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A LINK BETWEEN TWO ELLIPTIC QUANTUM GROUPS*
PAVEL ETINGOF! AND OLIVIER SCHIFFMANN?

Abstract. We consider the category Cp of meromorphic finite-dimensional representations of the
quantum elliptic algebra B constructed via Belavin’s R-matrix, and the category Cr of meromorphic
finite-dimensional representations of Felder’s elliptic quantum group £, 1 (g1, ). For any fixed c € C,

we use a version of the Vertex-IRF correspondence to construct two families of (generically) fully
faithful functors HS : Cp = Dp and FS : Cp — Dp where Dp is a certain category of infinite-
dimensional representations of B by difference operators. We use this to construct an equivalence
between the abelian subcategory of Cp generated by tensor products of vector representations and
the abelian subcategory of Cr generated by tensor products of vector representations.

1. Categories of meromorphic representations. In this section, we recall
the definitions of various categories of representations of quantum elliptic algebras.

Notations: Let us fix 7 € C, Im(7) > 0, v € R\Q and n > 2. Denote by
(vi)f=; the canonical basis of C* and by (E;;)}};=; the canonical basis of End(C"),
ie Eijup = 6jxv; . Let b = {3, MiEii | 3; Ai = 0} be the space of diagonal traceless
matrices. We have a natural identification h* = {3, MiEJ; | 3, A = 0}. In particular,
the weight of v; is w; = Ej; — L3, Ef,.

Classical theta functions: The theta function 6, ./ (¢;7) with characteristics
k,k' € R is defined by the formula

O, (8 7) = Z i (mAR) (mtR)T+2(t45"))
mez

It is an entire function whose zeros are simple and form the (shifted) lattice {3 — x +
3 —KNT}+Z+7L. ‘

Theta functions satisfy (and are characterized up to renormalization by) the fol-
lowing fundamental monodromy relations

O (t+1;7) = €200 (857), (1)

Ot +157) = e"‘”_%“(t""")@n,n: (t;7). (2)

Theta functions with different characteristics are related to each other by shifts of ¢:
Bres g,y (£ ) = @TRETTHTRIERAR) G (44 koo + ;7). @)

In particular, we set 0(t) = 6 11 (t; 7).

1.1. Meromorphic representations of the Belavin quantum elliptic al-
gebra. Consider the two n x n matrices

10 .. 0 01 ..0

0 & ... 0
A=\ T B=

Lol 00 1

00 ... ¢ 10 0
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where ¢ = e*™/®. We have A" = B" = Id, BA = £AB, i.e A, B generate the
Heisenberg group. Belavin ([3]) introduced the matrix RB(z) € End(C") ® End(C"),
uniquely determined by the following properties:

1. Unitarity: RB(2)RZ (-2) =1,

2. RB(z) is meromorphic, with simple poles at z =y + Z + 7Z,

3. RB(0)=P: 2@y~ y®z for z,y € C* (permutation),

4. Lattice translation properties:

RB(z+1) = A|RB(2) A7 = A7 RB(2)A,,
RB(z41) = 6_2i”2;—17B1RB(2)Bl_1 = e_zi”"T—l"Bé'lRB (2)Bs.

In particular, R®(z) commutes with A ® A and B ® B. The matrix RB(z) satisfies
the quantum Yang-Baxter equation with spectral parameters:

RE,(z — w)RE(2)RE (w) = RE(w)RE (2)RE (2 — w).

The category Cp: Following Faddeev, Reshetikhin, Takhtajan and Semenov-
Tian-Shansky, one can define an algebra B from R?(z), using the RLL formalism-see
[4], [12]. However, we will only need to consider a certain category of modules over
this algebra, defined as follows.

