,m) € C2.

To determine @y : ® - W C C", it will be enough to determine its coordinate
functions 7; o wp : © — C. Denote

Vi=V+i-Vie) =123
Then it follows
m (V1) =m(Va) C m(W)
12 (Va) = ma(Va) C ma(W).
We will now seek holomorphic functions
a1 0 = C, k=1,2,
: such that

{ ai1(fy),a1(b) Cm(Vi) =m(Va)
a1(fs) cm()
and

a2 (1) c m (V1)
{ as(€2),az(ls) C ma(Va).
Then we will choose wg : © — W C C" such that
Wo(z) = (a1(2), a2(2))

in coordinates (m1,m2) of W. By conformal identification of © with D?\{z1, 22, 23},
the above description of finding a; is equivalent to finding holomorphic map

a : Dz\{ZQ,Z:;} —-C

with

(48.) { sl U{a}ub) cm(h)
a (£3) Ccm (Vs)

and

(4.8.2) a1(z2) = —00, ai(z3) = oo.

Existence of such functions immediately follows from the Riemann mapping theorem.

In fact, there exists one dimensional family of such functions. Similarly, we find a
holomorphic function

as : 0->C
such that

(4.9.1) { as(tr) C ma(V1) )
az(fa U €3 U {23}) C ma(V2)
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and
(4.9.2) az(z3) = —o0, as(z1) = oco.
Finally, we need to check that the map wg : © — C defined by

Wo(z) = (a1(2), az(z))

in coordinates (71, m2) of W indeed satisfy all the requirements in Proposition 4.1,
especially the asymptotic conditions. To check the asymptotic conditions, we recall
that since © has cylindrical ends with the same width, it follows from the properties
of the Riemann map that both a; and as are asymptotically linear at each end. More
precisely, the functions a; must satisfy

ai|e, (1,t) = b(r +1it)
(4.10) a1]e, (1, t) = —b(T + it) as || = oo

for a constant b € C. Similar conditions must hold for as.
Now, we consider the asymptotic conditions of Wy at each point of z1, 29 and z3.
First at z; € D?, we have, from (4.8.1), (4.9.2) and the asymptotic linearity of as,

(4.11.1) a1(z1) € m (V1)
(4.11.2) as(T +it) ~ b(t +14t) as || = co.

We interpret these conditions for @y in the standard coordinates on ©;. It is easy to
check that (4.11.1) implies that the image of wWp is asymptotically tangent to span{iu, }
and (4.11.2) implies that wp is asymptotically linear which are precisely the conditions
for wg to satisfy on ©;. Similar consideration applies to 22 and so on ©,. It remains
to prove the asymptotic condition on ©3. At z3, we have

ai(ls) C m(V3), ai(fr) € m(Vh)

and B B
az(€3) C ma(Va), az(f1) C ma(V4).

Moreover both a; and as are asymptotically linear at z3. It now follows from these
that o also satisfies the required asymptotic condition on @3. This finishes the proof
of the existence of solutions satisfying the equation in Proposition 4.1.

Remark 4.2. Originally, we found the solution Wy by a different method, which
first solves the minimization problem of the harmonic energy

[ iuP
O;(R)

for large fixed R > 0 with appropriate boundary conditions and then proves the
minimizer must be holomorphic. Then W can be obtained as the limit as R — oo. This
method is possible because we require that wo satisfy the totally geodesic Lagrangian
boundary condition given by A; in C* (See some remnants of this method in the proof
of Lemma 16.3). Only after we proved the uniqueness result Proposition 4.1, we have
been able to find the above elementary method.
Now, we use wy : @ — C" to construct the portion on ©q (6%) of our approximate
solution
w:0 = X.
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It would be very natural to define
w 60(5%) =X
by
wg(2) = exp, €Wo(2)-
Unfortunately, this does not quite satisfy the boundary conditions
wyle; C AS.

For the moment ignore this fact and proceed defining w¢. Finally, we interpolate w;
with w§ for each ¢ = 1,2,3 on the region®; ( <, e‘i). We choose a cut-off function
B : (—00,0] = R such that

B=0 for-1<7<0
=1 forT< -2
-2< p(r)<Lo.

‘We denote
w5 :=%exp;1 w; 1=1,2,3,

Ix)

and complete the definition of w¢ = w*! by
(4.12)

¢l 0 o7ty Gailer)) for z € ©(2)
w(z) = wol (2) = exp,, €io(2) for z € Oo(=%)
exp, €(iin(z) + B(er) (@5 () — (=)
for z € ©;(%, %).

It remains to justify the fact that this is a good approximate solution although it does
not quite satisfy the boundary conditions on the regions

0i(&)-

First we note that since o is asymptotically linear and so |ei(2)| ~ € ~* on fo( %),
exp, €to(2) = = as € — 0 uniformly over @g(&) for all z € NI_, W, (fir1 — f5)-
Hence, one can correct w¢ on the image by a C'-small perturbations so that it satisfies
the correct boundary condition. Because of this, we will pretend that w® defined in
(4.12) satisfies the correct boundary conditions.

Remark 4.3. It is important to note that because of (4.6), the images of ewp(z)
converges to the three lines intersecting at the origin in the Hausdorff sense as € — 0,

which are in the directions of grad(fi+1 — f;)(z) for ¢ = 1,2,3. This point will be
important in Section 6 and 7.

5. Error estimates. We start with the regions @i(e%) for i = 1,2,3. In terms
of the coordinates (7,t) on ©;, we have

"~ € ’€
G| = 3| % + 72| on o

where the left hand side is the norm taken in A®DT*0 ® (w*)*TX and the right
hand side is the one taken in (w€)*T'X. Therefore, we will compute the right hand
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side instead of |8 w¢|. For notational convenience, we denote

wi(r,8) = wlle, (r, 1) = ¢%+* 0 8%, _, (xi(er)) on ©;.
We compute

Ow; Fiy1 fi
6T _6T¢ + °T¢6(1_t)(X§(€7'))

= eTgli o Tl (—grad(firr — £i) (xi(er))

where the second equality comes from (3.1). And

Bt Xy, () — D9 X (913 ()

= eXF, i1 (w;) — eXF,(w;) = 6)((F +1—F.)('wz)
- ET¢f'+l o T¢521_t) (X(F.'+1—Fi)(Xi(6T)))

where we used the identities

@5 Xpp = Xrips
Xp - Xo = X(#-c)-
Therefore we have
@LUL + JQ—’”-L = —-eT¢g+1 o T¢le_t) (grad(f,-.}_l - fi)(xi(ET)))
+eJTHI o Tol X (pyu—roy (Xaler))
= —eT¢lit o Tgli, ) TX(Fiyimgo (XieT))
+ eI T+ 0 Tol_y X(ripu—r) (iler)
= —ET‘f’gH ° T¢ff1 t){JX(Ff+1—F‘)—
— (G5 0 8y _0)"T - X(pugimr J (xa(eT)-
Here we used Lemma, 3.4 and the identity
JX(pip—Fy) = grad(fir1 — fi)
on M C T*M. Since we have
ol —idler, |¢fi,_,) —idlor < Ce
where C is the constant depending only on f= (f1, fa, f3), we have

(’hu

dw;
e

< CGIJX(F‘;+1—F;) — (¢l o 521_t))*J'X(F,~+1—F.-) (xi(er)).
For the simplicity of exposition, we denote
Yie = JX(Foprory) — (5 e(1 —9)" X (Fipa-F)
= (7= gl o ¢£zl_t))*.f) X (FermFy
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and then, we have

1B 020 = [, el

(&)

<cre [ adruten)

i\

1 p—=

= cre / / Vel (xaer))drdt
0 —00
—2¢lm

1
—cre[ [ Wil Gu(o)dods, o =er
0

—00

1 0
<ove [ [ Wil Oatodod
0 —00
0
< Cresup 7 - (¢ 0 9%_ )" IP@) [ XipisroPOs(@))do
zE -0

Here it is easy to see that
sup |J — (df+ o ¢f,_ )" < Ce,
reEM

and so we have

_ 0
(5.1) B 0,02 < O [ Xkusmrol? (o
Since JX (p,,,-r;) = grad(fit1 — fi) on M C T*M and the gradient trajectory x; =
I|., converges exponentially to p; as ¢ — —o0, we have

(5.2) 1 X (Fepn—Fy) | (Xi(0)) = O(e™97)

as |s| — co. However the region of o where (5.2) is valid will depend on I € M(M :
f,P), because M(M : f, ) may not be compact in general due to the splitting of
trajectories, see Figure 5.1. However, as described in [Fu3], the compactification of
M(M : f, P) has only finitely many strata and the minimal stratum is compact. To
effectively describe the non-compactness of M(M : f, P), we introduce the variance of
the energy, an analogue of which was previously used by Floer in the context of Floer
homology (see [Lemma 2.1, F3]).
LEMMA 5.1. The function V : M(M : f.7) = R defined by

3 0 9
V() = Z%/ T‘l} 1., (T)I dr
j=1 J=eo

is everywhere defined and proper.

Proof. The integral converges for each I € M because of the exponential de-
cay of the gradient trajectories at nondegenerate critical points. Now, we prove the
properness. It will be enough to prove that the set V~!([0, K]) is compact for any
K > 0. Suppose the contrary. Since the non-compactness arises by the splitting of
trajectories, there must exist a sequence I* € V~1([0, K]) and 7, — oo such that for
some j = 1,2,3, say j = 1, the sequence of maps

T Iklel(T—Tk)
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FIGURE 5.1

(locally) converges to a gradient trajectory x : R = M of fy — f;. From this, it follows
that the integral

A 2 s 2
[ 2@yl e =1 [ @ -n?| @Yl )| ar
—00 —0Q
goes to +00 as k — oo, which gives a contradiction to

V(Ix) <K

for all k. O
It is obvious that

M F9 = v7(0,K)
K>0

and we denote
My(M : f,7) =V7H(0,K]) = {I € M(M : f,p) | V(I) < K}.

By restricting to Mg for each K > 0, we will have the uniform exponential decay at
each triple p'= (p1, p2, p3) of critical points. More precisely, there exists

R=R(K)>0
such that we have
(5.3) | I'le; (0)] < Ce™,
forallo < —R, I € Mg and j = 1,2,3. Therefore, we conclude
(5.4) 185wy < CH(K)e'*?

01pyey®i('€%')
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from (5.1) for all I € Mg, where

(5.5) CE) =C swp [ X(piysmr P i) o
IeMg Jo

Again for I € Mg(M : f,7), we now estimate ”5‘]11)6“0’1)’6’@0(_%_). From the definition
of 8, we have

8yw§ = 0 exp, (ewp)
_ Dexp, ey + JDexp, € Wy o1
- 2
_ Dexp,(ewy) o eDiwg + JD exp, (eiip) o eDiig 0 i
- 2
Dwg + (exp,(ewp))*J o Dig o z)
2
(exp, (eWo))*J — J(z)
2

eD exp,, (ewp) (

=eD expm(eﬂ?o)( ) oDwgo1

where we used the fact
-3-,]0’[170 = 0, Jo = J(ZL‘)

for the fourth identity. By the standard facts on the exponential map and the fact
that |wo(7,t)| grows linearly with respect to |7| — oo, we have

(5.6) |(expg(ewo))*J — Jo| < Clewp| < Ce' ™

on ©;(%). Hence it follows

0w < Ce@

and so
B o0y = [, & Bowol
©0(zw)
< C”/ tPmar — Cpez"'p_o‘”Area(Oo (f;))
Oo(&
(5.7) < CPtr=(ptl)a

where the last inequality follows from that
Area(@o(%a)) ~ .

We note that the estimate (5.7) holds uniformly over all I € M not just for I € Mk.
Now, we need the estimates on the intermediate regions

@i(%,%), i=1,2,3.

. . . . . )€ )€ .
Using the canonical coordinates on ©;, we again estimate |%“7 +J %—I instead of
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|0,w¢|. On ©;(%, %), we have

8" = eDexp, (M + €' (%) (W5 — Wo) + B(* T)(Bw‘ %EQ))

28" = eDexp, (95 + B(er) (S - 232)).
Hence, from the equation 22 + Jo 2 =,
2 4 J2 = eDexp, ((exp} J — Jo)9n) + €D exp, (B (27) (@5 — o))
+eB(exn){ (Dexp, ( ) + IDexp, (%))
(5.8) (D exp, ( ) + JDexp, (6*“ ))}

For the first term, we note as in (5.6)
|exp} J — Jol < Cle(iio(2) + B(er) (@ (2) — Fo(2) ) |
From (4.2) and (4.3), we conclude
(5.9) @5 (2) — Wo(2)|e, (&, ) <C
uniformly as € — 0. Therefore, we have on (%, %
|exp J — Jo| < Cleilp| < Ce'™®

and so
(5.10) leD exp, ((expz J— Jo)-‘?-'i'ﬂ)‘ < Ceée,
For the second term in (5.8), we immediately have from (5.9)
(5.11) le"t* D exp, (8’ (e*7)(W§ — wop))| < Ce'te.
Therefore, we have from (5.10)

/e i) 2""6Dexpz ((expz J—Jo)—— 6w0)|
(5.12) < O tP—(ptl)a
and from (5.11)

/ 7| e+e D exp, (8 (e27) (@5 — )|

0i(& &)
(5.13) < grertreme = gpttrle

For the third term in (5.8), we consider two terms in the parenthesis separately.
We first recall the definition of w§

w§ = (exp,) " w

and so
wi = exp, (eWws).
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We also have
Dexp, ( ) + JDexp, ("“’ )
= D exp, (e(o(2) + Ben))( (2) - @o(2))) (52
+ D exp, (e(ilo (=) + B(e*7)) (@5 (2) — o (2))) ()

dw
(# + J#)

+ (D exp, eliio(2) + Ae™r)) (@ (2) — io(2)) )
— Dexp, (e (2) ) (32)

+ (IDexp, (e(dio() + Aler) (@(2) — ilo(2))
— IDexp, (c(2))) (%7

where we used the identity

1 66“; = Dexp, (et (z))—‘- and

dus THOE
Lo _ D) exp, (e (2)) 22

Therefore,
e|Dexp, (52) + IDexp, (5] <[5 + %5
+ ¢ Dexp, (e(@o(z) + B(e )@ (=) ~ (=)
(5.14) — Dexp, (e (2)) l ‘6"' + |2 )

However as in (5.4) one can estimate

(5.15) /
9:(&, %)

where C3(K) depends only on K. On the other hand, we have
€|D exp, (e(Wo(2) + B(e*7) (@] (2) — wo(2))) — D exp, (€ (2))]
< Ce|D? exp, | - e(1 — B(e*T))(@ (2) — o (2)]
< C&|w5(2) — Wo(2)]-

G, | < CP(K)e-tr

Hence
Loy (Do en(e) + e @i () - o)
~ Do (e’ (|22 + |2])"

<gree [ 155) - @@ (|5
0i(&, %
(5.16) < CPetpP—a

~
+|%H)
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Combining (5.12), (5.13), (5.15) and (5.16), we have

2-p|ow | jouw
/e(l , € ’61‘+J6t

< CP(K) (52‘“"(”“)"‘ +e2tP=ha g hr g 52‘”’_"‘)

p

Using the fact
0<axl

we have obtained

p—2| dw’ Quw’
Now, summing up (5.4), (5.7) and (5.17), we have obtained

185wel5 5, < (CF(E)e*P + CRe>HP=(HDe 4 CR(K) e+ D),

" < or(i)et e,

Hence, we have finally proved the following estimates.
PROPOSITION 5.2. For each given K > 0, the approzimate solutions defined as
n (4.9) satisfy the estimate

(5.18) 35w lope < Coe™ 7
forall I € Mg(M : f,7).

Now, we would like to extend the estimate (5.18) for all I € M(M : f, ) to prove
the following main estimate of this section.

PROPOSITION 5.3. There exists €3 > 0 such that for 0 < € < €2, the approzimate
solutions defined as in (4.9) satisfy the estimate

(5.19) 85w lope < Coe™ 7

for all I € M. In particular, we have
||_6_Jwel|o,,,,e -0 ase—>0

uniformly over I € M = M(M : §,p).
Proof. It will be enough to have the estimate of the kind (5.19) for I’s in M\Mg
for sufficiently large K > 0. We go back to the integral in (5.1)

0 0
/ IX(F.'+1—F.') |p(Xi(U))dU = / |X(Fi+1"F{) |p(I|€i (U))da
—oo )

The following is a consequence of the standard concentration compactness prin-
ciple whose proof we leave to readers.
LEMMA 5.4. Suppose that {Ir} C M(M : f,p) be a sequence such that

N
Iy I+ ) IE
l:l

in the weak topology, where IO, is an element in M(M : f) and each Iéo is a gradient
trajectory of (fi+1 — fi) for some i = 1,2,3 connecting two critical points of fir1 — fi-
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Denote by
3 0
W(I) := z/ ‘X(Fi+1‘Fi)‘p(I‘ei (0))do
i=1 Y=
forIe M(M : f), and
oo
W= [ X PU©))ds
o0

for I € M(fiz1— fi), i=1,2,3. Then we have

N
(5.20) Jim W (Ig) = W(Ig,) + > W)
=1

FIGURE 5.2

With this lemma, we proceed to the proof of Proposition 5.3. We recall that the
compactification M of M = M(M : f,p) has only finitely many strata M\ M and
the minimal stratum, denoted by M?, is compact. We extend the definitions of W to
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the whole compactification M of M by defining

N
W(I) =W+ Wt
=1

for I=1°U (U"f"=1 I*) where we define

o0
W)= [ Xgu-rlP(4@)ds for €1, ,N.
(oo}

By this definition, it follows from uniform exponential decay that W is uniformly
bounded on the minimal strata because they are compact. We denote by Ry an upper
bound of W|M°. Consider the stratum, denoted by M1, of the next higher order.
Then we have

M® = MO\M.

