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A CLOSED HYPERSURFACE WITH CONSTANT SCALAR 
AND MEAN CURVATURES IN S4 IS ISOPARAMETRIC 

SHAOPING CHANG 

INTRODUCTION 

A hypersurface Mn in the unit round sphere Sn+1 is called isoparametric 

if it has constant principal curvatures. When n = 3, due to the work of Elie 

Cartan in 1939 [C], it is known that an isoparametric hypersurface M3 is a 

piece of either a 3-sphere, a product of spheres, or a tube of constant radius 

over the Veronese embedding. It must be interesting to characterize such a 

hypersurface only in terms of its scalar curvature and mean curvature. 

Denote by 7in the class of closed n-manifolds of constant scalar curvatures 

immersed in Sn+1 with constant mean curvatures. One may ask the following; 

QUESTION 0.1. When n = 3, does every M3 € H3 need to be isoparametric? 

When either R > 0 or H = 0, the answer has been known to be affirmative 

by the works of [DB] and [S, CDK, L, PT2, Ch], respectively. 

In the present paper, we will demonstrate that such a conclusion is indeed 

valid without those further assumptions. Namely, 

Classification Theorem. A closed 3-manifold of constant scalar curvature 

immersed in S4 is isoparametric provided it has constant mean curvature. 

Our approach is to show that the technical condition R > 0 in [DB] is 

automatically satisfied by any compact M3 with constant R and H. Namely, 

Main Theorem. Suppose that M3 is a closed hypersurface of constant scalar 

curvature R in S4 with constant mean curvature H. Then R > 0. 



72 SHAOPING CHANG 

Remark 0.1. It is believed that the sub-class Mn (of 7in) consisting of those 

minimal hypersurfaces (i.e. H = 0) would be quite special. Chern [Y] proposed 

that in every dimension n, all the possible values R form a discrete subset of 

the real numbers R. And R. Bryant [B] suggested that in dimension 3, a piece 

of minimal hypersurface of constant scalar curvature has to be isoparametric. 

The paper is divided into four sections. We will first present in Section 1 

some terminology of theory of submanifolds, and in Section 2 a general study 

on our setting. The proof of the Main Theorem is completed in Section 3 and 

Section 4. 

We will always use i, j, A:, ... for indices running over {1,2,3} while A, 5, 

C,... over {1,2, 3,4}, and 8AB to denote the Kronecker's symbol. 

Acknowledgement. The author wishes to thank Prof. S.Y. Cheng for his con- 

tinuous advices, supports and encouragement. 

1. TERMINOLOGY AND NOTATION 

Let M3 be a manifold of dimension 3 immersed in a Riemannian manifold 

iV4 of dimension 4. 

Choose a local orthonormal frame field {e^} in iV4 such that, after restricted 

to M3, the e/s are tangent to M3. 

Denote by {WA} the coframe dual to {e^} and {UJAB} the connection forms 

of TV4. Then the structure equations of iV4 are given by 

UAB + WBA - 0, 

dujAB = ^2 UAC
 
A UJCB

 ~~ o XI KABCDUC A U)D, 
c l c,n 

KABCD + KABDC = 0       . 

We call KABCD, its contractions KAC = EB 
K

ABCB and K = Y<A,B 
K

ABAB, 

respectively, the curvature tensor, the Ricci curvature tensor and the scalar 

curvature of A/"4, respectively. 

When AT4 is the unit sphere §4, it turns out that KABCD = ^AG^BD—^AD^BC- 

Next, we restrict all tensors to M3. 
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First of all, we have 004 = 0, and then J^o;^ A cji = da;4 = 0 on M3. By 

Cartan's lemma, we can write 

Uu = ^2 hijijj,    with    hij = hji. 
3 

We call h = J^ijhijLViUj, the eigenvalues A^ of matrix (/i^), and H = 

Sz ^n :::= Si ^2 the second fundamental form, the principal curvatures, and the 

mean curvature of M3, respectively. 

Secondly, from 

i 

d^ij = X) ^^ A ^ "" 9 X ^ifci^ A ^» 

we find the curvature tensor, the Ricci curvature tensor and the scalar curva- 

ture of M3 is respectively given by 

(1-1) Rijki   =   Kijki + hikhji — huhjk 

(1.2) i?^    =    26ik + Hhik — 2_^ hijhjk 

3 

(1.3) i2   =   Q + tf-^hl 
h3 

Note that from (1.3) the square norm S = J2ij ^ of /i is a constant if so 

are both R and H. 

Given a symmetric 2-tensor T = ^jTijUiUj on M3, we also define its 

covariant derivatives, denoted by VT, V2T and V3T, etc. with components 

Tijfi, Tij}ki and Tijiklp, respectively, as following: 

X^fc^fc     =     dTij + "}2(TsjVsi + Tisusj) 
k s 

X Tij,kM     =     dTij^ + 2_^(Tsj,kWsi + TiS^kuSj + TijiSujsk) 
1 s 

X Tij,kipWv     =     dTi^ki + 2_^{T8j^kiUJSi + TiSikiUJSj + TijiSiusk + Tij,ksusi) 
p s 

etc. 