Let Cp be the category whose objects are pairs (V,L(z)) where V is a finite di-
mensional vector space and L(z) € End(C") ® End(V) is an invertible meromorphic
function (the L-operator) such that L(z+n) = L(z) and L(z + nt) = L(z), satisfying
the following relation in the space End(C") ® End(V) ® End(V):

RP,(z — w)L13(2) Las(w) = Las(w)Lys(2) R} (2 — w) (4)

(as meromorphic functions of z and w); morphisms (V, L(z)) = (V',L'(z)) are linear

maps ¢ : V — V' such that (1Q¢)L(z) = L'(z)(1®¢) in the space Hom(C* @V, C* ®

V'). The quantum Yang-Baxter relation for R® implies that (C*, x(2)RZ(z — w)) €
1

Ob(Cp) for all w € C, where we set x(z) = 0(2—5?;)-)7)‘ This object is called the

vector representation and will be denoted simply by Vg(w).
The category Cp is naturally a tensor category with tensor product

(V,L(2)) ® (V',L'(2)) = (V® V', L12(2) L15(2)) ()

at the level of objects and with the usual tensor product at the level of morphisms.
There is a notion of a dual representation in the category Cp: the (right) dual of
(V,L(z)) is (V*,L*(z)) where L*(z) = L™1(z)* (first apply inversion, then apply the
transposition in the second component t3). If V,;W € Ob(Cp) and ¢ € Home, (V, W)
then ¢! € Hom¢, (W*,V*), and the functor Cg — Cp, V — V* is a contravari-
ant equivalence of categories. Moreover, for V,W,Z ¢ Ob(Cg), we have canonical
isomorphisms (V @ W)* ~ (W* @ V*) and Home, (V @ W, Z) ~ Home, (V,Z @ W*).
We will also need an extended category C§ defined as follows: objects of CE are
objects of Cp but we set

Homcg (V, V') = Home, (V, V') ® Mc

where Mc is the field of meromorphic functions of a complex variable z. In other
words, morphisms in C}, are meromorphic 1-parameter families of morphisms in Cp.
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The category Dp: We now define a difference-operator variant of the categories
Cp,CE. Let us denote by My. the field of (nw;)-periodic meromorphic functions
h* = C and by Dy- the C-algebra generated by Mpy. and shift operators T), : Mp. —
My, f(A) = f(A+ p) for p € h*. If V is a finite-dimensional vector space, we set
Vo = My- ®c V, and D(V) = Dy. @c End(V). Let Dp be the category whose
objects are pairs (V, L(z)) where V is a finite-dimensional C-vector space and L(z) €
End(C") ® D(V) is an invertible operator with meromorphic coefficients satisfying
(4) in End(C*)® D(V)® D(V'); morphisms (V, L(z)) — (V', L'(z)) are (nw;)-periodic
meromorphic functions ¢ : §* — Hom(V, V") such that (1 ® ¢)L(z) = L(2)(1® ) in
Homc(C* ® Vy+,C"* ® Vj.) (i.e morphisms are Mjy.-linear).

The category Dp is a right-module category over Cp, i.e we have a (bi)functor ® :
Dp X Cg — Dp defined by (5), and for any V,W € Ob(Dpg), Z € Ob(Cp), we have a
canonical isomorphism Homp, (V®Z, W) ~ Homp, (V, W ® Z*). The category D% is
defined in an analogous way: objects are pairs (V, L(z,z)) as in Dp but the L-operator
is now a meromorphic function of z and z, and morphisms (V, L(z, z)) — (V', L'(z, 1))
are meromorphic maps p(A,z) : h* x C = Home(V, V') satisfying (1 ® ¢)L(z,z) =
L(z,z)(1® ¢).

1.2. Meromorphic representations of the elliptic quantum group

87,7/2(9[1),)'
Felder’s dynamical R-matrix: let us consider the functions of two complex

variables

_ 8l +7)0(z) _0(z=10(v)
T 000z —) Bz 1) = 000(z — )’

As functions of 2, a and S have simple poles at z = v + Z + 7Z and satisfy

a(z,l)

a(z +1,1) = a(z,1), a(z +1,1) = e %™ a(z,1),
Blz+1,0)=B(z1), Blz+rl)=e 0I5z,

Felder introduced in [5] the matrix R¥(z,A) : C x h* — End(C") ® End(C?):

RF(z,)) =Y Ea®Eu+Y a(z,\i—X)Ei ®Ej; + Y B(z,X — \))E; ® Eyj
i i#] i
where A =Y. ME} € h*.
This matrix is a solution of the quantum dynamical Yang-Baxter equation with
spectral parameters

Ry (z — w, X — vhs) RE3(2, \)R35(w, A — vhy)
=RE(w, \R{5(z, A — Yhe) Ri3 (2 — w, \)

where we have used the following convention: if V; are diagonalizable h-modules with
weight decomposition V; = @, V/ and a(}) € End(Q); Vi) then

a()\ - ’)’hl)l ®‘ V‘/-ti = a()\ - ’)’ul).

