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A CLOSED HYPERSURFACE WITH CONSTANT SCALAR
AND MEAN CURVATURES IN §* IS ISOPARAMETRIC

SHAOPING CHANG

INTRODUCTION

‘A hypersurface M™ in the unit round sphere S™*! is called isoparametric
if it has constant principal curvatures. When n = 3, due to the work of Elie
Cartan in 1939 [C], it is known that an isoparametric hypersurface M?3 is a
piece of either a 3-sphere, a product of spheres, or a tube of constant radius
over the Veronese embedding. It must be interesting to characterize such a
hypersurface only in terms of its scalar curvature and mean curvature.

Denote by H™ the class of closed n-manifolds of constant scalar curvatures
immersed in S"** with constant mean curvatures. One may ask the following:

QUESTION 0.1. When n = 3, does every M3 € H3 need to be isoparametric?

When either R > 0 or H = 0, the answer has been known to be affirmative
by the works of [DB] and [S, CDK, L, PT2, Ch], respectively.

In the present paper, we will demonstrate that such a conclusion is indeed
valid without those further assumptions. Namely,

Classification Theorem. A closed 3-manifold of constant scalar curvature

immersed in S* is isoparametric provided it has constant mean curvature.

Our approach is to show that the technical condition R > 0 in [DB] is
automatically satisfied by any compact M3 with constant R and H. Namely,

Main Theorem. Suppose that M3 is a closed hypersurface of constant scalar
curvature R in S* with constant mean curvature H. Then R > 0.
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Remark 0.1. It is believed that the sub-class M™ (of H") consisting of those
minimal hypersurfaces (i.e. H = 0) would be quite special. Chern [Y] proposed
that in every dimension n, all the possible values R form a discrete subset of
the real numbers R. And R. Bryant [B] suggested that in dimension 3, a piece
of minimal hypersurface of constant scalar curvature has to be isoparametﬁc.

The paper is divided into four sections. We will first present in Section 1
some terminology of theory of submanifolds, and in Section 2 a general study
on our setting. The proof of the Main Theorem is completed in Section 3 and
Section 4.

We will always use i, j, k, ... for indices running over {1,2,3} while A, B,
C,... over {1,2,3,4}, and 645 to denote the Kronecker’s symbol.

Acknowledgement. The author wishes to thank Prof. S.Y. Cheng for his con-

tinuous advices, supports and encouragement.

1. TERMINOLOGY AND NOTATION

Let M3 be a manifold of dimension 3 immersed in a Riemannian manifold
N* of dimension 4.

Choose a local orthonormal frame field {e4} in N* such that, after restricted
to M3, the e;’s are tangent to M>.

Denote by {w4} the coframe dual to {e4} and {wap} the connection forms

of N*. Then the structure equations of N* are given by
d(JJA = ZwAB AN wa,
B
wpp t+wps =0,

1
dwap =Y ,wac Awep — 3 > Kapcpwe Awp,
C c.D

Kapep + Kappe =0

We call K 4pcp, its contractions Kac = 3 p Kapcpand K = - 4 g Kapas,
respectively, the curvature tensor, the Ricci curvature tensor and the scalar
curvature of N*, respectively.

When N* is the unit sphere S%, it turns out that Kapcp = 64¢68p—0400BC-

Next, we restrict all tensors to M3.
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First of all, we have wy = 0, and then Y, w4 A w; = dws = 0 on M3. By
Cartan’s lemma, we can write

Wy; = Z hijUJj, Wlth hij = hji-
J
We call h = 3, ; hjjwiw;, the eigenvalues \; of matrix (hy;), and H =
Y his = D; A; the second fundamental form, the principal curvatures, and the

mean curvature of M3, respectively.

Secondly, from
dwi =) _wi; N wj, wij + wji = 0,
J
1
dw;; = Zwik AN wi; — 3 ZRijklwk N\ wy,
k kL

we find the curvature tensor, the Ricci curvature tensor and the scalar curva-

ture of M3 is respectively given by

(1.1) Riji = Kijr + hichj — hahji
(1.2) Ry = 264+ Hhy— Y hijhji
J
_ 2
(1.3) R = 6+H2—Zhij
2y

Note that from (1.3) the square norm S = Y=, ; hZ; of h is a constant if so
are both R and H.

Given a symmetric 2-tensor T' = 3, ; Tjjw;w; on M 3 we also define its
covariant derivatives, denoted by VT, V2T and V3T, etc. with components

T3j ks Tij e and T; kip, respectively, as following:

Z Tij,kwk = dT‘z] + Z(Tsjwsi + T'iswsj)
k s
Z Tijaw =  dle+ Z(Tsj,kwsi + Tis kwsj + Tij,swsk)
l s
Z Tijkipwp = dTim+ Z(Tsj,klwsi + T iwsj + Tij s1wsk + Tij kswst)
’ etc. |

We will sometimes use V., T;; to denote Tj;x, etc..
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EXAMPLE 1.1. T = Y, w2, i.e. Tj; = 6.
Since d6,~j =0 and Zs(&jwsi + 6,-swsj) =wj; +wij = 0,
VT = O, i.e. 6ij,k = O, V’i,j, k.

