COMMUNICATIONS IN
ANALYSIS AND GEOMETRY
Volume 2, Number 1, 1-33, 1994

UNIQUENESS OF SOME CYLINDRICAL TANGENT CONES

LEON SIMON*

It is known ([SL1]) that if a minimal submanifold M has a tangent cone C
at a singular point p, then C is the unique tangent cone of M at p, and M
approaches C asymptotically in the appropriate smooth sense, provided that
sing C = {0} and C has multiplicity 1.

It has remained an open question whether or not this carries over to the
case when sing C consists of more than one point. Here we want to settle the
question (in the affirmative) in certain of the cases when C is an n-dimensional
cylinder in R**! with (n—1)-dimensional cross section Cy C R™ satisfying the
same conditions as those mentioned above for C (i.e., we treat certain cases
when C has the form C = Cy x R, with sing Cy = {0} and multiplicity of
Cy = 1 at each point z € C(\{0}). In a suitable class of minimal hypersurfaces
(to be described in detail below, and which includes the codimension one
minimizing currents), we give conditions on the cross-section Cy of C which
are sufficient to guarantee that C is the unique tangent cone whenever it arises
as a mutiplicity one tangent cone at all.

The restrictions on C, are that Cy be a strictly minimizing (in the sense
defined in [HS]), strictly stable cone and that the Jacobi-field operator satisfy
certain restrictions on its first few eigenvalues, as described in conditions {(a),
(b), (¢) below. A brief discussion about which of the known area minimizing
hypercones satisfy the conditions { which are needed is given in Remark (2)
following I below; certainly all the cones over products of spheres satisfy the
requirements in case n > 8—see the discussion following Theorem 1 of §1. It

is interesting to note that the cones over S3 x S% and S? x S* (corresponding
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to the case n = 8) do not satisfy the condition f(c) needed in Theorem 1, so
the question of whether these are always unique tangent cones when they arise
at all as multiplicity one tangent cones remains open.

The main technical ingredient in the present work is the result of Theo-
rem 2.1, which gives a new L? estimate for stationary oriented hypersurfaces
which are close to a cylindrical cone with strictly stable strictly minimizing
cross-section.

We should point out here that while the recent work [SL5] establishes a.e.
uniqueness of tangent cones for various classes classes of minimal surfaces, the
results in [SL5] are of a different character to those obtained here; most notably
the methods of [SL5] do not establish (as we do here) that certain tangent
cones are always unique whenever they appear as tangent cones (of a minimal
surface in a multiplicity one class) at all. Rather, the main unique asymptotic
results of [SL5] are conditional on the a priori assumption that there are no
“gaps” in the singular set near the singular point p under consideration. (This
is sufficient to establish rectifiability of the singular sets of various classes of

minimal surfaces, which was the main point of [SL5].)

1. NOTATION AND STATEMENT OF MAIN THEOREM

B,={z€eR": |z|<p}, By(y)={z€R": |z—y|<r}

ny, will denote the transformation of R**! which translates Y to 0 and
homotheties by p~*; thus 7y ,(X) = p™*(X = Y).

C = C, x R will denote an n-dimensional cylinder in R"*!, with cross-
section Cy an (n — 1)-dimensional cone in R™ such that Co N S™? is an
embedded compact (n — 2)-dimensional minimal submanifold ¥ of S™~!.

We let M, Mg, and note the minimal surface operators (i.e. the Euler-
Lagrange operators for the area functionals) on C and Cj respectively, and

let Lg, Lc, be the linearizations of M¢, Mg, respectively at 0. Thus

Lc’U = a_yE + LCo
v q(w)
N 2 Tyt rz "
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2
= gjz) + T—nl_—zg <r"‘2%> + —T}:;(Agv + q(w)v),
where r~2¢(w) is the length of the second fundamental form of Cy, as a sub-
manifold of R"*!, at the point rw € Cy. The operator As, 4+ g(w) appearing
here will henceforth be denoted Ls. Since Ly is an elliptic operator on the

smooth compact manifold ¥, the eigenvalues of —Lys form a sequence
M< < <. < hx<Z..., AT,
and there is a corresponding orthonormal sequence of eigenfunctions

D1y, P25, P35y -cvy PEye--

(orthonormal with respect to the L%(¥)-norm).

There is an important method of generating solutions of the equation Lg,v =
0, analogous to the method in Riemannian geometry of generating Jacobi fields
by taking the initial velocity\ vector of a 1-parameter family of geodesics, as
follows:

Suppose {M,}(ic(0,1)} is a 1-parameter family of minimal hypersurfaces in
R™ with My = Cy, and suppose that, for small enough ¢, M; can be expressed
as the graph, taken off C, over a domain €, of a C%(;) function v,. (Thus
M; = {z + vi(z)n(z) : = € O}, where n is a smooth unit normal for C.)
Suppose also that v; depends in a C! fashion on ¢, and that the Q, engulf all of
Cy as t | 0in the sense that Ugsg Nocics $2: = Cy. Let v be the initial velocity
given by v = %h:@ Then v satisfies the equation Le,v = 0 on all of Cy.