We will sometimes use VekTij to denote 1^, etc.. 
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EXAMPLE 1.1. T = E^u;?, i.e. Ty = 8^. 

Since rftf^ = 0 and E5(^j^Si + ^s^) = Uji + o;^- = 0, 

Vr = 0,    i.e.    (5^ = 0,    Vt,j,A:. 

In general, the resulting tensors are no longer symmetric, and the rules to 

switch sub-indices obey to the Ricci formulas as follows: 

J-ij,kl       J-ijJk = / \-Lsj-K'sikl   i   J-is-^sjkl) 
s 

TijMp - Tijtkpl = ^(T^RsUr + Tis,kRsjlp + T^RMP) 
S 

-Lij,klpm       -^ij,A;/mp ^ / vv-^sj^kl-^sipm   r J-is.kl^sjpm "T -*-ij,sl-^skpm   i   J-ij^ks-^slpm) 
s 

etc. 

EXAMPLE 1.2. T = h = ^ /i^-^^ with AT4 = S4. 

For the sake of simplicity, we always omit the comma (,) between indices in 

this special case. 

Recall that 

(1.4) W4i = '52hijuj, 
j 

(1.5) dMu = ^jT UJ4C A ua - - ^2 K4iCDVc A UJD 
C C,D 

Since KABCD = SACSBD — ^AD^BC for S4 and u;4 = 0 on M3, the second 

term on the right hand side of (1.5) vanishes on M3. 

By differentiating (1.4) and applying both (1.5) and (1.4) to the resulting 

equation, we find 

d   ^T hijUJj    = ^2 h3kUk A Uji 
\   3 ) 3,k 

It follows that Vi, 

E dhij + Y^ (hkjUJki + hikUkj) MJJ^O, 
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J2 hijkUk A (Jj = 0. 

Therefore, /i^-fc is symmetric in all the indices. 

Moreover, in the event of H = constant, for Vi, j, 

7 v ^jfcic -- ^ ^Hjfc — 2^ 
/c    L 

ftkikj "T 7 v {""mi-K'mkjk   r i^km-^mijk) 

== 7 > ^^^ I ^mj "T ■" ^mj        7 v '^"mk'^kj  I 
m \ k J 

"T" 7 v "'km\PmjVik        ^mk^ij    i   ""mj'l'ik        '^mk'^ij) 
k,m 

= oflij + .fZ  7 ^ hmihrnj       H-Vij       ^^zj 
m 

It follows that (cf. [CY]) 

(1.6) | A5 = ^ 4.fc + (3 - 5)5 - fl3 + iI/3 

here and afterforth, for each k > 3, fk = Z)i A?- 

We finish the current section by noting the following combination formula 

(1-7) E = 6    £    +£+3£ 
*>.?>& M\fc distinct      i=j=k i=3^k 

as long as the summand is symmetric in the indices i, j, and fc.   It will be 

applied whenever we want to compute a summation explicitly. 

2. A GENERAL DISCUSSION WHEN BOTH R AND H ARE CONSTANT 

From now on, we assume that M3 has constant scalar curvature R and 

constant mean curvature H. 

Since from (1.3) 5 = 6 + H2 — R is also a constant, (1.6) now reads as 

(2.1) £4fe = 5(5-3) + F2-iJ/3. 

For our purpose, we also need to express Ylij.kj ^Ijki in terms of h and Vh. 



76 SHAOPING CHANG 

To this end, we take the Laplacian of (2.1) to get 

(2.2) 

On the one hand, we compute 

i,j,k,l 

7 v hijkhijkii = 2_j hijkVi I hijik + 2 2^ hmjRmiki I 
i,j,k,l i,j,k,l \ m / 

'    / j   'lijk"'ijlkl   i   ^     / J     "'ijk'lmjl-K'miki 
i,j,fc,Z tJ,A;,Z,7Ti 

+ 2     2_^     hijkhmjVi (hmkhii — hmihik) 
ij,k,l,m 

—   Z-J   ^k [ hijllk + 2 / .hrnjiRmikl + ^ hijmRmlkl  I 
i,j,k,l \ m m J 

+ 2     2_^     hijkhmjiRmikl + 2     2^,     hijkhmj (hmkihu — hmihikl) 
i,j,k,l,m i,j,k,l,m 

= Z^t hijk^k 
hj,k 

(3 — S)hij — H6ij + H 2^ himhmj 

+ 4   ^   hijkhmji (6mkhu — 5m/^fc + hmkhu — hmihik) 

+     ^     hijkhijm (ZSmk + Hhmk — ^mi^j) 

+ 2£AiAJ/4-2£A,24.fc 

=(9-5)x:^fc+3i?EA^ 

+ 6J2XiXJhW-3j2X2ihlk- 

On the other hand, since Yli him = 0, Vi, and for each Z = 1, 2, 3, 

o/s,^ = ^2 hijhjkhkm + 2 2^ hijhjkihku 
ij,k ij,k 

= X/ ^< huii + 2 2^ Aj/i^, 
i hJ 
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we. get 

i A/3 = ^ XUhuu - huu) + 2 ]r Xih^ 

= Y,\K\ - A,)(l + AiA,) + 2X>fc?, 

= (3 - 5)/3 -HS + Hf4 + 2j2 Kh%k. 

