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KAZHDAN-LUSZTIG CONJECTURE FOR SYMMETRIZABLE
KAC-MOODY LIE ALGEBRAS. III — POSITIVE RATIONAL CASE*

MASAKI KASHIWARA? AND TOSHIYUKI TANISAKI?

1. Introduction. The aim of this paper is to prove the Kazhdan-Lusztig type
character formula for irreducible highest weight modules with positive rational highest
weights over symmetrizable Kac-Moody Lie algebras.

Let us formulate our results precisely. Let g be a symmetrizable Kac-Moody Lie
algebra over the complex number field C with Cartan subalgebra . We denote by W
the Weyl group and by {a;}ier the set of simple roots. For a real root a, we define
the corresponding coroot by av = 2a/(a,a), where (, ) denotes a standard non-
degenerate symmetric bilinear form on h*. For A € h*, let AT()) denote the set of
positive real roots a satisfying (o, \) € Z, and let II()\) denote the set of a € AT())
such that sq (A+(X)\ {a}) = A*()) \ {a}. Here s, € W denotes the reflection with
respect to a. Then the subgroup W()) of W generated by {s, ; a € AT(\)} is a
Coxeter group with the canonical generator system {sq ; a € II(A\)}. Fix p € b*
satisfying (p, ) = 1 for any i € I and define a shifted action of W on h* by

wod=w(A+p)—p forwe W and X € h*.

For A € b* let M(A) (resp. M*(A), L()\)) be the Verma module (dual Verma
module, irreducible module) with highest weight A. We denote their characters by
ch(M (X)), ch(M*(X)), ch(L(\)) respectively. We have ch(M (X)) = ch(M*(N\)), and
ch(M (X)) is easily described.

The main result of this paper is the following.

THEOREM 1.1. Assume that A € h* satisfies the following conditions.

(1.1) 2(a, A+ p) # (o, @) for any positive imaginary root .
(1.2) (@V, A+ p) ¢ Z<o for any positive real root c.

(1.3) If w e W satisfieswo Al = A, thenw = 1.

(1.4) (¥, ) € Q for any real oot a.

Then for any w € W(A) we have

(1.5) ch(M(woX)= > P3 (1)ch(L(yoN),
y>,\w
(1.6) ch(L(wo ) = Y (~1)»@=H0IQ3 (1) ch(M(y o).
Yy2aw
Here, >\, P) D f‘uy denote the Bruhat ordering, the Kazhdan-Lusztig polyno-

mial, the length function, and the inverse Kazhdan-Lusztig polynomial for the Cozeter
group W (), respectively.
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When g is a finite-dimensional semisimple Lie algebra, this result for integral
weights was conjectured by Kazhdan-Lusztig [19], and proved by Beilinson-Bernstein
[1] and Brylinski-Kashiwara [2] independently. Later its generalization to rational
weights was obtained by combining the results by Beilinson-Bernstein (unpublished)
and Lusztig [21].

As for the symmetrizable Kac-Moody Lie algebra, Theorem 1.1 for integral
weights was obtained by Kashiwara(-Tanisaki) in [14] and [16] (see also Casian [3]).
We note that a generalization of the original Kazhdan-Lusztig conjecture to affine Lie
algebras in the negative level case was obtained by Kashiwara-Tanisaki [17], Casian [4]
(integral weights), Kashiwara-Tanisaki [18] (rational weights). We finally point out
that (1.6) for w = 1 was proved by Kac-Wakimoto [11].

Let us give a sketch of the proof of our theorem.

Let X = G/B~ be the flag manifold introduced in Kashiwara [13], which is
an infinite-dimensional scheme. We have a stratification X = | |, ¢y Xu by finite-
codimensional Schubert cells X,, = BwB~/B~. For X € h* let Dy be the TDO-ring
(ring of twisted differential operators) on X corresponding to the parameter A. For
w € W define Dy-modules B, (A) (resp. My (), L£,(A)) as the meromorphic extension
(resp. dual meromorphic extension, minimal extension) of the Dx -module Ox, to
a Djy-module. They are objects of the category H(\) consisting of Nt-equivariant
holonomic D y-modules.

For A\ € h* satisfying the conditions (1.1), (1.2) and (1.3), we define a modi-
fied global section functor I' from H(A) to the category M(g) of g-modules. Then
Theorem 1.1 is a consequence of the following results.

THEOREM 1.2. Assume that A € h* satisfies the conditions (1.1), (1.2) and (1.3).

(i) The functor T : H(\) = M(g) is ezact.

(i) lf'(Bw()\)) =M*(wol) for any w € W.
(iii) D(My(N) = M(wo A) for any w € W.
(iv) T(Ly(A) =L(woA) for any w e W.

THEOREM 1.3. Assume that A € h* satisfies the condition (1.4). Then for any

w € W which is the smallest element of wW (\) and any x € W(X), we have

(1.7) [Cus(N] = D (~1)PW=EEQR  (1)[Muy (V)]

Y2AT

in the (modified) Grothendieck group K(H()\)) of H()).

The proof of Theorem 1.2 is similar to the one in [14]. In the course of the proof
we also use the modified localization functor Dy® e from a category of certain g-
modules to a category of certain Dy-modules as in [14], and we prove simultaneously
that DA&L'(M) ~ M for any M € Ob(H()\)). Aside from the technical complexity in
dealing with non-integral weights, the main new ingredients compared with the inte-
gral case [14] are the embeddings of Verma modules (Theorem 2.5.3) and the proof of
the injectivity of the canonical morphism M (w o A) = (M., ())) (Proposition 4.7.2).

The proof of Theorem 1.3 is based on the theory of Hodge modules by M. Saito [23]
as in [16]. As for the combinatorics concerning the Kazhdan-Lusztig polynomials we
use the dual version of the result in [22].

In the affine case, we can deduce the non-regular highest weight case from the
above result by using the translation functors.
THEOREM 1.4. Let g be an affine Lie algebra, and assume that A € h* satisfies

(1.8) (6, A+ p) # 0, where § is the imaginary root.
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(1.9) (@v, A+ p) € Q\ Zo for any positive real root .

Then Wo(A) = {w € W;wo X = A} is a finite group. Let w be an element of W ()
which is the longest element of wWy(A\). Then we have

ch(L(wo X)) = Y (-1)2W=H®QA (1) ch(M(y o N)).

yZaw

A motivation of our study comes from a recent work of W. Soergel [24] concerning
tilting modules over affine Lie algebras. We would like to thank H. H. Andersen for
leading our attention to this problem.

2. Highest weight modules.

2.1. Kac-Moody Lie algebras. In this section, we shall review the definition
of Kac-Moody Lie algebras, and fix notations employed in this paper.

Let h be a finite-dimensional vector space over C, and let II = {a;}ier and
IV = {h;}icr be subsets of h* and h respectively indexed by the same finite set I
subject to

(2.1.1) T and IIV are linearly independent subsets of h* and § respectively,

(2.1.2) ((hs, @)))i jer is a symmetrizable generalized Cartan matrix.

Here (, ) : h x h* = C denotes the natural paring. The elements of IT and ITV
are called simple roots and simple coroots respectively. We fix a non-degenerate
symmetric bilinear form (, ) on h* such that

(2.1.3) (a;,0;) € Qsp  forany i€ 1,
(2.1.4) (hi, AY = 2(A o) [ (a,5) forany A€ h* and i € 1.

We denote the corresponding Kac-Moody Lie algebra by g. Recall that g is the Lie
algebra over C generated by elements e;, f; (i € I) and the vector space h satisfying
the following defining relations (see Kac [9]):

[h,h']=0 for h,h' €b,

[h,ei] = (h,as)e;, [h, fi] = —(h,ai)fi for h€handi€ ],

[ei,fj] = (Sijhi for i, j € I,

ad(e;)t=(ho) (e;) = ad(fi)t =R (f;) =0 for 4, j € T with i # j.

(2.1.5)

Define the subalgebras n*,n=,b,b6~ of g by

nt = (e;; i€l n = (fi;i€l),

(2.1.6) b:(h,ez,heb)ze'[)) b_:<h,f1’;heh,'LGI)

The vector space h is naturally regarded as an abelian subalgebra of g, and we have
the decompositions

(2.1.7) g=n"@®hent, b=bhen", T =hen .

For A\ € h* set gy = {z € g; [h,z] = (h,A)z for h € b}, and define the root system
A of g by

(2.1.8) A={Aebh"; g\ #0}\ {0}
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Set ‘

(219) Q = Z Zai) Qi ==+ Zzzoaia
i€l el

(2.1.10) AT = ANQ*T.

We have IT € At and A = ATUA™. The elements of AT and A~ are called positive
and negative roots respectively.

- For a subset © of A such that (0 +©)N (AU {0}) C © we define the subalgebra
n(0) of g by

(2.1.11) n(0) =) fa-

a€O

For a = }7,.; mia; € Q, its height ht(a) is defined by

(2.1.12) ht(e) =Y mi.

i€l
For i € I define the simple reflection s; € GL(h*) by
(2113) Si(/\) =A- (hz, /\)ai.

The subgroup W of GL(h*) generated by S = {s;; ¢ € I} is called the Weyl group.
It is a Coxeter group with the canonical generator system S. The length function
€: W — Zxo of the Coxeter group W satisfies

(2.1.14) f(w) = 4(A” NwA™) for any w € W.
We denote the Bruhat ordering on W by >. Note that we have
(2.1.15) (wh,wp) = (A, 1) for any A\, p € h* and w € W.
Set
(21.16) Ae =WII, Am=A\Ap, AZ=A.NAT AL =ALNAT.

The elements of A.. and A, are called real and imaginary roots, respectively. For
a € Are set

(2.1.17) a’ =2a/(a,a),
and define the reflection s, € GL(h*) by
(2.1.18) sa(A) =2 = (N, aY)a.

Then we have s, € W for any o € Ape.
We fix a vector p € h* such that (h;, p) = 1 for any 7 € I. Then the shifted action
of W on h* is defined by

(2.1.19) wod=w(A+p) —p.

Note that p — wp € Q7 for any w € W and it does not depend on the choice of p.
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2.2. Integral Weyl groups. In this section, we study the properties of integral
Weyl groups. We start the study in a more general setting *.
Let A; be a subset of A, satisfying the following condition:
(2.2.1) saf8 € A for any a, 8 € A;.

In particular, we have —A; = A;. We set

(2.2.2) Af = AN A%
(2.2.3) I, = {a € AT ; s.(A7 \ {a}) C AT},
(2.2.4) Wy, = (3a§ a € Hl) Cc W.

We call the elements of A} (resp. AT, II;) positive roots (resp. negative roots, simple
roots) for A;, and Wi the Weyl group for A;.

Note that if.A; satisfies the condition (2.2.1), then wA; also satisfies (2.2.1) for
any w € W.

LEMMA 2.2.1. If Ay contains a simple root a;, then a; is in I1;.

LEMMA 2.2.2. Assume that a; &€ Aq. Set A} = s;A;1. Then A} satisfies the
condition (2.2.1). Moreover A} At = s;AT, the set of simple roots for A} is s;I1;,
and the Weyl group for A} is s;Wis;.

The above two lemmas immediately follow from s;AT = (A1 \ {a;}) U {—ai}.

LEMMA 2.2.3. If a € II} and i € I satisfy (o, @) > 0, then either a = a; or
Qg ¢ Al .

Proof. Assume a # a; and a; € Aj. Then 8 = sqa; = a; — (@Y, a;)a is a positive
root. Then a; = B + (aV, a;)a contradicts (o, a;) € Zsq . O

LEMMA 2.2.4. For any o € II; there exist w € W and i € I such that wa = oy
and wAT = wA; N AY.

Proof. We shall show this by induction on ht(a). If ht(a) = 1, then there is
nothing to prove. Assume ht(a) > 1. Write a = 3°. .y mja; with m; > 0. Then we
have

0<(a,a) = ij(a,aj),

jel

and hence there exists some j € I such that (o, a;) > 0. Since ht(a) > 1, we have
a # a; and hence a; ¢ A; by Lemma 2.2.3. Set A} = 5;A, (AT = s;AT T} =
s;II;. Then (A})* and II} are the set of positive and simple roots for A} respectively
by Lemma 2.2.2. Set o/ = s;ja € II}. Since ht(a') < ht(ca), there exist some w' € W
and 7 € I such that w'a’ = a; and w'(A])* C AT by the hypothesis of induction.
Then setting w = w's; we have wa = o; and wA = w'(A))* C A+. O

The following lemma, follows from the above lemma by reducing to the case a = ¢
fori e 1.

1 After writing up this paper, the authors were informed by S. Naito the existence of two papers, R.
Moody—-A. Pianzola, Lie Algebras with Triangular Decompositions, Canadian Mathematical Society
series of monographs and advanced texts, A Wiley-Interscience Publication, John Wiley & Sons, 1995,
and Jong-Min Ku, On the uniqueness of embeddings of Verma modules defined by the Shapovalov
elements, J. Algebra, Vol. 118, (1988) 85-101. They showed results similar to those in this subsection
by a different formulation and method. In the last paper, Ku also obtained a result weaker than
Theorem 2.5.3.
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LEMMA 2.2.5. For any positive integer n and « € II;, we have

no € Z Zzoﬂ.

pe(a\{apuat,

LEMMA 2.2.6. For any B € A], there exists a € II; such that (a, ) > 0.

Proof. We shall prove this by the induction on ht(3). If ht(8) = 1, then Lemma
2.2.1implies B € II;, and we can take 3 as @. Assume that ht(3) > 1. Take i such that
(ai, B) > 0. If a; € Ay, then it is enough to take c; as o. Now assume that a; &€ A;.
Set Al = 5;A1, (A)F = ;AT T} = s;I1;. Then (A})* and IT{ are the set of positive
and simple roots for A/ respectively by Lemma 2.2.2. Set 8’ = ;8 € (A})™. We have
ht(8') < ht(8) by (8, ;) > 0. Hence by the hypothesis of induction there exists some
o' € 11} such that (o/,8') > 0. Then a = s;a’ € I1; satisfies (o, 8) = (o/,8') > 0. O

LEMMA 2.2.7.

(1) Al = W1H1 .

(i) Af C Yoem, Lo

(i) Wi contains sq for any a € A;.

Proof. Since (iii) follows from (i), it is enough to show that any 8 € A7 is
contained in Willi 3", cp, Zzoa. We shall prove this by the induction on ht(B).
By Lemma 2.2.6 there exists oy € II; such that (ap,8) > 0. If 8 = ap, then
there is nothing to prove. If 8 # ag, then v = s4,8 € A} by the definition of
ITI; and ht(y) < ht(3). Now we can apply the hypothesis of induction to conclude
v € Willi N Y qem, Z>oa, which implies the desired result. O

LeEMMA 2.2.8. For a € AT, the following conditions are equivalent.

(i) aell.

(i) sga € Ay for any B € A} such that (o, ) > 0.

(i) «a cannot be written as o = my 1 +maf2 for B, € Af‘ andm, € Liso (v=1,
2).

(iv) «a cannot be written as a = Zle By fork>1,8, €A 1<v<E).

Proof. (i)=>(iv) follows from Lemma 2.2.5. (iv)=-(iii) is trivial. (iii)=>(ii) is also
immediate. Let us prove (ii)=>(i). By Lemma 2.2.6, there exists 8 € II; such that
(B, ) > 0. Hence v = —sga € A}'. Rewriting this, we have (8Y,a)3 = a + 7. Then
Lemma 2.2.5 implies a = 8 or v = 8. It is now enough to remark that v = 8 implies
a=p4£0

The following proposition is proved by a standard argument (see e.g. [18, §3.2]).

PROPOSITION 2.2.9.

(i) Wi is a Cozeter group with a generator system S1 = {so; a € II1 }.

(ii) Its length function € : Wy — Zi»q is given by £1(w) = §(AT NwAT).

(ili) For z,y € W, z >1 y with respect to the Bruhat order > for (W1,51) if
and only if there exist B1,..., B8 € AT (r > 0) such that © = ysg, - - - sg, and
ysg, -+ sp;_ B € AT forj=1,...,r.

LEMMA 2.2.10. For a, 3 € I1; such that o # 3 we have (a,8) < 0.

Proof. We have s,8 € A} by the definition of II;. Since 8 € II;, Lemma 2.2.8
implies the desired result. O

By this lemma, ((ﬂ,av)) - is a symmetrizable generalized Cartan matrix.
a,Bell,

Hence W, is isomorphic to the Weyl group for the Kac-Moody Lie algebra with

((ﬁ, av)) as a generalized Cartan matrix.
a?ﬁenl
PropoSITION 2.2.11. For w € W the following conditions are equivalent.
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(i) U(z) > l(w) for any z € wW;.
(i) wz > wy for any z,y € Wy such that z > y.
(ii) wAT C A*.