There are two special cases of this general principle which are important for

us here:

ExAMPLE 1. Here we assume that the family {}/,} is a family of cones {C,}
obtained by rotations of the given cone Cgy. In this case the initial velocity v
is a function which is homogeneous of degree 1 in the variable r = |z|; that
is v = rp(w), where r = |z| and w = |z|~'z. Notice that if v = (v!,... ")
is & smooth unit normal for Cy then the space of all such solutions which are
generated by rotations as described is a finite dimensional space spanned by
the solutions

Wl =Wt 1<i<j<n.
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EXAMPLE 2. Here we assume that the family {M,} is a family of translations
of the given cone Cy. In this case the initial velocity v is a function which
is homogeneous of degree 0 in the variable r = |z|; that is v = p(w), where
w = |z|~'z. The space of all such solutions generated by translations is a finite

dimensional space spanned by the solutions

where the notation is as in Example 1 above.

We can now describe the restrictions needed on C, for the main theorem.
We in fact need the following conditions:
(a) Cy is strictly stable and strictly minimizing.
(b) The solutions of Lc,v = 0 which are generated by rotations and
translations as in Ezxamples 1, 2 above are the only homogeneous de-
gree 1, 0 solutions of Le,v =0
(c) No eigenvalue \; of —Lyx, has the form —q(n —3 — q), where q is an

integer satisfying 1 < ¢ < (n —3)/2.

Remarks. (1) For a discussion of the terminology in {(a) here, see [HS].

(2) Notice that the cones {Mw : w € X, A > 0}, where ¥ is one of
the minimal submanifolds of the sphere which are expressible as the carte-
sian product of a p-dimensional sphere with a g-dimensional sphere, with
p,q > 1, p+q =n—2 > 7, do satisfy all the hypotheses }(a), (b), (c).
(For condition {(a) see the thesis of G. Lawlor [LG], and for f(b) see the
table 2.6 in [SS]; the condition i(c) is checked directly, since we know the
spectrum explicitly for products of spheres.) The cone over S% x S* does not
satisfy 1(c)—there is a constant eigenfunction corresponding to the eigenvalue
A = —6 = —g(n—3—gq) with ¢ = 2 and n = 8; the cone over S? x S* fails con-
dition {(c) for a similar reason. Thus all the codimension 1 minimizing cones
which intersect S™~! in a product of spheres satisfy the conditions f, except

for the examples which are isometric to the cones over S3 x S3 or 2 x S

More generally, all the examples of minimizing cones in the lists of Law-
son [L] and Ferus-Karcher [FK] do satisfy condition f(a) (see the discussion

in [SL2]), and there are no known counterexamples to condition {(b) amongst
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the codimension 1 minimizing cones. However there are a number of coun-
terexamples to condition f(c), which were pointed out to me by B. Solomon.
Solomon [SB1, 2] has explicitly computed the spectrum for ¥ = Co N .S™! in
case X is a cubic isoparametric hypersurface. Two of these cubic examples cor-
respond to cones Cy, of dimensions 13 and 25, which are are minimizing and
satisfy f(a), (b). (The remainder correspond to cones which are not minimiz-
ing.) The 13-dimensional minimizing example (in R'), does not satisfy f(c),
because the constant eigenfunction corresponds to eigenvalue A\; = —24, and
hence condition {(c) is violated with ¢ = 3; the remaining example (which has
dimension 25) does satisfy all the conditions {. There are also four examples
of quartic isoparametric minimizing cones for which condition f(c) fails with
q = 6 and one with ¢ = 4; in each case the eigenvalue involved is the first
eigenvalue \;, which has constant eigenfunction. The remaining (infinitely
many) examples of quartic isoparametric minimizing cones do satisfy f(c). I
am grateful to Bruce Solomon for acquainting me with these facts.

In all that follows, M will denote a “multiplicity one class” of n-dimensional
embedded minimal submanifolds of R™*!, in the sense of [SL5]; thus each
M € M is an embedded hypersurface in some open Uy, C R, H*(M N
K) < oo for each compact K C Uy, and the class is closed under appropriate

homotheties, rigid motions, and weak limits. More precisely, we assume:

1.1. (a) M e M = qony M € Mand qony Uy = Uy, u for each
X € Uy, each p > 0, and for each orthogonal transformation q of R™+1.

1.1. (b) If {M;} C M, if U C R*! with U C Uy, for all sufficiently large
J and if sup;5; H*(M; N K) < oo for each compact K C U, then there is a
subsequence M; and an M € M such that U M, D Uand My — M in U in
the sense that [, f(X)dH"(X) — [,, f(X)dH"(X) for any fixed continuous
f: R SR W]ith compact support in U.