Plugging the above results to (2.2), we find 

(2-3)     E ^H = (S - 9) E h^ -QHj: Khl, 
ij,kyl i,j,k ij,k 

-6EA^%+3EA^ 
i,j,k i,j,k 

+ |(5-3)if/3 + ^2(5-/4). 

To carry out our computations later, it's convenient to introduce A* = Aj — y 

and accordingly, H = £* Af, 5 = Ei \ , fk = £i Aj , Vfc > 3. 

Apparently, H = 0. And it's straightforward to check that $4 = 8/2 and 

5    =    5+itf2 

/a     =    ^ + i?5 + i^3 

etc. 

Note that /s and /a differ only by a constant. 

Let's next interpret (1.3), (2.1) and (2.3) in terms of S and /s. 

Lemma 2.1.  VF^/i £/ie same notations as above, we have 

(2.4) i?-6+|iJ2-5 

(2.5) E^^fS-3)-^-^ 
i,3,k 

(2.6) E *$« = (5 - i72 - 9) E hlk - 8il E ^^* 
ij>k,l i,j,k ijik 
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Proof, (2.4) and (2.5) follow easily from (1.3) and (2.1), respectively. 

As for (2.6), we will employ (2.3). Note that 

]L Xihlk = X^^fc + "3" S hijk 
i,j,k ijfk ij^k 

/ , ^i^jhijk = Z^f ^i^jhijk + ~g~" Z^f Xi^ijk + ^g" Z^ ^ijk 
ij,k i,j,k i,j,k ij,k 

E Xtiik = E th2
ijk + ^ E ^m +1" E ti* 

{S -3)f3 + HS- Hf4 = (5 + ^ - 3) (73 + HS + ^) 

r/_     ffSN      „/_■    4^7,     2ff25     fl-4> 

= (5-Jff2-3)/3+Q52-25-^25)if 

\ h3,k J 

where we used (2.1) in the second last equality. 

It follows from (2.3) that 

E ^« = (*+x "9) S ^ -6ff f E ^fc + f E ^ 

- e E A^/4+3 E sXk - 2^ E ^4fe - ^ E 4^ 
2,j,fc i»i,fc i,i,A; i,J,fc 

+!(5-f-3)*7'+(-i52+P'*)ff2 
\ i">3'>k J 
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= (5-tf2-9)XXfc-8H£V4 

- 6 E WU + 3 E X^jk + l(s-^--3)Hh- \H2S2 

This proves Lemma 2.1.   □ 

Now, without loss of generality, we may assume that H > 0. 

Since M3 is compact, we can find a point p E M3 such that fs(p) = max/3 

(if i? < 0, we instead consider a minimum point of fs). In particular, 
d(Ysi,j,k hi3h3kKi) = 0 at p. 

Note that d(52i ha) = 0 anci ^(Si,j ^ij) — 0 everywhere, we have that at p, 

(2.7) Aiftin + \2h221 + ^shssi = 0       V I = 1,2,3 

(2.8) A?A11Z + A^22Z + \lhm = 0 

This suggests that the proof would vary according to whether or not the 

principal curvatures at p are distinct. 

Denote by g(x) the number of distinct principal curvatures of M3. Clearly, 

if g = 1 somewhere, then 5 = 0 identically and M3 is a 3-sphere. So, in what 

follows, we assume that g > 2, i.e. S > 0. 

Let G = ^S — i/3. It's well-known that G > 0 everywhere and G = 0 at 

a point x G M3 if and only if g = 2 there. 

Lemma 2.2. Assume that S > 0.  T/ie following equivalent statements hold: 

(2.9) If R<0, then Vh^O everywhere, 

(2.10) IfWh = 0ata point, then R > 0. 

Proof. Recall that (2.5) 

Compute that 

«2 

RHS = 52 - 35 - \H*S - H + ^(if 5 - S^)2 
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= |(5-4-|lZ«) + fG + ^-37,)a 

where in the last equality we used i? = 6 + |il2 — S from (2.4). The assertions 

then easily follow.   □ 

In order to get an idea about how to approach the Main Theorem, let's 

briefly examine those isoparametric hypersurfaces determined by Cartan. 

Suppose that M3 is isoparametric. Then the number of distinct principal 

curvatures g is a constant integer less than or equal to 3. 

From Cartan-Munzner theory [C, M], the distinct principal curvatures of 

M3 are given by 

(k — \ \ 
Afc = cot f 7r + 0j ,    k = !,...,#. 

Case (1). If g = 1, i.e. Xk = A, Vfc = 1, 2, 3,'then, 

£r=3A,        5 = 3A2,        # = 6 + ^i?2>6. 
o 

Case (2). If g = 2, i.e. Ax = A2 = cot0, A3 = — tan0, then 

# = 2cot0-tan!9,        S = 2cot20 + tan25,        R = 2 + 2cot2(9 > 2. 

It follows from (1.6) that 

£% = (),        i.e.       Vfc = 0. 

Case (3). If 5 = 3, i.e. \i = \, \2 = ———-, A3 = -^=-—-, then 

i?=A(3A2-7) 
3A2 

5 = A2+     (3A2-1)2 
^ = 0. 