Proof. Let us first prove (iii)=-(ii). We may assume without loss of generality
that = = ysg for some B € A]. Then yB € AT and hence wyB € A*. This implies
wT = wysg > wy.

(ii) implies (i) by taking y = 1 in (ii). (i) implies (iii) because, for any a € AT,
l(wsq) > l(w) implies wa € A*. O

For A € h* set

AN {B € Are; (BY,A+p) € L}

{8 € Are; (BY,)) € Z}.

This satisfies the condition (2.2.1). We set AT () = A(A) N A%, Let TI(A\) and W())
be the set of simple roots and the Weyl group for A(X), respectively. We call W(\)
the integral Weyl group for X. We denote by £ : W(X) = Z3>o and > the length
function and the Bruhat order of the Coxeter group W ()), respectively.

REMARK 2.2.12.

(i) In [18], we introduced W(A) and W'(X). The integral Weyl group introduced
here is equal to W'(A) loc.cit. As a matter of fact, W(A) and W'(X) loc.cit.
coincide. The opposite statement in [18, Remark 3.3.2] should be corrected.

(ii) The set II(A) is linearly independent when g is finite-dimensional. But it
is not necessarily linearly independent in the affine case, although we have
assumed the linear independence of {a;};cr. For example, for g = Agl) and
A= (A1 + A3)/2, we have II(\) = {ao, a2, —ap + 6, —az + 4}.

(i) For z,y € W1, £ >; y implies z > y (Lemma 2.2.11). However the converse
is false in general. For example for g = A3 and A = (A; + As3)/2, we have
II(A\) = {az2, a1 + a2 + a3} and Sa;+astas = Sas-

(2.2.5)

2.3. Category of highest weight modules. In this subsection we shall recall
some properties of the category O of highest weight g-modules.

In general, for a Lie algebra a we denote its enveloping algebra by U(a) and the
category of (left) U(a)-modules by M(a).

For k € Z>o set

(2.3.1) nf = n(£A]) with A} = {a € AT ; ht(a) > k}

(see (2.1.11) and (2.1.12) for the notation). A U(g)-module M is called admissible if,
for any m € M, there exists some k such that nj m = 0. We denote by M4, (g) the
full subcategory of M(g) consisting of admissible U(g)-modules. It is obviously an
abelian category.

For M € M(h) and € € h* we set

M¢={ue M; (h—(h,&)"u =0 for any h € h and n >> 0}.
It is called the generalized weight space of M with weight £. We denote by O the full
subcategory of M(g) consisting of U(g)-modules A/ satisfying

(2.32) M =P M,
gehx
(2.3.3) dimM; < oo for any £ € b*,

(2.3.4) for any ¢ € h* there exist only finitely many p € £ + Q™ such that M, # 0.
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It is an abelian subcategory of Ml 4 (g).
For M € Ob(Q), or more generally for an h-module M satisfying (2.3.2) and
(2.3.3), we define its character as the formal infinite sum

ch(M) = Z (dim M) ef.
geh>

For a U(g)-module M, the dual space Homg (M, C) is endowed with a U(g)-module
structure by

(zm*,m) = (m*,a(z)m) for m* € Hom¢(M,C), me M, z € g,
where a : g — g is the anti-automorphism of the Lie algebra g given by
a(h)=h forheh, ale;) =fi, a(fi)=e; foriel.
If M € Ob(Q), then

M* = @ (M)* C Home (M, C)
£eh~

is a U(g)-submodule of Homg (M, C) belonging to Ob(Q). Indeed we have
(M*)e = (Me)* .

Moreover, it defines a contravariant exact functor (¢)* : @ — @ such that (e)** is
naturally isomorphic to the identity functor on @. In particular, we have

(2.3.5) Homgy (M, N) ~ Hom,(N*,M*) for M,N € Ob(Q).
We also note
(2.3.6) ch(M*) = ch(M) for any M € Ob(Q).

An element m of a U(g)-module M is called a highest weight vector with weight
Aif m € My and e;m =0 for any ¢ € I. A U(g)-module M is called a highest weight
module with highest weight A if it is generated by a highest weight vector with weight
\. Highest weight modules belong to the category Q.

For A € h* define a highest weight module M (\) with highest weight A, called a
Verma module, by

M) =U(9)/)_U(@)(h—AR)+>_ Ulge:).

heh iel

The element of M ()) corresponding to 1 € U(g) will be denoted by uy. Set M*(X) =
(M(A))*. There exists a unique (up to a constant multiple) non-zero homomorphism
M(X) = M*()). Its image L(}) is a unique irreducible quotient of M ()) and a unique
irreducible submodule of M*()\). In particular, we have (L(X))* =~ L(X).

We have the following lemma (see Lemma 9.6 of Kac [9]).

LEMMA 2.3.1. For any M € Ob(Q) and p € b*, there exists a finite filtration

O=MyCcM,C---CM, =M
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of M by U(g)-modules My, (k=0,..., T) such that for any k we have either (M /My_1),
=0 or My/My_1 ~ L(§) for some & € bh*.
For M € Ob(Q) and p € h* we set

(M : L(w)] = #{k; My/My_1 ~ L(p)},

for a filtration of M as in Lemma 2.3.1. It does not depend on the choice of a filtration.
Then we have the equalities

(M : L(w)] = [M": L(p)],

ch(M) = Y [M : L(w)] ch(L(p)).
LED™

We frequently use the following lemma later.
LEMMA 2.3.2. Let M € Ob(Q) and p € bh*.
(i) dimHomg(M (n), M) and dim Homg (M, M*(u)) are less than or equal to [M :
L(p)]-
(ii) Assume that if &€ € b* satisfies [M : L(€)] # 0 and [M(€) : L(u)] # 0, then
€ = p. Assume further [M : L(p)] # 0. Then neither Homg (M (u), M) nor
Homg (M, M*(p)) vanishes.
Proof. (i) is obvious. Let us prove (ii). Consider the set A of submodules R of
M satisfying [R : L(p)] = 0. There exists the largest element K of A with respect to
the inclusion relation. Set N = M/K.
We shall prove Ny, = 0 for any v € Q* \ {0}. Assume that there exist some
v € Q* \ {0} such that N,,, # 0. Since N is an object of @, there exists finitely
many such v. Take v € Q%1 \ {0} such that N,i, # 0 and N,i,4s = 0 for any
d € @t \ {0}. Then we have [N : L(p + )] > 0. Let N’ be the g-submodule of
N generated by N,y,. By the maximality of K we have [N’ : L(x)] # 0. Hence,
[M(p+ ) : L()] # 0 by the construction of N'. This contradicts

(M : L(p+)] > [N: L(p+7)] > 0.
Hence N, 4, = 0 for any v € Q%1 \ {0}, which implies
Hom(M (p),N*) = {u € Nj;hu = p(h)u for any h € h}.

Since dim N} > [N : L(p)] = [M : L(p)] > 0, Hom(M(u), N*) does not vanish.
Hence Hom (M (u), M*) which contains Hom(M (), N*), does not vanish either. By
applying the same argument to M* we have Hom(M (p), M) # 0. O

2.4. Enright functor for non-integral weights. In order to obtain some re-
sults on Verma modules (Proposition 2.4.8), we construct a version of Enright functor
with non-integral weights (see Enright [8], Deodhar [5]).

Since the action of ad(f;) on U(g) is locally nilpotent, the ring U(g)[f;'] , a
localization of U(g) by f;, is well-defined. It contains U(g) as a subring. Similarly we
can consider a U(g)-bimodule U(g) f2+% for any scalar a € C. As a left U(g)-module
it is given by

a+Z __ - a—n
(24.1) U)fe+? =lmU(g) £,
where U(g) f{~™ is a rank one free U(g)-module generated by the symbol f~™ and
the homomorphism U (g) f#™™ — U(g)f*~ """ is given by f2~" + f;f*~™ . The left
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module U(g)f{~™ is naturally identified with a submodule of U(g) f{”’Z and we have
Ul(g) fi""'Z = Unez U(0) f{~". Its right module structure is given by

(2.4.2) fHt™p = Z (a ;m) (ad(f;)¥ P) f+™* for any m € Z and any P € U(g).
k=0

As a right U(g)-module, we also have

U@ fi*? =lim ffU(g) = | J /27U (0)-

By (2.4.2) we have
(2.4.3) Pfotm = i(—l)’c (a Zm) FEEmk(ad(fi)kP).
k=0

In particular, we have

(2.4.4) enfe = é faken—k(k1)? (Z) (Z) (h" + - a).

The U(g)-bimodule U(g) ff"'Z depends only on a modulo Z.
LEMMA 2.4.1. Fora, b€ C, the map fA4" s fotn @ b = fo @ o (n e Z)
defines an isomorphism of U(g)-bimodules

U(g) fE2 = U(9) fi+E @y Uls) f112.

Since the proof is straightforward, we omit it. Hence & U(g) f{”z has a
‘ acC/Z
structure of a ring containing U (g).

For any g-module M, U(g) fi‘”'Z ®u(g) M is isomorphic to the inductive limit
JYELS YR Y LN

as a vector space. Hence we obtain the following result.

PROPOSITION 2.4.2. The functor M — U(g)f{’"'Z ®u(g) M is an ezact functor
from M(g) into itself.

Let a be a Lie algebra, and let £ be its subalgebra such that a is locally &-finite
with respect to the adjoint action. Then for any a-module M, the subspace {m €
M ; dimU(€)m < oo} is an a-submodule of M. In particular, for a g-module M its
subspace {m € M ; dim Cle;]m < oo} is a g-submodule of M. For a € C, we define
a functor

(2.4.5) Ti(a) : M(g) — M(g)
by
Ti(a)(M) = {u € U(g) f#+7 ®y(q) M ; dim Cles]u < o0}

for M € Ob(M(g)). It is obviously a left exact functor.



KAZHDAN-LUSTZIG CONJECTURE 789

For a € C, let M? (g) be the category of locally Cle;]-finite U (g)-modules M such
that M has a weight decomposition

M= QB M,

Aeh*

the action of h on M is semisimple, and My = 0 unless (h;,\) —a € Z.

LEMMA 2.4.3. Fora € C, M € Ob(M?(g)) and u € M, we have fi*1" ®@u €
Ti(a)(M) for n>> 0.

Proof. We may assume that u has weight A such that (h;, \) = a without loss of
generality. We have e]"°u = 0 for some mo > 0. We have

T @u) =Y frrn e (k)P <m> (a i n> (hi T a) ®u

k=0 k k
- - atn—k 2 (T a+n\/m-—-n m—k

Assume m > n > mg. Then each term survives only when k¥ < m—n and m—k < mo,
or equivalently m —mg < k < m —n, and there is no such k. Hence e (f!*" ®@u) =0
form >n>mg. O

For a € C, the functor T;(a) sends M¢ (g) to M *(g).
The morphism of U(g)-bimodules

(24.6) Ul) » U@ P ou U@? (1 [0 f7)
(see Lemma 2.4.1) induces a morphism of functors
(2.4.7) idpge () = Ti(—0) © Ti(a).
Indeed, for M € Ob(M¢(g)), (2.4.6) gives a morphism
M = U(9) S @u(e) U@) " @uig) M.
For any u € M, the image of u by the above homomorphism is equal to f;* " ®

fi*" ® u, and Lemma 2.4.3 implies that f**" ® u belongs to Tj(a)(M) for n >> 0.
Hence the image of the above homomorphism is contained in Tj(—a) o T;(a)(M) C

U(9) f7°"2 @u(q) Ti(a)(M).
Define the ideal n~ (%) of n~ by

(2.4.8) n~ (1) =n(A7\ {—a;}).
By the PBW theorem, we have U(n~) = U(n~(i)) ® C[f;], which implies
U~ (@) ® Clfi, 71152 @ U(v) U (@) 57

The following lemma follows immediately from this isomorphism.
LEMMA 2.4.4. For any A € h*, we have an isomorphism

U= (0) @ Clfs, £71172 @ Cux 25U (8) 12 @y M(Y).
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LEMMA 2.4.5. For any X\ € b*, the element fl-<h"’>‘)+1®u)‘ of U(g)ffh"’)‘)+Z Qu(g)
M()) is a highest weight vector with weight s;o X. Here o is the shifted action defined
n (2.1.19).

Proof. Set \; = (h;, A). We have for j #1

ej(fi)\‘-'-l Ruy) = fi)\i_‘-lej @ux = fi)\i_‘_l ®ejuy =0.
If j =i, then
ei(f T @un) = (F e + (i + 1) fM (ki — X)) @ uy = 0.

0

PROPOSITION 2.4.6. Assume that X\ € h* satisfies a = (hi, A+ p) & Ziso. Then
we have

Ti(a)(M (V) = U@ (" @ ua) = M(sio N).
Proof. We have
Ti(a)(M(N) ={u€e U(g)fi‘”Z ®u(g) M ; ei*u =0 for a sufficiently large m}.

By the preceding lemma, f ® uy is a highest weight vector of T;(a)(M(A)) . It is
enough to show that T;(a)(M (N)) is generated by this vector.
By Lemma 2.4.4, any v € T;(a)(M(\)) can be written in a unique way

v= ZPnfi“”"”@u)\

neZ

for P, € U(n™(¢)). Here P, vanishes except for finitely many n.
Take a positive integer m such that e]*v = 0. Then we have

=5 X (1) e met e o

= k
= Z Z (m) (ad(ei)m—kpn) Z fia+n—yef_,,

k=0 v=0

(v1)? (l;) (a—:n) (hi + k; a —n) s
->> () etemmmseen(* 77" )w2 ("1 ") @

Rewriting this equality, we have

- (et (L)1)

n k=0

;i( ) (ad(es)™ ¥ Pryi) f1 <-1k— n) (k)2 <a+7]z+k>~

k=0

Bl
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The vanishing of the coefficient of f* implies

(2.4.9) i <TZ) ("1 - ”) (k)2 (“ i + k) (ad(e)™ ¥ Pasz) = 0

k=0

for any n.

Now we shall prove that P, = 0 for n < 0. Assuming the contrary we take the
largest ¢ > 0 such that P_, # 0. By taking n = —c—m in (2.4.9), only £k = m
survives, and we obtain

(—lm— n> (m1)? (a + nm+ m) P.=0.

) =0

Since ~1+c+m > m, (T'**™) does not vanish, and (*_¢) must vanish. This means
that @ — ¢ is an integer and satisfies 0 < a — ¢ < m. This leads to the contradiction
a > ¢ > 0. Hence we have P,=0 for n < 0, and we conclude v € U(n™)f ® uy =
U™)(ff ®ua). O

Proposition 2.4.6 implies the following proposition.
PROPOSITION 2.4.7. Assume a = (h;, \) Z 0 modZ. Then the morphism (2.4.7)
induces an isomorphism

Hence we obtain

M(A) ==Ti(=a) o Ti(a)(M(X)).

Now we are ready to prove the following proposition used later.
PROPOSITION 2.4.8. Assume that \, pu € b* satisfy (hi,\) € Z. Then we have

Hom (M (s; o p), M(s; 0 A)) > Hom (M (), M(X)).

Proof. If A — p is not in the root lattice @), then the both sides vanish. If
A—p € Q, then (hi,u) = (hi, \) # 0 modZ. Hence the assertion follows from the
preceding proposition. O

2.5. Embeddings of Verma modules. We shall use the following result of
Kac-Kazhdan.

THEOREM 2.5.1 ([10]). Let A\, u € h*. Then the following three conditions are
equivalent.

(i) The irreducible highest weight module L(u) with highest weight p appears as a
subquotient of M()\).

(ii) There ezist a sequence of positive roots {Bix}L_,, a sequence of positive integers
{nc}i_, and a sequence of weights {\i}._, such that Ao = A\, \; = p and
Me = Me—1 — 1B, 2(Br, Ae—1 + p) = ni(Br, Br) for k=1,...,L

(i) There ezists a mon-zero homomorphism M (u) — M ().

Note that any non-zero homomorphism from a Verma module to another Verma
module must be a monomorphism. The implication (ii)=-(iii) is not explicitly stated
in Kac-Kazhdan [10]. But it easily follows from Lemma 3.3 (b) in Kac-Kazhdan [10]
and (i)« (ii).
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We use also the following result in Kashiwara [14].
PROPOSITION 2.5.2. For A\, pu € b* and i € I, we assume (h;, u+p) € Z>o (which
implies M (s; o u) C M(p)) and (hi, N + p) & Zi<o. Then we have

Extg (M (1) /M (s o p), M(X)) = 0.