As usual, indices indicate the components of the tensor product on which the operators
act.
In addition, R¥ (2, \) satisfies the following two conditions:
1. Unitarity: RE, (2, \)RE (~2,)) = Id,
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2. Weight zero: Yh € ), [h1 + ha, R¥(2,4)] = 0.

The category Cp: It is possible to use RF(z,\) to define an algebra by the
RLL-formalism (see [5]): the elliptic quantum group & ,/2(gl,,(C)). However, we will
only need the following category of its representations Cr, introduced by Felder in [5]
and studied by Felder and Varchenko in [6]: objects are pairs (V, L(2,A)) where Vis a
finite-dimensional diagonalizable h-module and L(z, ) : Cx h* — End(C") @ End(V)
is an invertible meromorphic function which is (nw;)-periodic in A and which satisfies
the following two conditions:

[hl + hz, L(Z, /\)] =0,

Rﬂ(z - w, /\ bt ’yhg)ng(Z, /\)ng(w, /\ d ’)’hl)
=Las(w, \)L13(2, A — vh2) RF5 (2 — w, \). (6)

Morphisms (V, L(z,A)) — (V',L'(z,A)) are (nw;)-periodic meromorphic weight zero
maps @(A) : V. = V' such that L'(z,\)(1 ® (A — vh1)) = (1 ® p(N))L(z, \).
The quantum dynamical Yang-Baxter relation for R¥(z,\) implies that we have
(C", RF(z — w, \)) € Ob(CF) for all w € C. This is the vector representation and it
will be denoted by Vg (w).

The category Cr is naturally equipped with a tensor structure: it is defined on
objects by

(V,L(z,A)) ® (V',L'(z,A)) = (V®V',L12(z,A — vhs) Li5(z, \)),
and if ¢ € Home,, (V,W),¢' € Hom¢, (V',W’) then
(e ® ¢ )(A) = p(A = 7h2) ® ¢'(N) € Home, (VO V', W ®W').

There is a notion of a dual representation in the category Cr: the (right) dual
of (V,L(z,N)) is (V*,L*(2,\)) where L*(z,A) = L™!(z,A + vh2)** (apply inversion,
shifting and then apply the transposition in the second component t2). If VW €
Ob(Cr) and ¢(\) € Home,, (V, W) then ¢*(A) := @(A+vh1)? € Home, (W*,V*), and
the functor Cr — Cr, V — V* is a contravariant equivalence of categories. Moreover,
for any V,W € Ob(CF), there is a canonical isomorphism (V @ W)* ~ (W* @ V*).

The extended category C}. is defined by Ob(C%) = Ob(Cr) and

Homc; (v, V') = Home, (V, V') ® Mc¢

i.e morphisms in C§ are meromorphic 1-parameter families of morphisms in Cp.

2. The functor F{ : Cr — Dp. In this section, we define a family of func-
tors from meromorphic (finite-dimensional) representations of £, 1 (gl,(C)) to infinite-
dimensional representations of the quantum elliptic algebra B.

2.1. Twists by difference operators. For any finite-dimensional diagonaliz-
able h-module V, let e”P € End(V;+) denote the shift operator: e"P. 3" u FuNve =
LufA+ ), vy € Vo Now let (V,L(z,A)) € Cr, and let S(z,1),5'(z,A) :
C x h* — End(C") be meromorphic and nondegenerate. Define the difference-twist
of (V,L(z,\)) to be the pair (V, L5:5'(z)) where

LS55 (2) = Sy (2, A — vha)L(2, N)e”"P18!(z,A)"! € End(C*) @ D(V).  (7)
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This is a difference operator acting on C* ® Vo
LEMMA 1. The difference operator L°(z,)) satisfies the following relation in
End(C*) @ D(V)® D(V):

Tio(z,0, 0 = yhe) L35 (2)L55° (w) = L35 (w)L53” (2)Thy (2w, A)
where

T(Z,’LU, )‘) = 52(w7 )‘)Sl (Z, A= "/hg)Rﬂ(Z —w, ’\)52 (w> A— 7h1)—151 (Z, )‘)_13 (8)
T'(z,w,\) = Si(2,\)S(w, A + vh1)RE, (2 — w, M) S} (2, A + vh1) 1S5 (w, N) L. (9)