In general, the resulting tensors are no longer symmetric, and the rules to
switch sub-indices obey to the Ricci formulas as follows:

8

ﬂj‘klp - I'ij'kpl = Z(TsjykRﬁ‘ilp + fFis,k-R.s'jlp + T'ij,sRsklp)
Tijapm — Tigimp = O _(Tsjpt Rsipm + Tis it Rsjpm + Tij st Rskpm + Tigoks Rotpm)
etc.
EXAMPLE 1.2. T = h =3, ; hjjwiw; with N* =§*

For the sake of simplicity, we always omit the comma (,) between indices in
this special case.
Recall that

(1.4) Wy = Z hijwj,
J
1
(1.5) dwy; =Y wic Awoi — 5 Y Ksicpwe Awp
c 250

Since Kapcp = 64¢6pp — 64pbpc for S* and wy = 0 on M3, the second
term on the right hand side of (1.5) vanishes on M3.
By differentiating (1.4) and applying both (1.5) and (1.4) to the resulting
equation, we find
d (z hﬁ(ﬂj) = Z hjkwk A Wi
J gk

It follows that Vi,

J

> ldhij + ) (hijwns + hikwkj)] Aw; =0,
k
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i.e.
Z hijkwk A w; = 0.
Jk

Therefore, h;;; is symmetric in all the indices.

Moreover, in the event of H = constant, for Vi, j,

Z hijix = Z hkije = Z
k k k
= Z hmi (26mj + Hhmj - Z hmkhkj)
- k

+ Z Pim (0mj0ik — Omibij + Pmjhix — Rmihij)

k,m

=3hij + HY  Pmihmj — Hé;; — Shy;

hkik; + Z (hmi Rk + hkamijk):|

It follows that (cf. [CY])

(1.6) —AS Y Rl +(B—S8)S—H*+Hfs

.4,k
here and afterforth, for each k > 3, fr = Y, \F
We finish the current section by noting the following combination formula
(1.7) Yo=6 > o+ > 43>
1,5,k i,5,k distinct  i=j=k i=j#k
as long as the summand is symmetric in the indices i, 7, and k. It will be

applied whenever we want to compute a summation explicitly.

2. A GENERAL DiISCUSSION WHEN BOTH R AND H ARE CONSTANT

From now on, we assume that M3 has constant scalar curvature R and
constant mean curvature H.

Since from (1.3) S =6+ H? — R is also a constant, (1.6) now reads as

(2.1) Y kL =8(S-3)+H>—Hfs.

1,9,k

For our purpose, we also need to express ), ; . ; hi;; in terms of h and Vh.



76 SHAOPING CHANG

To this end, we take the Laplacian of (2.1) to get

1
(22) Z hz’jkhz‘jkll + Z hz?jkl = —EHAfg

i,j’k’l i’j’k’l

On the one hand, we compute

> hiskhigrn = Y hije Vi '(hmk +2) hijmikl)

ikl ingikod
= Z hijkhijier + 2 Z hijkhmji Rmiki
1,7,k,1 i,7,k,l,m
+2 Z hijkhmi Vi (Amkhi — hmihix)
4,3,k l,m
=Y hik <hijllk +2) hmj R+ hiijmlkl)
2,5,k,0 m m
+2 > hijghmiRmi +2 Y hijihmg (mgihi — Baiig)
i klm i krlm
= Z hijkvk l:(3 - S)hij - Hdi,j + HZ himhmj:l
1:7.7.’,9 m
+4 ) hijkhmi Gmkhi = Smubis, + Bamihis — hmihix)
,3,k,l,m
+ Y hikhigm (26mk + Hhug — hahyj)
i,4,k,l,m
+2) ANhE, =2 AhE,
1,3,k 1,9,k
=(9-5) hZ, +3HY Al
igk igk
+6)  NAhZ =3 AZhY,.
Wik igk

On the other hand, since >, hy;; = 0, Vi, and for each [ =1, 2, 3,

1
§f3,u =" hijhjkhka +2 Y hishjehe

i,j’k i,j7k

= Z Nhiy + 2 Z )\ih?jh
i hJ
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we. get

1
3Afs = Z N (hin — haia) + 23 Aih2y,

i,5,0

= Z)\z()\ - )\l)(l + X\ )\l) +2Z>‘ h‘z]l

’Ll 1.7!

=B-9)fa—HS+Hfs+2>_ M\hiy.

4,3,k
Plugging the above results to (2.2), we find
(23) D hu=(5-9) thk 6H Y Aihy
1,5,k,1 ik 1,4,k
— 6> AAhIL+3) N,
1]1 7]’

+ -2-(5 _3)Hfs + gm(s ).

To carry out our computations later, it’s convenient to introduce A; = A;— &
and accordingly, H = 3, \;, S = 3 /\_,2, =Y, X:k, Vk > 3.
Apparently, H = 0. And it’s straightforward to check that f, = 5 /2 and

= S —H2
S S+3
— — 1
f3 = f3+HS+§H3
— 3 4 - 2 2q 1 4
fa = f4+3Hf3+3HS+27H
etc.