We also need here the additional property that each M € M is an “oriented

boundary” in U, in the sense that:

1.1. (c) Each M € M is oriented and the multiplicity one current [M]
associated with M (obtained by integration of n-forms with compact support
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in Up over the hypersurface M) satisfies [M] = 9[Wi] in Uy for some
Lebesgue measurable subset Wy, C Uyy.

(Notice that (b) above is a strong restriction, in that it precludes, in par-
ticular, the possibility of getting varifolds with multiplicity greater than one
on a set of positive measure as the varifold limit of a sequence M; C M with
each Uy, D U for some fixed open U; for this reason we refer to such a class
as a multiplicity one class.)

By the discussion of [SL5], if T is the set of all n-dimensional currents T'
which are boundaries of least area in some open subset Ur of R™*!, then
M = {regT : T € T} is such a muliplicity 1 class provided we take Uy = Ur
whenever M =regT and T € 7.

The following classes will be referred to frequently in what follows; here we

use the notation

Q,={(z,y) e R*' : z€ B, |y| < p}

and C = Cy x R € M, with Ug = R"*!, is a cylinder with cross section C,

equal to an (n — 1)-dimensional cone with vertex at 0 and with sing C, = {0}.

1.2. Definition. N (C) is the set of all M € M (where M is as above)
such that Uy D @y, [yno, dist’(X,C) < €%, [ong, dist?(X, M) < €%, and
H(MNQ,) <1+HY(CNQL).

1.3. Remark. For given ¢ > 0 and any given M € M, if X € Uy, N M\ M is
a (non-removable) isolated singular point for M, and if C € Tanyx M, meaning
Nx,p, M — Con R™*! in the sense of 1.1(b) for some sequence p; | 0, then au-
tomatically ny , M € N(C) for some sequence of p; | 0; this follows directly
from 1.1(b) and general fact that measure-theoretic convergence of minimal
surfaces (as in 1.1(b)) implies Hausdorff distance sense convergence. (See e.g.
[AW] or [SL3] for general discussion.)

We can now state the main theorem.

Theorem 1. Suppose C = C, x R with C, satisfying {(a), (b), (c) above.
There is an € = €(Cy) > 0 such that if M € N.(C) with ©,,(0) > ©¢(0) then a
rotation C of C is the unique tangent cone of M at 0. That is, Tang M = {C}.
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Remarks. (1) In the course of the proof, we give more precise information
about how the convergence of 7 , to C occurs as pl0.

(2) With only minor modifications in the proof, it can be shown that the
same holds if the part of {(b) referring to homogeneous degree 1 solutions
is replaced by the weaker requirement that all the homogeneous degree 1
solutions of Lg,v = 0 are generated as in Example 1 above except that now
the family C; of minimal cones need not all be rotations of C,.

We shall need the following lemma, which is essentially exactly Lemma 2.6
from [SL5|, except that we here work in cylinders @, rather than in balls;
the necessary modifications in the proof are very minor, so the proof of this
modification is left to the reader.

1.4. Lemma. Suppose v, B, 7 € (0,1) are arbitrary with 7 < (1 — v)/10.
There is €g = €(C, M,~,5,7) € (0,1] such that if C = Cy x R™ is as in
Remark 1.8 and if M € N, (C), then there is an open U C C N Q; with the
properties

(z,y) €U = (F,y) € U whenever (%,y) € C with |Z| = |z,
{(z,y) eCNQy : |z >7}CT,
and such that there is a u € C*(U) with
MnQ,Nn{(z,y) : |z| > 7} C graphu C M, supr '|u|+sup|Vu| < B,
and

7”2 -+ / T‘2|VUI2 S C / d27 C = C(C)M,’Y’IB))

MNQ~\ graphu UnQ, MNQ,

note in particular that C is independent of 7. Here r(z,y) = |z|, d(z,y) =
dist((z,y),C), (z,y) € R" X R.

Remarks. (1) Here

graphu = {(z,y) + n(z)u(z,y) : (z,y) € U},

with n(z) a smooth unit normal for the C, which is normal to e,,;. (Thus

n(x) is a unit normal for C.)



8 LEON SIMON

(2) By a simple modification of the of the argument in [SL5] used to establish

the above bound, we can prove the more general inequality
d2
(1.5) / P2t 4 / r=Vauf? < C, / <
T
MnQ,\ graphu UunQ, Mn@,

for each £ > 0.

2. L? ESTIMATES

The main result of this section is the following:

Theorem 2.1. Suppose C = Cy X R is as described Remark 1.3, and suppose
also that Cy is strictly stable and strictly minimizing (as in i(a)). There is
€0 = €0(C) > 0 such that if M € N (C) with € < ¢, then

/ P2 4 / IVul? < C / &,
MNQy/2 UNQy/2 MNQ:

where C depends only on C and where U,u are as in 1.4.