Proof. The proof is straightforward, using relation (6) for L(z, ) and the weight
zero property of R¥ (u, ) and L(u, )). O

2.2. The Vertex-IRF transform. Let ¢;(u) = ezi"(%+%)90,o(u +Ir;nt) for
I =1,...n. Then the vector ®(u) = (¢1(u),...,Pn(u)) is, up to renormalization, the
unique holomorphic vector in C* satisfying the following monodromy relations:

P(u+1) = Ad(u), (10)
®(u+7) =e "R THTT BP(u). (11)

Now let S(z,A) : C x h* — End(C™) be the matrix whose columns are (®1(z,A),...,
®,(2,A)) where ®;(z,A) = ®(z —n);). Using (10)-(11), it is easy to see that we have
det(S(z,\)) = Const(\)f(z) where Const(A\) # 0 and hence that S(z,)) is invertible
for z # 0 and generic A.

LEMMA 2. We have

RB(z — w)S1 (2, \)Sa(w, X — vhy) = Sa(w, \)S1 (2, A — Yho) RF (z — w, ),
RB(z — w)Sy(w, \)S1(2, A + vhy) = S1(2, \)Sa(w, X + vh1) R (z — w, \).

Proof. The first relation is equivalent to the following identities for i,5 =1,...n:

RB(Z - 'LU)(I),;(Z, A) ® (I)i(’l.l),/\ - 7wi) = Qi(sz - ’)’OJi) ® Qi(wﬁ )‘)7
RB(z —w)®;(2,0) ® & (w, A — yw;) = az — w, A — Aj)®i(2, A — yw;) ® &;(w, )
+ ,B(Z - ’(U,Ai - AJ)QJ(Z’ A— ")’OJi) ® Qz(wvx)

These identities are proved by comparing poles and transformation properties under
lattice translations as functions of z and w, and using the uniqueness of ®. The second
relation of the lemma is proved in the same way. These identities are essentially the
Vertex/Interaction-Round-a-Face transform of statistical mechanics (see [9],[11] and
[7] for the case n = 2). O

The Vertex-IRF transform first appeared in the work of Baxter [1] and was sub-
sequently generalized to the Belavin R-matrix by Jimbo, Miwa and Okado in [10].

2.3. Construction of the functor F¢ :Crp — Dp. Let us fix some ¢ € C. We
now define the family of functors F¢ : Cp — Cp indexed by z € C: for (V,L(z,)\)) €
Cr, set FS((V, L(z,N))) = (V, L%=5=+¢(2)) with S,(2,)) = S(2 — u,\) as above and
let F; be trivial at the level of morphisms.

ProposITION 1. F{: Crp — Dp is a functor.
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Proof. Tt follows from Lemma 2 that (V, LS=:S=+<(2)) € Ob(Dg). Furthermore,
if o(A) € Home, ((V,L(z,N)),(V',L'(z,)))) then by definition we have L'(z,\)(1 ®
oA —7h1)) = 1 ® p(N\)L(z, A), so that

Si(z — 2\ — vho) L' (2, e P18 (z — . — ¢, V)11 ® (V)
=51(z — 2, A — vha) L' (2, V(1 ® (A — vh1))e P18 (z — x — ¢, A) 72
=81(z =z, A — Yha) (1 ® p(N\) L' (2, e 181 (z =z — ¢, ) !
=(1®¢p\)Si(z =z, A — yha)L' (2, e P18 (z =z — ¢, ) 7!

since p(A) is of weight zero. Thus FS(p(N)) is an intertwiner in the category Dp. O
We can also think of the family of functors F3 as a single functor 7° : C% — Dj.
REMARK. We can think of the difference-twist and the relations in Lemma 2 as

a dynamical analogue of the notion of equivalence of R-matrices due to Drinfeld and

Belavin-see [2].

3. The image of the trivial representation and the functor H¢ : Cp —
Dp. Applying the functor F¢ to the trivial representation (C,Id) € Ob(Cr) yields

F(C,1d)) = (C,S(z — 3, e ™ 8(z — z — ¢, ) 7).