Note that f; and f5 differ only by a constant.
Let’s next interpret (1.3), (2.1) and (2.3) in terms of S and f;.

Lemma 2.1. With the same notations as above, we have

(2.4) » R=6+§H2—S
— 1. . — —_
(2.5) ZJ: h =5 (S 3) - SH'S - HFs
(2.6) > b= (S—H'=9) > K% —8H Y Nihd,

%,9,k,1 1,4,k 1,5,k
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—62/\/\h”k+32)\1 2

7.7) 7.7)

_ 1 _, 1 ,—2
+2Hf3(S 3 3H)_ZHS

Proof. (2.4) and (2.5) follow easily from (1.3) and (2.1), respectively.
As for (2.6), we will employ (2.3). Note that

Do Nk =) N+ — Z hij

i,k 4,9,k ‘tjk
> Xdjh, = ZAA h,Jk+—Z,\ h”,c+—2h”k
B3,k 1,5,k i,k 1,5,k
ZA’?h’fjk - ZAzh’ka-'— _ZA h’zjk+ _thk
4,0,k 5,5,k 3,5,k 3,5,k

(§=3)fot+ HS —Hfs = (S+%2—3) (73+H§+%3)

H* ; , 4Hf; 2H?S H*
+H(S+———) <f+ fs 3S+2_7>

3
2 1 5 _ 9% 2 o=
(s H—3)f3 (5 ~25 - SH'S ) H

= (-g_H2_3)73+§ (_is +Zh’uk+H73)

1,7,k

= (5-5-9)7+3 (‘15 +Z”“’°)

1,5,k

SN

where we used (2.1) in the second last equality.
It follows from (2.3) that

H?
> hi = (s + 5~ 9) > h%, —6H (Z b+ — Z h”k>

i,4,k,1 1,5,k i,5,k z]k

-6 A\ h”k+3z,\ hi — 2H Y Aihi, — Zhwk

i3,k i,k 1,4,k i,k

+2 (E—H{—s) Hf,+ (——S +Zhwk)

1,3,k
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(s H? - 9) SR, —8H S k2,

1,5,k ,]k
_G;A hn,c+3§:/\,h”k S—?—3 Hf3—Z 5

This proves Lemma 2.1. O

Now, without loss of generality, we may assume that H > 0.

Since M?® is compact, we can find a point p € M3 such that f;(p) = max f,
(if H < 0, we instead consider a minimum point of f;). In particular,
d(3; j x Pighikhes) = 0 at p.

Note that d(3; hi;) = 0 and d(3=, ; hZ;) = 0 everywhere, we have that at p,

hiu + hog + hagy =0

(2.7) Arhin + Aghaor + Aghag = 0 VIi=1,2,3
(28) APhiy + AJhazt + Ahgs = 0

This suggests that the proof would vary according to whether or not the
principal curvatures at p are distinct.

Denote by g(z) the number of distinct principal curvatures of M?3. Clearly,
if g = 1 somewhere, then S = 0 identically and M3 is a 3-sphere. So, in what
follows, we assume that g > 2, i.e. S > 0.

Let G = %?2 - %T; It’s well-known that G > 0 everywhere and G = 0 at
a point z € M? if and only if g = 2 there.

Lemma 2.2. Assume that S > 0. The following equivalent statements hold:

(2.9) If R <0, then Vh # 0 everywhere,
(2.10) If Vh =0 at a point, then R > 0.
Proof. Recall that (2.5)
Z h =S(S—3) - %H2§— Hf,.
1,5,k
Compute that

3f3

55 +—(HS 3f3)?

RHS =5 —35— ést
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_ Z_gz a5 }H2§+ §G+ i_(H§—373)2
—§(s 4—§H2)+3G+ g5 S —3fa)’

= Z(—R)S + 5(5 +G)+ ﬁ(Hs —3%s)”

where in the last equality we used R = 6+ 2H? — S from (2.4). The assertions
then easily follow. [

In order to get an idea about how to approach the Main Theorem, let’s
briefly examine those isoparametric hypersurfaces determined by Cartan.

Suppose that M?3 is isoparametric. Then the number of distinct principal
curvatures g is a constant integer less than or equal to 3.

From Cartan-Munzner theory [C, M], the distinct principal curvatures of
M?3 are given by

/\k=cot(k_17r+9), k=1,...,9.
Case (1). If g=1,1i.e. Ay =\, Vk=1, 2, 3, then,
H =3\, S =3)2, R=6+§H226.
Case (2). If g =2, i.e. Ay =Xy = cotb, Ag:-fanﬂ, then
H =2cot — tan b, S = 2cot? @ + tan? 4, R=2+2cot?0 > 2.