By the estimates similar to (5.4), (in fact easier than that), that for any fixed K > 0,
there exists a constant Ry = R;(K) > 0, ¢; > 0 such that

(5.21) W(I) < R

for all T € M} and for all 0 < € < €.
On the other hand, Lemma, 5.4 proves that for sufficiently large K > 0, we have

(5.22) W(I)<Ro+6

for some 6 > 0 for all I € M\ M}.. Combining (5.21) and (5.22), we have proven
that there exists some Ry > 0 such that

W(I) < R,

for all I € M. By considering the stratum of next order and by repeating the above
arguments, we finish the proof of Proposition 5.3. O

6. Construction of the right inverse. We begin by rephrasing the transver-
sality condition (3.2) of

W;;(fi-l-l —fi) 1=1,2,3.
To simplify notations, we again denote
Xi = Ile; : (—00,0] > M

for each .
IIT—)M, IGM(Mf,Z_));

and denote
WP == Wh? (x*TM)
which is the Sobolev space of the W¥P-sections of x*T M. We define
WEP := {(Cx1 Cxar Cxs) € WEP x WEP x Wk
x:1(0) = cx3(0) = ¢y, (0)}.
The space WIk " should be interpreted as a singular limit as € — 0 of the spaces

T, FBP = WEP((w*) T X).
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We will restrict to & = 1 from now on. Our transversality assumption (3.2) on
W, (fix1 — fi) is equivalent to saying that the operator

Lr:WpP - I2 x 2, x 12,
Lr(cx1sCxas Oxa) = (Lxs (exa)s Lxa(Cxa)s Lixs (Oxs))
is surjective, where the operator
Ly : WyP = L4,

is defined to be the linearization operator

Ly; :== V. + Vgrad (fit1 — fi)
of the equation

X +grad (fi+1 — fi)(x) = 0.

By considering the L2-adjoint of the operator Ly, it is also equivalent to the fact that
the equation

—Vrey, +grad (fir1 — fi)ex, =0
(6.1) { 30 (0) + s (0) + €30 (0) = 0,

has only the trivial solution.

Now, we follow the strategy used in [F1] (or also see [MS]), i.e., first find an
approximate right inverse

Qe : HE\. —» WP ((w®)*TX)
of the operator D . := Day(we) for € sufficiently small such that
(62) Q.1 < Or, 1Dus 0 Qe —id] < 3,
where we recall that 2. is defined as

HE. = LP(AODT*0 ®; (wf)*TX).
Under these conditions, the composition
Dye 0 Q. : HP. — HE.

is invertible and a right inverse of D, will be given by

Que = Qc 0 (Dye 0 Q)"

Now, we construct the approximate right inverse Q.. We decompose © as before and
describe the portion of &€ = Q.(n) on ©;(Z) first for each given ) € HE.. On ©4(2),
we use the coordinates (7,t) and identify H2. = LE.(AODT*0 ® (w¢)*TX) with
LY (w:TX) in the standard way similar to the identification used in Section 4. We
recall that on @i(e%)’ w¢ was defined by

we(r,t) = ¢4 0 ¢Fi (xi(er))
which can be rewritten as
wh(r,t) = ¢;7 " 0 5T (x5(r)), X5(7) = xalen).
We note that x§ is a trajectory of the gradient flow of —e(fi+1 — fi)-
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Given € HE. = LP((w®)*TX), we define the triple
B = (b5, b5, 5)
by

f"ﬂl fi -1 _i
(6.3) bi(r,t) = T(¢7+ o ¢e(}—t)) n(t,t) for 7 < —5%
0 otherwise .
Since we(r,t) = ¢{;+1 ° ¢{Zl—t) (xi(eT)), we have
b € LP((x)"TX x [0,1]) := L2,

where x§(7) = xi(er). We will now study the following equation in detail in the proof
of Proposition 6.1 below:

V-,—a; -+ J(Vt + 5VX(F;+1—F;))C"1€: = b:
a$(7,0),a{(r,1) CTM CcTX and af(0,t) eTM

1 1 1
Jo ai(0,t)dt = [ a5(0,t)dt = [; a5(0,t)dt.
We define, for each 1 = 1,2, 3,

WP = {& € W' ((x§)*TX x[0,1]) | af(r,0),af(r,1) € TM C TX}

and
W}Jp = {(a{,a$,a§) € W;g” X W;g” X W;g” | a$(0,t) € TeM C T, X
1 1 1
and / as (0, 8)dt = / a5 (0, t)dt = / a5 (0, £)dt}
0 0 0
We equip WP with the norm || - ||1 .. Similarly we define

27<:=ZP x LP. x I[P

X1 X2 X3
and equip it with the norm || - ||o p,.. Now consider the operator

~ -~ ~
DI( M WIg’p — L’}€
by
o € € €\ _ (7 € D €D €
Dre(ai,a5,a3) = (Dxiaqu;a'z,Dx;az)

where

Dy<a5 :=V,a; + J(Vi + eVX(F,,_F))a5-

PROPOSITION 6.1. Suppose that W, (fi+1 — fi) for i = 1,2,3 intersect trans-
versely and so the equation (6.1) has no non-trivial solution. Then there ezists €2 > 0
such that if 0 < € < €3, the following hold:

(i).
Ker Dy = {(a$,a5,a5) € W};” | af’s are independent of ¢ and satisfy
the equation V,ai + eVgrad (fi+1 — fi)a; = 0}

(). Dye is surjective and
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(iii). there exists Cg > 0 independent of € such that for any a¢ = (af,a$,as) €
(Ker Do)t c WP, we have
(6.4) 1[l15.c < CsllDre(@)llo,pe
and so that there ezists a right inverse Q Ie of ﬁp such that
(6.5) DroQre=id and |Qr| < Cs.

Proof. We separate the proof into 3 parts.
Proof of (i). Suppose that

@ = (a,a5,a5) € Ker Dy C Wi
i.e, satisfies the equation
Veai+ J(Vi+eVX(p,,—F))as =0
(6.6) aj(r,0), ai(r,1) eTM CTX and af(0,t) €eTM
Jy as(0,¢) dt = [} a5(0,t) dt = [, a5(0,t)dt € T M.
Following the idea in [F2] and [Appendix, O6], we decompose
a§ = ¢ + d

where ¢{ (resp. df) is the horizontal (resp. vertical) component of (I¢)*T(T*M) in
terms of the splitting
T(T*M)|y =TM & T*M.

Then (c§,dS) must satisfy the equation

Vic§ + Vids + eVgrad (fiyr — fi)c§ (6.7)
Vods — Vet =0 (6.8)
d5(7,0) = 0,d5(r,1) =0 (6.9)
ds(0,t) = ds(0,) = d5(0,¢) = 0 (6.10)
Jy c50,0)dt = [ ¢5(0,8)dt = [, c5(0, )dt. (6.11)

Here we identify V(.d; € VTr(T*M) = Tf. M with J(V(,df) € TreM using the
canonical decomposition of T(T*M)|n. We now consider the function

1
5 = 5(di(r), ()
and then a straightforward computation using the boundary condition (6.9) yields
&> 5§
dr?

(See [Appendix, O6] for this computation.) Again using (6.9) and the Poincaré in-
equality, we have

= IV df||” + | Vedi|I* — e(di(r), Verad (fir1 — fi)V-d5).

ld5lle < CIVedi]l2-
Therefore we have

d? s . .
=5 2 IV + [Ved||” - Cel|Verad (fir1 = fi)lloo | Vedk[|2[1V -5l
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and so if we choose € so that

(6.12) Cel|Verad (firr — fi)lloo < %
we get

d?

PO > LIVl > el = 52a8: > 0,
which shows that ¢ is a convex function. Since @ € W;:¥, we have
(6.13) lim () =0
and (6.10) implies
(6.14) B5(0) = 0.

We fix any e satisfying (6.12) so that 3§ becomes a convex function. Then (6.13),
(6.14) and the convexity of 3§ together imply that 3§ = 0 which in turn proves di =
Then this and (6.7) imply that ¢ is t-independent and it satisfies the equation

V.c§ + eVgrad (fiy1 — fi)e; = 0.
This together with (6.11) proves (i).
Proof of (ii). To prove the surjectivity, it is enough to prove
Coker Dy = {0}.

Using the L2-inner product, we first derive the L?-adjoint equation of (6.6). The
L?-cokernel element is characterized by the condition

—o

0= (Dya,
3

=Z/ /VTaE+J<Vt+eVX(F;+1_Fi))a,,bz)
j=1

for any a¢ = (a$,a$,a§) € W};p . Since b will be smooth (by elliptic regularity!), a
simple computation by integration by parts, using the fact that J is parallel along
M C T*M, shows that b€ satisfies the equation

—Vrbf + J(Ve + 5VX(Fi+1—F;)))b§ =0

b5(7,0), b5(1,1) e TM CTX

(69)1(0, -) are independent of t and Y2, (69)1(0,¢) = 0.

where bg” is the horizontal component of b5. As before, we decompose b = (e§, ff) €
TX =TM®T*M and then (e, ff) satisfies

—Vre§ + Viff + eVgrad (fiyr — fi) f{ =0 (6.15)
=V fi —Vief =0 (6.16)
fi(r,0) =0, fi(r,1) =0 (6.17)
e£(0, -) are independent of ¢ and e§ + €5 +e5 =0 (6.18)

Again we consider the function

¥ (1) = 5{F(0), fi (7))
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and then 7§ can be shown to satisfy as before

2, €
(6.19) L% > 5Lv;
(6.20) 1'_1.1>111°° v =0.

Since €£(0, -) are independent of ¢ from (6.18), V;ef(0,t) = 0 which in turn implies by
(6.16)
V. fi(r,0) =0.

Therefore we have
d~e
(6.21) L (r,0) = (££(r,0), V- ££(r,0)) = 0.

Combining (6.19), (6.20) and (6.21), we conclude (by strong maximum principle!)
v =0 and hence

(6.22) fi=o.
Substitution of this into (6.14) proves that e satisfies
{ —erﬁ + eVgrad (f,'+1 - fi)eg =0
e$(0) + e5(0) + e§(0) = 0.
Therefore if we re-scale e and define
e /0
(o) = (%),
e; will satisfy
{ —Vagg + Vgrad (fiy1 — fz)gi =0
€5(0) +e5(0) +¢e5(0) = 0.
Now the transversality hypothesis that (6.1) has only the trivial solution implies that
(6.23) €; =0 and hence e =0.
Now (6.22) and (6.23) show that Coker Dy = 0 and so prove the surjectivity.

Proof of (iii). We may assume without loss of any generality, by replacing f; by € f;
in (i) and (ii), that e2 = 1. Then (i) and (ii) implies the estimate

(6:24) & 11, < CsllDrd llo,p
for all @ € (Ker Dy)* C W}”’ . It would be enough to prove (6.4) for
€= #,for each nonnegative integer k.
To prove this, we define
a‘(o,8) = a*(%,2) for0<s< g, —00 <o <0.

Now we extend a° by reflection to 0 < s < zr=: Under the decomposition a¢ = b€ +c*,
the conjugation with respect to the canonical almost complex structure is nothing but
the linear map a€ = b + ¢ — b¢ — c¢. Then we define

@(0,t) = b(0,t) = (0, 55=x —t) for 3¢ <t< 5.
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After then we extend this to the whole ¢t € [0,1] in an obvious way, which we again
denote by @ = a(o,t). From the construction, it is easy to check that @ € W}’p . Itis
now crucial to observe that since we have proven in (i) that the elements in Ker Dy

~ L
are independent of t, the extension a¢ can be easily proven to be still in (Ker D I) .
Therefore we have the estimate

1a°|l1,p < CsllDrallo,p
from (6.24). However by the periodicity of a¢, this implies
l@[l1,p,0<t<e < Csl|D1af|lo,p,0<t<e-

Scaling back to (7,t) € (—o00,0] x [0,1], this is equivalent to the required estimate
(6.4). This finally finishes the proof of Proposition 6.1. |

We now proceed the construction of Q.. For each given n € ﬁﬂ,e, we define
b = (bS, 5,05) on ©\Og(ZX) as in (6.3) and apply the operator Q1< to b° to define

a = (ai,a5,a5) € W}!p

by
(6.25) @ = Qe (b°).
In particular, we have
(6.26) b = Dys(af) = Vra§ + J (Vi + eVX (-5
and so by definition of b in (6.3),

Vea; +J(Ve+eVX(p,,-F))a; =0
for -3 <7 <0 and

a;(0,t) € TyM C T, X and

(620 / (@), )dt = / (490, 8)dt = / (@00t € ToM
0 0 0

where we recall

x1(0) = x2(0) = x3(0) =z and a§(0,t) € T X.
Using, @€, we now define
(6.28) E(r,t) = T($5 o i1 _,))(ai(r, 1))

on ©;(%) fori =1,2,3.
We next describe the portion of £ restricted to & |g, (). As before, we identify
(T, X, J(x)) with (C*, Jo) and consider the linearization of 9:

(6.29) Dgd : WYP(@TC?) — LP(QOY @3 TCh)
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LEMMA 6.1. The linearization operator Dg_ 0 in (6.29) is invertible.
Proof. First note that the kernel element of Dg,0 is described by the equation

=0
¢(6) C TR =R
[1€ll1p < 00
from which it follows by the maximum principle that
Ker Dg,0 = {0}.
Next, we prove _
Coker Dg,0 = {0},

which will finish the proof. Using the L?-inner product, one can identify the dual of
LP(QOD(TZTCM)) with
~ 1 1
LIQWO(GTC)), -+ e 1.
p

Then the element 5 € L¢(Q1:9 (@3TC")) which is in Coker Dg, 0 is characterized by

the equation

(6.30) { Re [o(0¢,n) =0 forall £ € WP
”"7”0,() < 00,

where (, ) is the standard Hermitian inner product on C*. Since 7 is smooth by the
elliptic regularity, we integrate by parts to get

(6.31) Re /e (B€,1) = —Re /e (€,0m) + Re /6 (i

where z = x + 4y is the standard coordinates of ©® considered as a subset in C. Using
the fact that

&) cTA=R",
we derive the equation from (6.30) and (6.31),
on=0
N, CTA; =R
lInllo,q < oo

By the same way as in the case of Ker Ddg, we conclude Coker Dg,8 = {0}. This
finishes the proof. 0

Lemma 6.2 implies that there exists the inverse
Qo : LP(QOVD (@3 TCM)) —» WhHP (W TC)
of Dg,d such that
Dg,00Qo =id, Qoo Dg,0 =id and [|Qo| < Co.

Using this, we are ready to describe the portion of £ on ©g(ZX). Given 5 € HP., we
first define

(6.32) (2 = { Dexp; (we(z))n(z) on Og(53)

0 otherwise.
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Then 7] is a section of the bundle
QOD (e (2))*TC*) not QO ((edwig)*TC)
where
w(z) = —expzl(w (2))-
However, we have shown in Remark 4.3 that
W(z) > W as e€—0 inthe C*— topology.

Therefore, we will just pretend 7 is an element in Q%) ((edo)*T'C?).
Now, we define the portion of ¢ on ©g(%) by

£(2) = Dexp, (eo) (Q4(7) (¢io(2)))
where
Q5 : L2(QOV ((eiio) "TC™)) — WP((eto)*TC")
is the operator obtained from
Qo : LP(QOV (@) *TC*) — W ((ilp)*TC")
by
Q5(0)(2) = Q5(Q)(eto(2)) := Qo(¢ © €)(Wo(2))
where o € is the element in Q1) (@3 TC") defined by
Coe(2) = (o e(wWo(2)) = ((eWo(2))-

One can easily check that the norms of Q§ and Q) are the same.
Again we note that ¢ does not quite satisfy the right boundary conditions

£€) CTAS  i=1,2,3

but we ignore this in the same reason as before.
Finally, we recall from Remark 4.3 that exp e (z) and ngf it ‘1 ¢ (xi(eT)) are

C'-close to each other as € — 0 on © (—a, —a) Therefore if we denote by Il (2) and
II(z) the parallel translations along the shortest geodesics from

L 0 ¢%1 4y (iler)) (= exp, i (2))

and
exp,, €(Wo(2))
to
exp,, €(Wo (2) + B(e*T)(Wie(z) — Wo(2))
respectively, it follows that
(6.33) o —idllc: or Mo —id|lc: < Ce'™
Now, we define the operator

Q. : HP —» WIP((w)*TX)
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(6.34)
¢ T(¢€f-+1 8‘; t))a (r,t) = ‘SX for 7 < 6%

€= Quln) = | D exp, (€iiio) (Qo (7) (o (2)) for z € Og(L)

B(e*T) oo (2) (€xs) + (1 — B(e*T)) Mo (2)( D exp,(etwo)(Qo (7))
( for z€@(&,2).