2 . 6A4 + 44A2 + 6 
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Next, in Section 3, we will apply the argument of Peng-Terng in [PT2] to 

derive the non-negativity of R by contradiction in the case of g(p) = 3. And in 

Section 4, we will extend our study presented in [Ch] to conclude that either 

R > 6 or Vh(p) = 0 if g(p) < 2. 

In addition to a great deal of computations on the second fundamental 

form as in the case of H = 0, the proof for an arbitrary H also requires 

techniques on sorting out those extra terms resulted from the presence of the 

mean curvature. 

3. THE CASE WHEN G(p) > 0 

Assume that Ai < A2 < A3. Prom (2.7), we find 

(3.1) at p,        hm = h22i = h33i = 0,    V I =.1,2,3. 

Suppose that R < 0. We will derive a contradiction by studying V/i and V2/i 

at p. 

First of all, from (3.1), £iJ|ib ft?-* ='6^23 at p. If R < 0, it would follow 

from (2.9) that hmip) + 0. 

Note that Vf3(p) = 0. By differentiating (2.5) and noting (3.1), we would 

have at p, 

6^123^123/ = 2^ hijkKjki = 0,    VZ = 1,2,3, 

and then 

WP)=0,    V/ = l,2,3. 

Moreover, by virtue of the Ricci formulas, it is straightforward to check that 

hijki is symmetric at p as long as {1,2,3} C {i, j, A:, Z}. 

From 5^i huki = 0 and ^ Xihuki = 0, Vfc, Z, everywhere, it would follow that 

at p, 

^1112 = —^2212 — ^3312 = —^2212 

A1/I1112 = — A2/l2212 ~ A3/I3312 = — A2/I2212 

Then, /i1112 = /12212 = 0 at p since Ai ^ A2. In general, for each pair (i, Z) such 

that Z 7^ i, we would have hm^p) = 0. 
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Therefore, by virtue of the combination formula (1.7), at p, 

(3-2) E^ = 3E^-2E^- 
i,j,k,l iyj i 

Secondly, we have the following: 

Observation 3.1. Let a = ((# - 3) /3 - if2/9) and 9% = ^-(js/s) A — 5/3. 

rr TT 

(3.3) At p,    /i^- = — A^ - aA* - —5 + ^ + Z^^-,    Vi, j, 

where Z is a real number to be determined later. 

Proof. By definition, (^i, ^2? 33) solves the following under-determined system: 

/Q .N  ^1    +    Jf2      +    _X3      =0 
^ '       ■ Ai^i   +   X2X2   +   Xsx3   =   0 

It is indeed a non-trivial solution since 

T4     2/3v3     (fa      25W2     2/3T      5' 

Now, set 

2 S73     3 
= G>0 

^ TT     0 TT     

hujj = feiijj - YAi + — 5 + aAi - ftAj,    Vi, j = 1,2,3. 

Since at p, 6/if23 = ^ /i^ = 3aS — Hf3, we have V7, 

Y^ ^ihnjj = - XI tfkj = ~2^i23 =:: "^ + 3-^/3- 
i iyk 

It is then easy to verify that for each j, (hnjj, ^22jj, ^33jj) also solves (3.4). 

Hence, Vj, 3Zj G i? s.t. Vi, ^j = ^j^. 

Moreover, Vi, j, /i^j = hjja since 
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= (Xi - Xj)   1 + A*Aj - — (Xi + A^J + a - I A^A^ + 

= 0. 

The assertion then follows by setting Z = (1/G) Y,i ZiQi- 

Thirdly, having in mind that n = 3, it is straightforward to verify that 

We then compute that 

?>-4¥4)M¥4)^' 
-*(¥'4)^(¥^)' 

T       4/37 6/: 45\-s ^      47^, 
= /8-^/7+ ^-^ /.+ 4/3-^ / 

+i*-%+iz)74+(gL-m7z+*fr v ^2 ^ 

3   5 ^ ,35 -9S 

=^+^-fi^7,^+fS-^Y?+?> 
8 12J 

+1473_$u^y+ff_473,7: 
53 3        S  +s\ 

m 3^:2^1 2-2^        1^ 

725      6/35+252 

1 

-s0"- 

^ 
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E« = E^ ^A¥-l)M¥^h 
/a-      S"3 

-   fA'+3 
-T2> 

3/3       c \ T    .   / oT        /a -7r-^7.+ lf-si/.+ IV,-£l/, 

+ '^      /a 
^     /3 

/s^ 

=^-f(^+^)+(f-^^ 5- - " / \ g/35. 