It follows from (1.6) that

> b, =0, ie. Vh=0.
1,5,k
V33— V34
Case (3). Ifg=3,ie. A1 =A dg= — Ag=——""th
ase (3) g ie. A\ 2 eI 3 VeI en
A(BAZ —=T)
H= 3N2—-1"
621+ 44X + 6
— \2
§=X+ (Bx—-1)2 ’

R=0.
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Next, in Section 3, we will apply the argument of Peng-Terng in [PT2] to
derive the non-negativity of R by contradiction in the case of g(p) = 3. And in
Section 4, we will extend our study presented in [Ch] to conclude that either
R>6or Vh(p) =0if g(p) < 2.

In addition to a great deal of computations on the second fundamental
form as in the case of H = 0, the proof for an arbitrary H also requires
techniques on sorting out those extra terms resulted from the presence of the

mean curvature.

3. THE CASE WHEN G(p) >0

Assume that A; < Ay < A3. From (2.7), we find
(3.1) at p, hiyi = hoyy = h3zy =0, VI=1,2,3.
Suppose that R < 0. We will derive a contradiction by studying VA and V2h
at p.

First of all, from (3.1), 2, x hijx = 6hly at p. If R < 0, it would follow
from (2.9) that hja3(p) # 0.

Note that Vf;(p) = 0. By differentiating (2.5) and noting (3.1), we would
have at p,

6hisshizs = Y hijrhiju =0, VI=1,2,3,
1,5,k

and then

hi2ai(p) =0, VI=1,2,3.
Moreover, by virtue of the Ricci formulas, it is straightforward to check that
hijr is symmetric at p as long as {1,2,3} C {3, 4, k,1}.
From Y, hiiry = 0 and 3, \ihism = 0, VK, 1, everywhere, it would follow that
at p,

hi112 = —hgo1a — hazia = —hage
/\1h1112 = —/\2h2212 - )\3’13312 = —/\2h2212

Then, hi112 = hog12 = 0 at p since Ay # Aq. In general, for each pair (4,1) such
that [ # 4, we would have h;;;(p) = 0.
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Therefore, by virtue of the combination formula (1.7), at p,

(3.2) Z h?jkl =3 Z h?ijj -2 Z h?iii'
i,j i

iyjikd
Secondly, we have the following:
Observation 3.1. Let a = ((—S’— - 3) /3 — H2/9) and g; = Xf— (Ta/g) X:—S5/3.

H_ - H_ —
(33) At D, hiijj = 3)\3 - G)\i - ~g—S + gz)\] + Zgig]-, Vi,j,

where Z is a real number to be determined later.

Proof. By definition, (g1, g2, g3) solves the following under-determined system:

T, + 2 + 23 =0

(34) AT+ deT2 + Xz3 = 0

It is indeed a non-trivial solution since

i El 3)7 3
2 —2
22 fa 25\ S
- f4 :S,—f3 <§2 3 ) S + 3
12 1= 1-2
=37 5l73°
=G>0
Now, set
i"iijj = h‘iijj - %Xﬁ + '1;-5; + CLX.L' - g.in, V’L,] = 1, 2, 3.

Since at p, 6h%,; = 3 k%, = 3aS — Hf3, we have Vi,
— - 1. -
Z)\ihiijj =—Y h};=—2hl; =—-aS+ §Hf3.

It is then easy to verify that for each j, (ﬁlljj, ﬁggjj, iz33jj) also solves (3.4).

Hence, Vj, 3Z; € R s.t. Vi, hyj; = Z;g;.
Moreover, Vi, j, iLi,-jj = h;;;; since
= H

iliijj = hjjii = hasji — hyjju — 3 (Xf - Xj) +a (Xz - XJ)
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IO AL S O A

(R=%) [1424 = 5 (R4 %) +a- (xixj + g)}
0.

The assertion then follows by setting Z = (1/G) ¥, Z;g;-
Thirdly, having in mind that n = 3, it is straightforward to verify that

- 12 - 59— —= - 12 1—=3
f4=§S’ f5=gf3’s7 f6=§f3+zsy
— 7 — —2 — 4—o— 14
f7=ﬁf35, fs=§f35+§5-

We then compute that

(BB TN (T8, g
g 34 4 332 4 3 3 9
— —2 — —2 =3
i, dpg (T, (6B (1,3
5 )
6

)+ (5-$+5) ()

1—-4
4 55
—4
_i——4 12 3
=0 Tl 2
_lg
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~ Fee 5o
=f5—§34_§3
~i75-L (1) - 173
=5f5-2 (55 ) 375 =0,
-2 =2 [=2 ?3— S
=) NI -=N- =
> ia =% (% - fn-5)
= fam S
—ﬂ‘%fz_gs
E“Q_T_i_g_z G
2 s 3

Let z = Z@. It follows from (3.3) and the above results that

1 2 - 1 _ — 2
Zh,?ijj = Z (gHA,l - (J,Ai — §HS + g@-)\j + Z.%g;)
2,7 ]

2
= 32 (%HX? - aXi - %H§2> + Z (g,;Xj + Zgigj)2
p i,J,

3y B, 2HX, (, 2HS 32, 20HSN H?S
ST 9 3 271 )" 9 81
— 2
)
PN b e ) 2a — s 2 2—>— 1 2—2]
o[ (35°) - a7+ (o - Zvs) 54 L
+G(5+2°G)
=:c2+§G+%H2§2—2aH?3+3a2§.