Let K denote the set of A € h* satisfying the following two conditions.

(2.5.1) 2(B8,A + p) # (B, B) for any positive imaginary root 3,
(2.5.2) {B € AL; (BY,X+p) € Lo} is a finite set.

The condition (2.5.2) implies that there exists w € W(A) such that wo A+ p is
integrally dominant (i.e. (BY,wo X+ p) ¢ Zo for any 8 € AL).

If A in Theorem 2.5.1 satisfies the condition (2.5.1), then S in (ii) must be a real
positive root. This easily follows from the fact that nf is an imaginary root for any
positive integer n and any imaginary root S.

Note that K is invariant by the shifted action of W.

THEOREM 2.5.3. For X\ € K we have

dim Homg (M (1), M(N)) < 1

for any p € h*.

Proof. There exists an embedding M (\) — M ()\') for some A\’ € W()\) o A such
that A" + p is integrally dominant. Hence we may assume that \ + p is integrally
dominant from the beginning,.

We assume that Hom(M (u), M (A)) is not zero. Then by Theorem 2.5.1, there
exists w € W(A) such that p=wo A.

We shall argue by the induction on the lenght of w.

If w = 1, then it is evident. Assuming w # 1, let us take o € II()\) such that
In(sqw) < ly(w), which is equivalent to w™la € A~()). Since A + p is integrally
dominant, (w™taV, X + p) < 0. Since we may assume s, o i1 # 1, we have

(2.5.3) (@, p+p) = (w™ e, A +p) € Zco.

Now we shall argue by the induction on ht(a).

(1) Case ht(a) = 1. In this case, & = a; for some i € I. Then we have M (s; o ) D
M (p). Since (h;, A+ p) € Z>o, Proposition 2.5.2 implies

Ext (M(s; o ) /M (), M(X)) = 0.
Therefore the following sequence is exact.
Hom(M((s; o u), M(\)) = Hom(M (p), M (\)) — 0.

Since dim Hom (M (s; o i), M (X)) < 1 by the induction hypothesis on the length of w,
we obtain dim Hom(M (), M (\)) < 1.

(2) Case ht(a) > 1. Take 4 such that (h;,a) > 0. Then a; € A(A) by Lemma 2.2.3.
Hence we have

(2.5.4) (hi, \) & Z.
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Set A’ = s;0\. Then s;A(X) = A()), and s;II(A\) = II(\') by Lemma, 2.2.2. Moreover
M+ p is also integrally dominant. Then w' = s;ws; € W(X') and Iy (w') = I (w). Set
o' = s;a. Then o € II(N), ht(a') < ht(a) and Iy (sew’) < Iy (w'). We have also
' =s;0p=w" o). Hence the induction hypothesis on ht(a) implies

dim Hom(M (p'), M(X')) < 1.
By (2.5.4) we can apply Proposition 2.4.8 to deduce
Hom(M (p'), M(X')) ~ Hom(M (), M(X)).

Thus we obtain the desired result dim Hom(M (u), M (A\)) < 1.0
We denote by K.eg the set of A € K subject to the following condition:

(2.5.5) If w € W satisfies wo A = A, then w = 1.
In particular, this condition implies
(A+p,a¥) #0 for any a € Are.

Define a subset K,

of Kreg by

(2.5.6) Kre ={) € Kreg; (A +p,2’) >0 for any a € AT(A)}.
LEMMA 2.5.4. We have W o Kreg = Kreg and Kreg = || W(A) 0 A.
Aekk,
The proof is standard by using the results in §2.2 and omitted.

By Theorem 2.5.1 and Theorem 2.5.3 we have the following proposition.

PROPOSITION 2.5.5. Let A € K,

(i) For z € W(A) and p € h* we have [M(z o X) : L(n)] # 0 if and only if

u=1yol for somey € W(A) satisfying y > z.
(it) For z,y € W(A) we have dim Hom(M (yo A), M(z o)) =1 or 0 according to
whether y > x or not.

COROLLARY 2.5.6. Let A\ € K[f,, © € W and p € b*. Then [M(zo)): L(u)] # 0
implies u =y o X for some y € zW () satisfying y > =.

Proof. Assume [M(zo}) : L(u)] # 0. Take z; € W(zo)) such that X' = 27 zo) €
Kg- Then we have z; € W()') and oA = z; o X'. By Proposition 2.5.5 there exists
some zz € W()') such that p = 25 0 A’ and 292 > 2;. Setting w = zl_la:, Yy = 2w
we have £ = z;w and u = y o \. Since y = 2927 'z € W(X)z = zW (), the assertion
follows from the following lemma.

LEMMA 2.5.7. Assume that \, X' € K, andw € W satisfy \' = woX. Then for
21,29 € W(X') such that zo >y 21 we have zow > zjw.

Proof. For A € Kf,,, we have AT(\) = {a € Awe;(@V, A + p) € Zso}. This
implies w™tAT(X) = A"g'(/\) C A™T. Then it is enough to apply Lemma 2.2.11. O

For a subset (2 of K,eg we denote by Q{Q} the full subcategory of O consisting
of M € Ob(Q) such that any irreducible subquotient of M is isomorphic to L(\) for
some A € Q. For A € Koz we set

(2.5.7) O =0{w) or}l, OO =O{W oA}
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By the definition, for any A € K;eg, we have

(2.5.8) O\ = Ow o A] for any w € W(X),
(2.5.9) O\ = O(w o A) for any w € W.
By Proposition 2.5.5 we have

(2.5.10) M(X) € Ob(Q[)]) for any \ € Kreg.

By Lemma 2.3.2 and Corollary 2.5.6 we have the following lemma.
LEMMA 2.5.8. Let A € K, and w € W. Assume that M € Ob(Q) satisfies the
conditions

[M: L(wo )] #0,
[M:L(yoA)] =0 for any y € wW(X) such that y < w.
Then neither Homg (M (w o A), M) nor Homg (M, M*(w o X)) vanishes.

We shall use later the following result of S. Kumar [20] (a generalization of a
result in Deodhar-Gabber-Kac [6]).
THEOREM 2.5.9. Any object M of O{Kreg} decomposes uniquely into

M= @ M (M e Ob@[N)).
AeKihg

In [20], the theorem is proved for M with a semisimple action of ). However the
same arguments can be applied in our situation.
For A € Kieg we denote by

(2.5.11) Py : @{Icreg} — @[)‘]

the projection functor.
We define a new abelian category Q by

(2.5.12) 0= [] O

rekke

We denote by the same symbol Py the projection functor Pj : 0 - Q). It is an
exact functor. By the definition we have

Homg (M, N) = H Homg (P\(M), P\(N)) for M, N € 0.
ek,

The category O{Kreg } can be regarded as a full subcategory of 0. For M € @ and
A € Kreg we set

[M : L(\)] = [PA(M) : L()\)].
For a subset  of Keg, We set
(2.5.13) Ofay= [[ O@nw®oN},
ek,

and for A € K,eg,
(2.5.14) O = O{W o A}.
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3. Twisted D-modules. We shall give a generalization of the theory of D-
modules on infinite-dimensional schemes developped in [14] and [16] to that of twisted
left D-modules (modules over a TDO-ring). Since the arguments are analogous to
the original non-twisted case, we only state the results and omit proofs.

3.1. Finite-dimensional case. For a scheme X we denote by Ox the structure
sheaf. For a scheme X smooth (in particular quasi-compact and separated) over C,
we denote by Qx, Ox and Dx the canonical sheaf, the sheaf of vector fields, and the
sheaf of rings of differential operators on X, respectively.

Let X be a scheme smooth over C. A TDO-ring on X is by definition a sheaf A of
rings on X containing Ox as a subring such that there exists an increasing filtration
F = {F, A}z of the abelian sheaf A satisfying the following conditions.

(3.1.1) F,bA=0 forn<0.

(3.1.2) F,A-F,AC FpinA.

(3.1.3) [FrA, FnA] C Frym—1A.

(3.1.4) FpA = Ox.

(3.1.5) The homomorphism gr; A — Ox (P mod FpA — (Ox 3 a+— [P,a] € Ox))
of Ox-modules induced by (3.1.3), (3.1.4) is an isomorphism.

(3.1.6) The homomorphism So, (gr; 4) — grA of commutative O x-algebras is an
isomorphism.

Here we set gr,A = F,A/F 1A, grA = @, gr,A, and So,(gr; A) denotes the

symmetric algebra of the locally free Ox-module gr; A. The filtration F' is uniquely

determined by the above conditions, and it is called the order filtration. A TDO-ring

is quasi-coherent over Ox with respect to its left and right O x-module structures.

Let A be a TDO-ring on a scheme X smooth over C. For a coherent (left)

A-module M we can define its characteristic variety Ch(M) as a subvariety of the

cotangent bundle T*X as in the case A = Dx. A coherent A-module M is called

holonomic if dim Ch(M) < dim X. We denote by M, (A) the category of holonomic

A-modules, and by DI;L(A) the derived category consisting of bounded complexes of
quasi-coherent A-modules with holonomic cohomologies. Set

A—ﬂ = Q?}_l Rox A°P Rox Qx,

where A°P denotes the opposite ring of A. Then A~ is also a TDO-ring. We define
the duality functor

D: Db (A) — Db (A~H)yep
by
DM = RHom 4(M, A) @0, Q% *[dim X].

Let f : X — Y be a morphism of smooth schemes over C, and let A be a
TDO-ring on Y. Set

Axoy = Ox @510, 1A, Ayex = A 20, 87 @510, Ox.
Define the subring f*A of Ends-14(Ax—y) by

(B.17) flA= | Fu(f4),

neN
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(3.1.8) F,(f*A)=0forn <0,
(3.1.9) Fo(f'A) = {P € Ends-14(Ax—y); [P,Ox] C Fooi(f*A)} for n > 0.

Then f*A is a TDO-ring on X. Moreover, Ax_,y has a structure of an (f!4, f~1A)-
bimodule, and Ay, x has a structure of an (f !4, f*A)-bimodule. We have

(3.1.10) A = (F1A)~*

for any TDO-ring A. We define functors

(3.1.11) Df* : D} (A) — Di(f*A),

(3.1.12) / : DY (f*A) - Db (A), : DY (f*A) — DY (A)
f f!

by

Df*(M) = Axoy %, f7IM,  [; M =Rf.(Ayx &% , M),
ff! =Do ff oD.
We shall also use their variants

(3.1.14) Df*, Df' : DE(A) — DV(f'4),  Df., Dfi: DL(f14) > Di(A)

(3.1.13)

given by
Df* =DoDf* oD, Df! = Df* [2(dim X — dimY)],
Df. =ff [dimY — dim X], Df, = ff! [dimY — dim X].
3.2. Infinite-dimensional case. Now we shall study TDO-rings on infinite-

dimensional varieties. We say that a scheme X over C satisfies the property (S) if
X ~1im S, for some projective system {S,},cn satisfying the following conditions.
—

n
(3.2.1) The scheme S,, is smooth (in particular quasi-compact and separated)

over C for any n.
(3.2.2) The morphism pnm;, : Sm — Sy is affine and smooth for any m > n.
We call such {S,},cn @ smooth projective system for X. For example, the infinite-
dimensional affine space -

A =lim A™ = Spec C[z;;i € N]
—

n

satisfies the property (S).
Let S denote the category whose objects are smooth C-schemes and whose mor-
phisms are affine and smooth morphisms. Then the pro-object “l(iin” Sp in S depends

n
only on X and does not depend on the choice of a smooth projective system {S,}, cn
([7])- This follows from the fact

Hom(X,S) = li_n)lHom(Sn, S)

n
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for any scheme S.
A C-scheme X is called pro-smooth if it is covered by open subsets satisfying (S).
Let f : X = Y be a morphism of C-schemes such that X is pro-smooth and Y’
is smooth over C, and let A be a TDO-ring on Y. Set Ax_y = Ox ®-10, [ A4,
and define the subring f*A of énd;-1 4(Ax—y) by (3.1.7)-(3.1.9). Then 4x_,y is an
(f*A, f~' A)-bimodule. For an A-module M we define the f*A-module f*.M by

(3.2.3) fM=Ax_y Qf-14 f_l./\/l.

For a pro-smooth scheme X, a TDO-ring on X is by definition a sheaf A of rings on
X containing Ox as a subring satisfying the following condition.

(3.2.4)  For any z € X, there exist a morphism f: U — Y from an open
neighborhood U of z to a smooth C-scheme Y and a TDO-ring
B onY such that A|ly = f*B.

By the definition, a TDO-ring A on a pro-smooth scheme X is locally of the form
A = f'B where B is a TDO-ring on a smooth C-scheme. We can patch together
f*B~* and obtain a TDO-ring A~* on X.

For an invertible Ox-module £ on a pro-smooth scheme X, we have a TDO-ring
Dx (L) given as follows.

(3.25) Dx(L) =| JFaDx(L) C Endc L.

(3.2.6) F,Dx(L£) =0 for n < 0.
(3.2.7) F,Dx(L) ={P € éndc L; [P,a) € F_1Dx (L) for any a € Ox} for n > 0.

We set Dx = Dx(Ox). Then we have Dx(L) ~ L ®0, Dx ®o0, LZ~. More
generally, for an invertible Ox-module £ and a scalar a € C we can define a TDO-
ring Dx (L) = L*®0, Dx ®0, L2~® by the following patching procedure although
L® does not necessarily exist. A section of Dx (£?) is locally of the form s* ® P® s~¢,
where s is a nowhere vanishing section of £ and P is a section of Dx, and we have
sSTOP®s7%=53Q@P,®s; if and only if P, = (s3/51)%Pa(s2/s1)™% as sections of
Dx.

Let A be a TDO-ring on a pro-smooth scheme X. We call a (left) A-module M
admissible if it satisfies the following conditions.

(3.2.8) M is quasi-coherent over Ox.

(3.2.9) For any affine open subset U of X and any s € T'(U; M), there exists a
finitely generated C-subalgebra B of I'(U; Ox) such that Ps = 0 for any
P € T(U; A) satistying P(B) = 0.

We denote the category of admissible A-modules by M4, (A). We call an admissible
A-module M holonomic if it satisfies the following condition.

(3.2.10) For any z € X there exist a morphism f: U — Y, a TDO-ring Bon Y
as in (3.2.4) and a holonomic B-module M’ such that M|y = f*M'".

We denote the category of holonomic A-modules by M, (4).
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Let A be a TDO-ring on a C-scheme X satisfying the property (S). Then we can
take a smooth projective system {Sp},cn for X and TDO-rings A, on S, such that

(3.2.11) P Ap, = A, for any m > n, phA, = A,

pnm
where p, : X — S, is the projection. We call {(Sn,An)},cz & smooth projective
system for (X, A). Since pp, is smooth, the functor pf,, : M (4,) = My (4,,) is
exact, and we have the equivalence of categories

M, (4) & lim M, (4,).

n

Let X be a pro-smooth C-scheme and A a TDO-ring on X. Let D(Myarm (4))
be the derived category of M,4m (A). Let us denote by D% (A) the full subcategory of
Db(M,4m (4)) consisting of bounded complexes whose cohomology groups are holo-
nomic.

If X satisfies (S) and {(Sn, An)}nez is @ smooth projective system for (X, A),
then we have an equivalence of categories:

b0 AY — i P
D} (4) = lim D (4).
The duality functors D : D%(A,) — D% (A,;*)°P induce the duality functor
(3.2.12) D : D (A) — Db (A™H)°p.

For a morphism f : X — Y of pro-smooth C-schemes and a TDO-ring A on Y,
we define a TDO-ring f#4 on X by the same formulas (3.1.7)—(3.1.9). The functor
(3.2.13) Df* : Db (A) — Di(f*A)

is defined by the same formula as in (3.1.13). It is well-defined as seen in the following.
The question being local, we may assume that X and Y satisfy (S). Then we can take a
smooth projective system {X,} for X and a smooth projective system {(Yy, An)}nez
for (Y,A). Let pxn : X = X, and py, : Y — Y, be the projections. We may
assume further that there exists {fn} : {Xn} — {Yn} such that f = 1(21 fn. For

M € Ob(D}(A)) there exist some n and M,, € Ob(D}(A,)) such that M = p§, M,,.
Then we have
Df* M = p5 Dfa M.