For the simplicity of exposition, we have denoted
(6.35) & = T(¢g™+ 0 62, )as (1, ).

7. Estimates of the inverse. The main result in this section will be the
following,.

PROPOSITION 7.1. There exists e3 > 0 such that if 0 < € < €3, the operator
Qe : H? = WLP((w)*TX) defined as in (6.34) satisfies the estimates (6.2).

Proof. The boundedness of Q. is easy to see from definition and so its proof will
be omitted. Let ||@Q.]| < Cio. Therefore to prove the proposition we should prove that
for any n € LP(AODT*O ®; (w€)*TX), we have

1
|1 Dwe€ —=nllo,p,e < 5”77”0,1;,5

where £ = Q(n) is defined as in (6.31).

We will estimate norms || - |0 p, separately in each region considered before.

We start with the region ©;(Z). In terms of the coordinates (7,t) on ©;(%), we
have

Dyt = DB () - €
=(V, +JV)E+VJ - &

By the definition of w€ in (4.9), of af in (6.3) and (6.25) and of ¢ in (6.34), it is easy
to see that

— d efit1 ef.
(7'1) €(T’t)_?15 s=o”t * (1 t)(’\zé)

where X{ ; : (—00,0] x [0,1] = X for ¢ € (—¢,€) is a family of maps such that
d € —_ €
2 150”08 = a;

on @i(ﬁ;). Therefore, a straightforward computation, using the properties of the
Levi-Civita connection, (7.1) and Lemma 3.4, gives rise to the identities

Xo(7:t) = xi(er) = xi(7) and

(7.2) Vel =T (g7 0 4] ))Vraf

and

(7.3) Vie = T4 0 61 ) { eV X (pys—r))(a5) + Ve }.
Hence

(Vo496 = T(¢7+ 09l ) ){ Tras+ (67 08 )T (Veas+eV X (piy-rias ) |
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Substituting (6.25) into this, we get
(Vr+IV0E = T+ 0gft ) { (674 04 )" T =T ) (Ve €V Xy, —piyaf) +55
on O; ( )- Recalling the definition (6.3) of b, we have on ©; ( )
(7.4) n=T(¢"*" o o7l )05
and so

Due(rt) = n(r,6) = T(¢57+" o ¢ ) { (6174 0 ({2 y)7 = 7)
(7.5) (Veas + evx(ml_ma;)} + V, JE(r, B)
The first term in (7.5) has norm bounded by

Cure(|Veas] + e|VX(F‘.+1_F,.))a§|).

By summing the LP-norm over ¢ = 1,2, 3, we obtain from (6.4) and (6.25)

3
;C”e“ IVieail + e[V pamre ’o,p,e,ei(%)
<Crz€l|@f|1,p,e
(7.6) <CsCrael|B*l1,pe-
For the second term |V.J - £(7,t)| in (7.5), we note that
[VeJ| = |Ve(J(w(r,1)))] < Ce

and so V. J - {(7,t) has the norm as a one form

Z”VtJ f“ope@( 2) Z/e 3 7P|V J - E(1, )P

< cpepz/ e 7Pla(r, t)|P < CPeP||all?
0:(X)
< CPerCE B8 e
< Cls€lInllg .
and hence,
3
(77) Z ”VtJ : é”g’p)f’ei(%) = 136 ””7”0;} €

Combining (7.5), (7.6) and (7.7), we have obtained
(78)  1Dwel = 1llg . ovop(z) < (CECT2€" + Cla)nllg 5, < CTaePlInllG,p, -

Next, we estimate
IDwe€ — nllo,p,e,00(

Since £ = D exp,, (e@o)Qo(7]) on Og(Z), we have
Dy<& = Dye (D €XpPy, (wa)QO(ﬁ))-
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We give the standard coordinates (z,y) on @0( ) as a subset of C and compute
Dy = (Vz+JVy +V,J)E
= (Vo + JVy + VyJ)(D exp, (€tio) Qo (7))
= (Vo + JVy)(D exp, (o)) Qo (1)
+ D exp, (€Wo)(Vz + (exp, (eWo))* JV4)Qo(7)
(7.9) + VyJ - D exp,(eilio) Qo (7)-

First note that we have

|V (D exp, (eto)) - Qo ()] < |V(D exp, (io))||Qo ()]
(7.10) < Ce'=%|Qo ()]

on @(E%), where the second inequality follows from the inequality
|etwo| < Ce' ™

and from the standard property of the exponential map. Using (7.10), the first term
of (7.9) can be estimated as

”(V +JV )D €XPy (EWO))QO(n)llo 2,6,00(<%)

= /@ (L 62—p|(vz + JVy)(D expz(eiﬁo))Qo (ﬁ')lp
= [ eroreriaumr
Oo(%)

= crerre / 1Qo@)lp
O0(&)

(7.11) < CPEPQo(MIF , < Clse P 7llE ,
On the other hand, we have

G / (z)Pdz

/ |D exp, '(w(2))n(z)|Pds  from (6.32)
O0(

025

< 016/9( z)[Pdz
0\

By substituting this into (7.11), we obtain
1V + T9,)(D exp, (€0) QoL . 0,1

<cfce [ e,

O0o(32x)
and hence,
(7.12) I(Vz + JV,)(D exp, (e0)) Qo (M lo,p.e,00(2) < C15C16€'~IInllop,e

For the third term in (7.9), we immediately get

(7.13) IVyJ - D exp, (eo) Qo(Mllo,p,c0z) < Crre ™ *nllo,p,c.00)
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For the second term in (7.9), we rewrite
D exp, (€Wo)(Vz + (exp, (€Wo))* I Vy)Qo(7))
= D exp,(ewo) (Vs + JoVy)Qo(7)
+ D exp, (eio) (D exp, (@o))*J — Jo)Qo(7)
where Jy = J(x)
= D exp, (eWo)Dg, © Qo(7) + D exp, (ewo)((D exp, (ewp))*J — Jo)Qo(7)

By the same way as before, the second term here can be estimated
(7.14) |1 D exp,, (eio) ((D exp, (€wo)*J — Jo)Qo(M)lo p,c,00(%) < Cise' ~%||n|
On the other hand, we have

D exp, (eilo) ( Dy © Qo(#) ) = D exp, (i) () since Day 0 Qo = id

= D exp,(etlp) D exp; ' (w)n
=1+ (D exp,(ewo) D exp; ' (w®) —id) -

(7.15) »
Hence, combining (7.10), (7.12), (7.13), (7.14) and (7.15), we have obtained
(7.16) [[Dye€ — 77”(1)1,11,6,@0(;%7) < Clge(l—a)lJ”n”g’p.e

Finally we need to estimate D, — 7 on the intermediate regions @i(e%, €%). We
recall

€ = Qu(n) = B NMoo (2) (6 (2)) + (1 = Be*r)o(2) (D exp, (€i@)(Qo (7))
for z € ©;(%, Z). Therefore,
D€ =1 = Due { B ao () (5 () }
+ Dy { (1 = A7) Mo (2) (D exp, (e650) Qo)) } 7
= e*8'(e*7) (o (2)6: (2) — o () (D exp, (<o) (Qo ()
+ B(eT) D (Moo (2) (s (2)) ) +
+ (1= B(e7)) Do (Tho () (D exp, (eiio) (Qo ) =7
Here, the first term can be easily estimated as before to get

1628 (22) (Moo (2)éx — To(2)(D exp, (€30) (@0 ) ) 15, 00 2 2
(7.17) < Che |l o
To estimate the second term, we consider the regions
Oi(&,5=) and O;(5%, %)
separately. First, consider the region @i(;{,—, Ef—a) In this region, we recall that

b; =0
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and so

Now, using the fact
1Due - oo (2) — Moo(2) Dl < Cone™

and

-
)

| Duwe - Io(2) — Ho(2) Duwg

we have
B D (Moo () 65 (2)) +
+ (1= B 7)) Due (o (2)(D exp (cio)Qo(@) =

< "ﬂ(eaT)Hoo(z)Dwfgz.‘ +(1-pB(e* T))Ho(z)Dwo (D esz(E’wo)Qo(ﬁ)) ”()p ei(%)
+ O e’ =3

0,9,0: (g 3%

On the other hand, by writing
B(e* M) Moo (2) Dy, + (1 = B(e™r))o () Dug (D exp (ciio) Qo(7)) -
= B(e*7) (oo () Dy = 1) +
+ (1 = B(er)) (To(2) Dus (D exp, (€ilo) Qo i) — n)

and then using the estimates similar to (7.8) and (7.16) to each term above, we can
obtain

[18(e* ™) oo (2) Dug éx; + (1 = B(e*7))Tlo (2) Dug (D exp,, (€tio) Qo () — 7llg 01 oy
(7.18) < CF,eP(- °‘)||n||p’p’

Similar estimates can be carried out for the region ©;(33,%). From this together
with (7.17) and (7.18), we have obtained

(7.19) 1Duet =l o ) < (Choc® + Ch )l 0

Finally by adding (7.8), (7.16), (7.17) and (7.18), we have obtained the estimate

1Duct = il o < (CLae? + Chael = + Choe® + Cye™=) ) Inlf

and so for sufficiently small € > 0, we have proven

1
| Dwe€ — 77"0,1’,9 < 5”77“0,1’,9

which finally finishes the proof of (6.2) and hence Proposition 7.1. 0

8. Proof of Theorem 3.1. Using the estimates we have established in the
previous sections, we are now ready to construct the map

& : M(M : f,7) - My(X : K, 7).
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We will do this in two steps. First, we note the map defined in (4.9) that defines

approximate J-holomorphic maps is obviously smooth map from M(M : f,P) into
FLP. We denote this map by ®¢ : M — FLP which is defined by

(8.1) ®$(1) == wL.

Now, we would like to apply Proposition 3.2 and 3.3 to w = w®! (with ¢ = 0) in
Proposition 3.2 in the second step. In Proposition 5.3, we have proven the estimate

— 24(p—1)a
(8.2) ||8wa”||0,p,e <Cge 7

forall T € M(M : f,P) and in Proposition 7.1 we have obtained the estimate for the
approximate right inverse

) 1
IQll < Cr, IDwe 0 Qe —id]| < 5
which will in turn imply the estimate

(8.3) 1Quell < Cos
where Qe = Qc(Dye 0 Q)™ ! is a right inverse of Dy.<. The estimate
(84) [ Dwe!|| < Co

is obvious. These estimates (8.2), (8.3) and (8.4) with ¢ = 0 satisfy all the requirements
for us to apply Proposition 3.2 to solve the following equation

(8.5) 07 (expyer Quern) =0

in terms of 7. In other words, we have proven that there exist some ¢4 > 0 such
that for 0 < € < €4. there exists n = n(e, I) € I?Ifi,s_, which solves (8.5) and which
depends smoothly on e and I € M(M : f ,P). The smooth dependence follows from the
content of the implicit function theorem and the uniqueness statement in Proposition
3.3. Finally, our required map

®°: M(M : f,p) —» My(T*M : K<, )
is defined by

D¢(I) = expyyer (Qwe,ln(ﬁ,l))

(8.6) = eXDge (1) (Qd)i(l)??(ey 1))-

To finish the proof that this map ®¢ is indeed a smooth proper diffeomorphism, we
proceed in four steps:

STEP 1. ®€ is a local diffeomorphism,

STEP II. ®°¢ is a surjective map,

STeP III. ®€ is a proper map.
By combining these three steps, we conclude that ®€ is a finite covering map.

STEP IV. ®° is a one to one map.

8.1. Step I (Local diffeomorphism). To prove ®¢ is a local diffeomorphism,
it will be enough to prove that the derivative

T®(I) : TIM(M : f,5) = ToeyMs(T*M : K¢, 5°)
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is an isomorphism for all I. First it follows from the index computation of the linearized
operator

D3 (®4(I)) : Toe(ryFi? — ﬁge(z)

and

L,-:W}”’——)LJ;I><L§’<2><L1;;3

that both have the same Fredholm indices (See [Fu2]). Furthermore by making a

generic choice of f’ that satisfies the transversality condition imposed as in Theorem
3.1, we may assume that both operators are surjective by Proposition 6.1. We also
note that

TIM(M : f,p) = KerL;
Tye(yMs(T*M : K¢, &) = KerD9;(2%(I)).
Now using the fact that the map
TE(IT) : TeM(M : f,) = Taz ()81 (M)

is an isomorphism which can be easily checked from definition of ®$(I) = w®! and
the fact that that map T®¢(I) : TtM — Tg<(r) M factors through by the diagram.

T&(I)
TiM ToyMy

T&<(I)

14

Tge(ry (2°(1)(M))

FIGURE 8.1

Here the isomorphism on the right hand side arrow comes from the content of the
implicit function theorem Proposition 3.2.

8.2. Step II: Surjectiveness. Since this proof will be quite involved and long,
we will postpone the proof to the next section. This is the step where we have to use
the canonical complex structure J; on T*M that is induced from the metric g on M.

8.3. Step III: Properness. By definition of ®¢ in (8.1) and in Section 4, the
properness of ®§ is obvious. Since we have the estimates

2+ (p—1)
(8.7) I€ll1,p,¢ = 1Qasm(e, )| < Ce™ 7

from Proposition 3.2 and (8.2), we obtain
p—la
(8:8) 1€l p < Ce=5.
from the relation between the ordinary and the weighted Sobolev norms
_2
€l < Ce™?[I€]l1p,e-
Then the (ordinary) Sobolev inequality implies

®9) dist (B5(I)(r, t), 8(I)(r, 1)) < Ce "7
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forall I € M(M : f: p). Now we give the proof of the properness of ®¢. Suppose that
@< is not proper and then there exist a sequence {I;} C M(M : f,p) with V(1) = o0

(i-e, diverges) but ®¢(Ij) converges. By choosing a subsequence if necessary, we may
assume that for all &

Hm  ®(Ixle,) =

T——00

for 1 = 1,2, 3 respectively. We choose € so small and fixed that

(8.10) ceH < %DO

where

D° = 21;1,1 d(p,p') where p,p’ €Ul (Crit (fix1 — fi))

which is independent of €. Note that if € is sufficiently small, it is easy to see from the
identity z§ = (p;, edf;) that

(8.11) D¢>=D°

DN =

where
D¢ := mind(z,z') where =,z' €Ul (AL NAS).
T,

z’

We choose €5 > 0 such that if 0 < € < €5, then all the above inequalities hold. We fix
any such € > 0. Since ®f is proper and I} diverges as k — 0o, ®$(I) diverges and so
by the weak convergence theorem, there exists a sequence 7, — co and some ¢ among
1 =1,2,3 such that as £k > c©

(8.12) ®S (I le;) (Tk, -) — & where a§ # & € UL (L§,; N L§).
However since ®¢(I,) converges, we have as k — oo
(8.13) ° (Igle:) (T, ) — 5.

Combining (8.9)—(8.13), we get a contradiction which finishes the proof of the proper-
ness of @€ for any 0 < € < €5.
Combining Step I, II and III, we have proven that

& : My(M : f,p) - My(T*M : K<, )
is a covering projection with finite sheets.

8.4. Step IV: Injectivity. Suppose the contrary, i.e., these exist I # I' such
that

(8.14) (1) = d(I')
Since @€ is a covering map, we must have
I1-I>d¢>0

for some ¢’ for all 0 < € < €5 which depends only on § in Proposition 3.2. This follows
from the uniform invertibility of D®¢(I) : TAM — Tg(1yM, (see Proposition 7.1).
Hence from the definition of ®§, it is easy to check that

(8.15) 185(7) — @)z~ 2

1
=6'>0
Z3 >
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by choosing smaller € if necessary. Now (8.14) and (8.15) contradict to each other
by the estimates (8.7), provided € is sufficiently small. This finishes the proof of the
injectivity of ®¢. 0

Finally, it remains to prove the surjectivity of the map ®¢ which we will do in the
next section.

9. Surjectivity of the map ®¢. We first note that from the uniqueness state-
ment in Proposition 3.3 together with the estimate (8.10), the surjectivity of the map
®¢ will follow from the following theorem.