We will denote this object by IS. For instance, when n = 2, we obtain a representation
of the Belavin quantum elliptic algebra as difference operators acting on the space of
periodic meromorphic functions in one variable A, i.e given by an L-operator

_ (a(z) b(2)
1= i)
where a(2),b(z), ¢(z), d(z) are operators of the form f(z)T_. + g(z) where T_, is the
shift by —.

Such representations of B by difference operators already appeared in the work
of Krichever, Zabrodin ([11]) (for n = 2) and Hasegawa ([8],[9])(for the general case),
where they were also derived by some Vertex-IRF correspondence.

DEFINITION. Let ¢ € C and let HE : Cg — Dp be the functor defined by the

assignment V' — IS ® V and which is trivial at the level of morphisms. The family of
functors H¢ gives rise to a functor H¢ : Cg — Dj.

4. Full faithfulness of the functor H¢ : Cg = Dp. In this section, we prove
the following result

PROPOSITION 2. Let V,V' € Ob(Cg). Then for all but finitely many values of
xz mod Z + Zt, the map

HE - Home, (V, V') 5 Homop, (HE(V), HE (V')

s an isomorphism.

Proof. Since Home, (V,V') ~ Hom¢, (C,V' ® V*), Homp, (I Q V,IEQ V') ~
Homp, (IS, IS ® V' ® V*), it is enough to show that the map HS : Home, (C, W) —
Homp, (I5,I¢ ® W) is an isomorphism for all W € Ob(Cp). Since H¢ is trivial at
the level of morphisms, this map is injective. Now let W € Ob(Cg) and let p()\) €
Homp, (IS, IS ® W), that is, ¢(A) is a (nw;)-periodic meromorphic function h* — W

satisfying the equation
©a(N)S1(z —z,Ne P18 (z =z — ¢, N) 7!
=81(z—z,N)e P18, (z — 2 — ¢, \) 1 L13(2) 2 (N)
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where L(z) is the L-operator of W. This is equivalent to
Lia(2)p2(A) = S1(z = 2 = ¢, )2 (A + 7h1)S1 (2 — 2 — ¢, A) ™ (12)

Now L(z) is an elliptic function (of periods n and nr) so it is either constant or
it has a pole. Restricting W to the subrepresentation Span(p(A), A € h*), we see that
the latter case is impossible for generic z as the RHS of (12) has a pole at z =z +¢
only; hence L(z) is constant. Furthermore, from (12) we see that the matrix

M) =81(z—z—¢,\) " L1sS1(z—z —c,)\)

is independent of z. In particular, setting z — z + 1 and using the transformation
properties (10) of S(z, \), we obtain [A;, L12] = 0. This implies that L = ). E;; ® D;
for some D; € End(W).

LEMMA 3. Let U be a finite dimensional vector space, let T € End(C") @ End(U)
be an invertible solution of the equation

Rl% (2)T13Tos3 = T23T13R1% (2) (13)

such that T =Y, E;; ® D; for some D; € End(U). Then [D;,D;] =0 for all 4,5 and
there ezists X € End(U) such that X™ =1 and D;y1 = XD; for alli=1,...n.

Proof. Let us write RB(z) = > p.ars Bpa,rs(2)Epg ® Ers. Then equation (13) is
equivalent to Ry 4.r.s(2)Dp X Dy = Rp 4.r,s(2)DsD; for all p, ¢, r, s. But it follows from
the general formula for RB(z) that R, q.s(2) # 0 if and only if p+¢ = r+s (mod n).
Thus we have [D;,D;] = 0 for all 4,j and X := DiDi__,_l1 is independent of 7, and
satisfies X" =1. 0

By the above lemma, there exists X € End(W) such that X™ =1 and D;y; =
XD;. Suppose that X # 1 and choose e € W such that X(e) = ¢*e with ¢ # 1.
Now we apply the transformation z — z + 7 to the matrix M ()). Noting that, by
(1), S(z =z —c+ 7, \) = e~ im7/272n(z=2=c)/nBG(» — 1 — ¢, \)F()\) where F()\) =
diag(e~%"™,...e~%") we obtain the equality

F()\)‘lSl(z — T —C, )\)—lBl_lleBlSl(Z - T —cC, /\)F(/\)
=81(z—z—¢c,\) 'L13S1(z =z — ¢, \).