+ (27.-|)(^] + 5 —5        ^    - o/a"5 
1^2 

3J 

= 0, 

E^s? = E^ Ai       5Ai + U2      3JAi + 3/3At + y 
_7      2/3-? 75+(|_f)74 + ^+l,3 

3/3 + 4 
2/3 f5T 

5   V6- 
= [iofs+^)-^r-f3s) + \^- 3 73 ^^)+|7;+^ 

lSG> 
EM2 = E^ 

T        27: 

*-¥*♦$-? ^i» 
71     25N 

=;2 
2^^ - /s - ^74 + I ^ - YJ fs + ^fsS 

- ~JG' 
E^ = E^ fe-fe-f 
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— J5 -77 J4 o/s 3" 

-/4        ^/3        3^ 

_  1-^2       J3        S 

Let x — ZG. It follows from (3.3) and the above results that 

E hlii = E Q^ -o** - ^+9^3 + ^Mi) 

= 3E (^^2 - a^ - j^2)2 + E {aZi + z9i93) 

= 3E 

+ G£(Aj + Z5j.y 

= 3 

= x2 + 5G + ^i?252 - 2aiJ73 + 3a25. 
lO 

E ^u = E (\Ht - ^ " 5^ + giXi + Zgf) * 
i i     ^ ^ 

=E(^-^-^)2+E(^+^2)2 

+2 E Q^*2 - ^ - J^) (5^ + ^2) 
= l^ - |i773 + a25 + £ (A^2 + 2ZA^ + Z^gf) 
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+2E 
HT3 T2 H-^r- 
-^\9i - a\9i - -gJ\9i 

+ Z ( jX^g* - aXigf - jSg* 

1 
■HiS2     2a~- 

54 3 

+ 2 { -aG + Z 

2af3     HS 

Hfz + a2S+(±SG + ±Z2G2 

{-aG + Z[lH{ !*(!**)-« -|G)-IHSG 

x+ U-2"   G 

+ |iifV-|aff/3 + a2S 

Therefore, from (3.2), at p, 

2 

0 2     , /a/.      i?5\ 
=2l-4(3-irJI 

On the other hand, recall that (2.6) 

E h%ki = (S-H2-9)Y: h%k - 8H E Ul 2 
ijk 

ij,k,l ij,k ij,k 

■2, ^ -eEW^. + sEA^. 

3„^  /-- 
+ -tf/g   5 - 3 - -ffJ   - -H2S . 

1 TT9^2 

Since at p, 

Y,hm = 3aS-H73,        E^% = 0' 

Y^XiXjh2^ = —5/3 - -5 ,        Yl^i^jk = a>S  - -3-5/3, 

the right hand side of (2.6) 

i?iJ5 = (5 - H2 - 9) (3a5 - #73) -(HSf3 - 3aS2) + (SaS2 - HSf^ 
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+ fltfa (3a) - l&'S2 

= (3S-Hi-9)(3aS-H73) + ^aH73-±H*S2 

= (9a) (3a5 - Hj,) + ^aHj, - ^252 

= 27a2S-^aHf3-\H2'Si 

Therefore, (2.6) would read as 

(,5) l2_2(*_f)I==C, 

where 

C = 10a2S + ^aHjz - §QH
2
S

2
 - (~S + 2a) G. 

And the maximality of f3 at p would imply that for each I = 1, 2, 3, 

t.j 

= E (Ai + xAi) ^+2 (H ~~Xl) K 2 
123 

(3.6) = E ^ ( YAi - aAi - -g- + 5iAi + ^5i^ 

As in the Peng-Terng's proof [PT2] of their theorem, we will derive a con- 
tradiction by exploiting equation (3.5) and inequalities (3.6). The crucial step 
is to obtain a lower bound of C so that we can have a neat estimate on x. 

Summing up the inequalities (3.6) over I = 1, 2, 3, we have at jp, 

(3.7) 0>-Af3 = -HS -3af3 
1     - 1—2 
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Denote a = —=Afs(p) and note that if R < 0, 

^-i^ = l(5-*)>0, 

we would rewrite (3.7) as 

3a H f3     HS     Rf3 0<o = ¥/,-Ts    =^-__^ 

Since 

G-«S+P3=&-Z)-1(S-R)S + P 
_R^   2/3 

2        6        25/25 

i?        2a7 

we would claim that 

C = 10a (a5 - ±Hf3 - G) + ^5 (^/g - ^ + ( 8a 

Y20a^      10„^\     9„^1 
9 

^) + lff3a+|(-B)G 

20 

{-Tf3--HS) + -HS 
, 10a     4\ ,   „. ^ 

a2+A 

^0 

where /3 = ^fHS + (^ + |)(-i?)G > 0 if R< 0. 

Therefore, from (3.5) we would have x2 —— x > — a2, that is 

either    x > 
i + Vel a (-r)' l-x/61 

or    a; < a    (< —2a). 

■■••?72 

-7      HS     A/ However, note that at p, j3 = 
18a      9a 

3 > 0, we may write /3 = S\l ^ cos 8 
-„      ^ IS 

6 

with 0 G (0, f ], and from the theory of cubic equation, Aj = 2y — cos 
6 + 2irl 
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I = 1, 2, 3. In particular, 

(3.8) A^A^O,    !<Ar2<|,    0<A;2<! 

Note also that for each fixed I = 1, 2, 3, f3 = 3A((Aj — S/2) and then 

gl-\l--\l-1     ^ 

- T2 _ ^T2 /"A2 _ i?Y_ ^ 
"   '     ^'V'      2/     3 

=!(^I)(f-^) 
Now, if x > 8a/3, by taking / = 1 in (3.6), we would find 

°K§)H)(?-*M§-f^-§s 

2a 
s <% s'-f +f 

2 

>S(«-I) (¥-«!) 
It would follow that A^ > 115/21, contradicting to A^ < S/2 in (3.8). 