Theorem 9.1. Let J = J; be the canonical almost complex structure on X as
in (1.4). And let & > 0 be the constant given in Proposition 3.8. Then there exists

€7 > 0 such that if 0 < € < €7, for each given w € My(X : K‘,a‘:") there exists some

I=1I(w)eMy(M:f,p) and n € Hg

such that
W = eXPg (1) (Q<I>i(1)’7)
with
1)
(9.1) IQas(rynllLe < 5

The following two lemmas are the first step to the proof of the theorem.
Lemma 9.2. Let J be any almost complex structure compatible with w on T*M.
Then there ezists a constant Cag = Cag( f_) depending only on f = (f1, fo, f3) such that

(9.2) /u*w =/ |Dw|3 < Coge
[S]

for allw € M (X : A<, 7€), where the norm |-|g on T*M is the one induced from the
metric g(+,) = w(-, J+).

Proof. Since w is J-holomorphic and J is compatible to the standard complex
structure w on X = T*M, we have the following well-known identity

%fe |Dw|3 = fe wrw.

Since w = —d#, 6§ is the canonical one form on 7* M, we have from the Stoke’s formula

/w*w:—/@w*d0=—/aew*0=g(—/ejw*0).

On the other hand, since A§ = Graph edf; and w(¢;) C A, we have

_./ w g = —/ edf; = —e(f;(pj+1) — fi(ps))
w(4;)

2

and by summing up, we have obtained

l/ |Dwl; = §3 (—/ w*) =€ Es (fi(pir1) — £i(ps))
9 o J =~ 4 = AV R FAV 4]
and hence

1 ) 3
3 /@ |Dw|} < 3¢ Y (max f; — min f;).
Jj=1 '
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By setting Cyy = 3 E§=1 (max f; — min f;), we are done. 0

Lemma 9.3 [Corollary 3.4, Remark after Corollary 3.5; O1]. Denote by
D either the open unit disc or the half-open disc with boundary 8D = (—1,1). Let
u:D — (P,w,J) be a map such that

w(@D)C L and 8yu=0

where L is a given compact Lagrangian submanifold of (P,w). We denote by
€3 =inf{/u*w | w:(D*8D?*) — (P,L) oru:S>—P
and yu=0 and nonconstant }

where D is the unit disc. Then for any r < 1 and u with [, |Dul® < €5, we have

03 maxIDu@)] < Cu®lDulbog) = Cut)( [ PuP).
lz]<r D(1)

We remark that in the present case where P = T*M and L = Graph dg for
a function g on M, we have e = oo in (9.3) because there exists no nontrivial J-
holomorphic sphere or disc with boundary on L. Hence the uniform estimates (9.3)
hold for all (local) J-holomorphic map » : (D,8D) — (T*M, L) where D as in Lemma
9.3. Combining (9.2) and (9.3) together with the exponential decay of w € Ms(T*M :
K¢, 3, we have obtained

(9.4) sup |Dw(z)| < Cagv/e
z€0

for all w € My(T*M : A%, %) where Cys = Cag(f) depends only on f. From the
boundary condition w(¢;) C A§ and from the fact that A — M as e — 0 in T*M,
(9.4) immediately implies

(9.5) sup d(w(z), M) < Cagv/e.
z€O

However, the estimate (9.4) is not strong enough to analyze the degeneration of
M (T*M : A5, ) to My(M : f,p) and we need to improve (9.4) to the estimate

sup |Dw(z)| < Ce.
z€O

This is one of the reason why we restrict to the canonical almost complex structure
J = J, induced from the Riemannian metric g on M. The other reason was in the
proof of the transversality result in terms of the gradient flows which was carried out
in Section 6.

Proposition 9.4. Let g be a Riemannian metric on M and J = J; be the
canonical almost complex structure on T*M induced from the Levi-Civita connection
of g. Then there exists eg > 0 and Co7 > 0 such that if 0 < e < eg andw € M;(T*M :
K¢, 7€), we have

(9-6) sup d(w(z), M) < Care
z€O

Remark 9.5. In fact, the above C°-estimate can be proven for any almost com-
plex structure J compatible to w, if we allow to vary the metric g on M appropriately
in terms of the almost complex structure J on T* M. This variation will be necessary,
when one attempts to prove the result as in this paper (in the presence of bubbling)
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for the case of more general Lagrangian submanifolds in the general symplectic man-
ifold (P,w). This proof uses a different argument using the fact that the cotangent
bundle is “convex” in that the level hypersurfaces of the radial function are (pseudo)-
convex in the sense of symplectic geometry. But we prefer to use the above more
standard method in this paper, where it is enough to consider the case in which J is
the canonical structure associated to the fixed metric g.

Proof. The Levi-Civita connection of g induces the splitting

(9.7 Te(T*"M)=He® Ve, E€T™M

into the horizontal and vertical subspaces. In particular when £ € M C T*M, this
splitting coincides with the canonical splitting

Te(T*M) = Ty M & Ty M

and so J, maps the vector v € T'M into the co-vector g(v,:). Furthermore it is
well-known that there exists the canonical identification of Ve with T7 . M where
m:T*M — M is the projection. We denote by

Ny, My : T(T*M) — T(T*M)

the horizontal and vertical projections with respect to the splitting (9.7). Now we
choose the standard coordinates z = z + iy on © as a subset of C and identify 9;w
as a section of w*T'M as before. By decomposing 8w into horizontal and vertical
components, we can rewrite 0 w = 0 into

My (32 +792) =T (32) + 71y (Z2) =0 9.8)
{ My (g2 +72) =1y (g2) +J1s (%) =0 9.9)

by the definition of J = J,. We write w(z) = (¢(2),p(z)) for p(z) € T;,yM. Then
after we apply T'r : T(T*M) — TM to it, (9.8) becomes

d
2+ TmoJVyp=0

and after we apply Tmo J : T(T*M) — TM, (9.9) becomes
o

a—Z—TwoJV$p=O.

Therefore the equation 8;w = 0 becomes
% 4 TroJVyp=0  (9.10)
N —TroJV,p=0. (9.11)

We would like to emphasize that Vp = IIy o Dw is the covariant derivative of p
considered as a section of 7*M along q and T'w o J(w) is a section of the bundle
w*End(T*M,TM). In particular when Image w C M C T*M, T'w o J(w) becomes
the natural map

g(v, ) = _U'i
To prove (9.6), it is enough to prove

Ip(2)|] < Ce
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for all z € § and w € My(T*M : A€, #). Due to the boundary condition
w(¢;) C Af = Graph edf;,

this holds on 80. Therefore this will immediately follow from the following lemma.

Lemma 9.6. There exists €y > 0 depending only on f = (f1, f2, f3) such that if
0 < € < €9, the function

z = |p(2)]%, Z€O

is a subharmonic function and so any local mazimum of the function is attained on
00.
Proof. We compute A(p,p) where A = 6%2; + 5655:

0?2 02
5;5(1%1?) + 3—y2(P,P)-

And
(9.12) Z5(p,p) = 2(Vap, Vo) + 2(V2Vap, D)
(9.13) Z(p,p) = 2(Vyp, Vyp) + 2(V,Vyp,p).

Using (9.10) and (9.11), we compute
VeVep =V, ((Tﬂ' ° J)_I%Z,')
= (Vz(Tﬂ' o J)-l)gg +(Tmo 7)1V, (8
and
Y,V ==V, ((Tr0)"22)
= —(Vy(Tﬂ' o J)_l)g% —(Tmo J)"lvy(% .

Since Vm(%’-) = Vy(gg-) by the symmetry of the Levi-Civita connection, adding (9.12)
and (9.13), we have

Alp,p) = 2((Vzp, Vep) + (Vyp, Vyp))
(9.14) +{(VaTr o)) — (9y(Tm 0 0)™) 22, p).
Again from (9.10), (9.11), the second term in (9.14) becomes
((Vz(Tw 0 J)“l)(Tﬂ 0 J)Vep + (vy(n 0 J)—l) (T 0 J)V,p, p) := A.

Using the crude estimates (9.4) or (9.5) and the equation (9.10), (9.11), it is easy to
see

|V(T7o )™ < C(IVepl + |Vypl)
and so we have

|A] < Cas(|Vyp| + |Vep))?|pl
< CasCa6Ve(|Vyp| + | Vay|)?
< Cog/e(|Vyp|® + | Vapl?).
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Substituting this into (9.14), we have obtained

A(p,p) > (2 = Cagv/e)(|Vapl® + |Vypl*)
= (2~ CeoVe)|VpI® > |Vp|* 2 0
provided e is sufficiently small. This finishes the proof of Lemma 9.6 and so Proposition
94. O

With the C%-estimate, we now proceed the C!-estimate.
Proposition 9.7. There exists eg > 0 and C3g > 0 such that

(9.15) sup |Dw(z)| < Cspe
z€O

for allw € M (X : A€, &) provided 0 < € < €.

Proof. Once we have the C%-estimate in Proposition 9.4, the proof of (9.15) is
just a standard blowing-up argument. We will therefore sketch the essential part of
details. Suppose (9.15) does not hold. Then there exists a sequence e — 0 and
wy € My(X: ka,:b'f’“) such that there exists z; € © with

(9.16) | Dwp,(2x)| = max |Dw(z)|
(9.17) Ry := ilDwk(Zk)l — o0

as k — oo. Since M is compact and from (9.6), we may assume, by choosing a
subsequence if necessary, that

w(zx) > g€ M C X.
Using the exponential map exp, : T X — X, we can write
wy(2x + u) = exp, §k(u) or
& (u) = equ_l(w;c (zk + u)

for some map
& 1 O, C(C—)TQX

which is defined on

0. ={uecC||u/<l,zr+ueOCC}

FIGURE 9.1
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Now we define maps wy, into T, X by

(9.18) Wi (v) = ték(Fr) = +expy’! (wk(zk + Rik))
for v € C with - € ©,,. The domain of Wy, is

Or={veC]|lv <Rk and 2z + - € ©}.
Furthermore iy have the properties that

|Im @] is bounded

by (9.6) and as € — 0,

|D@(2)] < 1+0(1) forall z € O

(9.19) | Dy, (0)] = 1.
Now depending on whether

6—1k-dist (2k,00) = 0 or

-elk-dist (2k,00) = C < o0,
we will have obtained a non-trivial Jy-holomorphic map into (7,X,Jy) = C* as a
C!-limit of @y, which will be defined either on C or on the (conformally) upper half-
space C; and whose imaginary part is uniformly bounded. Then by the maximum
principle, this limit must be a constant. On the other hand, by the C'-convergence
and by (9.19), this gives rise to a contradiction. Hence the proof. O

Now we are ready to prove Theorem 9.1 and the rest of the section will be spent

to prove it. We start with the center region ©o(Z). We apply the estimates (9.16) to
each point in ©¢(%) and then we get

(9.20) max  d(w(0),w(z)) < Ca1e'~*.
Zeeo(e%

Since we assume 0 < a < 1, we have

(9.21) lim max d(w(0),w(z)) = 0.

€—0 2690('6?

Now we consider the regions ©;(Z),é = 1,2,3. For given w € My(X : Kf,i"), we
apply the reverse construction of (4.9). In other words, on ©;(2) we define
(9.22) Xu(0,5) = ($5+ 0 glL,)Hw(H2)
or
w(ee) = (9% 0 9L )Ru(0,5)
for (o, s) such that
—0<o <27 0<s<e
and so
(%,2) € 0;(%).

A straightforward computation, using the equation d;w = 0 and Lemma 3.4, we
obtain B )
%x“& + (¢§I+l ° ¢{L3 *J(%UL +XF£+1—F.‘) =0.
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For the sake of simplicity, we denote
Ji(s,z) := (¢7+1 0 ¢f ) * I (z)
Ni(s) = (54 0 L) wle, (0,
for s € [0,€¢] and x € T*M. With these notations, X, satisfies the equation
B+ Ji(s,2) (B + Xpipyory) =0
(9.23) Xw(0,8) = )\i(s)
lirncr—)—oo %w(d, 3) = (¢£i+l ° ¢{i—s)_1xf on ©;
Xw(0,0), Xuw(o,e) e M C X =T*M.
On the other hand, we look at the equation
{ X +grad (fir1 — fi)(x) =0
x(0) = wle;(0,0) € M

which can be considered the (singular) limit equation of (9.23). To prove Theorem
9.1, it will be enough to prove that there exists some €19 > 0 such that for any
w € M9, 0 < € < €, there exists some

I= Iw = (Xl,X2,X3) € My(M : f_.:ﬁ)
such that for each : = 1,2, 3, we have
sup d(Xuw,i(0,0),x1(0)) < .

Proposition 9.8. There exists €17 > 0 such that for any given w € M5, 0 <
€ < €11 and for each i = 1,2,3, there exists ¢ map Xy : (—00,0] = M that satisfies

2 + grad (fir1 — fi)(x) =0

and which also satisfies

(9-24) sup  d(Xw(7,0), xw(0)) < 3-

o€(—00,0

Assuming this proposition for the moment, we proceed the proof of Theorem 9.1.
By (9.15) and (9.24), we can write

Xu(0,8) = expy, () (0, 5)

for —co <0 <0, 0< s < e with ||E||Loo < g, and so we can write
w(r,t) = expae(r,,) (7, 1)

for some ¢ with

€l <& and Iy, = (x1,X2,X3) € My(M : f,7)

where x; are the gradient trajectories of f; 11— f; that are obtained from above for each
i =1,2,3. Now we have only to prove, by further perturbing I, to I, € M(M : f, D)

if necessary, that we can choose E of the form Q<I>i (Tw);i and so w has the required form

W = exXPy (7,,) Qag(7,,) 1
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for some 7 € 'gf . We introduce the map
E(z,y) = exp; ' (v)
which is well-defined whenever z,y € X satisfy
d(z,y) < injectivity radus of X.

(See e.g., [K] for the basic properties of the map E.) Using the map E, we need to
solve the equation

(9.26) Micer Dy oy (E(@5(D),)) =0

in terms of I. Here we denote by Ilker Dy, . the L2-projection onto Ker Dgs (1) with
1
respect to the splitting

T(I)i([)f:’p = Ker D(I)i([) @ Image Qq,i(f).
‘We consider the vector bundle
U Ker Dagq
IeM

over M = M(M : f, P) and define a section &§ by

€ = Tker Do ry (E(@(D), ).

Solving (9.26) is equivalent to finding a zero of the section £§. We note that from
(9.24) and the accompanied estimates, we have

165wl < §

and this in turn gives rise to the estimates

166 (Tw)ll1p.e < C6

by the elliptic boot-strap because both w is holomorphic and ®$(I,,) is “nearly holo-
morphic”. Therefore to prove the existence of zeros of & near I,,, we have only to
prove that the covariant linearization at I,

Df&([w) : T[wM — Ker Di’i([w)

is uniformly invertible over € > 0. This is because we can apply the existence scheme
of this paper to this finite dimensional picture which is much easier. However we have
the formula

DE5 (L) (6T) = Tiker Dagqr,, (D1E(®5 (L), w) 0 DBL(I)) + O().

From this, (8.17) and from the fact that Image D®$(I,) is almost the same as
Ker Dg:(1,), it is straightforward to conclude that D&§(I,,) is uniformly invertible
over € > 0, which finishes the proof of Theorem 9.1. O

Finally, it remains to prove Proposition 9.8.

Proof of Proposition 9.8. From the C'-estimate (9.16) and from the definition
(9.22), it follows by a straightforward computation that

9.27) %<0
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for all w € My(X : A€, &) and for all € > 0. From (9.23) and (9.27), we get
<C

Xw
do

and in particular we have
‘6—5}(0, 0)| <C.
Therefore the family of maps defined by
o+ Xuw(o,0)

on (—o00,0] into M C T*M is an equi-continuous family.

We now restrict (9.23) to s = 0 and rewrite it, by writing Xw(c,3) = (¢(0,s),
p(o,s)) as before, into

'gtg; + (Tﬂ' o J)Vsp-i- grad (fi+1 - fl) + Tﬂ‘(J,E — J) (Qgs& +X(F,~+1—Fi)(5('w)) =0

8% — (Tr 0 )\Vop+ T 0 J(Je = I) (L + X(py,mp) (Rw)) =0

Note that p(c,0) = 0 and so V,p(a,0) = 0. Therefore from the second equation and
(9.27), we have

9q
ds

< Ol - J|(%w) < Ce.
Then we have v N
IVsp| < |Vp||5E) < Ce

because the boundedness of |Vp| follows from the Cl-estimate (9.15) and from the
definition (9.22) of X,. By taking the Cl-limit of the first equation as €; — 0, any
local limit of X,,, which we denote by ¥, satisfies the equation

e 1 grad (fir1 — fi)(Xoo) = 0.
Since M is compact, we may assume by taking a subsequence, that
w(0,0) > w(0) >z as ¢ —0.
Therefore the local limit of ¥,, as € — 0 satisfies the initial value problem
{ & + grad (fir1 — fi)(x) =0
x(0) ==
Furthermore, X, weakly converges to a cusp trajectory

Xo U (Ui\l:l Xk)
where
xo(0) =z, lim _xo(o) € Crit (f> — f1)
Xt € M(fi+1 — fi;) foreachk=1,--- N

Now by an easy version of the gluing theorem, we conclude that there exists x. €
M(M : f,p) such that
d(iwj (o, 0), Xw(a')) < %

This finally finishes the proof of (9.24) and hence the proof of Theorem 9.1. O
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PART II. (HIGHER) MASSEY PRODUCT

10. Moduli of metric ribbon trees and genus zero marked open Rie-
mann surfaces. We are going to construct the natural stratification and the com-
pactification of the moduli spaces Gr, %o introduced in §1.