1~ 1. = ’
; hfiii = ; <§_H)\z2 —a\; — §HS + gii + Zgz‘z)
1 s — 1.2 _ 2
-5 (gH)\i_a)\i—-g-HS> +zi:(gi/\i+ng)
+ 22 (%HX? —aX; — %Hg) (.%Xz' + Zgz?)
B
1

— 2a . — — — —
= gins2 - ?aHfg +a*S+ ) (A?gf +2ZXNg; + Zzgf)
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—2 H_—
23 A .~ ahgi — —Shg;
H— -, H-
+Z (—-x\fg? —aXig} — —Sg?)]
3 9
1

20— — 1~ 1
_—_fg?g§c _ & 2 - T 722
54H.S’ 3Hf3+aS+<GSG+QZG)

1. /1 fs 1.
of e+ 5[t (156) o (-T) -]
_a*  (2f, HS S
—2+<§ 9)$+<6 Za)G
1 = 2 - -
+(5—4H S —-gaHf3+a S)
Therefore, from (3.2), at p,

Z hzgkl 3 Z hzm -2 Z huu

i,7,k,l
o, of;, HS
=2z° — <—S —18):1;

(25 + 4a> G+ 5—4H2S - —aHf3 + 7a*S

On the other hand, recall that (2.6)

> k= (5—H2-9) D W —8H Y Nihi,

i,d,k,l i,k 1,5,k

—6> A\ h”,c+3ZAz I

44,k iJ,k

— 1_, 1 =2
+§Hf3<,5’ 3 3H>_ZHS'
Since at p,

Y b, =8aS—Hfs, Y Nh%, =0,

6k iJ,k

H__ a—2 —
S XXjhi = +5F: 35, Z)\,hfjk_as——sh,

i,4,k 1,5,k

the right hand side of (2.6)

RHS = (5 - H? - 9) (345 - HF,) — (HST, — 3a5°) + (345" — HSF,)
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— 1. .—
+ gH 75 (3a) — ZH’~’s2
— = = 9 - 1 .=
_ 2 _ _ v =
= (35— B -9) (305 - HT,) + SaHT; - JH'S
— — 9 1 =2
= (%) (305 - HF,) + S0l Ty - H’S
= 27425 — gaﬂﬂ - %H2§2

Therefore, (2.6) would read as

| afs HS _

where

— 41 4
a25'+——aHf __H25' —(=S+2)G
¢=10 12 216 <3 2 ) '

And the maximality of f; at p would imply that for each [ =1, 2, 3,
02> fau = Z)‘ hain +2Z)‘ R
=) (_Xi + -3—>\1) hii + 2 (H = X)) higg
i
3 9
g r-s)i
0]

- 1 _ _\= —

o [ H— - HS _
(3.6) = Z A? (—)\f —a\ — —S + g+ Zgin)

As in the Peng-Terng’s proof [PT2] of their theorem, we will derive a con-
tradiction by exploiting equation (3.5) and inequalities (3.6). The crucial step
is to obtain a lower bound of C so that we can have a neat estimate on z.

Summing up the inequalities (3.6) over [ = 1, 2, 3, we have at p,

(3.7) Afs= “HS —3afs

wll—l
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Denote o = —%A?s (p) and note that if R < 0,

S7° 6 26 25
Since
=2 =2
S fs 1
G—aS+ =T, (F—§>—E(S—R)S+——f3
_Rg_ 2% |(fs _HS _Rfs\ Efs
6 S 2 6 25 25
R 20—
==G—= y
5 st
we would claim that
0=10a<a's‘—1H73— )+§6HS( 7. - ) <8a—§S)G
=10a( 7. - _G)+‘31éHs +3(-R)G
20a— 9 10a 4
—a[<_f3 )+ZHS]+(—§—+§>(—R)G
20
3 +ﬂ7
Whereﬂ—THS+(19a+§)( _R)G>0if R<0.
Therefore, from (3.5) we would have z* — 2?&:1: > 239(1 that is
either x>1+3\/6_1a (2;), or :B<1—?:/6_1a (£ —2a).

—2 — —
However, note that at p, f; = % - %2—31 > 0, we may write f; = ?\/% cos @

0 + 2xl
3 )

with @ € (0, Z], and from the theory of cubic equation, A= 2\/% cos
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=1, 2, 3. In particular,

— — S — S —2 S
(3.8) AL <A <0, §</\12§§, 0<h <2
6 2 6
Note also that for each fixed [ =1, 2, 3, f; = 3X,(X12 —5/2) and then
— fa~ S
G=A - faf\z -3
<2 32(w S S
=N N (*z ‘5) 3
3 (2 S\[25 -
-3(0-3) (5-7)

Now, if z > 8a/3, by taking [ =1 in (3.6), we would find

5 S\ (25 - R, 2a-\: a4
2_ = o~ 32 2= It

) (xg _ g) (? _ x%) + S m (3

It would follow that X; > 115/21, contradicting to A < 5/2 in (3.8).
Similarly, if £ < —2¢, taking ! = 2 in (3.6) would lead to 0 > 2« (% - )\_22>,

another contradiction to X, < §/6 in (3.8). This establishes that R > 0 in
the case when G(p) >0. O

4. THE CASE WHEN G(p) =0

As indicated by the computation on isoparametric hypersurfaces in Sec-
tion 2, we expect to have Vh vanishing at p. It in turn follows from (2.10)
that R > 0 if Vh vanishes at p.