Similarly, if x < -2a, taking I = 2 in (3.6) would lead to 0 > 2a ( — - A2   I, 

another contradiction to A^  < 5/6 in (3.8). This establishes that R > 0 in 

the case when G(p) > 0.   D 

4. THE CASE WHEN G(p) = 0 

As indicated by the computation on isoparametric hypersurfaces in Sec- 

tion 2, we expect to have V/i vanishing at p. It in turn follows from (2.10) 

that R > 0 if Vh vanishes at p. 

Suppose now that at p EM3, Ai = A2. We will investigate the second 

fundamental form h and its covariant derivatives at p to show that either 

R>QovZi,j,khlk(p)=0. 
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Without loss of generality, we may assume that at p, 

(4.1) (M = ^3+|        A I     with   6A2 = 5>0, 

where Is denotes the identity matrix of rank 3. 

Let's next study the covariant derivative V/i of h at p.   Recall that from 

(2.7), for each I = 1, 2, 3, 

hni + h22i + hssi = 0,        Ai/im + \2h221 + ^3/133/ = 0. 

It follows that at p, 

(4.2) hm = -hnu    h33l = 0,    VZ = 1,2,3. 

And since at p, {ei, 62} is a basis of the A-eigenspace of (/&#), we may rotate 

it if necessary to have 

(4.3) h123{P) = 0. 

Recall also that from (2.5), 

Y,h>jk = s(S-3)-lH>S-H73. 

Since now f3{p) = —AS', we have 

(4.4) atp,    J2hm = s(S-3)-±H2S + \HS. 

Note that by virtue of (4.2) and (4.3), we may express V/i at p in terms of 

^iii? ^ii2 and /ins. We can compute out the left hand side of (4.4) in this way 

by using (1.7) as follows: 

= (hni + ^222) + 3 (^112 + 'his + ^221 + ^223) 

= Qh2
113 + A(h2

ni + hl12) 

Denote a = hl13(p) >0,b = h1n(p) + hl12(p) > 0, then (4.4) reads as 

(4.5) 6a + 4b = s(S-3)-^H2S + XHS. 
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Hence, in order to have V/i vanishes at p, it suffices to show that a — b = 0. 

We will show that either J?>6ora = 6 = 0by studying the higher covariant 

derivatives of h. 

Lemma 4.1. At p, 

(1) hijki  is symmetric in all the indices except for those permutations 

{ij, fc, /} of either {1,1,3,3} or {2,2,3,3}. 

(2) /l3311 — ^3322 = TyyC*2 + ^)>       ^3333 = ^=5       ^3312 = 0, 

2 2 
^3313 = T=^111^113)  ^3323 = T=^112^113) ^^^ 

^1111 = ^2222,  ^1133 — ^2233 = — T=- 
oA 

Proof. (1) simply follows from the Ricci formula: Vi, j, A;, Z, 

f^ijkl       f^ijlk     =      / j y^mj-^mikl T" i^im^Tnjkl) 

m 

=   (Xi - Xj) (1 + AiAj) (SikSji - SuSjk) 

To see (2), we differentiate ]jr\ /i^ = const, and Xlzj ^^ = const, twice to get 

hnki + h22ki + hsski    =   0, 

^(hijkhiji+ hijhijki)   =   0,    Vfc,Z 

Evaluating the above equations at p and using (4.1), we have 

^^hs3ki = 1^2hijkhijh    VA;,Z. 
id 

This yields the first six equalities by explicitly writing out all terms on the 

right hand side for all pairs (&,/) and applying (4.2) and (4.3). 

In turn, we find hnn = — /12211 — ^3311 = —^1122 — ^3322 = ^2222- 

Finally, employing the Ricci formula again, we compute that 

^1133 = ^1313 = ^1331 + {Xi —  A3) (1 + Xi A3) 

= 3= (a + b) + 3A 

__2_ 

~.3A 

i+|iir + s)(ifr-fl 

-a:(',+»)+Bt(3(3-^+5ira-;XH3) 
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= A(a + 4)-i(6a + 46) 
— a 

And /i2233 = —a/(3A) follows in the same way, or from /12233 = — (^1133 + ^3333)- 

This proves Lemma 4.1.   D 

Immediately, we have the following: 

Corollary 4.2. At p, 

EL2 ^ V^ L2 ^  f L\
2 

«a/S33 =■ W> Z^ ^SSa/J = ^ (a + OJ    , 

V-,2 _^ ,2        _ 8Q2 

/ v ^aSSS —   Q-^ > ^3333 "~   o"o ' 

here and afterforth, we use a, (3, 7, etc., to denote indices ranging from 1 to 

2. 

For later use, we perform here the following computations at p. 

i,j,k aj,k j,k 

= A(46 + 4a)-2A(2a) 

= 46A, 

^X^h%k = X2Y: hlfik + 2A (-2A) Y, ^ lSak 
ij,k ct,(3)k aiyk 

= A2(46 + 2a)-4A2(2a) 

= -aS + ^bS, 

i,j,k aj,k j,k 

= A2 (46 + 4a) + 4A2 (2a) 

o 

In summary, we have 
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Lemma 4.3. At p, 

£M?-fc   =   AbX, 

Y,thlk   =   2aS+lbS. 