Let f: X — Y be a morphism of pro-smooth schemes. We assume that f is of
finite presentation type. Let A be a TDO-ring on Y. We define a functor

(3.2.14) /f : D} (f*A) = D} (4)

by the same formula as in (3.1.13). We can see that it is well-defined as follows. The
question being local on Y, we can take a smooth projective system {X,} for X, a
smooth projective system {(Yn, An)}nez for (Y, A), and {fn} : {Xn} = {Yn} such
that f = l{£1 fn and the following diagram is Cartesian for any n ([7]).

n
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Let pxn : X = X, and py, : Y — Y, be the projections. Let M € Ob(D}(f*4)).
There exists some n and M, € Ob(D?(f%A,)) such that M = p%,M,. Then we

have
/ M=py, [ M,
f fn

Under the same assumption, we define the relative dimension d¢ by dim X — dim Yp.
We shall also use the following functors for a morphism f : X — Y of schemes
satisfying (S):

(32.15) Df*, Df' : D4(A) —» Dh(f*4), [ , Df., Dfi : D}(f*4) — D(A)
I

defined by
Df' =Df*[2df], Df* =DoDf* oD,

/!=Do/foD, Df. =/f[—df], Dy, =/f![‘df]'

Note that IDf* and IDf* are defined for any morphism f of schemes satisfying (S),
while other functors in (3.2.14), (3.2.15) are defined only when f is of finite presenta-
tion type.

For a morphism f : X — Y of pro-smooth schemes, a TDO-ring A on Y, and
k € Z we can define functors

(3.2.16) H*Df* : M, (A) — M, (F8A)

by patching together the locally defined object H*(Df* M) for M € Ob(M} (A)).
Similarly, for a morphism f : X — Y of pro-smooth schemes which is of finite presen-
tation type, a TDO-ring A on Y, and k € Z we can define functors

(3.2.17) H* [,, H*Dfi : My (f*4) — M, (4).

3.3. Equivariant D-modules. Let G be an affine group scheme over C. We
assume that Og(G) is generated by countably many generators as a C-algebra. Then
G~ l(lr_n G, for a projective systems of affine algebraic group over C, and hence G

neN
satisfies the condition (S). Let g be the Lie algebra of G. Then g is the projective
limit of the Lie algebras g, of G,,.

Let X be a pro-smooth C-scheme with an action of G. Then we have the diagram

Y J SN px
(3.3.1) GxGxX —B5 GxX +—X.
P3 _Prxy

Here px : G x X — X is the action morphism, pry : G x X — X the second
projection, and

i(z) = (1,2),
p1(91,92,7) = (91, 922),
p2(91, 92, ) = (9192, %),
p3(91,92, %) = (g2, 7).
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A G-equivariant TDO-ring 4 on X is a TDO-ring endowed with an isomorphism of
TDO-rings

a: u”XA N—)prg(A

with the cocycle condition (see [12, §4.6]), i.e. the commutativity of the following
diagram.

i
L P2 #_ 4

popy A > popry A
(3.3.2) Iz IZ

o ~ pla
pg,uﬁXA ;%pﬁprg(A:pgug(A;) pgprg(A

Then the G-equivariance structure induces a ring homomorphism
U(g) = I'(X; A).

A G-equivariant module M over a G-equivariant TDO-ring A on X is an A-module
endowed with an isomorphism of prg(A—modules

px M =pri M

with a similar cocycle condition (see [12, §4.7] and (3.3.5) below).

We can generalize the notion of equivariance to that of twisted equivariance.
Assume for the sake of simplicity that G is a finite-dimensional affine algebraic group
with Lie algebra g. Let ¢; : GXG — G (i = 1,2) be the first and the second projection
and pg : G X G — G the multiplication morphism. Let ig : pt = G be the identity.

Let A € g* be a G-invariant vector. Let 7(\) be the free Og-module generated
by the symbol e*. We define its Dg-module structure by

Rae* = A(A)e* for any A € g,

where R4 is the left invariant vector field on G corresponding to A. Then we have a
canonical isomorphism of Dg-modules

igT(\) =C,

(3.3.3) my ST () 2= T(N) @ 3TN,

sending e* to 1 and e* ® e*, respectively. A twisted G-equivariant A-module M with
twist A is an A-module with an isomorphism of pr”X A-modules

(3.3.4) B psM 25¢°T () ® prM,

with the cocycle condition. Here ¢ : G x X — G is the first projection. The cocycle
condition means the commutativity of the following diagram of rgA—modules on G X
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GxX.
& TA) @M =5 gh(@? TN @ s T(N) @73

I
p3(¢*T(A) ® pr¥ M)

| s

prux M
(3.3.5) I TN @rsT(\) ®rs
piusx M

| s
p1(¢*T(A) ® pry M)

I
TN ®p3uxM L 13T\ @ p3(@° T (A) ® pryxM).

Here 12 : G x G x X — G x G is the (1,2)-th projection, and r; is the i-th projection
from G x G x X.

Let ¢ : G — C* be a character, and let §) € g* be its differential. Then
eMI¥ ¢+ pe gives a canonical isomorphism

TA+0y) =T

compatible with the multiplicative structure (3.3.3). Hence the twisted equivariance
with twist A is equivalent to that with twist A + d¢.
4. D-modules on the flag manifold.

4.1. Flag manifolds. We recall basic properties of the flag manifold for the
Kac-Moody Lie algebra g (Kashiwara [13]).
Fix a Z-lattice P of h* satisfying

(4.1.1) a; €P, (P,h;)CZ foranyie€l.

We define affine group schemes as follows:

(4.1.2) H = Spec C[P],
£ _ 4+
(4.1.3) N* = lir_nexp(n /),
k
(4.1.4) B = (the semi-direct product of H and NV),
(4.1.5) B~ = (the semi-direct product of H and N7)

(see (2.3.1) for the definition of nf). Here, for a finite-dimensional nilpotent Lie
algebra a we denote the corresponding unipotent algebraic group by exp(a). Then
N*= is an affine scheme isomorphic to Spec(S(n¥)).

For a subset © of A* such that (@+©)NA C ©, we denote by N(©) the subgroup
exp(n(©)) of NE,

In Kashiwara [13], a separated scheme G is constructed with a free right action of
B~ and a free left action of B. The flag manifold X is defined as the quotient scheme
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X = G/B~. The flag manifold is a separated scheme. For w € W, U,, = wBB~ /B~
is an open subset of X. A locally closed subscheme X,, = BwB~ /B~ of X is called
a Schubert cell.
ProrosITION 4.1.1.
1) X =Upew Vv = Upew Xuw-
(ii) For any w € W, we have X, = =Uysw Xy and Xo C Uy CU
(iii) We have an isomorphism

NwATNA™) x NwAtnNAY) U,  ((z,y) = zywB™)

:z<w

of schemes. Moreover, the subscheme {1} x N(wA™ N A%) is isomorphic to
X by this isomorphism.
In particular, U,, and X,, are isomorphic to

Af =SpecClzy, ; 0< &k < (]

for some ¢ € Zso U {0}, and the codimension of X, in X is the length £(w) of
w € W. Hence X is pro-smooth.
We call a subset & of W admissible if

weEdysw=—yecd

For an admissible subset ® of W we define an open subset X¢ of X by X¢ = Uwe@ Xw.

For a finite admissible subset ®, X is a quasi-compact scheme with the condition

(S). Indeed for k >> 0, the subgroup exp(n}) = l(iinexp(n',i' /n) acts freely on Xo
1>k

and {Xs/ exp(n})} is a smooth projective system for Xo (see [18]). Note that, since

X is separated over C, Xo/ exp(n{) is separated for k >> 0 by the following lemma

LEMMA 4.1.2. Let {X,},cn be a projective system of quasi-compact and quasi-
separated schemes. Assume that the morphism X 1 — X, is an affine morphism
for any n. Let X, be its projective limit. If X, is separated, then X, is separated
for n > 0.

Proof. Let fom : X;m — X, be the canonical projection (0 < n < m < ).
Since X is quasi-compact, Xy is covered by finitely many affine open subsets U JO =
1,...,N). Then the inclusion U? — X is of finite presentation. Set U = f;,' (U?)
(0 < n < o0). Since Xo is separated, US® — X is an affine morphism. Hence [7,
Theorem (8.10.5)] implies that U — X, is an affine morphism for n >> 0. Hence we
may assume from the beginning that UY N U} is affine for any j,k=1,...,N.

The ring homomorphism Ox (Us°) ® Ox (Ug®) — Ox (U N UE®) is surjective
by the assumption that X, is separated. Since OX(U](-) NUY) is a finitely generated
algebra over Ox (UY), the image of Ox (U NUY) = Ox (U NU}) is contained in the
image of Ox (U}') ® Ox (U) = Ox (U} NU}) for n > 0. On the other hand, we
have

Hence Ox (U}") ® Ox (Ug) = Ox (U} N U}) is surjective for n >> 0. This shows that
X, is separated for n >> 0. 0

Set X = G/N—. We denote by ¢ : X — X the canonical projection. It is an
H-principal bundle. For w € W we set X,, = £'X,, = BwN~/N~, and for an
admissible subset ® of W we set X’q> =¢1Xe = Uwecp Xw. The scheme X is also
pro-smooth.



KAZHDAN-LUSTZIG CONJECTURE 803

4.2. Twisted D-modules on the flag manifold. Let p : G — X be the
projection. For p € P we define the invertible O x-module Ox (i) as follows:

L(U;0x (1) = {p € T(p7'U; 0g) ; ¢(zg) = g™ *¢(x) for (z,9) € p~'U x B™}
=~ {p e T(£IU; O%); o(zh) = h™*p(z) for (z,h) € U x H}

for any open subset U of X. Here z — z™# is the character of B~ corresponding to
the weight —u. Twisting Dx by Ox (u) we obtain a TDO-ring

D/.L = OX(P’) ®ox Dx ®0x OX('_:U)'

This definition can be generalized to any p € h* and we can define an NT-equivariant
TDO-ring D, on X (see Kashiwara [12] and Kashiwara-Tanisaki [18]). Note that the
pull-back £”D” of the TDO-ring D, under & : X — X is canonically isomorphic to
D ;. Hence the pull-back £* M of an admissible D,-module M is naturally regarded
as a D g-module. Moreover, by the functor £°, the category of admissible D,,-modules
is equivalent to the category of admissible twisted H-equivariant D 3z-modules with
twist p.

The infinitesimal action of g on X lifts to an algebra homomorphism
U(g) = I'(X; D).

In particular, H™*(U; M) has a g-module structure for any open subset U of X, any
D,|y-module M and n € Z.

For w € W, let iy : Xy <> X be the inclusion. Then for any p € h*, the N*-
equivariant TDO-ring 4¥,D,, is canonically isomorphic to the N+-equivariant TDO-
ring Dx,. We define the N*-equivariant holonomic D,-modules B, (), My, (1) by

(4.2.1) Bu(p) = H° / Ox,, Muy(p)=HO / Ox..

Note that H* fi. Ox, ka ,Ox, = 0 for any k # 0 because i, is an affine
embedding. By the definition we have

(4.2.2) Homp, (My(p), M) =>Homp,,|, (Muw(u)|v, M|v),
(4.2.3) Homp, (M, By(p)) ==Homp,,|, (M|, Buw()lv)

for any open subset U of X containing X, and any holonomic D,-module M.
The isomorphism M, (u)|uv = Bw(u)|u extends to a canonical non-zero homomor-
phism M, (r) — B,(p). We denote its image by L, (u). It is a unique irre-
ducible quotient of M, (p) and a unique irreducible submodule of B,,(1). Note that
dim Homp, (M (), Bw(p)) = 1.

For p € h* and a finite admissible subset ® of W, we denote by Hg (i) the
category of NT-equivariant holonomic D,,|x,-modules. For u € h* we denote by H(u)
the category of N*-equivariant holonomic D,-modules. Then we have obviously

Hl(p) = lim H (u),
o3

where ® ranges over the set of finite admissible subset of W.
For any w € W and p € h* the D,-modules By, (1), M (1) and L,,(p) are objects
of H(x). Note that £, (u) is a simple object of H(u).
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For any N*-equivariant admissible D,-module M, we denote the support of M
by Supp(M). It is an Nt-stable closed subset of X, and hence it is also B-stable.

LEMMA 4.2.1. Forw € W, let U be an open subset of X which contains X, as a
closed subset. For any N -equivariant admissible D,,-module M such that Supp(M)N
U C X, there exist some index set J and isomorphisms

Muw(w)® |y My =By (0)® |y .

Furthermore if M is holonomic, then J is a finite set and the above isomorphisms
can be extended to morphisms in H(u)

Moy ()® = M = By (1)®.

Proof. Let i : Xy — U be the closed embedding. By the condition on M there
exists an N*t-equivariant holonomic D, -module N such that M|y ~ [, N. Since
X, is a homogeneous space of N* with a connected isotropy subgroup, we see that
N is isomorphic to (’)?Qi for some J. If M is holonomic then A is holonomic, and
hence J is a finite set. Thus we have

My = / 0% ~ (Bu(m)lv)®” = (Mu(p)lv)®’.

To see the last statement, it is enough to apply (4.2.2) and (4.2.3). O

Let M € Ob(H(p)). By Lemma 4.2.1, for any finite admissible subset & of
W, M|x, € Ob(Hs (1)) has finite length and it has finite composition series whose
composition factors are isomorphic to £, (1)|x, for some w € ®. For w € W the
multiplicity of £, (1)|x, in the composition series of M|x, does not depend on the
choice of a finite admissible subset ® of W such that w € ®. We denote it by
[M : L,(p)]. Note that the multiplicity does not depend on the NT-equivariance
structure.

LEMMA 4.2.2. We have [My(p) : Ly(p)] = [Buw(p) : Ly(p)] for any w,y € W.
Replacing the modules M, (1), £, (1) and By, (1) with their images by £°, this follows
from the following general result.

PROPOSITION 4.2.3 ([15]). Letj: X — Y be an embedding of smooth C-schemes.
Then for any holonomic Dx-module M, we have the equality

S M) = S M)
i€Z Y i€Z 7t
in the Grothendieck group of the category of holonomic Dy -modules.

Proof. We can decompose this proposition into the closed embedding case and
the open embedding case. Since the first case is obvious, we may assume that j is
an open embedding. Since the question is local on Y, we can easily reduce to the
case where X is the complement of a hypersurface of Y. Then fj M and fj! M are
concentrated at degree 0. We may assume further that Y\ X is defined by f = 0 for
some f € T'(Y;Oy). Let ¢f(M) be the near-by cycle of M, which is a holonomic
Dy-module with support in ¥ \ X. Let var : (M) — 15(M) be the variation.
Then the kernel (resp. the cokernel) of [, M — [; M is isomorphic to the kernel
(resp. the cokernel) of var : 95(M) — 1s(M). Therefore we have

[/ M] - ) M| = [Coker(var)] — [Ker(var)] = 0.



KAZHDAN-LUSTZIG CONJECTURE 805

4.3. Cohomologies of B, (1). We first study the cohomology groups of By, ().

PROPOSITION 4.3.1. Let p € h*, w € W and let @ be a finite admissible subset
of W containing w. Then we have

() H"(Xe;Buw(p) = H™(X;Byw(p)) =0 for any n # 0.

(i) We have

T'(Xo; Bu(n)) = T(X; Buw() = U(Y8) ®u(wsne) (T(Xw; Ox,,) ® Cuoy)

as a U(“b)-module. Here “b = h & (B,cpa+ a) and Cyop is the one-
dimensional U(*b N b)-module with w o i1 as a weight.
Proof. By the definition of B,,(u) we have

H™(Xg;Byw(p)) ~ H*(X; Bu(p)) = H"(Uw; Bw(1))-

Hence the assertion easily follows from Proposition 4.1.1 (iii) (cf. [14, 18]). O
Later, we shall see that I'(X; By (1)) is isomorphic to the dual Verma module
under certain conditions. The following corollary is a key of its proof.
COROLLARY 4.3.2. Let p € h* andw € W.
(i) ch(T(X; Bw(n))) = ch(M(w o p)).
(ii) If ¢ € b* and non-zero m € T'(X;By(p))¢ satisfy n(wA+T NAT)m =0, then
we have ( €W o i — Y\ ca+rwa- Lo
(iii) If ¢ € b* and non-zero m € I'(X; Byw(p))? satisfy n(wA™ N At)m =0, then

we have ( € wo p— Y ca+rwa+ Lo
Proof. By Proposition 4.3.1 we have

(4.3.1) D(X; Buw(w)) Unm(wATNAT) @ '(Xy; 0x,) ® (Cwou

U(H(IUA+ n A-)) ® S(n(wA‘ N A_)) ® (Cwo;u

~
~

and hence we have

ch(I'(X; Bw(p))) = ch(Un(wAT N A7))) ch(S(n(wA™ NAT)))ewH
— H (1 _ ecx)—-dim o H (1 _ ea)—-dim 9o qWop
aEwATNA— aEwATNA™

H (1 _ ea)—dim Ja qWop
aEA~
= ch(M(w o p)).