To explain our compactification of ¥g x, we use its relation to the moduli space
of pointed genus 0 Riemann surface. We set

o€ _ {(z1,-+ ,2) | 21 €CPY,zi # zj, fori#j}
ok =

PSL(2;C)
Here PSL(2;C) = Aut(CP") acts on {(z1,* ,2) |zi € CP!, 2 #2;, fori#j} by
g(z1,- -+ ,2k) = (921, - ,g2r).- We define an anti-holomorphic involution on ‘I‘g’k by

(zla"' ,Zk) =(71-) 7-27) Let

LeEmMmA 10.1. S]&k consists of (k — 1)! connected components. One of them is
identified with To .

Proof. Let © = [2z1,-+- ,21] € Tog- By the abuse of notation, we write z for
the pointed space [CP!; 2, ,zx] also. Composing the canonical anti-holomorphic
diffeomorphism  — T which is nothing but the identity map (note that as sets  and
T are the same), with the (holomorphic) isomorphism £ — T which is the involution
mentioned above, we obtain an anti-holomorphic self-diffeomorphism 7 : £ — z. Since
2 has no nontrivial automorphism, we have 72 = 1. Therefore, the fixed point set of
7 is biholomorphic to S! = 8D? C CP! . We then find that z; € 8D%. We can fix the

representative by taking z; = 1, zo =+/—1 and 23 = —1. The connected component
of ‘I&k is determined according to the (topological) position of z;’s, ¢ = 4,--- ,k. By
a simple combinatorial computation, we obtain the lemma. O

Compactification of T& & has been studied extensively in algebraic geometry, and
been used in the theory of quantum cohomology. Let us recall it briefly here. (See
[DM] for a detailed exposition.)

A stable curve of genus zero (X;z1,--- ,zk) consists of a connected and simply
connected reduced curve ¥ with k£ nonsingular marked points z1,-- - , zx such that ¥
has at worst an ordinary double point and each irreducible component of ¥ contains
at least 3 points which are singular or marked. One can define a topology of the
set TG, of all stable curves of genus zero with k marked points so that €¢ . is a
compactification of T ;.

For each element (X;z1,.--,2g) of ‘I&k, one can define its complex conjugate

(X;21,- - ,2k) such that the map (X;21,--+,2k) = (E;21,- -+, 2k) is an extension of
the map (CP;z,---,2,) = (CPY;%1,- -+ , %), which is defined on ‘Ig’k. There is a

canonical anti-holomorphic diffeomorphism : (Z; 21, -+ ,2k) = (X; 21, -+, 2). We set
—] —C _
ToR,k={$ETo,k | T =g}

= . =C . . -
Let %o, be the closure of Ty in % ,. It is contained in ‘I(li ;- For an element
(521, ,21) of fo,n we have an isomorphism (;z1, - ,2k) = (Zj21,+, 2k)-
By the stability (namely the nonexistence of nontrivial automorphism of an ele-
ment of %), this isomorphism is unique. Hence by an argument similar to the
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FIGURE 10.1

proof of Lemma, 10.1, we obtain an anti-holomorphic involution 7 : (X;21,- -+ ,2k) —
(X521, -+ ,2k). The points z; are fixed by this involution. Let

C={zeX|71(z) =2}

C is a union of finitely many circles patched at finitely many points, and z; are
contained in C. (Figure 10.1).

We define a one dimensional simplicial complex T from C as follows. The vertex
of T corresponds to a circle of C or one of the points z;. Let {v1, -+ ,om}U{z1, -+ , 2}
be the set of vertices. We join two vertex v; and v; if corresponding circles intersect
to each other in C. We join v; and z; if the circle corresponding to v; contains z;. We
never join z; and z;. (Figure 10.1)

LEMMA 10.2. T is simply connected.

Proof. If not, we can find a nontrivial loop S* in T'. It is easy to see that we can
lift it to the nontrivial loop of £. But ¥ is simply connected by assumption, which
gives rise to a contradiction. O

For each vertex v; in T, we have a cyclic order of the edges containing v;. This
cyclic order is induced by the (counter clockwise) cyclic order of the circles corre-
sponding to v;. We recall that a tree with fixed cyclic order of the set of edges of each
vertex, has a unique embedding into R? such that the cyclic order is compatible to
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the orientation of R?. Thus, for each element of T\ we obtain an element (T,i,21)
of G, such that exterior vertices correspond to z1,---,2¢. Let %(t) be the set of all
elements of ¥ ; such that the graph we found above is .

We thus have described the relation between our two moduli spaces. To make
them more explicit, we are going to construct a map © : Gry = To i

DEFINITION 10.3. Let t € Gg, £: C,,(T) — Ry. We take an Euclidean rectangle
Le = [0, £(e)] x [0, 1] for each e € CL,;(t), and L, = (—00, 0] x [0, 1] for each e € CL,(%).
We remove 9]0, £(e)] x{1/2} or 8(—00,0]x{1/2} from L.. Let v € C2,,(t). We consider
edges e, ¢/ such that v € de, de’. We assume that e’ is the next edge to e according to
the cyclic order we put on the set of the edges containing v. Then, in the case when
the orientation of e, e’ goes from v to another edge, we glue {0} x (1/2,1] C 8L, and
{0} x [0,1/2) C OL.. If the orientation is different we glue in a similar way. (See
Figure 10.2).

We thus obtain a space Xy (t,£) together with an (incomplete) flat metric on it.
We would like to note that in the metric point of view, Xy (t,£) is not a sub-domain
of C. Xp(t,£) has holes corresponding to each of the interior vertex of 7. We can fill
these holes conformally, and obtain a space X (t, £) equipped with a complex structure.
This space has k boundary components and k& ends. Therefore we have produced an
element of T for each £ € Gri. We denote this element by ©(¢).

It is easy to see that the assignment £ — ©(£) defines a continuous map, which
we denote by © : Gry, — Tp .

THEOREM 10.4. O : Gry — Tpt s a homeomorphism.

We will prove this theorem in §14. Theorem 10.4 is closely related to the theory
of quadratic differentials ([Str]).

Now we construct an open covering Uieg, U(t: €, @) = Gry which will be used in
the later sections. We introduce some notations first.

DEFINITION 10.5.

(i) Let t,t € Gr. We say t > t' if and only if t' is obtained by collapsing some
edges of t.

(ii) When t > t', we have a surjective map m : T — T". For v € C2,(t'), we put
t, = 7~ 1(v) which is a subgraph of T. We identify each edge e of t' with an edge
77 1(e) of T.

(iii) For each t,, we consider the edges in t that intersect but are not contained
in ¢,. For each such edge, we attach an exterior edge (—o0, 0] to ¢, at the point where
the edge intersects ¢,. Let ¢, be the graph obtained in this way.

Now let a > 0 and € > 0. We define

LeGr(t), t-t
(10.1) Ut :e,a) = () € Gre [ L(e) > €%, if e € Ciy(t)
le) <e®, ifegCL,(t)

We will choose the constants a = a(t) so that 0 < a(t) < 1 and ‘Zttl << 1lifts=t.
Then it is easy to see that

U U(t:ea(t) =Grg
teGy

is an open covering of Gry.

11. Construction of approximate solutions. We now begin with the proof
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FIGURE 10.2

of our main theorem, Theorem 1.7 for general k. The proof goes along a similar line
to that of Part I. In fact the construction of our open covering of the moduli space
Gryi in §10 has been organized so that it works well with the argument of Part I

To imitate Part I, we first need an analogy of Proposition 4.1 for general k.
To state it we need some notations. Let a1, ---,ar € R®. Suppose that each of
subsets of {a1, - ,ar} that consist of k — 1 elements is linearly independent. We put
A ={(z++v—1a; |z € R*} Cc C".

Next let 2 = [z1, -+, 2k] € To,k- Choose a conformal diffeomorphism of D? —

{#1,+ , 2} to an open subset O(z) of C. We take ©(z) so that there is a compact
subset Og(z) such that

0(2) — Qo(2) = Uez(z)

and ©;(z) is isometric to (—oco,0] % [0, 1] where ©;(z) is the end corresponding to z;.
We let 9;0(z) be the connected component of d0(z) corresponding to 8; D?.
ProroOSITION 11.1. There is a holomorphic map

Wy : O(2) = C*
such that
(11.1.1) W,(0;0(2)) C A;
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(11.1.2) Em (Imw,|e, (1,t) — (t(aiy1 —a;) +a;) =0
T —00

Such a map is unique up to addition of real constant vectors.

Proof. The proof of Proposition 11.1 is a straight forward generalization of the
proof of Proposition 4.1 in §4. So we discuss the proof only briefly. We may assume
that n = k — 1 and a; generates C*. We then can take k linear maps m; : C* — C
such that

(11.2.1) m; is linear and defined over R.
(11.2.2) mi(a;) = —1if j #4.
(11.2.3) m;(a;) = 1.

It follows that (m1,- - ,m¢—1) is a linear isomorphism. We have
mi(Aj) ={x —V/-1|z €R} forj#1.
m(A;) = {z +/-1|z € R}

By the Riemann mapping theorem, we can find a holomorphic map w; : ©, — C such
that

w;(0;0(z)) C m;i(A;).

We then put @, = (my, -+ ,Tp—1) " (W1, ,We—1)-
The proof that w, has required property is the same as that of Proposition 4.1
and so omitted. The proof of uniqueness is also similar. O

In §17, we will specify how to remove the ambiguity in Proposition 11.1.

We will apply this proposition as we applied Proposition 4.1 in Part I. To do this,
we need some preliminaries. Let Tt Then, for each vertex v of t, we have ¢, € G,
as in Definition 10.5. Here k, denotes the number of edges containing v. If £ € Gr(t),
it induces £, € Gr(c,), hence an element O(¢,) of Ty, -

By the construction of Definition 10.3, ©(€) € Ty, together with its explicit
coordinate, can be obtained from ©(¢,)’s as follows: Each of the ends of O(¢,) is
isometric to (—o0, 0] x [0, 1], and the ends of ©(£,) correspond one to one to the edges
of t containing v. We remove (—o0, —e~*/3] x [0, 1] from each of these ends. We place
these domain at the position v.

Next, we take a rectangle [¢!=%/6,£(e) — €' ~*/6] x [0,1] for each e € C},.(t)
and place it at the position of the edge e. If v € fe, and the orientation of e
goes from v to another vertex, we identify [€(e) — €'=%*/3,4(e) — €17%/6] x [0, 1] with
[—€'=*/3,—€!=%/6] x [0,1] C O(¢,). If the orientation is different we glue in a similar
way. We have thus obtained a space with complex structure. It is immediate to see
from the definition that this space coincides with ©(¥).

Now we outline the construction of approximate solutions. We first consider the
re-scaling map 7 : Gry — Gry defined by

r(@)(e) = 4.

Note that this is a diffeomorphism which preserves each stratum. We will define our
approximate solutions on G)(f). As in Part I, we decompose O(¢) into the “neck” re-
gions and the “center” regions around the vertices. First we use Proposition 11.1 via
the exponential map to construct approximate solutions of the pseudo-holomorphic
map equation on ©(¢,) into T*M. On the neck regions (i.e., rectangle regions)

[em/6, ﬂfl —€7%/6] x [0,1], we use the gradient lines as in Part I to define them.
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23,8(1,)

€,(1,) 2 =
2 \A//\\/G‘“”)/

3:0(1,) 9,6(,)
\ /
2 i3
©5(1,)
FIGURE 11.1

By gluing these using the partitions of unity, we will obtain approximate solutions.
Making this construction precise is the goal of this section.

We first need to remark about some technical trouble which was not present in
the case of k = 3 in Part I: The family of domains ©(¢,) form a non-compact family
as £, varies and € goes to 0. Therefore it is not clear that the convergence in (11.1.2)
can be made uniform as € goes to 0. We will discuss this trouble in §16 in more detail.
For the moment, we just state and use one lemma (Lemma 11.2) which will be used
in our construction below.

To state this lemma we need some notations. Let us number the set of edges e such
that v € de in a way compatible to the cyclic order. We put leg(e;) = j(2) = rig(esr1)-
Corresponding to each exterior edge e; of £, we have the exterior end of ©(¥,), which
we denote by ©;(£,). We use (1,t) € (—00,0] for its coordinate. Denote by 9;0(¢,)
the component of the boundary 80(£) such that

ai@(zv) N @i(ev) 7é 0

0;0(ly) N Qi1 (Ly) # 0

(See Figure 11.1).
Let p € M and denote a; = grad, f;(;), and

Ai={z+V-1lglzeR}cC* =T,M C.

LEMMA 11.2. Let O(¢,) be as above and W, : ©(f,) - C™ be the holomorphic
map obtained by using Proposition 11.1. Namely

(11.8.1) @y (8sy) C As.
(11.3.2)

(11.4) TEIPoo(Im @v|e‘. (T, t) - (t(a,~+1 —a;) + ai) =0

Then the convergence in (11.4) is uniform on €, p and £,.
The proof of Lemma 11.2 will be postponed until §16.
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Now we describe the appropriate space of maps where we do the necessary es-
timates. First recall that to each element £ € U(t : ¢, ) is associated the domain
o( f) with the complex structure that is induced from the flat metric (with finitely
many singularities), which represent it (see the paragraph right before Theorem 10.4).
These will be the spaces where we do all the estimates implicit below. We denote by

Mapy (g.c,a)(T*M : Ae, p°) = U Map, (T*M Ae, p°)
LeU (tie,a)

the fiber bundle over U (t: €, &), whose fiber at £ is given by

Map: (T*M : K¢, p?) = {w: @(é) — T*M | w is a smooth map
satisfying (1.3.1) and (1.3.2) }.

We would like to mention that w in this set does not necessarily satisfy (1.3.3). We

denote by || - [lo,p,c the obvious weighted Sobolev norm on the space Map., (T*M :
K¢, 7%) in terms of the induced metric on ©(y). We would like to point out that the
(ordinary) Sobolev constant of the domains f are uniform over £ € U(t : €,a) and
e— 0.

We then consider the fibre product U(t: €, ) Xz, My(M : f,P) using the map
me: U(t: €,a) = Gry.

DEFINITION 11.3. Map(T*M : K‘,p‘) be the set of all pairs ([z1," - ,2k],w),
such that [z1,-++ , 2] € Tox and w: D> — T*M is a smooth map satisfying (1.3.1),
(1.3.2) but not necessary (1.3.3). Note that it follows that Mapy(s.c,a)(T*M, Ae,p) is
a subset of Map(T*M : ]\“,ﬁ).

Now our main result of this section is the following.

PROPOSITION 11.4. There ezists a constant C > 0 independent of €, and maps

WS Ut € ) Xn, Mg(M; f,B) = Mapy(pe,q)(T*M : K¢, 5%)
such that the followings are satisfied:
(11.5.1) If w is in the image of ¥{ , then we have

—_ 24(p—a
[Bswllope < Ce™ 7.

(11.5.2) The following Figure 11.2 commutes.

€

o v o
U(t: €,0) Xa, Mg(M; ,7) —+ Mapye,a)(T*M : K¢, 7)

N/

Ut:e,)
FIGURE 11.2

Proof. Let £ € U(t: €,a) N Gr(t) for some £ > tand I € Mg(M;ﬁﬁ) such that
Te(f) = m(I). Here m : My(M; f,8) = Gry is the projection. We decompose the
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domain O(¥) as follows. We put
0. ~ [0,4(e)] x [0,1] C ©(¢)

for e € C},,,(t) and
Q. ~ (—00,0] x [0,1] C ©(¥)

for e € CL,, ().
Let v € C9..(t). We take a vertex v € ¢, and put p, = I(vo) € M. (The precise
choice will be discussed in more detail in §17.) By Lemma 11.2, we obtain a map

Wy = Tp, M ®C

where we identify
Tp,M ® C =T, o) (T*M).

Let e € C1(t). Let
Xe * [0, @] - M

or
Xe : (—00,0] > M

be the restriction of I to the edge e. X, is a gradient line of —(fiez(e) — frige))- We
put
0. (%) = [Ce*, -e(e—e) —Ce x [0,1] C O,

when e € Cllnt

(t), and
C -
O, (€—a> = (—OO,—CE a] X [0, 1] C O,
when e € CL,(t).