We proceed to study ||V2/i||2 at p. Recall that from (2.6) 

E^« = (5-^-9) E^-8ffE^* 

■ -6EW4*+3E^«* 

+ 1H73(S-3- i^J-Ifl^. 

Now at p, by virtue of Lemma 4.1, Corollary 4.2 and Lemma 4.3, 

LHS =   £   >> W + 4 E ^73 + 3 E 0^33 + hl3a0) 
Q;,/3,7,cr Q;,/3,7 Q:,/3 

+ 42^ ^333 + h333S 
OL 

=   E   hi0ia + 4j:hl0y3 + 3(^a> + ^(a + b)2) 

32   ,       8    2 

a,/3,7,o- <*,/3,7 

iJfl-^ = (5 - H2 - 9) (60 + 46) - SiT (46A) - 6 (-a'S + -bs) 

+ 3 (2a5 + I®) + fff (-A5) (^ - Iff) - Ifl^8 

= 3a (65 - 18 - 2ff2 - 3ffA) + 2b (s - 18 - 2ff2 - 19ffA) . 

Therefore, we have the following: 
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Lemma 4.4. At p, 

E ^73 = "I   E  KfH, - i (17a2 + 32a6 + 1262) 
a,j8,7 a,/3>7,CT 

+ ^ (65 - 18 - 2^ - 3#A) + - (5 - 18 - 2ff2 - 19if A) ^(65- 18-2^-3^) + ^^ 

Due to the lack of constraints among the quantities a, 6, X] ^a/^a and 

X^a/373> we next have to appeal to V3/i.    First of all, by differentiating 

y ^(fljjllijkim + flijk^ijlm + "'ijlh'ijkm H" h'ijm"'ijkl) — ^j       VAC, /, 777-. 

Again, since at p, 

/Zhijhijklm     =      ( -o" + A J (hiiMm + h22klm) + ( "o 2A J h33kim 

=     — 3A/l33fcZm, 

we have at p 

3A/i33fcZm = 2^ (hijkhijlm + ^ij^ijfcm + hijmhijkl) 5       Vfc, Z, m. 

It follows that at p, 

A ^ hklmh^klm =     2^     hklmhijkhijlm. 
k,lym i,j,k,l,m 

Compute the right hand side of the above equation 

RHS =   2^  hklTn{hllkhiiim + /l22fc^22Zm + 2/li2A;^12/m 
fc,Z,TO 

+ Zhiskhisim + 2/l23fc^23Zm) 

=   /^f hllkhklm {hiiim — h22lm) + 2 2^ (^112^nm — ^lll^m) ^12Zm 
k,l,m Z,7n 

+ 2 ^ ^l/m^ll3^13Zm + 2 2^ ^2im^223^23im 
/,7n Z,Tn 

= ^r ^Hfe [^fcH (^1111 — ^221l) + ^fc22 (^1122 — ^2222) 
k 

+2hki2 {hnn — ^2212) + 2^fci3 (^1113 — ^2213) + 2/ifc23 (^1123 — ^2223)] 

+ 2/iii2 (hinh^n + hi22hi222 + 2/1112^1212 + 2/1113/11213) 
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— 2/tiii (/&211^1211 + ^222^1222 + 2/li22^1212 + 2/l223^1223) 

+ 2/i113 [hiiihnis + hi22hiS22 + 2/ill2/il312 + ^113 (^1133 + ^331l)] 

— 2/lii3 [^211^1123 + ^222^2322 + 2/1212^2312 + ^223 (^2233 + ^3322;] 

= 2 (a + 6) (/inn - /12211) + 46/1x122 

— 4/iii3 (/1111/13313 + ^112^3323) + 2a (hnss + hssn + ^2233 + ^3322) 

,   , ^/       ,N 2(a+ 6) 26      ,  a+ 26 
= 4a/iiiii + 2 (a - 6)    v  -   / - 4a-^ + 4a—=— 

v        J     3A 3A 3A 
8a2-462 

= 4a/iiiii H ^= , 

we obtain that 

(4.6) 

3A 

^, _4a, 16a2 - 862 

/ v hklmhsSklm — -=-^1111 H = « 
ktltm 

A ^ 

Secondly, by differentiating ]Cij,* ^jfe = ^(^ - 3) - i^2^ ~ -^/s twice w.r.t. 