Thus (i) is proved.
Let us prove (iii). Assume that a non-zero vector m € I'(X; By (p))7 with ¢ € h*

satisfies n(wA~NAT)m=0. Then we have (I‘(X; Buw (1)) /n(wATNAT)T(X; By (u)))C
# 0. Then (4.3.1) implies

e (DX Bu(1)) /m(wA* 1 AT (X3 Bo(w)
= ch(S(n(wA~™ N A7)))e?*
— H (1 _ ea)—dim fa ewo,u:

aEwA~NA~

and we obtain (iii).
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Let us finally show (ii). Define a filtration {F;},cz of U(n(wAT N A™)) by

Fir= P UmwATnAT)) .
ht(B)<¢

Then the subspace Fy @ T'(Xy; Ox,, ) ® Cyop of ['(X; By (u)) is stable under the action
of n(wA™ N A¥), and the action of n(wA* N AT) on the quotient

(Fr ® T(Xuw; Ox,) ® Cyop)/(Fe—1 @ T(Xuw; Ox, ) ® Cyop)
= (Ff/Fl—l) ® P(Xw§ OXw) ® (Cwo,u

is given by
t(u®n) =u®zn forz € n(wATNAY), ue F/F_1,n € I'(Xw; Ox,) ® Cyop-

Take the smallest £ such that m € F; ® ['(Xy;Ox,) ® Cyo, and denote by m the
corresponding element of (Fy/Fy—1) ® I'(Xy; Ox,,) ® Cyop. Write 7 as

T
m= E u; @ ny,
Jj=1

where @; (j = 1,...,r) are linearly independent elements of F;/F;_; and n;(j =
1,...,7) are elements of I'(X,;Ox,) ® Cyou. By the assumption on m we have
n(wA* N A*)n; =0 for any j. Since X,, is a homogeneous space of N(wA* NA™T),
we have n; € Cw® Cwou CIN(Xy;0x,)® (Cwou. Thus

m € (Fp/Fo—1) ® C® Cyop,

and we obtain (ii). O
PROPOSITION 4.3.3. For A € K&

reg 0nd w € W, we have

I(X;By(A) =2 M*(wo A).
Proof. Since ch(['(X;By(A)) = ch(M*(w o X)), it is sufficient to show that if
there exists m € I'(X; By(A))¢ \ {0} such that n*tm =0, then { =wo A
Since [M(w o A) : L(¢)] # 0, Corollary 2.5.6 implies { = y o X for y € wW ().
Hence there exist some 71, -+, € AT()) such that
w_lyz—_s,hu-s%, Syttt Sy Vg €At
Then we have

A p—wlyA+p) = A+p =85y 55, (A +p)

r
= Z(s‘h T8y A+p) =Sy 'S’Yj(/\ +p)
Jj=1

-
=D A +0,7)53 5932 (V)
=1

Since A € K, we have (A + p,7)') € Zxo, and hence A+ p —w™'y(A+p) € Q*.

reg?
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On the other hand, Corollary 4.3.2 (ii) implies

Ap—wlyA+p) =wH wo =) e w™( Z Lsoc) C —QT.
aeATNWA—

Thus we obtain A + p — w™y(A + p) =0, and hence ( =wo X. O

REMARK 4.3.4. This proposition 4.3.3 can be also proved by using the the-
ory of the Radon transform in §4.6. Indeed, Theorem 4.6.2 implies ['(X; B, ()\)) =
['(X;Be(w o \)). The last module is isomorphic to I'(X¢;Ox) ® Cyoz, and it has a
unique highest weight vector, because X, is a homogeneous space of N*.

4.4. Modified cohomology groups. The cohomology group H"(X; M) itself
may be too wild. We shall replace it with a modified one easier to manipulate.

LEMMA 4.4.1. Let ® be a finite admissible subset of W. For any p € h*, n € Z
and M € Ob(H(u)), we have the following.

(i) H™(Xg;M) is an object of Q.

(i) If [H™(Xg; M) : L(C)] # 0, then there ezists some w € ® such that X,, C
Supp(M) and that [M(w o p) : L(¢)] # 0.

(i) For any admissible subset U of W such that ¥ C @, let Ny (resp. Na) be
the kernel (resp. cokernel) of the natural homomorphism H™(Xg; M) —
H"(Xg;M). Then N; belongs to Ob(Q) for i = 1,2. Moreover, if [N; :
L({)] #0 fori=1 or 2, then [M(zop): L({)] #0 for somez € &\ .

Proof. We first show (iii) by the induction of §(® \ ¥).

If 4(® \ ¥) = 0, it is trivial. In the case §(® \ ¥) = 1, set &\ ¥ = {z}. Let
1: Xy & Xo and j : Xg — Xg be the inclusion. By the assumption 7 is a closed
embedding and j is an open embedding. The distinguished triangle

Di, Di' M —» M — Dj.Dj* M ——
induces an exact sequence
(4.4.1) H™(Xq; Di, Di' M) = H™(Xg; M) = H™(Xg; M) - H" (Xo; Di, Di* M).

Therefore the kernel N; is a quotient of H"(Xg;Di.Di' M), and the cokernel N, is
a submodule of H**!(Xg;Di, Di' M). By Lemma 4.2.1, the object H*(IDi, Di' M)
in H (1) is isomorphic to a direct sum of finitely many copies of B, (11)|x,. Hence
Proposition 4.3.1 (i) implies

H"(Xg; DiDi' M) = T'(Xo; H*(Di Di' M))

and its character is a constant multiple of the character of the Verma module M (zopu)
for any k by Corollary 4.3.2. This shows (iii) in the case §(® \ ¥) = 1.

Assume §(® \ ¥) > 1. Taking a maximal element z of ® \ ¥, set ®' = &\ {z}.
Then @’ is an admissible subset such that ¥ C ' C ®. Consider the diagram

H™(Xo; M)—2H™(Xg; M)—2 H™ (Xg; M).
Then we have exact sequences

0 — Kera — Ker(Boa) = Ker 8
Coker @ — Coker( o o) — Coker 8 — 0.
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By the induction hypothesis, Ker o and Ker 3 belong to Q. Hence N; = Ker(8 o a)
belongs to @. If [Ny : L(¢)] # 0, then [Kera : L(¢)] # 0 or [Ker B : L(¢)] # 0. The
induction hypothesis implies [M(z o ) : L(¢)] # 0 in the first case and [M (w o p) :
L(¢)] # 0 for some w € ®' \ ¥ in the second case. This shows the assertion for Nj.
The assertion for N, is similarly proved.

We obtain (i) and (ii) from (iii) by taking ¥ = @ or ¥ = {w € ®; X,,NSuppM =
0}. O
By Lemma 4.4.1, Proposition 2.5.5 and the W-invariance of Keg, we have the

following corollary.
COROLLARY 4.4.2. For X € K¢z and M € Ob(H(X)), we have

H™(X; M) € Ob(Q())

for any finite admissible subset ® of W and any n € Z.
LEMMA 4.4.3. Let A\, p € Kreg. Then for any ¢ € h* there exists a finite admis-
sible subset ® of W such that the restriction homomorphism

(Pu(H™(Xa1; M)))¢r = (Pu(H™(Xe; M)))¢r

is bijective for any finite admissible subset ®' of W containing ®, (' € ¢ + Q*t,
M € Ob(H(N)) and n > 0 (see (2.5.11) for the definition of P,).
Proof. We may assume p € KX . Then W(u) o p N (¢ + Q) is a finite set.

reg*
Since {w € W;w o A = A} = {1}, there exist only finitely many w € W satisfying
woX € W(u)ouand wo X — ¢ € Q. Thus we conclude that there exists a finite
admissible subset ® of W satisfying

weEW, wol€W(p)op, wod—C € QM = we d.

Then the assertion follows from Lemma 4.4.1 (iii) and the assumption on ®. O
For A, pt € Kreg, M € H()) and n € Z>q we set

(4.4.2) Hy(M) = €D lim (P (H"(Xa; M), ,
eh @
where @ is running over finite admissible subsets of W.
LEMMA 4.4.4. For A, p € Kieg, H} is an additive functor from H(X) to Qy]
for any integer n.
Proof. Let M € Ob(H())). Take any ¢ € h*. Let ® be as in Lemma 4.4.3. Then
we have

> dimH}(M)e= Y dim(Pu(H(Xa;M)))s < 0
EECHQY £e¢+Qt
by Lemma 4.4.1 (i). Thus H(M) € Ob(0Q). O
Now for A € Kreg and M € H()\) we define the object of @ (see (2.5.12)) as

follows:

(4.4.3) army = [ Hpm.
peKL,

Then H"™(M) is the projective limit of H"(Xg; M) in the category 0.

We write [(M) for HO(M).
PROPOSITION 4.4.5. Let A € Kreg.
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(i) H" is a functor from H()) to @()\)

(ii) For any short ezact sequence
0> M 5> My M350
in H()\), we have a functorial long ezact sequence

0 - HY(M;) - HMy) — H'(M3)
- H'M;) — H'(Mp) — H'(Ms)
_) oo

in Q.
(iii) Assume that [H™(M) : L(¢)] # 0 for M € Ob(H(N)), ¢ € b*, n € Z>o.
Then there ezists some w € ® such that X,, C Supp(M) and that [M (wo ) :
L(Q)] #0. _
(iv) If X € K, and M e H()), then H™(M) belongs to Q{S(M) o A}, where
S(M) = {w e W; X,, C Supp(M)}. '
Proof. (i), (ii) and (iii) easily follow from the definition along with Lemma 4.4.1
and Corollary 4.4.2. Let us prove (iv). Assume [H"(M) : L(¢)] # 0. By (iii)
there exists some z € ® such that X, C Supp(M) and that [M(z o p) : L(¢)] # 0.
Then by Corollary 2.5.6, we have { = w o A for some w € W with w > z. Hence
X, C X, C Supp(M). Therefore w € S(M). O
LEMMA 4.4.6. Let A\ € Kreg. For M € Ob(Q{K,eg}) and M € Ob(H(N)) we
have

Hom@(M,f(M)) ~ Homg(M,I'(X; M)).

Proof. Note that ['(M) is the projective limit of {I'(Xg; M)}e in @, where @
ranges over the set of finite admissible subsets of W, while I'(X; M) is the projective
limit of {I'(Xg;M)}s in the category of g-modules. Hence we have

Homg (M, [(M)) =~ lim Homg (M, T'(Xa; M))
®
~ @HomﬂM,F(X@M))
P
~ Homgy(M,T'(X; M)).

By Corollary 4.3.2 and Proposition 4.3.3 we have the following proposition.
PROPOSITION 4.4.7. Let A € Kreq.
(i) H™By(N) =0 forn #0.

(i) T(Bw(\) =T(X;Bw(N\) and ch(T(By()\))) = ch(M (w o \)).

(iif) T(Bu(N) >~ M*(wod) if A € K.

PROPOSITION 4.4.8. For A € KX, and w € W we have

reg

(44.4) Homg(M(wo ), T(My()))) =>Homg (M (w o A),T'(B,(N))) = C.
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Proof. Set N1 = By(A)/Lw(A), N2 = Ker(My(A) = Ly(A)). Then we have
Supp(N;) C Xy \ Xy for ¢ = 1,2. Hence Proposition 4.4.5 (iv) implies [H™(N;) :
L(w o A\)] = 0. Taking the cohomologies of the short exact sequences

0= Ny = My(A) = Ly(A) =0,
0= Lyy(A) = By(A) = M =0,
we obtain exact sequences
0= [(N2) = T(My(N) = T(Lu(N) = H (N2),
0= D(Lw(N) = T(Bw(N) = T(M).
Therefor we have
[C(Mawu(N) : L(wo X)) = [C(Lw(V) : Lw o V)]
= [[(Bu(A)) : L(w o A)]

=[M*(woA): Llwo M)
=1.

Here the third equality follows from (iii) in the preceding proposition. By Proposi-
tion 4.4.5 (iv), we have

[C(My(N) : L(yo )] =0 fory <w.

Hence Lemma 2.5.8 implies that Homg (M (w o A),T(My(N)) does not vanish. By
the exact sequence

0= T(N2) = T(Mw(X)) = T(Bw(N))

and Homd(M(w o A),T'(N2)) = 0, the homomorphism
Homg (M (w o ), [(My () = Homg (M (w 0 X),T(B,(X))) = C

is injective, which implies the desired result. O

4.5. Modified localization functor. For u € h* there exists a unique additive
functor

(4.5.1) D,® o: Mygm(8) = Moy (Dy) (M= D,RM),
called the modified localization functor, such that

(4.5.2) Homg (M, T(X; M)) = Homp, (D, &M, M)
for M € Ob(Muam (9)), M € Ob(Myam (Dy))-

In [14] it is constructed in the case where p is integral. Since the construction in the
general case is completely similar, we do not repeat it here. As in [14] we have the
following proposition.

PROPOSITION 4.5.1. Let € h*.

(i) The functor (4.5.1) is right ezact, and commutes with the inductive limit.

(ii) For any M € O, D,®M is an N*-equivariant admissible D,,-module.
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In particular, for M € Ob(Q), the support Supp(D,®M) of D,&M is a B-stable
closed subset of X.

By Lemma 4.4.6 we have the following lemma.

LEMMA 4.5.2. For A € Kreg, M € Ob(Q{K,eg}) and M € Ob(H(N)) we have

Homg (M, T'(M)) = Homp, (Dr&M, M) .

PROPOSITION 4.5.3. Let A € K., M € Ob(Q).
(i) Assume that X, is open in X, |JSupp(Da®M). Then DAx®M |y, is isomor-
phic to the direct sum of dim Homg (M, M*(w o X)) copies of By,(N)|u,, -
(i) Supp(DA®M) is the union of X,, such that Homg (M, M*(w o X)) # 0.
(iii) Supp(Dx®M) is the union of X, such that [M : L(w o \)] # 0.
Proof. Let us first show (i). Assume that X, is open in X, U Supp(D\&M).
Lemma 4.2.1 implies that Dy&M |y, is isomorphic to By, (A\)®/ |y, for some index set
J. Hence by (4.2.3), (4.5.2), and Proposition 4.3.3 we have

Homg (M, M*(w o \)) ~ Homp, (DA®M, By,()))
~ Homp, . (DA&M v, , Bu(Nv, )
~ Hom¢(C®7,C).

Hence fJ = dim Homg (M, M*(wo X)) < oo. Let us show (ii). By (i) it is obvious that
Supp(D»&M) in contained in the union. Conversely assume Homg (M, M*(w o ))) #
0. If X, is not contained in Supp(D»&M), then X, is open in X,, U Supp(Dr&M),
and hence (i) implies that Supp(DA®M) contains X,,.

Let us show (iii). By (ii), it is enough to show that [M : L(w o \)] # 0 implies
X C Supp(DA®M). Let us take € W such that z < w, [M : L(z o \)] # 0 and
[M : L(yo\)] =0 for any y < . Then Lemma 2.5.8 implies Homg (M, M*(zo X)) # 0.
Hence (ii) implies Supp(D &M) D X, D X,,. O

PROPOSITION 4.5.4. For X € K}, the functor (4.5.1) induces the functor

reg
(4.5.3) D& o : O — H(N).

Proof. Set My = U(g)/U(g)nt. We shall first show that D &M, is holonomic.
Let ® be a finite admissible subset of . Set Yy = Xo/exp(nf), and let py :
Xo — Y} be the projection. Then Y} is a smooth C-scheme for k£ >> 0. For ky >
>0, let {(Yx, Ax)}x>r, be a smooth projective system of (Xg,Dx|x,). Since Yj has
finitely many orbits by the action of exp(n*/n}), the Ag-module 4y By(nt/nt) Cisa
holonomic Ag-module. Since DA®Mo|x, = ph(Lx B (nt/nt) C) for k >> 0 (see [14]),

it is also holonomic. Thus we have proved that Dy = /g is holonomic. Then we see that
Dx&(U(g) ®u(n+) V) is also holonomic for any finite-dimensional b-module V. Indeed
V has a finite filtration whose graduation is isomorphic to C as an n*-module. More
generally for any g-module M which is generated by a finite-dimensional b-module V,
D)\®M is holonomic.