Then for each v € C2,,(t), we put
(11.6) w},(2) = expy, (€Wy(2))

on

z € O(L,) — U(—oo,-—e""‘/ﬁ] x [0,1].
For e € C'(t), we put

feg e frtg e
(11.7) we(T,) = Y™ 0 P 175 (Xe(er))

on O, (5). On O, (66‘,, 3ex) = Oc (50=) — Oe (é—;) we use a partition of unity in

exactly the same way as §4, to patch (11.6) and (11.7). Thus we have obtained a map

w' =w: @(E) - T"M.

We put
s (6, 1) = we!
The commutativity of the Figure 11.2 is an immediate consequence of the construction.

To prove the estimates (11.5.1) repeating those in Part I, we need to prove the
following lemma which is relevant to prove the analogoues of (5.6) and (5.8) there.
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Once this lemma is proved, (11.5.1) can be proved in the same way as in Part 1. We
remark that we also need this lemma to show that C in (11.5.1) is independent of .
LEMMA 11.5. We can choose W, so that the following holds: Let (1,t) € O, (5=,

'3e1_a) Then

dist (WS (T, 1), we (7, t)) < Cmax{e, 2~}

Here v is the vertez corresponding to 0 € [0,£(e)] ~ e.
We postpone the proof of Lemma 11.5 until §17.

12. Transversality of the graph flows. We constructed in §11 an approximate
solution corresponding to each element of M(M : f, p). Our next step is to modify
it and to find an exact solution nearby of the pseudo-holomorphic map equation (or
the (nonlinear) Cauchy-Riemann equation). Roughly speaking, we can carry out this
modification, provided the linearized operator is surjective (namely when there exists
a right inverse of the operator.) This is the way how we did in the case when k = 3
in §6,7. The existence of the right inverse was proved there by making use of the
transversality hypothesis in Theorem 3.1 for the unstable manifolds of gradient vector
fields.

To generalize the line of ideas in §6, 7 to general k, we need to define and verify
the transversality of the moduli space My (M : f,9) and to understand its relation to
the existence of a right inverse of the linearization of the Cauchy-Riemann equation.
This is the analogoue to the proof of Theorem 1.4. But we will not complete the
proof of this theorem at this stage, since we still have to incorporate and glue the
moduli spaces corresponding to different combinatorial types of graphs. Therefore in
this section, we fix the combinatorial type of t and consider the subset Gr(t) of Gry,
and study the transversality there. The gluing construction we need to complete the
proof of Theorem 1.4 will be explained in §14 and §15.

Let t = (T,i,p). We fix a vertex vg € Co,,(T). For each exterior edge €; (i =
1,--- ,k), let v; be the interior vertex contained in e;. (The other vertex of e; is
exterior.) We remark that v; = v; may happen for ¢ # j. We order them so that

V= =0 F VS S Vi1 F iy = F VG, =0 = Uk
Here i1 < iy -+ < i,,. We are going to define a map
Ezp = Exp.: M x Gr(t) - M™.

For 1 < h < m there is a unique minimal path in T joining v and v;,. Let €jhs e s
ejn be the edges contained in this path in this order, see Figure 12.1.
Let V;* be the vector field such that

V;:h = —(grad flef(ej::) — grad frig(ejl;).))

Let Exzp(tV{") : M — M be the one parameter group of transformations associated to
this vector field. We denote

Eapn(p,£) = Bap(é(ejp)V]*) o -+ o Eap(E(ess )Ver) (p)
In other words, we define a map

I:T- U {v}->M
veCL,.(T)



OPEN STRING AND MORSE HOMOTOPY 159

FIGURE 12.1

such that I satisfies (1.4.2), (1.4.3) and I(vo) = p, and put :

I(vih) = Exph(p7 e)
We set
Exp(p, L) = (Exp1(p, £),- -+ , Expm(p, L))

We write Exp 7 in case we need to specify f
For a critical point p; of fii1 — fi, let W, (fi+1 — fi) be the unstable manifold
of the gradient vector field of f;y1 — fi. Let m: My(M : f,ﬁ) — G}, be the natural
projection. We denote by My (M : £, t) the inverse image of Gr(t) in My (M : .9
under the map 7 . Now the following lemma is immediate from the definition.
LEMMA 12.1. There exists a natural one to one correspondence

m thi1—1

Eap™ | T () Wi Uier = i) | = Mo : £,

h=1 jzih

Now we would like to formulate the transversality of the moduli space Mg4(M :
f,7,t). To study the transversality property of My(M : f,P), the identification in
Lemma 12.1 is not suitable enough because the structure of the set n;'.'gi;‘lwp; (fi+1—
fj) could be quite complicated. For example there is no simple criterion for the set
to be a smooth submanifold unless the intersection is that of a pair of submanifolds.
Because of this reason, we consider the transversality in the following way: We assume

that all the functions f;41 — f; are of the Morse-Smale type and so all W, (fj+1 — f;)
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are smooth submanifolds and intersect one another transversely. We study the map

m th41—1 thy1—1
EXP:MxGrt) x [[( [T Wy (Fiv—5)) — I'[(M x I m
h=1 j=in h=1 j=in

that is defined by

EXP(p,Y, th) H(Ewph(p, €), U(Bh))
h=1 h=1

where P = (Diy, * ,Plingi—1)) € IIoet ™ Wy (fi41 — f3) and ¢« [0 W,
J= J=

H;":*;; ~! M is just the inclusion map. Now the followmg is easy to show

LEMMA 12.2. There exists a natural one to one correspondence

m m thy1—1
EXP~! (II Ah) ~Exp™ ([ () Wi (Firr— F)
h=1 h=1 j=in

where Ay, is the diagonal in M x (]_["’_‘”z;—1 M)=Mx--+x M.
Now we are ready to formulate our transversality condition.
DEFINITION 12.3. An element of My(M : f,p,t) is called transversal if the

map EXP above is transversal to [[.; Ap at the point (p,?, H”‘“—l pp) of M X

J=1h
Gr(t) x (H;"*l;_l W, (fj+1—f;)) corresponding to the given element in Mg(M : 5%
through the correspondences in Lemma 12.1 and 12.2. If this is the case at every point
in Mg(M : f,7.1), then we say that Mgy(M : £, 5,4t is transversal.

For the convenience of the exposition, when the transversality in Definition 12.3
holds, we will often simply say that the map Ezp : M x Gr(t) - M™ is transversal
to [Th; ﬂ“‘_‘:i_l W, (fi+1 — fj)- One always has to appropriately interpret into that
of EX P whatever statement on the map Ezp appears below.

The following lemma can be proven by a simple dimension counting argument
using the transversality of the map EX P formulated in Definition 12.3.

LEMMA 12.4. Suppose M(M : f_: D,t) is transversal in the sense of Definition

12.3. Then M(M : f", D, %) is a smooth manifold of dimension

k
Z w(z;) — (k — 1)n + dim Gr(t).

i=1
We remark that it is not difficult to show
dmGr() =k-3- > (k,—3),
veC),,(T)
where n = dim M and k, is the number of edges containing v. (See §14 for its proof.)

Now we prove the following transversality result.

PROPOSITION 12.5. There ezists a residual subset of (C°°(M))™ such that for f
in it, every element of My(M : fp: t) is transversal in the sense of Definition 12.3.

Proof. Let U; be a sufﬁc1ently small neighborhood of p;. We con51der the subset
of (C®(M))§" consisting of the functions which coincides to the given fat U We
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define

MM 9= |J MyM:F59
fe(C=@n)g

We first remark that for f in a residual subset of (C°(M))g* all fj+1 — f; are of the
Morse-Smale type and so the unstable submanifolds of these functions are smooth.
Therefore we take a such ﬁ) and consider f’s only in a small neighborhood of ﬂ;.

The next step is to find a perturbation of f such that Ezp become transversal
to [Th, ﬁ;-’:'i;_le_j (fi+1 — fi)- We will choose the perturbation so that it does not
change the unstable manifolds involved. For this purpose we choose open subsets V;
of M as follows. We write v; < v; if the minimal path joining vy and v; contains v;.
Our open sets V; C M satisfies the following. Here we identify 7" with its image by
Ie My(M : f,5,4).

(12.1.1) The intersection of V; with the minimal path joining v; and v is nonempty.
(12.1.2) If the intersection of V; with the minimal path joining v; and v is non-empty
then v; < v;.

(12.1.3) V; do not intersect the unstable manifolds Wy (fiv1—1i) , =th, s ingp1—1
unless the dimension of W~ (fj+1 — f;) is dim M.

FIGURE 12.2

(It may happen that some v; coincides vp. In that case we do not require (12.1.1)
and just take V; empty.) One can find such open subsets by taking V; to be a sufficiently
small neighborhood of the point p which is on the path joining v; to v and which is
sufficiently close to v;.
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Next we consider the map

m
Ezp: M x Gry, x [[ C&(Vi,) = M™
h=1

such that E;::;)(p, ¢,g5) = Ezp(p, ¢, f’) Here the i th component of f is f; + gn where
ip <1 < ip41. By abuse of notation we write f + g for this element f.
We consider
m th41—1

H () Wy (fis1 = f3)

h=1 j=ip

Now we show :
LEMMA 12.6. E—;;;)_l (H,T X Zthl-lW (fi+1 — f,»)) is a smooth submanifold of

J=in
M x Gri x [, Cs°(Vs,.). Furthermore the restriction map of the projection 7 :
M x Gri % [, C§° (Vzh) = [The1 C8° (Vi)

m thg1—1

(I N Wi -5 | = T o)
h=1 j=i h=1

is a Fredholm map.

Once we have Lemma, 12.6 then Proposition 12.5 is a consequence of the Sard-
Smale transversality theorem [Sm]. (More precisely we replace C§°(V;) by a Banach
space contained in it, as in Floer [F12].) Now we prove Lemma 12.6. It suffices to show
that the map Fzp is transversal to [;-, ;"*,;_IW (fi+1 — f;)- (The Fredholmness
is easy to show in the formulation of Lemma 12.4.) To prove it we are going to show
that the differential of Exp is surjective. Let (p,£,§) € M x Gr(t) x [I™, C(Vi),
and (¢;) = E?z—i)(p, £,5). Let X; € Ty, M. We are going to find g; an V' € T, M such
that

dEzp(expy(tV), L, f + tg)
dt

(12.2) = (X1, s Xm)-

t=0
We find such a g; by induction of the order < of v;. We remark that Condition

(12.1.2) implies that g; do not affect the i-th component of dE“’(”PJgV),LHtg*)I

unless v; < v;. Hence we can modify g; according to the order < of v;.

First suppose possibly there exists v; with vg = v;. Such an element is necessarily
the smallest element among v;’s. Then clearly the i-th component of Exp(p, ¢, f) is p.
Hence by putting V = X;, (12.2) is satisfied for the ¢-th component.

Next we construct g;. Assume we have already chosen g; for 7 with v; < v;. Take
g’ so that gp = 0 for those which are not yet chosen. We have already chosen V also.

Then denote the j-th component of 2Z2p(becp ’(tv) fitg )’ L by ¥;. By Condition
(12.1.1), we can find gj 80 that, if §; € [[h-, C’°°(V) is the element whose h-th

component is 0 unless ¢ = j and whose j-th component is g;, then the j-th component
of 4Bzp(ezpy(tV),b f+g;)
dt

becomes X; — Y;. Then (for any choice of g, we make
t=0

later) the j-th component of %Z22 (ezpp((iiv)’l’f +tg)| is X;. Thus Lemma 12.6 now
t=0
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can be proved by induction. Hence the proof of Lemma 12.6 and so that of Proposition
12.5. 0

13. Construction of the right inverse and the exact solutions. In this
section, we use the transversality established in §12 and construct a right inverse of
the linearized equation of the Cauchy Riemann equation at the approximate solutions
constructed in Proposition 11.4. This construction is parallel to that in §6, 7. So
we will explain only the part where arguments are new. The main new point in the
current situation appears when rephrasing the transversality condition as we did in
the beginning of §6.

Let (p,€) € M x Gry, be the element corresponding to the map I : T — M in

My (M : f. 7, t) through Lemma 12.1. We assume that it is transversal in the sense of
Definition 12.3.

We identify each interior edge e of T to [0, £(e)] and exterior edge to (—o0, 0]. Let
Xe : [0,€(e)] = M or x. : (—00,0] = M be the restriction of I. We put

WP =4 (c) € H WP (X:TM) | ce(v) = cer(v) if v € e,vee,veCo.(T)
e€C1(T)

There is a map :
Ly WP = [[ P 0GTM).

whose e-component is given by

Le = Ly, := V3 + Vgrad(fiege) — frige))

We have :

LEMMA 13.1. Ly is surjective when I € My(M : f,[f,’c) is transversal in the
sense of Definition 12.2.
Proof. We consider the space :

W}”i’;t =< (ce) € H WP (XETM) | ce(v) = co(v) ifveene,veCy, (T
eecz‘lnt(T)
‘We define the map
Lytwih,—» I rPocTM)
e€CL,,(T)

in a similar way. We also define the evaluation map

1, m
ev:Wph, = 8 Ti(v;,) (M)
by

(ce) = (ce;l(vih))'
Here e} is any interior edge containing v;,. Then the transversality condition in
Definition 12.3 for (£, p) is equivalent to the surjectivity of the composition of the map

. ih+1—1
(13.1)  Ker LY =% @51 Trqw, ) (M) B3 05 Ny ) | [ Won (Fiar — £7)

J=tn
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Here Ny (,, (") means the normal bundle of (-). Again the precise formulation of this
statement should follow the kinds of Lemma 12.2 and Definition 12.3 in their linearized
version. We leave this obvious translation to readers.

Now we take an arbitrary element (b.) € [ LP(x:TM). First let e € C},,(T),
v be one of the vertex of e and V' € Ty(,) M. By the existence of solution of Cauchy

problem for ordinary differential equation, we can find c.(V) € W'P(x:T M) such
that

Le(ce(V)) = be

(13.2) (V)W) =V

Now we use this fact and the fact that T is a tree to find (c}) € W}”” such that

L ((c)) = (be)

Next we consider an exterior edge e;. (We are again using the same notations as in
the beginning of §12.) Then, for each W; € Tr(y,) (W, (fit1 — fi)), we have

c(ei, W;) € WHP (x5, TM)
such that

Le;(c(es, W) = bles)

(13.3) c(es, Wi)(vi) = W;

Now we consider cg(vi,) € Tr(v,)M. Again the transversality in Definition 12.3
implies in particular that we can find

thy1—1
Vh € NI(veh) ﬂ Won (fj+1 - f])

J=in
and
thy1—1
Wi € TI(v;h)( ﬂ (W (fir1 = 35)) )
J=tn
such that
(13.4) Wh — Vi + c(vi,) = 0.

Using the surjectivity of (13.1) we find (d.) € Ker Li* such that ev(de) = (Wha).
Now we put
ce=ch+d. if e€ Ch(T)

ce; = clej,Wr)  if ej € CLy(T),in < j < ins1

By (13.2)-(13.4), we have
Ce(Vj) = Cep (V) J =1th, " yint1 — 1

Hence ¢ € W;*P. By definition Lr(ce) = (be), as required. ]

Once we establish Lemma 13.1, we can imitate the arguments in the proofs of
Propositions 6.1 and 7.1 to obtain a right inverse of the linearization of d; at the
elements defined in Proposition 11.7. Then using the estimates in Proposition 11.4
together with the above discussion on the right inverse, one can repeat the same proof,
with obvious modifications, that was carried out for the case £ = 3 in §7-9. Hence
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we have constructed the required diffeomorphism in a neighborhood of each stratum
Gr(t).

PROPOSITION 13.2. For sufficiently small € > 0, there exists a constant C and a
smooth map

Bt Ult:€,a) xp, Mg(M, f,5) & My(T*M : K, &) C Map(T*M : A, &)

such that
(13.7.1) Figure 11.2 commutes and
(13.7.2)
Ezza - \I’i:al < 062+ ”p_l -
In the next remaining sections, we will patch these diffeomorphism together and
obtain the global diffeomorphism asked in the Main Theorem, Theorem 1.7.

14. Gluing moduli spaces (Metric ribbon tress). In this section, we reprove
Stashefl’s theorem and also we make clearer the relation between moduli spaces of
graphs and genus zero open Riemann surfaces.

THEOREM 14.1. [Compare with (Stasheff [St1])] Gri can be given a smooth
structure with respect to which it becomes diffeomorphic to R¥—3.