Applying this to the vector e yields AdF(X)(M(X))(e) = £ ¥M(X)(e). This is possi-
ble for all A only if £k = 0 (mod n). Hence X = 1 and (12) reduces to the equation
D2 () = p2(A+vh1). In particular ¢(A) is y(w; —wj)-periodic. But by our assump-
tion, () is (nw;)-periodic and + is real and irrational. Therefore () is constant
and it is a morphism in the category Cp. O

Now, considering = as a parameter, we obtain:

COROLLARY 1. The functor H¢ : CE — D% is fully faithful.

REMARK. Equation (12) shows that Homp, (I¢,I¢ ® V) = Homp, (V*,I2,.).
Thus the above proposition states that for any finite-dimensional representation V' €
Ob(Cr) and for all but finitely many = mod Z + 7Z, we have Homp, (V*,I?) =
Home¢, (V*, C), where the isomorphism is induced by the embedding C C I? (constant
functions). However, for finitely many values of z mod Z + 7Z, this may not be true:
see [11] and [9] where some finite-dimensional subrepresentations of I? are considered.



352 PAVEL ETINGOF AND OLIVIER SCHIFFMANN

5. Full faithfullness of the functor F{ :Cr — Dp. In this section, we prove
the following result:

PROPOSITION 3. The functor FS : Cp — Dp is fully faithful.

Proof. We have to show that for any two objects V, V' in Cp there is an iso-
morphism F¢ : Home,.(V,V') = Homp, (FS(V),F:(V')). Since Ff is trivial at
the level of morphisms, this map is injective. Now let V,W € Ob(Cr) and let
©()) € Homp, (FS(V), FE(W)). By definition, ¢()) : V — W satisfies the relation

©02(A\)S1(z — , A\=vha) L5 (2, \)e P18 (2 — 2 — ¢, \)
= S1(z — 2, A —vhe) LY (2, M) e P18 (2 — . — ¢, \) Lo (V)

where LY (2, ) (resp. LW (2,))) is the L-operator of V (resp. W). This is equivalent
to

02(N)S1(z = 2, A = Yha) Li5(2,A) = S1(z — 2, A — vha) LT3 (2, N)ps (A = vh1)  (14)

Introduce the following notations: write W = @ We, V = D, Vi, o(N) =
>, @u(A) for the weight decompositions (so that ¢, : Vg — Weqw). Also let S(z -
T,A) =355 S4(z —x,A\)Eij, L5(2,\) = =3,;Ei5® L¥(z,)) and use the same nota-
tion for LW (2, ). Applying (14) to v; ® {, for some i and (, € V,, yields

378k (2 = 2, X = (s + wi = wi))or @ 0, (N (L (2, 0)6)
gk,

=3 SM(z -z, A —y(p+wi — wi +0))vk ® L (2, Npo (A — Ywi) G
Lk,o

(15)

where we used the weight-zero property of LV (z,A) and LW (z,)). Applying v} to
(15) and projecting on the weight space W, +¢ gives the relation

> SH (=3, A =y + wi — w))) ey (W) (L3 (2, ) )

v.j
v—w;=¢

= Y SHz—z, X —(p+wi—wj+ )Ly (2, A (po (A — Ywi) )
a—::t=€

(16)

for any i,k,€& and {, € V,,. Now let A = {x | px()) # 0}. Fix some j and let 3 € A
be an extremal weight in the direction —w; (i.e f —w; +wi & A for k£ # j). Then
(16) for £ = B — w; reduces to

S (z — 2, A=y(p + wi — ;) ps W) (LY (2, M) )

=5 J(z -z, A= y(p+wi —w; +B)) L (Z Nep(A = yw;)(y

CLAIM. There existsi € {1,...n}, p and {, € V,, such that goﬁ()\)(L{,i(z,/\)(,,) #
0 for generic z and \.
Proof. Recall the central element Qdet(z, ) € £, 3 (gl,). By definition, its action

on V is invertible. Expanding Qdet(z,A) along the jth-line, we have Qdet(z,)) =
S, Li} (2, \)Pi(z, \) for some operators P;(z,\) € End(V). In particular,

> Im Li(z,)) =V,
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and the claim follows.

Thus, the ratio S (2 — 2, A — y(u + w; —w; + B)) /S (z — 2, A — y(p + wi — w;))
is independent of k. This is possible only if § € Z,,#j CE?,.. Applying this to
Jj=1,...n, we see that A = {0}. Hence () is an h-module map. But then relation
(14) reduces to @a2(A)LY5(2,A) = L% (2, A)w2 (A — vh1), and ¢(}) is an intertwiner in
the category Cp. O

COROLLARY 2. The functor F¢ :C% — D%, is fully faithful.