Now let us show that D\®&M is holonomic for any M € Q. Let ® be a finite
admissible subset of W. Let M; be the g-submodule of A generated by @weq, Myox,
and set My = M/M;. Then we have [Ms : L(w o A\)] = 0 for any w € ®. Hence
Proposition 4.5.3 (iii) implies that Dx®M2|x, = 0. By the exact sequence

DA\®M; = Dy@M — D \&@M> — 0
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Dy®M|x, — Dax®M|x, is surjective. Since D&M, is holonomic, Dy&®M |x, is
holonomic. O

COROLLARY 4.5.5. For X € K,
C Xy for any M € Q[u].

Proof. For x € W, if [M : L(z o X)] # 0 then zo XA € W(u) o u. Hence z € W (p)w
and Lemma 2.5.7 implies £ > w. Then the desired result follows from Proposition
4.5.3 (iii). O

CoroLLARY 4.5.6. Let A € K[,
D&M =0 unless p € W o A,

Proof. Assume D \®M # 0. Take w € W such that X,, is open in Supp(D\&M).
Then Proposition 4.5.3 implies [M : L(w o A)] # 0. Hence wo A € Wop. O

and p = wol € K, withw € W, Supp(D M)

reg

and p € Kreg. For M € Ob(Q[u]) we have

We define DA®M for A € K, and M € O by
Dy®M = @ Dr&P.(M)= P Di&P.(M).
pekk, REWOoANK g

Here the last equality follows from Corollary 4.5.6. Then Corollary 4.5.5 implies
that, for any finite admissible subset ®, D \®P,(M)|x, = 0 except finitely many

p € WolnKkfk, Hence Dy®e is a right exact functor from @ to H(X). The
composition of functors

O(Kreg } — O 2B H(N)
coincides with the restriction of the original functor D& e by Theorem 2.5.9. More-
over we have the following property analogous to (4.5.2).
PROPOSITION 4.5.7. For XA € K, the functor Dy® e : 0 - H()\) is a left
adjoint functor of T : H(\) — @) Namely we have an isomorphism functorial in
M e H()\) and M € O:

Hompyy) (DA&M, M) = Homg (M, [(M)).
In particular we have a morphism functorial in M € H())
DAQT(M) = M.

PROPOSITION 4.5.8. Let A\ € IC;‘;g, and ® a finite admissible subset of W. For

M € Ob(0) we have DAx®@M|x, =0 if and only if M € Ob(Q{(Kreg \ (2 0 A)}).
Proof. We may assume M € Ob(Q). Then it is an immediate consequence of
Proposition 4.5.3. O
THEOREM 4.5.9. For any A € IC;'gg andw € W, there is a canonical isomorphism

DAQM (w o X) = My, (N).

Proof. We have dim Homg(M(w o X), M*(yo X)) =1or 0 according to whether
w =y or w # y. Hence by Proposition 4.5.3 we have Supp(DAQM (w o \)) = X,
and

D&M (wo Ny, = Bu(Nv, = Muw(N)]u,-
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By (4.2.2) the isomorphism M, (A)|y, ~ Da&®M (wo )|y, is uniquely extended to a
homomorphism ¢ : My, (X) = DA®M (w o A).

On the other hand, by Proposition 4.4.8 we have a unique non-zero homomor-
phism M(w o A) = T(My(X)). Let ¥ : DA@M (w o ) = Moy, () be the correspond-
ing homomorphism. By the same proposition, the composition D &M (w o \) —
My(A) = By()) is non-zero. Hence ¢|y, and |y, are inverse to each other up to
a non-zero constant multiple. In particular ¥ o |y, is the identity endomorphism of
Mu(N) |y, . Thus 9 o p = id by (4.2.2).

It remains to show that ¢ is an epimorphism. Note that Supp(Coker(p)) C
Xu \ Xu. Assume that Coker(p) # 0. By Lemma 4.2.1, there exists some y € W
such that y > w and that Homp, (Coker(¢p), By(A)) # 0. Since Coker(yp) is a quotient
of DA&M (w o )\), we obtain

Homg (M (w o \), M*(y o \)) ~ Homp, (DAx®@M (w o \), B,(}\)) # 0.

This implies w = y, which contradicts y > w. Thus Coker(¢) = 0 and hence ¢ is an
epimorphism. O

For A € K,
Proposition 4.3.3.

LEMMA 4.5.10. For any )\ € IC;‘;g and w € W, the canonical morphism
DA®M*(w o X) = By()) is surjective.

Proof. By Proposition 4.3.3, we have I'(X;By(\)) = M*(w o A). Since the
open embedding ¢ : U, — X is an affine morphism and B, ()\) is a quasi-coherent
Ox-module, the natural homomorphism Ox ® M*(w o \) = Ox @ ['(Uy; Bw(A)) =
1.0 By () = By, ()) is surjective. Hence the assertion follows from the fact that
Ox®@M*(wod) = By,()\) decomposes into Ox @ M*(wod) — Dy&M*(wod) — By (N).
0

a canonical morphism Dy\®@M*(w o A\) — By () is defined by

4.6. Radon transforms. For i € I, 4 € h* and n € Z, we shall construct
functors
(46.1) S, H(p) —» Hisi o), S7: H(u) — Hs; o ),
called the Radon transforms, and investigate their properties. We use results in [18]
without giving proofs.

Fix ¢ € I. Let P~ be the algebraic group containing B~ with Lie algebra b~ ®g,,.
We have a natural free right action of P~ on G (see [13]). Set Y = G/P~, and let

7 : X — Y be the projection. Then Y is a separated pro-smooth scheme, and 7 is a
P!-bundle. Set

Z=XxyX, Zo=Z\AX),

where A : X — Z denotes the diagonal embedding. Let p, : Zop — X (r = 1,2) be
the first and the second projections.
For a holonomic D,-module M we set

(462) sem=m"([ a0, spm=m(f .
P1 p1!
Since 0 = Ox(—a;), we have p’{Dsiou = pgDu (see Lemma 1.3.3 of [18]), and hence
ST, and ST, are well-defined.
By Lemma 1.4.3 and Theorem 1.5.1 of [18], we have the following proposition.
ProPOSITION 4.6.1. Let p € h*, and let i € I and w € W such that ws; < w.
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() S0.Bulk) = Bus,(5i 0 1) and SF,Buy() = 0 for n # 0.
(i) SYHMuy (k) = Muys;(si o ) and SEMy(p) =0 for n # 0.
(iii) S?!Bws; (1) = Bu(siop) and S{L!Bws.' (n) =0 forn #0.
(iv) SP.Mus; () = Muy(si o p) and SP,Muys, (1) =0 for n # 0.
THEOREM 4.6.2. Let A € Kieg,w € W,i € I such that ws; < w and (hi, A + p) ¢
Zi~o. Then we have

H™(Bus, (V) = H*(Bu(sio ),  HMMu(N) = H"(Mus,(si 0 X))

for any n € 7.
Proof. Take a finite admissible subset ® of W such that ®s; = ®. By Proposi-
tion 4.6.1, Corollary 1.6.2 of [18], and by (h;, A + p) ¢ Z~¢ we have

H"(X;Buws;(N) ~ H*(Xo;By(siod)), H™(Xe; Myu(X) =~ H"(Xg; Mys;(si0N))

for any n € Z. Hence the desired results follow by taking the projective limit with
respect to ®. O
COROLLARY 4.6.3. Let A € Kt,,z € W. Assume that zo X € K},

reg) reg- Then we
have

H"(By(N) = H"(Byz-1(20X),  HMu(N) = HM(My;-1(z 0 X))

for any w € W and n € Z.
Proof. Take a reduced expression z = s;,8;, --+s;, of z € W. It is sufficient to
show

ﬁn(Bwsfp‘”s"j+1 (Sij+l cee Sip [e] /\)) ~ ﬁn(BwSip-“Sij (S'i_-,‘ cee S'ip o /\))
ﬁn(Mws;p~--Sij+l (sij+1 ©r8i, O /\)) =~ _f{"(Mws‘.p...sij (si_.; <083, 0 /\))

for any j. By Theorem 4.6.2 we have only to show

(sij+1 T84, O A +p, Ol:/) ¢ Z)O UZ<0'

5
Since A € IC;';g and s;, - si;,, (06;) € Af, we have

(sij+1 SRR o/\+p,a2/j) = ()\+p;5i,, "'sij+1(a;/)) ¢ Z<0'

i

On the other hand, since z 0 A € Kk, and s;, -+ s5;_, (a;;) € A, we have

(Sij4r """ Sip o)\—l—p,a}g) =—(zoA+p, s, ---sij_l(a};)) ¢ Ziso.

The proof is completed. O
4.7. Global sections of M, ()). For A € K}, and w € W, we denote by

(4.7.1) @) s M(w o X\) = T(My(N)

a non-zero morphism in @ (see Proposition 4.4.8). Note that ¢ is unique up to a non-
zero constant multiple. The aim of this section is to prove that it is a monomorphism.

Let i € I. Let 7 : X = Y be the P'-bundle as in §4.6. Assume that w € W
satisfy ws; > w. Set Y,, = m(Xy). Then Y, is an affine scheme. X;, = n71(¥,) =
XU Xys; and Xys;, = Yy, is an isomorphism. Hence X, is a closed hypersurface
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of Xiw. Let j : X3 — X be the inclusion. Let A be an element of h* satisfying
(A+p,a)) € Z. Then there exists an N*-equivariant line bundle L on Xj,, such that

Dy ~ Dx,w (L). Let jo : Xy — Xy be the open embedding and 4o : Xuws, = Xiw
the closed embedding. We have the exact sequences of holonomic Dy, -modules

0——>/ Ox,,, = OX - Ox,, =0,

0-—>(9xiw—>/ Oxw—>/ Ox,,, =+ 0.
Jo io

Since j is an affine morphism, H° fj! and HO fj are exact functors. Tensoring L to the
exact sequences above, and applying the exact functors H° fJ , and H® J;» we obtain
exact sequences in H())

0 — Mys,(A) = My(N) — L — 0,

(4.7.2)
0 — L' — By(A) — Bys;(A) — 0.

where £ = H° [, Land £ = H° [, L. Wehave L|y ~ L'|y for any open set containing
Xiw as a closed subset.
LEMMA 4.7.1. Assume that X € ICj;g, 1€l andw € W satisfy ws; > w and a; €

AN). Let ty : T(Muys;(A)) = T(My(N)) be the monomorphism in Q induced by the
monomorphism ¢ : My, (A) = My (A) in (4.7.2). Let j: M(ws;0A) = M(wo ) be
the injective homomorphism of g-modules (see Proposition 2.5.5). Then the following
diagram in Q is commutative up to a non-zero constant multiple.

Che; =

M(ws;iod) —= T(Mys,(N)

T

Mwold) —225 T(Myu(N).
Proof. It is sufficient to show the following two statements.
(4.7.3) dim Homg (M (ws; o X), [(My(N))) = 1.
(4.7.4) o) o #£0.
We first show (4.7.3). The first exact sequence in (4.7.2)
0= Mys;,(A) = My(A) = L0
induces an exact sequence
(47.5) 0= Homg(M (ws; 0 A), T'(Mus; () = Homg (M (ws; o A), T'(M.y (X))
— Homg (M (ws; o \),T(L)).
Since dim Homg (M (ws; o A), ['(Muys,(N)) = 1 by Proposition 4.4.8, it is sufficient to
show Homx (M('ws, o \),T(£)) = 0. Since Moy, (N) = DA®M (ws; o \) by Theorem
4.5.9, we reduce this to Hom(Mys, (A), L) =0. Set @ ={z € W; z < ws;} and ¥ =

®\ {ws;}. They are finite admissible subsets of W, and X N Xy, = X = X0y UXys,.
Then (4.7.2) induces an exact sequence:

0= Llxs = Buw(N)|xs = Buws:(N)|x, — 0.
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Since My, (A)|xy = 0, we have by (4.2.2) and (4.2.3)

Hom(Mys, (), £) =~ Hom(Mys, (’\)lxw ) ['|X<I>)
C Hom(Mwsi (A)|X«1> ) BUI(’\)IX@)
=~ Hom(Mws,(/\)l)(w?Bw(A)lX\ll) =0.

Thus the proof of (4.7.3) is completed.
Let us prove (4.7.4). Consider the chain of morphisms
Y M(wo ) = D(My(N) ST ( My, (si 0 X)) = T(Bus, (si 0 ).
Here the middle isomorphism follows from Theorem 4.6.2, because
(siod+p,a)) = ~(A+p, ) & Lo
In order to prove (4.7.4), it is sufficient to show that the composition of
M (ws; 0 \)——M(w 0 \)—"T(Bus, (s: 0 X))

is non-zero. Assuming that v is a non-zero homomorphism for a while, we shall finish
the proof. Since ch(T'(Bys,(si 0 A))) = ch(M(w o )\)), we have [Ker(v) : L(¢)] =
[Coker(¢) : L(¢)] for any ¢. Assume that 9o j = 0. Then Ker () contains M (ws; o))
as a submodule. Hence we have

[Coker(s) : L(ws; o V)] = [Ker () : L(ws; o )] > 0.

Since Coker())yor = 0, [Coker(¢)) : L({)] # 0 only if ( = y o A for some y € W such
that y > w. If [M({) : L(ws; o A)] # 0 and [Coker(v)) : L(¢)] # 0, then we have

= yo X with ws; > y > w (by Corollary 2.5.6), and hence { = ws; o A. Hence
Lemma 2.3.2 implies

dim Homg (M (ws; o \), Coker(1)*) > 0.
Thus we obtain
“dim Homg (M (ws; 0 A), T'(Buws; (si 0 A))*) > dim Homg (M (ws; o A), Coker(z)*) > 0.
Applying Corollary 4.3.2 (iii), we have

wWs; 0AE WO A — Z Zzoa,

acA+tNws; At
and hence

A+p o)) =wt(wor—wsioN) € w™! Z Lo

a€AtNws; A+
= Z Z>oa C E Z>oc.
acw—1A+tNs; AT a€At\{a;}

This is a contradiction. Hence 9 o j # 0.
It remains to prove that 1 does not vanish. In order to see this, it is sufficient to
show the injectivity of the homomorphism

Homg (M (w o A), D(Moys; (550 0))) = Homg (M (w o A), L(Bus; (sio ).
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Let N be the kernel of the morphism My, (s; © A) = Bys,(s; o A). By the exact
sequence

0 — Homg (M (w0 A),T'(N)) = Homg (M (w o X), [(Muys, (5: 0 A)))
— Homg (M (w 0 X), [(Bus, (si o 1)),

we can reduce the assertion to [[(AV) : L(w o )] = 0. Assume the contrary. Then by
Proposition 4.4.5 (iii), there exists some x € W such that

(4.7.6) [M(zs;o)): LwoA)] #0 and
(4.7.7) X: CSuppN C Xus; \ Xuws;-

Then (4.7.6) implies zs; < w by Corollary 2.5.6, and (4.7.7) implies ws; < z. Hence we
obtain zs; < w < ws; < x, which implies I(zs;) < l(w) < l(ws;) < l(z) < l(zs;) + 1.
This is a contradiction. Hence we have proved the non-vanishing of ¢. O

Now we are ready to prove the following result.

PROPOSITION 4.7.2. Let A € Kff,,, w € W. Then the morphism

¢ M(woA) = F(My(N)

s a monomorphism.
Proof. Take z € W (wo ) such that X' = z7lwo) € KX,. Then wol = z0) and

reg-*

z € W(N). By Corollary 4.6.3 we have T'(M.,(\)) =~ ['(Mz()\')). The composition of
A -
M(woX) = M(zoN)—22sT(Mg(N)) = T(Myu(N)

coincides with ¢2, up to a non-zero scalar multiple by Proposition 4.4.8. Hence we
may assume from the beginning that w € W ().

For y,z € W()) such that y > z, we denote by f¥ : M(yoA) - M(zo ) a
non-zero homomorphism of g-modules.

Assume that for any w € W(\) there exists a monomorphism

Fy : DMy (V) = T(Me (V)
in @ such that the diagram

MwoX) —%4 F(Mu(V)
(4.7.8) f;”l le
MO —— TMO)

v}

is commutative. If Ker ¢} # 0, then there exists some w € W such that Im f* C
Ker ). Since ¢}, # 0, this contradicts the injectivity of F,,. Hence ¢} is injective.
Thus ¢, is a monomorphism by the commutativity of (4.7.8).

Therefore it remains to show that for any w € 17 (\) there exists a monomorphism
Fy: T(My(A)) = T(Mc(N)) in Q such that the diagram (4.7.8) is commutative.

For w € W()), take a reduced expression w = sg, ---8g, (B € II()\)). Set
W = 8g, *** S8,- Then wy = wg—_15g,, and wr—10; € A™.