We here first recall a gluing construction of graph modulies. Let t = (T, 4,p) € Gry,
and ky; v € CQ,(T) be the number of edges containing v. We use the map :

o : Gr(t) x H Gri, = Gry,

veCT, ,(¥)

The construction is by gluing and is similar to the proof of Lemma 11.3. More precisely,
let

@) eGr@yx [[ &,

veCY,, ()

Here ¢, € Gr(cy) C Gry, and ¢, = (Cy,%y,D0y). We replace the vertex v € T by the
tree Cy. Namely we identify k, edges containing v and k, exterior edges of C,, using
their orders. Then we obtain a graph. Together with its ribbon structure and order
we denote it by t. Then ®, (¢, (£,)) = £' € Gr(t). Here £'(e) = £(e) if e € CL ,(T) and
t'(e) = Ly(e) if e € CL,(Cy)-

Let ¢, € Gi, and ¢y,y € Gy, ,, where u € CY ,(c,) and ky,, be the number of
edges containing u. We then have the following commutative diagram :

Gr(t) x [[Gr(cy) x [IGr(cun) —T2 Gr(t) x [[ Grs,

ol |

Gr@ x [1Gr(cuv) — Gry,

FIGURE 14.1

Now we start with the proof of Theorem 14.1. We prove this by induction on .
Suppose that the theorem holds for k' < k. Let t; € Gry, be the graph which has no
interior edge. Then Gr(t) is a point. We first prove that Gry — Gr(t;) is a topological
manifold. Let t # t;. Then k, < k for each v € CY,,(t). Hence, by the induction
hypothesis, Gry, is homeomorphic to R¥ =3. Using it we find that Gr(t) x [] Gr(k,)
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is homeomorphic to R¥=3. (Note that Gr(t) is a cell.) Therefore
® : Gr(t) x HGTk., — Gry

is a homeomorphism from R¥~3 to a neighborhood of Gr(t). We regard them as a
coordinate chart. So this gives a structure of topological manifold to Gry — Gr(t).

We next prove that these charts give a smooth structure to Gry — Gr(t;) . The
proof of this fact is again by induction. From the induction hypothesis, there exists a
smooth structure on Gry with respect to which it is diffeomorphic to R* =3 for &' < k.
Then the C*° compatibility of the above charts is a consequence of the commutativity
of Figure 14.1 and the construction of the diffeomorphism Gry, ~ Rf»~3, which we
are going to explain later in this section.

We have thus obtained a smooth structure on Gry — Gr(t;). We remark that
there is an action of Ry on Gry — Gr(tx). This action is free and Gry, is the cone
of the quotient space of this action. Hence to complete the proof of our theorem, we
have only to prove that the quotient space is diffeomorphic to the sphere. We will
prove this fact by using a relationship of Gr, to the other moduli space T .

Our basic observation to prove Theorem 14.1 is that the natural cell decomposi-
tions of the compactifications of Gry, and %« is the dual decomposition to each other.
We now explain this point more precisely.

Let fo,k be the compactification of ¥y, as we explained in §10. It has a cell
decomposition such that each cell corresponds to an element of Gy as follows. We
define cells A(t) for each t € Gi. An element of fo,k is identified to [X; 21, ,2g; 7]
such that ¥ is a genus zero stable curve z; are regular points of ¥ and 7 is an anti
holomorphic involution of £ such that 7(2;) = z;. If [¥;21,- -+, 2; 7] is in the interior
%o,k of our moduli space, namely if ¥ is nonsingular, we say that [X;21,--- ,2k; 7] €
A(tg). (Here ti is the graph without an interior edge.) Otherwise we obtain a ribbon
graph t = (T,i,p) as we explained in §10. We say [Z; 21, -+, 2k; 7] € A(t). Tt is easy
to prove that A(t) is a cell. It also follows that their dimensions are given by

(14.1) dmA®) = > (ky,-3)
veC? (1)

where k, is the number of edges containing v. These cells will turn out to be the dual
cells of Gr(t) as we will prove later in this section. We now calculate the dimension
of Gr(t). We first remark that

(14.2) dim Gr(t) = §CL,.(t)

mn

On the other hand, by Euler’s formula using the fact that our graph is a connected
tree, we have

(14.3) 1=4#C%%) —#C (¥
We also have §CL,,(t) = #CY,,(t) = k, and

ext

24C'() =k+ Y, k, andso
vec?nt(t)

WCL () =—k+ > ke

vec?ﬂ.t ({‘)
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Combining these, we have
3 = 34Ch.4(t) — 34Cu (1)
=3 > 1-24CL(t) — §Ci(8)

Uec?nt(t)

— S (ke - ) +h—HChL).

'UEC?nt(t)

Hence from (14.1) and (14.2), we conclude

(14.4) dmGr(t)=k-3- Y (k, —3)=dim T — dim A(¥).
veC? (V)

Next we recall the definition of the dual cell decomposition. First let X be a
smooth manifold and X,, a € I, I being a some indexing set, be smooth submanifolds
such that their closures X, become smooth submanifolds with corners. We say that
they consist of smooth cell decomposition if the followings are satisfied :

(14.5.1) X, are disjoint from one another and [[,.; Xo = X.

(14.5.2) X, is diffeomorphic to RI*/, and X, (after smoothing out their corners) is
diffeomorphic to DI%l. Here |a| is a posmve integer.

(14.5.3) The boundary D!l of DIl is a union of some of the X;’s with |b| < |al.

Given such a decomposition we define its dual decomposition as follows. Our
definition is given by induction on the dimension n of X. Suppose that the dual
decomposition is defined for manifolds of dimension < n. Let a € I and p € X,. We
consider the normal bundle N, X, and its unit sphere bundle SN, X,. For each X; with
X D X, we consider the intersection SN, X,NT,X; which is a cell. These cells define
a cell decomposition of SN, X, = S™~lel=1. Therefore by the induction hypothesis we
obtain a dual decomposition of it. We add one more cell of dimension n — |a| to the
dual decomposition of SN, X, = S*~lel=1. The we get a cell decomposition of D"~lel
which we define to be Y.

We now glue these cells as follows. For a,b € I we are going to construct an
inclusion Y, C Y;. We construct it in case |a| = |b] + 1. (In the general case we can
construct the inclusion by composing inclusions of this case.) Let ¢ € X;. We choose
a unit normal vector v € SN, X, which are tangent to X, and exp(ev) is contained
in X, for small e. Since |a| = |b| + 1 there is only one such vector. We consider the
decomposition of SN, X, induced by the decomposition of X. This decomposition
induces that of SN,(SNyXs). One finds easily that the decomposition obtained on
SN, (SNyXp) is the same as the decomposition of SN, X,. Hence by construction, the
cell of the dual decomposition of SN, X; which corresponds to the point v € SN, X;
is isomorphic to Y,. We thus obtain an inclusion ¥, C Y.

By gluing these cells that we have defined as above Y, using the inclusion, we
obtain a cell complex Y. It is easy to see that it has a smooth structure such that Y,
gives its smooth cell decomposition. Then we have

LEMMA 14.2. X is diffeomorphic to Y.

Proof. The barycentric subdivision of X becomes also a subdivision of Y. O

Now we can state Theorem 14.1 more precisely in our context.

THEOREM 14.3. Let us compactify Gry, using the Ry action on Gry— Gr(t) and
denote by Gry, the compactification. Then (Gry, {Gr(t)}) is the dual cell decomposition
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to (To,k, {T(H})-

Proof. The proof is again by induction on k. Suppose that Theorem 14.3 is true
for k' < k. We consider the cell Gr(t) and take a point p on it. Then Np,Gr(t) together
with its induced decomposition can be identified with HveC?,,t () GT(k,—3)- We assume
that t # t;. Then using the dimension formula (14.4) and the induction hypothesis,
we derive that SN,Gr(t) is the dual decomposition of the boundary

o JI ZTio-s

vECY,. (V)

We put X = Gr and use the notation in the definition of the dual decomposition.

Then we find
Vo= I %tk-s
vectont(")

Since this holds for arbitrary t except possibly ¢ we find that 8Gry and 3§(k_3) are
dual to each other. It follows that 0Gry ~ S*—%. Thus as we already explained Gry,
is a smooth manifold. We then conclude from definition that (Grg, {Gr(t)}) is the
dual cell decomposition to (To,k, {%(®)}). The proof of Theorem 14.3 and so that of
Theorem 14.1 is now complete.

Now we are in the position to prove Theorem 10.4.

We first remark that by construction we can extend the map © : Gry — g to
its compactification © : Gry — Fo,k- Here 0Gry, = Gri, — Gry, consists of (t,£) such
that £(e) = oo for some interior edge e.

We first prove that © is surjective by induction on k. We will prove that
it is of degree one (namely induces an isomorphism ©° : H k=3 1, 0%0,1;Z) —
H*=3(Gry,, 8Gry; Z)) at the same time. When k = 3 then Grs = %3 = one point.
Hence there is nothing to show. Suppose that Lemma 10.3 is true for £ — 1. Then,
we find that the restriction of © : Gry — So & to each cell in 8Gry, is surjective and
is of degree one to the corresponding dual cell in 8%0,x. Hence the restriction of @
to dGry, is surjective to %ok and is of degree one. Since we already proved that
Gri ~ %o ~ RF3 it follows that © : Gry, — %o,r is surjective and of degree one.
The proof of the surJect1v1ty of O is complete now.

We next prove that © is a diffeomorphism. We remark that it suffices to show
that © is a local diffeomorphism. This is because our map is between two spaces
homeomorphic to the disk and is of degree one.

We first consider the top-stratum i.e., the case in which t € Gi is a trivalent
graph.

LEMMA 14.4. Let t € Gry, be a trivalent graph. Then the differential of © is
invertible at points of Gr(t).

Proof. Let £ € Gr(t). We consider ©(£). We take its double &(¢). It is a Riemann
surface of genus 0 with k£ ends. We also have an exp}jcit diffeomorphism between
each of the ends of @(E) and (—o00,0] x S'. Moreover ©(¢) has an anti-holomorphic
involution 7.

By the general theory of deformation of complex structures, the compactly sup-
ported Dolbeault cohomology

Ho (8(6),0(T8()))

of the tangent bundle is canonically isomorphic to and so can be identified with the
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FIGURE 14.2

tangent space of the moduli space, Té(e)(zg,k ~ Ck=3. Moreover 7 induces an anti-
holomorphic involution of the Dolbeault cohomology and so its fixed point set corre-
sponds to Te(¢)To,x ~ R¥=3 under the identification.

By construction we have k — 3 annuli 8, ~ [¢, £(¢) — €] x S! embedded in 0(),
which corresponds each of the element e of C},,,(t). We have a homomorphism induced
by inclusion ;

(14.5) P HY: (B, O(TB.)) — HE1(B(6), D(T(8))).

Using the fact that ©(£) — U@, is a union of CP! — {3 points}, whose deformation is
trivial, we find that (14.5) is an isomorphism.

On the other hand, the real part of Hg,’,i (@e,D(T@e)) (the fixed point set of 7)
is R. This group is identified with the real part of the tangent space of the moduli of
complex structure on annulus. Thus the differential of © is identified to the real part
of the map (14.5) and hence is invertible. |

By now we have proved that O is locally a diffeomorphism at each top dimensional
strata. We now prove by induction on k& that it is a local diffeomorphism everywhere.

If k = 3, there is nothing to show. We assume that it is proved for k¥ — 1 and
smaller. We are going to prove that © is locally a diffeomorphism for k on Gry,—Gr(t).

Let t # t; and £ € Gr(t). We have ©, C O(f), ©, C O(¢), for each e € CJ,,(t)
and v € C,,(t) such that they are disjoint to each other, O, is a rectangle, and 0, is
obtained by gluing k, rectangles in a way similar to the definition of ©. Let 0., 0,
be their double (see Figure 14.2).

LEMMA 14.5. The map

P HS: (0., 0(T8.)) & @ HYt(0,,9(T0,)) — HEt(6(6), D(TO(0))).
e v
s an isomorphism.

Proof. We can find ©; ~ [0,C;] x [0,1] € ©(£), i = 1,---,24CL (¢) and ©; ~
(—00,0] X [0,1] C B(£), i = 24CL, (&) + 1, - 2CL ,(£) + HCL, ,(t), such that B(¢) — UB;
is a compact subset of U@e U U@,,. We remark that

H®'(8;,9(T6,)) = 0.



170 K. FUKAYA AND Y.-G. OH

(The cohomology here is not one with compact support.) Now let v € H® ,15(@(6)
D(T@(Z)) ie., I(A%! ® TO(f)) with u = 0, Tu = u. We find w; € I‘(T@(E)) such
that w; = u, Tw; = w;. We take v’ = u — Z@(x,w,) Here {x} is an appropriate
partitions of unity. Then we have [u] = [u'], and v’ is supported in a compact subset
of UD, UU@v. This proves that the homomorphism in Lemma, 14.5 is surjective. Then

it follows by dimension counting that it is an isomorphism. 0
Now we remark that
(14.6) T,.Gre= P Re @ ToGrx,
eecilnt(t) vec?nt(t)

Here 0 € Gry, is the unique point in Gr(t,), where t;, is the graph without interior
edges. The differential of © at £ has the component corresponding to e which is
identified with the restriction of the isomorphism in Lemma 14.5 to the real point of
0’ Py -~
H31(O,,D(TO,)).
On the other hand by induction hypothesis, we see that the map

ToGry, — H31(0,,9(T8,))

induced by the differential of © is an isomorphism to the real point. Therefore, by
Lemma 14.5, the differential of © is an isomorphism at £ € Gr(t) when t # ;.

Now using the facts that both G, and %, is homeomorphic to R*—3 and that
© is a diffeomorphism at boundary (which follows from the induction hypothesis), we
can prove that © is a homeomorphism. We can then choose a differentiable structure
of Gry, at Gr(t;) such that © is a diffeomorphism at Gr(t;) also. The proof of Theorem
10.4 is now complete.

15. Gluing moduli spaces (Graph flows). Using the result of the previous
sections, we are going to prove Theorem 1.6. Namely we construct a smooth structure
on the moduli space My(M : f,p) = UyMy(M : f,P,t). We have already proved in

Lemma 12.4 that for each t € Gry, and generic f, the moduli space My (M : f. 7, t) is
a smooth manifold of dimension

dm My (M : fig)=n—3— S (ky—3)+ Y p(z:)— (k—n.
vec?nt(‘)

Our task in this section is to glue them together to obtain a smooth manifold M, (M :

£,
We first recall the definition of

Gr(t) = {£: CL.(t) = R | £(e) > 0}.
We put
Grt() ={£:CL.(t) = R | £(e) > 0}.

We then find that
art@ = [ er).

ittt

We recall here that t > t' means that ¢ is obtained by shrinking some of the interior
edges of t. Note that the transversality is also satisfied for t' for generic f
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We consider the cell Gr(t'). Its neighborhood in Gr*(t) is diffeomorphic to
Gr(t') x W(t',t) where W (¥,t) is a neighborhood of 0 in the set

{V e NGr(t') | exp,(tV) € Gr(t) fort>0,t<<1.}

Here q is a point in Gr(t'). W (¢,1t) is a cone of the set SW (', t) which is an intersection
of W(t',t) with the unit sphere in N,Gr(t'). SW(t,t) is of dimension dim Gr(t) —
dim Gr(t') — 1.

LEMMA 15.1. Let I/?/'(t’,t) = W(,t) N Gr(t). Then by choosing W (t',t) suffi-
ciently small, we have a diffeomorphism :

WE, 8 x Mg(M: F,5,t) = My(M : f,5,8) na= (W (¢, 1)

which is compatible to the projections to W (¥, t).
Proof. We extend the map

Ezp,: M x Gr(t) > M™
defined in §12 to a continuous map :
Expf : M x Gr(t) - M™

We regard Gr(t') as a subset of Grt(t). Then the restriction of Ezpy to Gr(t') is
related to Exzpy : M x Gr(t') - M m' as follows. We recall that m is the number of
interior vertices of t which are contained in one of the exterior edges, and similar for
m'. Let {v1, -+ ,vp} € CO.(t) and {v},--- v, } € C,(¥) be those vertices. Since
t' is obtained by shrinking some of the edges of t, each of v} corresponds to some of
v;’s. We define the map

a:{l,-,m} = {1, ,m'}

such that v;(i) is obtained from v;. We then define sy 1 : M m' _y Mm by

(15.1) Sv,t((pj)lgjgm') = (¢i)1<i<m Where ¢; = p; for j = a(i).
Then by definition the map
sy 10 Bxpy : M x Gr(t) - M™

coincides with the restriction of Exp;". Therefore by using (12.1.2) for ¢, we can pro.ve
that restriction of Exp{ to M x Gr(t') is transversal to

m ih41—1
II N Wi —53)
h=1 j=ip
Lemma 15.1 then immediately follows from the implicit function theorem. 0

Now we are ready to prove Theorem 1.6. For each t, we consider

MM : F,5,0) = Mg(M - f,5,0)0 [T Mo(M - £,5,¢)

-t

‘We define a topology and a smooth structure on it so that the map

W, t) x Mg(M : f,5,¢) = MF(M : f,5,0)
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in Lemma 15.1, gives a coordinate chart. Then by Lemma 15.1 the space M} (M :
f,P,t) becomes a smooth manifold with corners. For t > t/, there is a natural inclusion

MEM - f,5,¢) Cc ME(M - £,5,4)

Using these inclusions we can patch M; (M - f, B, 1)’s together to provide a topology
on My(M : f, P). It remains to define a smooth structure on it.
Let u € My(M : f,5,t) C My(M : f,5). Then its neighborhood in M, (M : f,p)
is the union of
U we,yxu

ittt

where U is a neighborhood of v in My (M : F.5,t). We remark that for a given t the
set

U w.y

Yitet/

is identified with a neighborhood of 0 in the fibre of the normal bundle of Gr(t) in
Gry. Since we have already proved that Gryg is a smooth manifold, it follows that
Ui W(¥, ) becomes a smooth manifold. We thus get a chart of My (M : f,p) in
a neighborhood of u. It is obvious that these charts are compatible and so define a
smooth structure of My (M : f.p).