Suppose now that at p € M3, \; = A;. We will investigate the second
fundamental form h and its covariant derivatives at p to show that either
R>6o0r} hfjk(p) =0.
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Without loss of generality, we may assume that at p,

H X -
(4.1) (hi) = Sh+ )y with 6% =5 >0,

-2

where I3 denotes the identity matrix of rank 3.
Let’s next study the covariant derivative Vh of h at p. Recall that from
(2.7), for each I =1, 2, 3,

hi1y + haoy + hag = 0, A1hiu + Aohogr + Azhas = 0.
It follows that at p,
(42) hgzl = _hllla h33[ = O, Vl = 1, 2,3

And since at p, {e1, e2} is a basis of the A-eigenspace of (h;;), we may rotate

it if necessary to have

(43) h123(p) =0
Recall also that from (2.5),

thk 5(s5- 3)—§H2S HF,.

1.77

Since now f3(p) = —\S, we have
(4.4) atp, > h%=5(5-3)- —HZS + \HS.
1,5,k

Note that by virtue of (4.2) and (4.3), we may express Vh at p in terms of
hi11, k112 and hy13. We can compute out the left hand side of (4.4) in this way
by using (1.7) as follows:

Zh ik _6h123+zhmz+32hnk

1.77 i#k
(hfll + h222) + 3 (h'112 + h’ 113 + h’221 + h’223)

= 6h3,3 + 4 (hiy; + hiy)

Denote a = h?,5(p) > 0, b= h2,,(p) + h315(p) > 0, then (4.4) reads as

(4.5) 6a+4b=73(5-3) - §H2§ + XHS.
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Hence, in order to have Vh vanishes at p, it suffices to show that a = b = 0.
We will show that either R > 6 or @ = b = 0 by studying the higher covariant
derivatives of h.

Lemma 4.1. At p,

(1) hyjr is symmetric in all the indices except for those permutations
{i,4,k, 1} of either {1,1,3,3} or {2,2,3,3}.

a
(2) hasin = hasoe = 3_X(a +0b), haszs = % hsziz =0,

h = —=hi1hus, h = —=h112h113, and
3313 B3 11177113 3323 ™ 1121113, AN

hi11 = hozzo, P11z = hoosz = 3%
Proof. (1) simply follows from the Ricci formula: Vi, j, k, [,
ik — hijie =, (Pmj Rmikt + himBimjnt)
= (A=) (1 +XAy) (660 — 6ubin)
To see (2), we differentiate Y-, hy; = const. and 3, ; h?; = const. twice to get

hiki + Rookr + has = 0,

> (hijkhiji + hijhi)) = 0, Vk,1

¥
Evaluating the above equations at p and using (4.1), we have

3XNhazg = Z hijrhiji, k1.
0]
This yields the first six equalities by explicitly writing out all terms on the
right hand side for all pairs (k,!) and applying (4.2) and (4.3).
In turn, we find 1111 = —hao1 — haatn = —hii22 — hazaz = haogs.

Finally, employing the Ricci formula again, we compute that
hi133 = higis = hissr + (A1 — As) (1 + A hs)
2 - 1 =\ /1 —
= —=(a+0b)+ 3\ [1+ (—H+)\) (—H—2)\)}

3 3 3
2 S 1 1.~ 1.
= — — (1 g2 _ - -
3>‘(a+b)+2)\( +gH* — HX 3S>
2 1 fmf oo 1o
== Y+ — (S (3= |25 —
=+ )+6A< (3 5)+3Hs AHS)
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2 1
3/\(a+ ) 6)\( a + 4b)
=2
5N
And hgy33 = —a/(3X) follows in the same way, or from hgg3 = —(h1133+ Rgass).

This proves Lemma 4.1. 0O

Immediately, we have the following:

Corollary 4.2. At p,

2
4a
Zhaﬂss 35 Zh‘SSaB = 35 (a+b) )

b 8a?
Z ha333 hgass = ﬁ’

here and afterforth, we use o, 3, v, etc., to denote indices ranging from 1 to
2.

For later use, we perform here the following computations at p.

> Nih k—AZhigﬁ( 2A)th

.5,k o,k
R (b + da) - 2K (20)
= 4b),
S AT =X Y W+ 2X (=2X) YR
ik a,B,k a,k

=X’ (4b+ 2a) — 4X" (2a)

= ~a5+ 215,
2 )2 2
Z/\ =X 3 B+ (-22) Y B,
?.1) )J?k j)k
=X (4b + 4a) + 4X° (2a)
= 2aS + ;b?.