X! (hijkhijkss + ti*jk3) = —^HV2
e3e3fs. 

i,3,k 

Since at p, 

Ve23e3/3 = 3EAi^33 + 6^Ai/l: 2 

h3 

<x+f«-ar-3r>+<-fl+f«^r•': = 3 

= 18Aa, 

and from Corollary 4.2 and Lemma 4.4, 

E 4*3 =   E ^73 + 3 E ^33 + 3 E ^SSS + ^i 

+ 6(A +j)(2a) 

2 
3333 

^j,^ OL.Prf a,/3 

■=-7   E  C7.-i(17a2 + 32a6+1262) 
* a,/3,7,<r ':5'5 

+ -j (65 - 18 - 2H2 - ZHX) + - (5 - 18 - 2i?2 - 19i?A) 

498,      80 +r+rb+TS
a 

= -I  E  ''X + i(3a2-8a6-1262) 
a,/?,7,cr 
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Q 7 

+ T (6^ _ 18 _ 2H2 ~ 3H*) + ?(s-18-2H2-19i^) » 
we have that at p, 

4   f-     ap^     35 

T(*" 
6 /^ 

(4.7) - ^ (65 - 18 - 2H2 + 9#A) 

-~(5-18-2iir2-19ifA) 

By substracting (4.7) from (4.6) we find 

2J hijk {hssijk - hijk33) =. -=-/iiiii - -   2J   ^70- 

+ i (51a2 - Sab - 36&2) 

+ ^(6S-18-2H2 + 9H\) 

+ ^(S-18-2H2-19H\) 

Finally, by using the Ricci formulas and Lemmas 4.1 and 4.3, we compute 
at p 

/ v hijk {hssijk — hijkss) 
ij,k 

= 2^ hijk^ek  I hsijs + 2_j hmiRmSSj + 2^ hsmRmiSj j 

= Zs ^jk I ^3ij3fc ~ ft'Srjfca + /^ ^mikRmSSj + 3 ^ ^Smfc^mzSj J 

+    Z^f   hijkhmiVekihrnshsj •- hrnjhss) 
i,jjk,m 

+    2_^    hijkhsmV'ek (hmshij — hmjhis) 
i,j,k,m 

— 2  2_^  hijkhmjV'e3 {hmjhis — hm^hik) 
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ij,k,m 

+     / v    h'ijkh'Sm (""msh'ijk ~ i^mjk^iS "~ ""mjhiSk) 
i,j,k,m 

— 2  2J  hijkhmj (hmkshis — hmshiks) 
i,j,k,m 

—    2-/    ^J* (^ "*" ^3^fc) [2/lmij (^m3^3fc — ^mfc) + 5/l3mj (6ms6ik — 6mk6i3)] 
i,j,k,m 

+ E A32^fc - E A32^3 - E ^^3 - 2 E w?«+2 E A3^ 
2,j,A: j,A; i,k j,fc j,/c 

= 2 £ (1 + A!) 4.3 " 2 E C1 + W ^fc -5^(1 + AaA,) fc; 
ij i,jyk j,k 

- J2 AsA^g + J] A^^ _ ^ AaA^^ + ^ A^i 

= E (Ai - 6A3A* -3) hlz + E (A3 - 3A3Ai - 2) 4. 

= E f12^ - lH2 - 3 - 2 (# - 6A) A41 /I; 

97 

,2 

tfks 

T'ijk 

%* 

+ E 4A2 " g^2 + |ffA - 2 - (ff - 6A) A, 4. 

25-3- 
rr2 i 

3- —-2 (fl--6A) A  (2a) 

+ (f^-^r+ ^-2) (6a + 46)- (i?-6A) (46A) 

= a (l25- 18 - 2il2) + b (yS- 8 - ^i?2 - !#*) 

It follows that 

7     E    ^7<T "   T-'1!!!!      - 
Q,/3,7,(T 

4= (51a2 - 8a6 - 3662) 
35v 7 

(4.8) 
IS-s    9     1 

2",b"2"2' 
-(^fS-^-^-^ilAla 
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37^    ,      1 TT2     49 ^ , 

We are now in the position to conclude that R > 0 as follows: On the one 

hand, note that 

o 

8 4 

> 5 - 3 - \H2
 + if A 

= |(6o + 46), 

we have 

>|(6a + 46) + ^(6-JR) 

—S + 1 + -tf2 + — HX >—S + l + -H2- —H2 - —A 
6 9 6 6 9 36 4 

>f(6-fl) 
It follows that the right hand side of (4.8) 

RHS < -^ (51a2 - 8a6 - 3662) - ^ (6a + 46) 

39a ,„     „     156 .„     „. 
--^(e-R)-T(6-R) 

= -± (3a2 + 44a6 + 3662) - (||a + ^ft) (6 - R) 

On the other hand, by using Lemma 4.1, we compute the left hand side of 

(4.8) 

LHS = 7     H    hlj3<ya ~ Y^Ull 
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f i 0 i 0 m 0 7 0 7 0        \ QCL _ 
==  ^ V^llll + 4/i1112 + Gh2211 + 4^2221 + ^2222) - -j-hnu 

u2 OL2 /     L L        \2 ^ 7 =  9^1111 + ^^1112 + ^ ( —^1111 "" ^331lJ    — "=""1111 

= 2 (/inn + ^1112) + 3/11111/13311 + -h3S11 — ^=-/iiiii 

= 2 (^111 + ^112) " T (a * 6) fciiii + ^2 (« + &)2 

^ 3A 

2A 3A 

Therefore, (4.8) yields 

(TZ" + ^rb) (6-R)< —4 (6a2 + 86a& + 3962) ^ 0 
\16        8   / 3o 

It follows that that either R > 6 or a = b = 0. In any case, by virtue of (2.10), 

we always have R > 0 as desired. This settles the case of G(p) = 0 and thus 

completes the proof of the Main Theorem. 
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