One can find the dimension of M4(M : f.P) by using Lemma, 12.4. The smooth-
ness of the projection

Mg(M : f_“, 5) — G’rk
is also obvious from the construction. Hence the proof of Theorem 1.6.

16. Behavior of holomorphic disks in C*. To complete the proof of our main
theorem, one might try to glue the locally defined diffeomorphisms in §13. However,
it is more efficient to glue the local approximate solutions ¥§ , and produce global
approximate solutions and then to apply the perturbation method used in Part I once
and for all, than to glue the diffeomorphisms E¢,,. For this purpose, we will further
study the properties of the maps we(g) obtained via Lemma 11.2.

Let t € Gy, £ € Gr(t). The space ©(f) contains k ends ©;(f), i =1,--- ,k, each
of which is isometric to (—o0,0] x [0, 1]. Let a; € R®. We use the same notation as in
Proposition 11.1.

We consider the graph T with metric ¢, and remark that there is an isometric
embedding of T to ©(£), such that each vertex of T is mapped to a singular point
(with respect to the flat metric mentioned before) of ©(€). Hereafter we will regard 7"
as a subset of ©(£). Let v1,v2 € C,;(t). We denote by 7703 the minimal path joining
them in T. Let €j,,- - ,e;,. € Ci,.(t) be the edges contained in this path in this order.
We put

eU(UZ;’Ul;£7 (a‘i)) = Z g(eji)aji'

We extend the map ev as follows. Let 6;, § € T'. Suppose that 6; is on the edge e;(;)-
We consider the case when e;(; are interior edges (i = 1,2). Let s; € [0,£;(;)] be the
point corresponding to #; and v; be the vertex corresponding to 0 € [0,£;;]. We put

ev(01,02, ¢, (a;)) = ev(vz, 1,4, (a:)) + s2a502) + (€(ejn)) — 81)aj()-
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The definition in the case when e;(;) is exterior is similar. It is easy to see that
0 — ev(d,05,¢,(a;)) is a PL map. We remark that this map is a special case of the
map Ezp used in §12. (Namely this corresponds to the case when we choose f; to be
the quadratic function whose gradient vector fields are constant vector fields a;.)

PROPOSITION 16.1. Let g be the map defined in Proposition 11.1 on ©(¥).
Then there exists a constant C; independent of € such that

|Be(e) (62) — Wee) (61) — ev(B2,61,¢, (a:))| < Cy

Proof. We will prove Proposition 16.1 together with Lemma 11.2 simultaneously.
We first prove the following.

LEMMA 16.2. Lett > t'. For each positive constant Cs, there exists constants
0 < C3 = C3(Ca,t) and 0 < Cyq = C4(Cs,t) depending only on t,Cs, such that the
following holds: If £ € Gr(t) and satisfies

(16.1.1) le) > C3, e€Cl(t)—CL.(t)

(16.1.2) le) < Oz, €€ Cppy(t) C Ciy(t)

then the conclusion of Proposition 16.1 holds for C; = Cy and Lemma 11.2 holds for
such t.

Postponing the proof of this lemma to the end of this section, we first prove that
Lemma 16.2 implies Proposition 16.1. (This is rather a technical part of the proof.)
Let

C3(C‘27n’m) = Sup{C3(CQ7 ) I ﬁcznt(t) =n, ﬁCznt(t) }
C4(C2,n,m) = sup{Cy(Ca, 1) | §CP(t) = 1, §C, (¥') = m}

We put By = C3(1,k,1), B] = C4(1,k,1). Suppose £(e) > B; for each e € C}. ,(t). In
this case, Lemma 16.2 1rnp11es that Propos1t10n 16.1 holds for such £ with C; = Bj.
(We remark that if §CO,, (') = 1 then C},,(t') is empty.)

We next consider the case where £(e) < B; for some e. We collapse all such edges
to obtain t'. If we also assume that

Z(e) > Cg (Bl y f)

for each edge e € C},,(t) — CL,,(t), then we can apply Lemma 16.2 and derive that
Proposition 16.1 holds with C; = C4 (B, t).

In other words, we have proved the following: Let Bs = sup,,, C3(Bi, k,m), By =
sup,,, C4+(B1, k, m) If Proposition 16.1 is false for C; = C4(Bi,t,t'), then there exists
e € Ci.(t) — CL,, (') such that £(e) < Bs. It follows in particular that there exists at
least two edges e in t such £(e) < Bs.

We repeat this procedure inductively and can prove the following: Define By4; =
sup,, C3(Buy, k,m), B, ; = sup,, C4s(By, k,m). If Proposition 16.1 is false with C; =
By, ., then there exists at least u + 1 edges e such that £(e) < By41. On the other
hand, the number of edges is smaller than k — 3. Therefore Proposition 16.1 holds for
Ci = SUPj<k—2 BJ'-.

Now it remains to prove Lemma 16.2. Let v € C9,(t'). We put T, =7~ 1(v) C t
and define ¢, as in §10. Restricting £ : C},,(t) = Ry to ¢,, we obtain £, € Gr(cy).
Using Lemma 11.1, we obtain

Gy : O(Ly) = C*
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(which will be normalized as in (17.1)). For each e € C(t') with v € Je, we have a
subset in O(¢,)

Oc(£y) =~ (—00,0] x [0,1] C O(£y).
Using the coordinates (r,t) there, we have
I’ajv (Ta t) + conste — (T(aleg(e) - arig(e)) +v _lt(aleg(e) - a'rig(e))l < O(T)

Here o(7) is a function going to 0 as 7 goes to infinity. We remark that we can choose
o(7) depending only on C» and a;. This is a consequence of the fact that ©(£,) from
its definition consists of a compact family because we imposed that £(e) < Cy for all
ee€ Cilnt (Cv).

For e € C'(t') we take rectangles [0, £(e)] x [0, 1] or (—00, 0] x [0, 1] and define @,
by

{Ee('r’ t) = 7-(aleg(e) - arig(e)) + v _l(t(aleg(e) - arig(e)) + arig(e))
We take w, + const, and w, + const, with appropriate constants and glue them in a

way similar to §11 along the intermediate rectangles shown as in (16.2.3) below for a
sufficiently large constant C3 which be chosen later. We then obtain a map

wp : O(¢) — C*.
By construction, it will have the following properties:

(16.2.2) I_’LU()(&Q) - ’we(g)(el) - 6’0(02,61,2, (a,))| < Cs(Cz,f, f’)
(16.2.3) Hwg is supported on

eecilnt (U)

( U (2C5/7,3Cs/TU [(e) — 3C3/7, £(e) — 2Cs/7)) x [0, 1])

u( U [—303/7,—203/7]x[0,1]>

€€C,,, (V)

(16.2.4) | sup dwpo| < o(7)
(16.2.5) (11.1.2) holds for wouniformly over £ that satisfies (16.1.1) and (16.1.2).

Therefore to complete the proof of Lemma 16.2, it will be enough to prove the
following:

LEMMA 16.3. There ezists hy : ©(€) — C such that Bhg = dwg, hy is bounded,
he|so(e) is real valued, and hy goes to zero uniformly over £ at their ends, provided ¢
satisfies (16.1) for a sufficiently large Cs = C3(Ca,t,t').

Proof. We prove Lemma 16.3 by iteration. First we solve

ghf = E’LUO
hi(0,t) = hi(€(e),1) =0
h$(r,0),h¢(r,1) € R
on the rectangle ©.(£) = [0, £(e)] x [0, 1] for each e € C},;(t') and on ©.(¢) = (—o0, 0] X

[0,1] for each e € CZ,,(t'). Note that this equation has the unique solution h{ =
G¢(Owp) where G¢ is the Green’s operator for the rectangle ©.(¢). Then by using
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(16.2.3) and some elementary properties of the Green function of the rectangle, we
have, for each e € Cf,.(t)

lh;|[0:03/7]x[0,1]\ < qe~ s,

‘ hilie(e)—ca/m,ecenx10,1 | <ae™'e.

for positive constants a, b. We obtain similar inequalities for e € C.,,(t') considering
[_03/ 7: 0] :
We then take a cut-off function x. such that
0 in a neighborhood of 0 and £(e)
Xe(T) =

1 for 7€ [03/7,8(6) - 03/7]

for e € C},,(t') and similarly for each e € CL,(t'). We put

ez
wy = Wo — erhf.
It follows that w( has the following properties:
(16.3.1) dwy is supported on
U ©0.6/nultle) - Ca/7,t@1 x 0,110 |J  [-Cs/7,01x [0,1]
eeCl ,(t) e€Cl,,(¥)
(16.3.2) sup |Ow}| < ae™tCs,
We next consider
OU)=0t)- |J (-00,-3Cs/7x[0,1]
e€CZ,,(cv)
and solve the equation there
OhY = 0w},
h3l(—scaymyxion) =0
h3lse(e,)ner e,y € R?
Again the unique solution of this is given by

B = G, (Bup) = G, (Blwo — 3 xehf))
e

where G, is the Green’s operator of ©'(£,). Using an estimate of the Green function
on ©'(4,), we find that

sup |h3] < CC3' sup [dwg|

for some constants C and N. We take x, for each e € Cl,,(c,) such that

ert
0 in a neighborhood of —3Cj3/7
Xe(T) =
€ 1 TG[—C3/7,0].

We extend this to ©'(¢,) by setting to be equal to 1 at the point corresponding to the
vertex v and denote by x/, the function so obtained. We put

— 1 ! v
w1 = Wy —Zthz
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We can repeat the construction above by using w; in place of wp and obtain wa,ws,
wy, -+ +. These will satisfy the recursion forumla,

(16.4) Wp+t1 = Wp — Z XeGe(B_'wn) - Z X:;G&; (g(wn - Z XeG® (gwn))>

for n > 0. We remark that aCC{ e~ << 1, if Cs is sufficiently large. In this case,
one can easily check from (16.4) that w; converges to woo as i — 00, that Ows = 0
and that h = wy — we satisfies the required properties. O

The proof of Lemma 16.2 and hence of Proposition 16.1 is now complete. Fur-
thermore we have also finished the proof of Lemma 11.2 noting that both wg() and
Weo satisfy (11.1.1) and (11.1.2) and so the difference wg(¢) — weo is constant by the
uniqueness statement in Proposition 11.1. 1]

17. Gluing diffeomorphisms. Now we come to the final step of the proof of
our main theorem. We need to modify our map ¥{ , in order to glue them. Suppose
t > t'. Then for v € C,, ('), the trees c,(t), T,(t) are defined as in Definition 10.5.
For each v € C . (t) and £ € U(t';¢,a) N Gr(t), we fix a point

int
8(cu(t),€y) € Tu(t)
such that, if (&;,£,,) converges to (t,€,) then 6(c,(t;), £y;) converges to 0(c,(t),£y)-
Now we are going to construct

Vi, s UW : € alt) xx, My(M : f,7) » Map(T*M : K¢, 5)

Let £ € U : 6,0) NGr(t), I € My(M : f,P) such that 7.(¢) = w(I). For each
v € C.(t), we have 0(cy(t),£,) €T, C t. We put

Py = 1(8(cy(t),£y)) € M.
By Lemma 11.2, we find
By : O(by) = C" = Ty, 0)(T"M),
such that
(17.1) Re i, (6(cy(t), £)) = 0.

We use (17.1) to remove the ambiguity in Lemma 11.2 (or Proposition 11.1).

Let 6 € ¢, (t) Nt. (We identify a part [—£(e), 0] of the exterior edge e of c, to the
corresponding edge of t' that contains v.)

LEMMA 17.1. For any 0 € ¢,(t) Nt(C O,), there ezists some constant C > 0
such that

dist(exp,, (5,(8)), 1(8)) < Cmax{e, 2=},

(We remark that 6 € ¢, C ©, and also 0 € t by our construction.)

Proof. Lemma 17.1 will be a consequence of Proposition 16.1. Let e an edge
containing 6(c,(t),£,). We identify e = [0,¢(e)] where 0 corresponds to a vertex v;
and £(e) corresponds to another vertex v,. Let s € [0,£(e)] ~ e be the coordinate of
the point 6(c,(t),£,) in e. By Proposition 16.1, we have

(17.2) |y (8) — Wy (0(cu(t), £)) — €v(8,0(cu(t), &), &3 (—grad fi))| < Cu
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On the other hand, it follows from (11.4) that
|Tm @, (0(cy (2),£0)] < C
uniformly over £,. Combining this with the normalization condition (17.1), we have
lw(6(cy(t), )| < C-
This together with (17.2) implies
(17.3) @y (0) — ev(8,0(cy (), £v), €v; (—grad fiw)))| < C.

Now let ej,,-- - ,ej,. € Ch.(cy) be the edges joining vy to 8 in this order. And let 6,
be the point in e;,, corresponding to s’ € [0, £(e;,,)]. By definition

1(9) = exp(—€s'(fieg(es,n) = Frigles,m)) © eXP(—€b(€jm—1) (freg(es,, ) — Frigles,_)) 0
o exp(—€l(ej, ) (fieg(e;,) — Frigle,)) © exP(—€(€(e) = 8)(fieg(e) — frig(e))) (Pv)

We remark that

dist(exp(V1) o -+ 0 exp(Va) (p), exp(Vi + -+ + Vo) (9)) < C(IVi| + -+ + |Vau])?
for vector fields V;, and recall that £(e) < e~*. Therefore we have
(17.4) dist (exp,,, (€ ev(8,0(cu (1), £u), £u; (—grad f;;))), 1(8)) < Ce2=).
On the other hand note that if |§; — &| < C for &; € T(p, 0)(T*M) = C*, then

dist(exp,, €1,exp,, ) < Ce.
It follows by using (17.3) and applying this inequality to
&1 =Wy(0), & =ev(8,0(cu(t), ), lo; (—grad fi))

that we have
(17.5)  dist (exp,, € (W, (6)), exp,, (eev(8,0(cy (1), £y), £u; (—grad fi)))) < Ce

Combining (17.4) and (17.5), we have finished the proof. O
We remark that Lemma 11.5 is an immediate consequence of Lemma, 17.1.
Using Lemma 17.1, we glue @, and maps obtained from I|. (e € C1(t)), in the
same way as in the proof of Proposition 11.4 and obtain

Vs 1 UW 2 at) Xm, My(M 2 f,5) — Map(M : K, 7).

Now using Lemma 17.1 again, we repeat the proof of §5 to show the following :
LEMMA 17.2. Let L € U(t1 1 €,a(t1)) NU (k2 : €, (), I € My(M : f,P) such
that m.(£) = w(I). We have t; =tz or to > t;. Suppose t; = t,. We then have

sup (dist (W} o) (6 D2, Wik oy (6 D(2)) ) < Cmaxe, 202D},

for z € ©().

We next glue these maps using the technique of center of mass. We choose a
partition of unity {x¢}tcq, of Grr subordinate to the covering {U(t : €,a(t)) }ea, -
Let (¢,I) € Grg Xo, My(M : f.7) and define

B4, 1) : e(-f) X T*M = R
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by
3<(¢, I)(2,7) = Z Xt dist(LyS, ) (6, 1)(2), 2).

Using Lemma 17.2 and the standard results on center of mass technique (e.g., see

[GK]), the map = — d<(¢, I)(2, z) has a unique minimum for each (¢, ) and z for each
given x € T*M, which we denote

7 ®<(0,1)(z) € T* M.
Thus we have defined :
G Xg, Mg(M : f,p‘) — Map(T*M : K‘,ff).

PROPOSITION 17.3. If w is in the image of ®¢, then we have :

—_ 24+(p—1)a
I0swllo,p,e <Ce 7 .
Once we have proved Lemma 17.2, the proof of Proposition 17.3 is similar to that
of Proposition 5.2 and so we omit the details.

We can now repeat the arguments in Part I and in §13 to perturb ®¢ to produce
a smooth map

Gy, Xa, Mg(M : f,7) = Mg(T*M : K¢, 7).

We recall that 7 : Gry, — Gry is a diffeomorphism. Hence Grg X, My(M : f,ﬁ) is

diffeomorphic to My(M : i p). Finally we can prove in the way similar to Part I that
®¢ becomes a diffeomorphism for sufficiently small €. The proof of our main theorem
is now finally complete.
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