In summary, we have
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Lemma 4.3. At p,
S Nk, = 4b),
1,5,k

- 2
> ANk = —aS+3bS,

1.7)

- 2 _
ZA, ik = 2054308

z])

We proceed to study ||V2h||? at p. Recall that from (2.6)

S by = (S—H*-9)> h%,—8HY Xhi,

i,9,k,1 1,5,k 1,5,k
_GZA’\hzjk-i_BZ)‘z ijk
4,5,k 1,5,k

+ Hfs(S 3—-H2) H2S

Now at p, by virtue of Lemma 4.1, Corollary 4.2 and Lemma 4.3,

LHS= Y hlg,+4> hlps+ 32 ( 253+ h33aﬂ)

a,B,7,0 a,B,Y

+ 42 hZsss + P3ss3

4 16 ,
R, 443 R +3< +—:a+b)
a;, B %:7 ahr3 35" 35( )

+ 32 —ab+ — 8
35 3S

= > Rl t+4d hlss + 55 (170" + 32ab + 12%) ,
a,B,7,0 a,Byy

RHS = (§ - H? - g) (6a + 4b) — 8H (4bX) -6 (—af9'+ %bﬁ)
- 2 3 6a+4b ~ 1 =2
3 (2aS+ 3b5) + 5 H (-35) ( : AH) - JH3

=3a (6?— 18 — 2H? — 3HX) +2b (E— 18 — 2H? — 19HX) .

Therefore, we have the following:



94 SHAOPING CHANG

Lemma 4.4. At p,

1 1
E hiﬁ'yS = —-4— ﬁE h?xﬂ’yc — §—§ (17(12 -+ 32(1b+ 12b2)
a,ﬂ"V a,0,v,0

+-:1—a(63'——18—2H2—3H—X) +g(§—18—2H2—19HX)

2
afiyo

Y hZs,3, we next have to appeal to V3h. First of all, by differentiating
> h?j = S triply, we get

Due to the lack of constraints among the quantities a, b, > h and

> (Rijhishim + Rijkhijim + hijihijem + hijmhaji) =0, VE,I,m.
4,J
Again, since at p,
Z hijhijkim = (g‘ + X) (h11kim + hogkim) + (‘I_3£ - 2X> h33kim
2
= —3Mhsskim,
we have at p
3N Raakim = Z (hijkhijim + Rijihijim + Bijmhija) , VK, L,m.
%J
It follows that at p,
XD hamhasiim = D hramhijihijim.
k,lm 3,9,k l,m
Compute the right hand side of the above equation

RHS = Z Piim (haikPitim + Roakhooim + 2R1akhigim

k,l,m
+ 2h13khagim + 2haskhosim)

= )" huskhiim (hiaim — hooim) + 2 (haizhuim — haithaim) hioim

k,l,m Im

+2 Z humhii1shaaim + 2 Z haimhaz3hasim

lym lym

= Z hiik [Pr11 (Ri1r — ho211) + hioa (Rrize — ho2oo)
k

+2hk12 (h1112 — ha212) + 2hk13 (h1113 — he213) + 2hkzs (hii2s — hazes)]
+ 2h112 (h111hi211 + Riazhizes + 2h112R212 + 2h113h1213)
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— 2h111 (Ra11hagnn + hagzhasze + 2hia2hio12 + 2ho3hiass)

+ 2h113 [han1hins + Ragzhazes + 2h112hisi2 + Bais (hiiss + hasin)]

— 2h113 [Ra11ha123 + Rasahase + 2ha12hosia + haos (haoss + hasos)]
= 2(a +b) (h1111 — ha211) + 4bh1122

— 4hy13 (h111ha313 + hi1ahasas) + 2a (hiiss + hasig + hogas + hasze)
2+ _, 2 at

= 4ah 2(a—0b — — +4 —
ahin +2(a =) =5 S MM
8a? — 4b2
= 4ah —
aniin + o
we obtain that
4a 16a2 — 8b°
(4.6) Z hrimhbaskim = <= hin + ——=——.
k,l,m ’\ S

Secondly, by differentiating 3=, ; k2, = S(S§ —3) — H?S — H f twice w.r.t.

€3,
1
Z (hijkhijk33 + h?jk3) == 2Hv§seaf3'

i)ij
Since at p,

V2. fs= 3ZA hiiss + 6Z>\ h3s
H 1

=3[(>\+ )(——a— Loy (- 2A+I§)(2_

-~ H
) 3)‘a) +6(A+ 3)(2a)
= 18)a,

and from Corollary 4.2 and Lemma. 4.4,

Z hwks Z haﬂ~,3 +3 Z h‘aﬂ33 +3 Z h 333 + h3333

1,5,k a,Byy a,p
1 1
= _Z ﬂz: haﬁ7a - §'§ (17@2 + 32ab + 12b2)
a,B,v,0

;3 (65 — 18— 2H® — 3H}) + ;’ (S-18-2H2 - 19H7)

+ éa + = ab+ s
s 'S 35
1 1
=—= 3" hls,+ = (3a® - 8ab—12b?)
4,57, 07 38



96 SHAOPING CHANG

+?:1—a(65—18 2H2—3H,\) +g(§—18—2H2—19HX),

we have that at p,

3 it = 7 3 Wy — o (307 — 8ab — 1257)
g,k a,8,7,0 35
(4.7) _3a (68 — 18— 2H? + 9H))
b