Then it is sufficient to show that for any %k there exists a monomorphism

Fi, : T(My, () = T(My,_, (V)



818 M. KASHIWARA AND T. TANISAKI

in O such that the diagram

M(wg o \) N T'(My, (V)
(4.7.9) f;",f_ll le
M(wg—10A) A—) f(ka—l (N)

is commutative (see Theorem 2.5.3). By Lemma 2.2.4 we can take x € W such that
N =zoXe Kk, z(Br) = a; € . We have a; € A(N). Set y = wy_12~'. Then
yo; = wi_18, € AT and hence ys; > y. We have wy_10\ = yo X, wro) = ys;0 )\, and
hence M (wg—10)) = M(yo)'), M (wyo)) = M(ys;o)'). Moreover, by Corollary 4.6.3,
we have T'(My,_,(A)) = T(My(\)), T(May, (V) = T(My, (V). Hence the desired

result follows from Lemma 4.7.1. O

4.8. Correspondence of @-modules and D-modules. We shall prove the

following theorem on a partial correspondence between H(\) and @(/\) This theorem

says in particular that the composition H(\) —— @(/\) DA% H()) is an equivalence

of categories. Hence H()) is equivalent to a full subcategory of Q()\). Moreover,
Mu(A), Bw(A) and Ly(A) in the category H(X\) correspond to M (w o A), M*(w o X)
and L(w o A) in Q()), respectively.

THEOREM 4.8.1. Let A € K.

(i) H™(M) =0 for any M € Ob(H(})) and n # 0.

(ii) T(Bw(A) =~ M*(woX) and I'(My(X)) =~ M(wo A) for anyw € W.

(iii) TI'(Lw(N) = L(wo A) for any w € W.

(iv) DA&®T(M) =M for any M € Ob(H(N)).

Proof. Note that the first statement in (ii) is already proved (Proposition 4.4.7).
We first show (i), (ii) and (iv). It is sufficient to show the following statements (a),
(b) and (c) for any finite admissible subset ® of W.
(a) For M € Ob(H()\)), we have H™(M) € Ob(Q{(W \ &) o A}) for any n # 0.
(b) For w € @, the cokernel of the monomorphism o) s M(wo X) = T(My(N)
belongs to Q{(W \ @) o A}. B
(c) For M € Ob(H())) and a morphism ¢ : M — ['(M) in @, assume that
Ker(yp) and Coker(y) belong to @{(W \ ®) o A\}. Then the canonical homo-
- morphism D\&M|x, — M|x, is an isomorphism.
Fixing ®, we shall show the following statements (a)y, (b)w, (c)y for a finite admis-
sible subset ¥ of W such that ¥ C & by induction on §(® \ ¥). Note that (a)=(a)g,
(b)=(b)g and (c)=(c)o- )

(a)y Let M € Ob(Hl()\)) such that Supp(M) N Xg = 0. Then we have H*(M) €
Ob(QO{(W \ @) o \}) for any n > 0. )

(b)g Forw € &\ ¥, the cokernel of the monomorphism ¢, : M (woX) — T'(M,, (X))
belongs to Q{(W \ &) o A}.

(c)v Let M € Ob(H(A)) such that Supp(M) N Xy = 0. Assume that a morphism
@ : M — (M) in O satisfies Ker(y), Coker(p) € Ob(Q{(W\ ®)oA}). Then
the canonical homomorphism Dy®M |x, — M|x, is an isomorphism.

In the case ® = ¥, (a)g follows from Proposition 4.4.5 (iv), (b)s is trivial, and
(c)s is a consequence of Proposition 4.4.5 (iv) and Proposition 4.5.8.

Assume #§(® \ ¥) > 0. Take a minimal element y of the set ® \ ¥, and set
¥’ = U U {y}. Then ¥ is a finite admissible subset of W satisfying ¥ C ¥' C ® and
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B(®\ ¥') =4(®\¥)—1. Hence we may assume the statements (a)g’, (b)ys, (c)g by
the hypothesis of induction. 3

_Set L = By(A)/Ly(N). Since Supp(£) N Xe = 0, (a)e implies H"(L) €
Ob(Q{(W\®) o A}) for n # 0. By considering the long exact sequence associated
to the short exact sequence

0= Ly(A) = By,(A) > L—0,
we obtain H"(L,(\)) € Ob(@{(W \ @) o A}) for any n > 2 and an exact sequence
(4.8.1) T(B,(\) = T(L) = H*(L,(\) — 0.
Consider the following natural commutative diagram.

DAGT(B,(\)lxa —L2— Dr&T(L)|xs
hll h2

By(N|xe L L),

Then hy is an isomorphism by ~(c)q,:, hy is surjective by Lemma 4.5.10, and f is
obviously surjective. Thus Dy®L'(By(\))|x, — DA®L'(L)|x, is surjective. Hence we

have DA®H (L, (\))]x, = 0by (4.8.1). Then we obtain H'(L,(\)) € Ob(Q{(W\&)o
A}) by Proposition 4.5.8. We have thus proved that H(L,(\)) € Ob(Q{(W\@)oA})
for n > 0.

Set L' = Ker(My(X) = L4(A)). Since Supp(L') N Xy = 0, (a)y implies
H™(L') € Ob(Q{(W \ &) o A}) for any n > 0. By considering the long exact se-
quence associated to the short exact sequence

0= L = My(X) = L,(A) =0,
we obtain
(4.8.2) AM(M, () € Ob(@{(W \ @) 0 A}) for any n > 0.

Let us show (a)y. By Lemma 4.2.1 there exists a morphism f : M, (\)®" — M
whose restriction M, (\)®"|x,, =+ M]|x,, is an isomorphism. Setting N' = Im(f),
N = Ker(f) and N2 = Coker(f), we obtain exact sequences

0= N = M,(N® - N =0,
0N oMM 0.

Note that Supp(V;) N Xy = @ for i = 1, 2. Let n > 0. By (a)w and (4.8.2), the
objects ﬁ"+1(/\f1~), H™(N2) and H™(M,(\)) belong to Q{(W\®)oA}. Hence H"(M)

also belongs to Q{(W \ @) o A} by the exact sequences

A7 (M, (N)®" = (V) = B (),
HY(N) = H*(M) = H*(N>).

The statement (a)y is proved.
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We next show (b)y. By (b)gy: we have only to deal with the case w = y. By
Lemma 4.2.2 we have, for any p € Kreg,

Y (D" ch(BHM(My(N)) = D _(=1)" ch(B.H"(By(M)) = ch(P.L(B, (V)

n

= ch (P, (M(y o \))) .

Since H™(M,())) belongs to Q{(W \ @) o A} for any n > 0 by (a)y, we see that
ch(P,(Coker py)) = ch(P,I(My()))) —ch(P, (M (yoN))) is in 3=, cpn g Z ch(L(zo))).
The statement (b)g is proved.

Let us show (c)g. Take r, f, N, N1, N, for M as in the proof of (a)g. Set N =
¢~ Y(Im(T(N) = T(M))) and N, = M/N. Then we obtain the following commutative
diagrams whose rows are exact.

0

|

O » N — M — Ny —

R [

0
0 » PW) —s TM) —2 TWy) —— H'(W)

D\®N —— DM —— D,®N, — 0

| | |

0 = N — M — No - 0.

By the definition of Ny, ¢' is a monomorphism. By (a)y, we have H (V)€ Ob(@{(W\
®) o A}). Hence by the exact sequence

0 — Ker ¢ — Ker ¢ — 0 — Cokert) — Coker ¢ — Coker' — H'(N),

and by the assumption on ¢, we obtain

(4.8.3) Ker (), Coker(1), Coker(¢') € Ob(Q{(W \ &) o A}).

Since Supp(Nz) N Xg = @, the morphism Dy&Ns|x, — N2|x, is an isomorphism
by (c)g and (4.8.3). Hence it is sufficient to show that DAx®N|x, — N|x, is an
isomorphism.

Set No = ¢~ (Im(I'(M,(A\)®") — T(NV))) and let ¢ : No — I'(NV) be the

restriction of ¥. Since H(NV;) € Ob(Q{(W \ @) o A}) by (a)g, we have
(4.8.4) N/No, Ker o, Cokerto € Ob(Q{(W \ &) o A})
by (4.8.3) and the exact sequences

0— N/No = H*(N),  0— Kery — Ker,
N/Ny — Cokertpg — Cokery) — 0.

Proposition 4.5.8 implies DAx&(N/No)|xs = 0, and hence Dy&No|x, — D,\A@’leq, is
surjective. Since D\®Np|x, — N|x, decomposes into DxQNo|x, = DAQN|x, —
N|x,, it is sufficient to show that Dx®No|x, — N|x, is an isomorphism.
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Let R be the fiber product of I'(M,(\)®") and Ny over T'(N), and consider the
following commutative diagrams whose rows are exact:

0 - I'™V) —— — Ny — 0

q ! L |

0 - TWi) — TM,(V)®) —— TW) —— H'W),

DA®T(N)) —— Dy&R —— Dy\®Ny — 0

| | |

0 —— M — M\ — N - 0.

By (c)y the morphism Dy&[(MV1)|x, — MNilx. is an isomorphism. Hence it is
sufficient to show that the morphism D)\®R|x, — M,(\)®"|x, is an isomorphism.

Since Ker ¢’ and Coker)’ are isomorphic to subobjects of Ker 1y and Coker g
respectively, we have

(4.8.5) Ker(¢'), Coker(y') € Ob(Q{(W \ &) 0 A})

by (4.8.4). Thus we have reduced (c)w to the case M = M, (A)®"

The statement (b)g implies that go;} : M(yo\) = T'(My()\) is a monomorphism
such that Cokery) € Ob(Q{(W \ &) o A}). Let R' be the Cartesian product of
M(y o \)®" and R over ['(M,(N)®7):

R SN R
A

M(yoN® < M, ().

Then Cokern belongs to @{(W \ ®) o A}, and hence D& Cokern|x, = 0 by Propo-
sition 4.5.8. Hence we obtain

(4.8.6) Dy\®R'|x, — DA®R|x, is surjective.

On the other hand, the cokernel of ¥ belongs to @{ (W\@)oA}, which implies that 4"

is surjective. Since the kernel of 1" also belongs to Q{(W\ ®) o)}, Dy® Ker ¢ |x, =
0. Hence we have

Dr®R|xy ZDAOM (y 0 M) |x, = Mu(A\)®7|x,.

Since the isomorphism Dy®R'|x, M, ()\)E"|x, factors through DA®R)|x,, (4.8.6)
implies that DA®R|x, — M,(N)®"|x, is an isomorphism. The statement (c)y is
proved.

The proof of (i), (ii) and (iv) is now completed.

Let us finally show (iii). By (i) the functor I : H(A) — @()) is exact. Hence the
exact sequences

Myu(A) = L,(N) =0, 0= Lu(A) = Byu(N)
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induce exact sequences
L(Mw() = T(Lu(V) =0, 0= T(Lu() = T(Bu(V).

Since we have already seen f‘(./\/lw(/\)) ~ M(wo X) and D(Bw(N) =~ M*(w o \), we
have only to show that the morphism I'(M,,(A)) — I'(B,(A\)) induced by the canonical
morphism M, (A) = By ()\) is non-zero. This follows from (iv). The statement (iii)

is proved. O
5. Twisted intersection cohomology groups.

5.1. Combinatorics. We first recall a result of Lusztig [22].
Set

hb:Q(gZP) F=h@/P7

vhere P is as in §4.1. Note that the Weyl group W naturally acts on I'. For A € '
let M* be the free Z[g, ¢~ ]-module with basis {A) }wew .
For i € I we define 6;., 60y € Homg, ,—y(M*, M**) by the following.

qgrAS if (\,h;) ¢ Z, ws; > w,

Bin(AD) = A_fu;; . ) if (A hi) & Z, ws; < w,

' q Awsi + (q - 1)Ai\u if (’\7h1> € Z, ws; > w,

Aﬁsl, if (\, h;) € Z, ws; < w,

Asid if (A, h;) ¢ Z, ws; > w,

0 (AY) = qASL if (A hy) & Z, ws; < w,
vATw Ai‘vsi if (A, h;) € Z, ws; > w,
in\usi + (q - l)A'z)z; if (A’hl> € Z7 ws; < w

Then 6; : M* —» M5 and 6;. : M%* — M?> are inverse to each other.
LEMMA 5.1.1 (Lusztig [22]).
(i) There exists a unique endomorphism m > T of the abelian group M* satis-
fying
A} = A

° 2, gm=q'm, bu(m)=0y(m)

for any m € M*.
(ii) We have m = m for any m € M*, and

Ay e g AL + > Zlq,q7 4]
y<w

for anyw e W.
ProposITION 5.1.2 (Lusztig [22]).
(i) Forw € W and \ € T there exists a unique C}y € M* satisfying

(5.1.1) CAeA)+ Z (q(l(w)—-l(y)—l)/2Z[q—1/2] nZq, q_l])A;‘,

y<w
(5.12) C) =q{@¢).
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(ii) If w is the element of wW (\) with minimal length, then for any x € W(\)
we have

Ci\w — Z (_1)Ex(z)—fx(y)ch,z)p£ (¢ )Af\uy’
YEW(N),y<az

where ¢(y,2) = ((€(z) - () = (Er(2) = (r1))) /2, and P,(q) € Zlg) de-
notes the Kazhdan-Lusztig polynomial for the Cozeter group W () (Kazhdan-
Lusztig [19]).
We define £ € Homyp
LEMMA 5.1.3.
(i) Foranyi €I and A €T we have ;. ok = kob;. and 0k = Ko8; on M.
(ii) We have k(m) = k(m) for any m € M.
(ii) We have k(C)) = CZ for anyw € W.
Proof. The statements (i) and (ii) follow from the definition of 6;., 8; and ™
Applying « to (5.1.1) we have

R(CD) € AGr + 3 (¢~ WD LT N Zlg, g M) 4.
y<w

By (ii) and (5.1.2) we have
R(C3) = w(CY) = r(a™ ™ CY) = " Mk(Cy).

(M, M) by k(A)) = A2

g,471

Thus we obtain (iii) by Proposition 5.1.2. O

Lusztig [22] used Proposition 5.1.2 to compute the twisted intersection cohomol-
ogy groups of the finite-dimensional Schubert varieties. In order to compute that of
the finite-codimensional Schubert varieties, we need its dual version.

Set

NA = Homz[q,q-q(M’\, Z[Qa q_l])a

and define B), € N* for w € W by (Bj, A}) = 6,,,. Then any element of N* is
uniquely written as a formal infinite sum 3}, 1, awBj with a, € Z[g,¢7'].
For i € I we define 6;,,0; € HomZ[M_l] (N*, N5 by

(Bixn,m) = (n,0;xm), (Ban,m) = (n,0;m) forn € N} m € M>.

By the definition we have the following.

B2 it (\,h;) & Z, ws; > w,

6i(BY) = g ' B if (\ h;) ¢ Z ws; < w,

P\ w B}, if (\ h;) € Z, ws; > w,

g IB), + (g7 = 1)B)  if (\ k) €Z, ws; <w,

qus, it (\,h;) & Z, ws; > w,

01(BY) = Bfl;s' if (N hi) @ 2y ws; < w,
s w gBy,, + (¢ —1)B) if (\,h;) € Z, ws; > w,
ﬁ,si if (\,h;) € Z, ws; < w.

Let a — @ be the endomorphism of the ring Z[g,¢™}] given by § = ¢~!. We define an
endomorphism n +— 7 of the abelian group N* by

(@, m) = (n,m) forn € N*,m € M*.
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By Lemma, 5.1.1 we have 7@ = n for any n € N*, and

B) €q"™ By + Y Zlg,q7"|B)

y>w

for any w € W. Define Dj, € N* by (D}, C,) = 6,,.,- By Proposition 5.1.2 we have
the following,.

ProrosITION 5.1.4.

(i) Forw e W and X € T we have

(513) D) e B+ 3 (qCO-C)-D1Z -V 0 Zjg ¢~)B),

y>w
(5.1.4) D) =g"™DA.

(ii) If w is the element of wW (X) with minimal length, then for any z € W())
we have

Dy,= Y, ¢™¥Q),(¢9)B,,
YEW(A),y>az

where ¢(z,y) = ((K(y)—ﬂ(z))—(ﬂx(y)—Zx(m))) /2 and Q} ,(q) € Z|q) denotes
the inverse Kazhdan-Lusztig polynomial for the Cozeter group W () given by

(5.1.5) S (—)EWEEQY (B (0) = -

z<aySaz
Define k£ € Homg, ,-y(N*, N~*) by
(k(n),m) = (n, K(m)) forn € N \me M~2.