6. The image of the vector representation. Let us denote
Vr(w) = (C*, x(w)RF (w, X))

It is an object of Cr which equals the tensor product of the vector representation
Vr(w) by the one-dimensional representation (C, x(z)).

PROPOSITION 4. For any z,w, £+ ¢ Z w (mod Z + 7Z), we have fg(VF(w)) ~
HE (Ve (w)).

Proof. By definition, we have

FE(Vr(w)) = (C*, x(2)S1(z — 2, A — vho)RF (z = w, N\)e™ ™1 x S1(z —z — ¢, \) 1),

I ® Vg(w) = (C*, x(2)S1(z — z, e P18, (2 —  — ¢, ) RB (2 — w))

We claim that the map ¢(X) = e"P(S(w — z — ¢,A)™*)e?® € End(C*) is an inter-
twiner HS (Ve (w)) =~ It ® Va(w) = FS(Vr(w)). Indeed, we have
S1(z =z, A —vho)RE (z = w,N)e P18 (z — 2 — ¢, A) 711 ® p(N))
=e P28, (z — z,\)e"™P2 RF (2 — w, \)e~(P1+D2)
Si(z =z — e, A+ 7hy) 1Sy (w — z — ¢, ) "Le? P2
=e P28, (2 —2,\)e P RF (2 —w, \)
Si(z =z — e, A+ vha) " LSa(w — z — ¢, ) "Le P2
=e P28, (2 — 2, \)e P Sy (w —z — ¢, A+ yhy) 7!
Si(z —z — ¢, \)"!RB(z — w)e"P2
=e P28, (z —2,0)S(w — 2 — ¢, \)e P18 (2 — 2 — ¢, \) L RB (2 — w)e P2

1®p\)S1(z —z,Ne P18, (z —z — ¢, ) ' RE(z — w)

where we used Lemma 2 and the zero-weight property of R (u,\). O

LEMMA 4. Let V,V' € Ob(Cr), W,W' € Ob(Cp) and suppose that F:(V) =~
HE(W) and FE(V') =~ HE(W'). Then FE(V V') = HL(W @ W').

Proof. If p(\) : V. — W and ¢'()\) : V! — W' are intertwiners then it is easy
to check using the methods above that ¢5(A — vh1)p1(A) : VR V' - W ® W' is an
intertwiner. O

Applying this to tensor products of the vector representations, we obtain

COROLLARY 3. For any z € C and wy,... ,w, € C\{z + ¢+ Z + 7Z}, we have

F(Vr(wr) ®...Vr(w,)) =~ HE(Ve(w1) ® ... Ve(w,)).
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COROLLARY 4. For any wi,...,w, € C, we have
F(Vp(wy) ® ... Ve(w,)) = H(Ve(w1) ® ... Vp(w,)).

Notice that in this case, we have a canonical intertwiner, given by the formula
r—1 _
‘pl...r(/\awly o ;w'r) = Sr—l(wr - - C,A - 7Zhl) . 'S],—l(wl - - C,)\),
=1

where we set S(z,\) = e="PS(z, \)e™P.

7. Equivalence of subcategories. Let us summarize the results of sections
4-8. By proposition 2, we can identify C§ with a full subcategory D7 of Dg. By
proposition 3, we can identify CE with a full subcategory D3 of DE. Moreover, DT and

Z intersect (at least if we replace D% by the equivalent category ’D~f3 whose objects
are isomorphism classes of objects of D%), and the intersection contains objects of
the form F¢(®), Vr(w;)) ~ H(®, Va(w;)), where i = 1,...7 and w; € C. Hence,

THEOREM The abelian subcategory V§ of CE generated by objects @, Ve (w;) for
t=1,...r, 7 € N and w; € C and the abelian subcategory V§ of C% generated by
objects @ ; Vr(w;) for j =1,...s, s € N and w; € C are equivalent.

Note that for numerical values of z, FS : Cr — Dp is always fully faithful, and
FE(Cr) a full subcategory of Dp, but this is not true of HS, because of the existence
of nontrivial finite-dimensional subrepresentations of I2.
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