-3 (S— 18 — 2H? — 19H)\)

By substracting (4.7) from (4.6) we find

1
Z hz]k (h'33z]k - z]k33) - hllll Z Z haﬁ—ya

4,k a,B,7,0
+ i_ (51a® — 8ab — 36b°)

3a

4

+ 5;- (5 -18—2H? - 19H3)

(6S —18—2H* + QHA)

Finally, by using the Ricci formulas and Lemmas 4.1 and 4.3, we compute

at p
Z hiji (Rasije — hijkss)
i,k
= z;c hwkvfik (h31ﬂ3 + Z hmszssg + Z h3mRm'L3]>
iy
- Z hijkVea (hij3k +2 Z hijmik3>
1,5,k m
= z;c hz]k <h3z]3k - h3z]k3 + Z hmszm33j +3 E hSmkme])
(B
+ ; hijkhmivek (hm3h3j - hmjh‘33)
%,5,k,m
+ zk: hijkhsmVe, (hmshi; — Bmjhiz)
i,J,k,m

-2 Z RijhmiVes (hmkhis — Rmghik)

i,J,k,m
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= Z hijk (2hminm33k + 5h3ijmi3k)
1,9,k,m
+ Z RijkPmi (hmakhs; + hmahajx — himjkhas)
i,4,k,m
+ Z hijkham (thhijk — hmjrhizs — hmjhiBIc)
2,J,k,m
=2 )" Bijkhm; (Amkshis — Rmshiks)
i,7,k,m
= Z hije (1 4+ A3Ak) [2hmij (6mabsk — Omk) + 5hamj (6mabix — Omidiz)]
%,5,k,m
+ Z AsAihZ g + Z A2hds — D AshikZy
1,5,k

-3~ zvhfks St ~2 T Ao+ 2 2 N

3,5,k Jk gk

=2 Z (1+23) h”3 2 (L+ Aghe) B2y — 52 (1 + AsAk) Al

1,4,k

- Z AshihZs + Z MhZs = D AshihZy + Z A3hZ

4,4,k 4,5,k

= Z (,\3 —6AsA; —3) k25 + D (A3 — 3Ashi — 2) k2,
4,7 1,5,k
_2[12,\ —%H2—3 2(H - 6,\)A]h2

153

ijk

9 _ —
+Z[4'\ _§H2+§HA—2—(H-6,\)A]h2

=[2§k—3—£{3—2—2(1{ 63) ](2a)

(gﬁ— 2912 + @ - 2) (6a+4b) — (H —6X) (4b%)

=a(12§—18—2H2)+b(2—£§—8—S—H2—§HX)

It follows that

- Z haﬂ’ya - — hllll = % (51@ — 8ab — 36b2)

aﬁ'ya

15 9 1 27
4. —Z_ZHgz_Z_
(4.8) (28’ 3 2H 4H)\>
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(367S+ 1+ ;HZ + QHA) b

We are now in the position to conclude that R > 0 as follows: On the one
hand, note that

9_ - 32
§S_3_S_3+Z/\
2?—3—%H2+H)\
=%(6a+4b),
we have
5. 9 1., 27 - 15 9 1_, 9 . 8l
5 g — A2 S g A
(9% 3\ 39 /= 2_,
=3(5 2)+16<S—§H)
>%(6a+4b)+—(6 R)
37 1 49 37 1 49 49
o1+ + 2> 8 +14+ g2 - g2 2
o T gt T2 T T3 1
_ 9%

s+1+§<s—§H2)
> ? (6 - R)
It follows that the right hand side of (4.8)

RHS < % (51a? — 8ab — 36b%) — %“ (6a + 4b)

1
__?3%(6 R)_.ib(ﬁ R)
16
1 o (39 15
= — 55 (30" + 4dab + 361°) (16a+—b)(6 R)

On the other hand, by using Lemma 4.1, we compute the left hand side of
(4.8)

LHS = Z haﬁw - = h1111

aﬁ'yo
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4a
(h%ul + 4h315 + 6R3y, + 4h§221 + hgzzz) - Thnu

1 3 4a
= §h§111 + 2h?uz + 5 ("hllll - h3311)2 — =hun
A
=2 (h? h? 3hi111h §h2 — il—qh
= 2(hi11; + hi1g) + 3hanrhasi + 5hean = 5 hun

2 2
=2 (h’%lll + h%nz) - Y (@ =) h1111 + ﬁi (a+ b)2

N

(a—b)2 2 2
— +—=(a+b
2N 3,\2( )

= % (a® + 14ab + b?)

> —

Therefore, (4.8) yields

39 15 1
by - - < —— 2 2 <
(16a+ 8b>(6 R) < 38(6(1 + 86ab + 396°) <0

It follows that that either R > 6 or a = b = 0. In any case, by virtue of (2.10),
we always have R > 0 as desired. This settles the case of G(p) = 0 and thus
completes the proof of the Main Theorem.
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