By Lemma 5.1.3 we obtain the following.
LEMMA 5.1.5.
(i) We have k(B)) = B> for any w e W.
(ii) Foranyi€ I and A €T we have O;x ok = k0B;, and fyok = Kkoby on N,
(iii) We have k(@) = k(n) for any n € N*.
(iv) We have k(D)) = D> for anyw € W.
Let R be a ring containing Z[q,q~!] as a subring. Assume that we are given an
involutive automorphism r +— 7 of the ring R and a family of Z-submodules {R;};c7,
of R such that

(51.6) R=EDRi, RiRjCRiy;, 1€Ry, q€Ry, §=q', Ri=R_.
i€

Define the endomorphism m + 7 of the abelian group R ®z, ,-y M* by

q,q7 1
a®@m=a®m fora€ Randme M*.

Set Nj = Homp(R ®z, -1 M*, R). We can naturally regard N* as a Z[g,q7']-
submodule of N. Define an endomorphism n — 7 of the abelian group N j} by

(m,m) = (n,m) forn € N, m € R®gz, -1 M*,
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and a homomorphism & : V ﬁ - Ng  of R-modules by
(k(n),m) = (n, k(m)) forne Ny,m€eR ®Zlq,q-1] M.

Then we have the following characterization of D).
PROPOSITION 5.1.6. Let w € W and A € T. Assume that DT € Np and
D~ e Ng’\ satisfy the following properties:

(5.1.7) D*eBP+Y ( € R)BF,
y>w i<l(y)—£€(w)—1
(5.1.8) &(D¥) = ¢! D",

Then we have D* = DZ*,
Proof. Since (5.1.7) and (5.1.8) are satisfied for D¥ = DZ* it is sufficient to

w )

show that there exist unique D* € N} satisfying (5.1.7) and (5.1.8).
By (5.1.7) we have

D* =) FfBF*  with F¥ =1 and Ff € @;cpy)_gw)_1 Ri for y > w.
y>w

We have to show that Fyi are uniquely determined by the condition (5.1.8). Write
B}=) G,.B}  withGy.€ R,Gyy=q"™.
z2y

Then we have

¢ RN = ¢ SR GB ) = S0 Y W G,B,

vw 2>y 2w z2y>w

and hence
> WFG,. =F;
22y>w
for any z > w. Thus

Fr MR = S G,
Z>y>w

for any z > w. By the assumption we have

Fre @ R @HOFe @ R
1<l(z)—b(w)—1 i>0(z)—£(w)+1

Therefore F are uniquely determined inductively. O

5.2. Character formula. For A € h* and a finite addmissible subset of W, let
K(Hs (X)) be the Grothendieck group of the category Hg (A). It is a module with

{[Mw()\)]} , 358 basis. Let K (H())) be the projective limit of K (IHg ())), where
we

® ranges over the set of finite admissible subsets of W. Then {[M,,(\)]}
as {[Lw(M]} e 18 a formal basis of K (H(X)).

wew 38 well
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The aim of this section is to prove the following result.
THEOREM 5.2.1. Let )\ € b, and let w € W such that £(z) > L(w) for any
z € wW(A) \ {w}. Then for any z € W(\) we have

(5.2.1) [LuweN] = > (~D)@EQY (1)[Muy (V)]
y>>ﬂ:

(5.2.2) Muz(N)] = Z Paiy(l)[ﬂwy(/\)]-
Y2z

The proof of this theorem will be given in the next subsection. The corresponding
result for finite-dimensional Schubert varieties was proved by Lusztig (see [21], [22]).

Note that (5.2.1) and (5.2.2) are equivalent by (5.1.5).

By Theorem 4.8.1, Proposition 4.4.5 and Theorem 5.2.1, we obtain the following
main result of this paper.

THEOREM 5.2.2. Assume that A € b* satisfies the following conditions.

(5.2.3) 2(a, A+ p) # (a, @) for any positive imaginary root a.
(5.2.4) (@V, X+ p) ¢ Z<o for any positive real root a.

(5.2.5) If w € W satisfies wo XA = A, then w = 1.

(5.2.6) (@V,X) € Q for any real root .

Then for any w € W () we have

(5.2.7) ch(M(wod) = > P} (1)ch(L(yoN),
(5.2.8) ch(L(w o \)) = 2 (-1)AW=AMIQL (1) ch(M(y o N)).
y>aw

As a special case, we obtain the following result.
THEOREM 5.2.3. Assume that g is finite-dimensional or affine and X\ € h* satis-

fies

(5.2.9) BV, A+p) € Q\Z<o for any B € AL
(5.2.10) (6,A+p) #0 if g is affine. Here § is an imaginary root.

Then (5.2.7) and (5.2.8) hold for any w € W(}A).

In the affine case, the condition (5.2.5) on the triviality of the isotropy subgroup
of A follows from the following well-known lemma.

LEMMA 5.2.4. The isotropy subgroup {w € W;woX = A} is generated by {sg; 3 €
A%, (B,\+ p) =0} whenever g is affine and X € h* satisfies (5.2.10).

In the affine case, we can derive the following result on the non-regular high-
est weight case from the regular highest weight case above by using the translation
functors (we omit the proof).

THEOREM 5.2.5. Let g be an affine Lie algebra, and assume that A € h* satisfies

(5.2.11) (6, A+ p) £0,
(5.2.12) (@Y, A+ p) € Q\ Zo for any positive real root c.
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Then Wo(A) = {w € Wi;wo XA = A} is a finite group. Let w be an element of W(\)
which is the longest element of wWy(A). Then we have

ch(L(wo X)) = Y (-1)AW=6®QL (1) ch(M(yoN)).

yZaw

5.3. Hodge modules on flag manifolds. Let R (resp. R; for i € Z) denote
the Grothendick group of the category of mixed Hodge structures (resp. pure Hodge

. —H
structures with weight i) over Q. Then we have R = @,z Ri. Let Q (k) be the

Hodge structure of Tate with weight —2k. Set ¢ = [QH(—l)] € Ry,and let 7 = T
denote the endomorphism of the ring R induced by the duality operation on the mixed
Hodge structures. Then the condition (5.1.6) is satisfied for the above R.

For a smooth C-scheme S, let MH(S) denote the category of mixed Hodge mod-
ules on S (see Saito[23]). Here we use the convention that the perversity is stabel
under the smooth inverse image.

For a scheme S satisfying (S) with a smooth projective system {Sy,},¢cn, let us
denote by MH(S) the inductive limit of MH(S,). It is an abelian category and there
is an exact functor

MH(S) = M, (Ds)

We call an object of MH(.S) a mixed Hodge module over S.

For A\ e T = bb/P we denote by TH()\) the Hodge module on H corresponding
to T(A) (see §3.3) of weight 0. By the assumption on A, the monodromies of the
corresponding local system are roots of unity, and hence it has a structure of variation
of polarizable Hodge structure. Hence T () is defined as a Hodge module on H of
weight 0.

For a C-scheme S satisfying (S) with an action of H, we can define the twisted
H-equivariance of mixed Hodge module on S as in §3.3 by the aid of TH()). We
denote by MH(S, \) the category of twisted H-equivariant mixed Hodge modules on
S with twist A. It depends only on the image of A in I" = b@ /P.

Recall that X = G/N~ and ¢ : X — X is the natural projection. Then B x H
acts on X by (b,h) o (gN~) = bgh"*N~. By the action of H on X, £ : X — X is
a principal H-bundle. For a finite admissible subset ® of W and A € I" we denote
by MHg (M) the category of twisted (IV x H)-equivariant mixed Hodge modules with
twist A.

Set

MH() = lim MHg ().
[d

Since ¢*Dx » = Dy and since ¢ is a smooth morphism, we have an equivalence
&® from the category of holonomic D y-modules to the category of H-equivariant holo-
nomic D 3-modules with twist A. Hence we have an exact functor

(5.3.1) MH(\) — H().

For w € W, set X, = BuN~ /N~ = £ 1(X,) and let 7 : X, < X be the
embedding. By the isomorphism of schemes

H x N(ATnwA*T) 2 X, ((h,u) = vwh™'N7),
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we can define a morphism p,, : X, = H by p,(uwh™1N~) = hforu € N(ATNwA™)
and h € H. We define a Hodge module F¥ ()\) on X,, by F()\) = p£,T()). We denote
by the same letter F7(\) the object 7 FH () in the derived category of the category
of mixed Hodge modules. Let us denote by "FX(\)[—£(w)] the minimal extension
of FE(\)[-£(w)]. Then FH(\)[-£(w)] and "FH¥(\)[-£(w)] are objects of MH()).
By the functor (5.3.1), F,(A)[—£(w)] and ™ F,,(A\)[—£(w)] correspond to the objects
Myy(X) and Ly, (A) of H(N).

For a finite admissible set @, X@ has the N x H-orbit decomposition fﬁp:l_lweq)
X, Hence the irreducible objects of MHg (1)) is of the form H ® "FH (\)[—£(w)]| X

for some w € ® and some irreducible Hodge structure H. We denote the Grothendieck
group of MHg (\) by K(MHg(\)). This has a structure of R-module. We set
K(MH(3) = lim K (MHa ().
)
For F € MH()) we denote by [F] the element of K (MH())) corresponding to F', and
[F[n]] = (—=1)"[F]. Any m € K(MH())) can be written uniquely as

m= Y ay["FfN]= > bulF (V] (Gw,bw € R).
wew weWw

Define an isomorphism
o s K(MH()) > Np

of R-modules by ¢y ([FZ()\)]) = B).
For 7 € I we shall define

Siv, Su € Homp (K(MH(A)), K(MH(si/\))).

The definition is analogous to §4.6, and we use the notations in §4.6.

Set N;” = exp(n(A~ \ {-a;})) C N~, and Zo = G/N; . The group B x H acts
on Zo by (b,h) o (gN;) = gh™'N;. Let p; : Zo — X (i = 1,2) be the morphism
defined by

pi(gN;7) =gN~ and p2(gN;) =gsiN™.

‘We have the commutative diagram

X &z, 25 X
5.3.2) el ¢ El
X & Zo —2 X.

Then & : Zo — Z is a principal H-bundle. The morphisms p; and p, are B-
equivariant, and they satisfy the following relation with the action of H.

p1(hz) = hp1(2)
P2(hz) = si(h)p2(2)

Here s; is the group automorphism of H corresponding to the simple reflection s; €

Aut(h).

(5.3.3) for h € H and z € Zy.
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For F € MH(X, )\) we set
(5.3.4) Sa(F) =Rpaipr"F,  Su(F) = Rpo.p1'F.
Then H*(S;(F)) and H*(S;(F)) are objects of MH(s;\) by (5.3.3).
We define S\, Si € Homp (K(l\'IH(/\)),K(MH(si/\))) by

Sa((F) =Y (-D¥E*Sa F).  Su(F) =Y (D) H*Su F)].
k

k

PROPOSITION 5.3.1. We have

©sir © Siw = Bix 0 0y, @six 0 Sy = 61 0 ).

Proof. Fix w € W such that ws; > w. It is sufficient to show the following:

~ H (o i i

(5.3.5)  Su[FEN) ={ }?:H: 8)?)] ii 823 i %
; [ qYFE(siN) if (X, ki) ¢ Z,

(5.3.6) Si[Fie. (V)] = { Z—I[Fg(i)] +(@ P =DFEL N if () €7,

. _ [ dFE (s:))] if (A hi) ¢ Z,

(5.3.7) Si [Ff()\)] = { Z[FJ){S, (i)] +(q— 1)[F5()\)] ;f (A hy) € Z.
_ H (. i i

639 Surlon={ [ty otz

Set Y = X, U Xy, and let j : Y — X be the embedding.

As in Lemma 1.4.1 and Corollary 1.5.2 in [18], S and S;. commute with -
Hence we can reduce these statements to the case g = sly where we can check them
directly. Details are omitted. O

The duality functor for Hodge modules induces a contravariant exact functor

D : MH(A) —» MH(-X).
We also denote by
D: K(MH(\)) - K(MH(-))).

the induced homomorphism of abelian groups. By the definition we have the following
result.

LEMMA 5.3.2.

(i) We have

D(rn) =7D(n)

for any r € R and n € K(MH())).
(i) We have

Do S = SyoD, DoS; =S oD

on K(MH())).
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PropPOSITION 5.3.3. We have

—x(Dn) = K(par(n))

for any n € K(MH(A)).
Proof. It is sufficient to show

(QD_,\(D')’L), A";J)\> = (n(&p,\(n)), A;/\>

for any w € W. By Lemma 5.1.5 the right side coincides with (px(n), A} ) and hence
‘we have to show

(5.3.9) (p-A(Dn), A5%) = (oa(n), A).

We first consider the case w = e. In this case we have A_;} = A). We may
assume that n = [FF(A)] for z € W. Since DFF(X) = FE()\)(—£(z))[—2((z)] on a
neighborhood of X,,, we have

H £(z) p—A -A
ADIEEWN)]) € ¢"®B;* + > RB;™.
y>z

Thus the both sides of (5.3.9) are equal to g .
For general w € W, take a reduced expression w = s;, ---s;.. By the definition
of 6, we have AZA =0, ,---6;,)AT¥*. Thus we have

AN = i1 O AVN = 0 -0, AN = 0; L0y AV
Hence by Lemma 5.3.2 we obtain
(p-r(Dn), Ag*) = (p-r(Dn), b1 - Biy A7)
= (0310100 A(Dﬂ) A7)

- <§0—w>\(521- te 'Sir! Dn)’A;wA%
= (p—_ur(D SiyerSix n)yAe_wA)’

= <‘Pw>\(5’i1* s gir* n), Awr)

= (Biyx -+ Oi 22 (n), AVH)
= (pa(n), 0iv - - i, AP?)
= (pa(n), A )

[l

THEOREM 5.3.4. We have py(["FH()\)]) = D) for any w € W.

Note that Theorem 5.2.1 is a consequence of Theorem 5.3.4. In fact, if w € W
satisfies £(z) > £(w) for any z € wW (A) \ {w}, then we have

(5.3.10) FFEMN = Y Q) (QIFL (V)]

yEW(N),y2az

in K(MH(\)) for any x € W(X) by Proposition 5.1.4 and Theorem 5.3.4. Applying
the canonical homomorphism K(MH())) — K (H(A)) to (5.3.10) we obtain (5.2.1).

Proof of Theorem 5.3.4. Set D* = @i\ (["FH(£))]). It is sufficient to show that
D* satisfy the conditions (5.1.7) and (5.1.8) in Proposition 5.1.6.
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By Proposition 5.3.3 we have

R(D7) = mpa(FFE (D
=AD" FS D)
= oA (DTFE ()
= ooa([TFI (026 w))(~w))])
= "o (TEI (-N))
=¢"™D",

and hence (5.1.8) holds.

For z € W, let 7, : X, = X be the embedding and let MH?(+)) denote the
abelian category of twisted IV x H-equivariant mixed Hodge modules on X, with twist
+). Since X,, is an orbit of N x H, any object of MH®(+\) has a form H ® FH(:i:/\)
for some mixed Hodge module H. Hence its Grothendieck group K (MH?®(%M)) is
a free R-module generated by [F'(£))]. The inverse image functor 7} induces a
homomorphism

1z KMH(£MN) = R ([2F] = w([FD[FE (2N)).
of R-modules. Then we have

par(n) = 3 () BE

zeEW

for any n € MH(+A) because this formula obviously holds for n = [FJ{ ()] with
y € W. We have obviously ¢, ([(["FH (£))]) = 1. Let y > w. Since "F(+£)) is pure
of weight 0, H7(~*( FH(£)))) is a mixed Hodge module of weight < j for any j. On
the other hand the perversity property of ™FH (£)\) implies H7 (i;("Ff(i/\))) =0
for j > £(y) — £(w). Thus we obtain ¢, ([(["FZ(£))]) € 2 j<t(y)—t(w)—1 Fj- Hence the
condition (5.1.8) also holds. O

By using a C*-action, we can prove that, for any j, H’ (i (" FH(£)))) is a pure
Hodge module of weight j as in Kazhdan-Lusztig [19] and Kashlwara Tanisaki [16].
This gives the following stronger version of Theorem 5.2.1. Since this result is not

used in this paper, the details are omitted.
THEOREM 5.3.5. Let A€ I = ho /P, and let w € W such that £(2) > l(w) for

any z € wW (A \{w} Let z,y € W(/\) such that y > = and write Q) 2@ =225 cjql.
() H¥H(y("FL(\) =0 for any j € Z.
(i) H* (1 (”FH (/\)) ~ FL(A)(=4)®% for any j € Z.
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