Remark. This estimate does not require the fact that ©7%,(0) > ©%(0), nor
does it use the hypotheses {(b), (¢).

The proof of Theorem 2.1, to be described at the end of this section, is a

fairly direct consequence of the following two lemmas.

Lemma 2.2. If0 € (3,1) and p € (3,3), there is € = €(Cy,0) € (0,1) such
that if C = Cy x R is as in Theorem 2.1 and if M € N, (C) for some € < e,
then for all p € ((1—0)po, po), with the exception of a set of Lebesgue measure
< (1—=0)p/4,

d2
2
[ves |5

UunQ, MNQ,
d2
< a(mngl-icngl+ [ @) raa-or [ T

MNQy-1, MNQ,-1,

where Q, = B x (=p, p), V""" = eny1 - v, and where C; = C;(C), j = 1,2.
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Proof. The proof involves a slicing argument, slicing orthogonal to the e,
(i.e. orthogonal to the y coordinate axis); we rely heavily on the theory of
strictly minimizing cones introduced in [HS].

We first claim that, by virtue of the fact that C, is strictly stable and strictly
minimizing, there exist complete hypersurfaces Ty C E. respectively having
strictly negative mean curvature with respect to the unit normals pointing
away from Cqy and such that there is Ry > 0 such that

Ti\Bg, = {z +win(z) : z € Co\V}
for some bounded open V' C Cy, where wy € C®(Cy\V) and
wy ~1 Hpasr oo

in a sense to be made precise below. Here

n—3 n—3\°
=3 _J( 2 )+A1’

note that by the strict stability of Cy we have pu > 0. (See [CHS] or [SJ].)
To check these claims, we use some of the results of [HS]. Let E. be the

components of R*\Cy. It is shown in [HS] that there are smooth complete
embedded hypersurfaces Sy C FE. respectively such that for some Ry > 0
we can write Sy\Bg, as graphs over Sy in the sense that for some bounded
domain V C Gy

(1) Si\Bgr, = {z £ wi(z)n(z) : z 6 Co\Vi},

where 7 is the unit normal of Cy pointing into E,, Uy C Sy, S:\Ux C Bg,,
and sy € COO(S:;:) with

(2)  si(z) ~Cr*p;(w)asr oo, r=|z|, w=|z| 'z, C = const.,

where ¢; is the first eigenfunction of the Jacobi field operator on the minimal
submanifold ¥ = Co N S™ ! of S™!, and where the limits are in the C?

sense—i.e.
(3) llz|*s+ — @(|2|™"z))|c2(s.\Br) < CR™, R > Ry,

where |v|c2 is the norm sup |v| + sup(|z||Vv]|) + sup(|z|?|V?v]).
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Now, as in [HS, Th.4.2], let Mg, denote the minimal surface operator
(i.e. Euler-Lagrange operator of the area functional) over Si respectively;
thus if w € C?(S:) then Mg, (w) gives the mean curvature of the graph
{z + w(z)nL(z) : = € Si}, where ny denote the unit normals of S; pointing
away from Cy. Then according to [HS, Th.4.2], for any non-negative g, €
C°(S4) and for any sufficiently small € > 0, we can find smooth ¢, € C*°(S4)
with Mg, (1+) = —€g+ on Sy respectively and with ¢4 (z) ~ Clz|™" ¢, (|z| )
for suitable constant C' > 0 as |z| T oo, where ¢; is as described above, and
where v = (n—3)/2++/(n — 3)2/4 + A1, with A; the (negative) first eigenvalue
of the minimal submanifold ¥. On the other hand by the computation of
[HS, pp.119-120] we have for any a > 0 and sufficiently small ¢ > 0 that
M, (er=7=%p;(w)) ~ Cep~ "2 (w) for some constant C' > 0. Combining

these facts, it is then easy to check that we can find positive vy € C*°(S4)
(of the form vy = ¢y — 6777 % outside the ball Bpg,) of arbitrarily small
C? norm satisfying Mg, (v3) < 0 on Sy and vy(z) ~ Clz|™Ypi(|z|'z) as
2] 1 oo.

Now by definition Mg, (v+) < 0 means that we have strictly negative mean

curvature for the graphs
Ty ={z+vs(@)ne(z) : z €55}

(which are of course embedded C? hypersurfaces if vy are chosen to have
sufficiently small C? norms), provided the mean curvature is computed with
respect to the unit normals 7. for Sy respectively. Also the construction
described above ensures that for each € > 0 we can select vy positive and such
that

[velcz(se) S €

(4)

ve(z) ~ Cla|pi(|z] 7 x) as 2| T oo,

where as above |v|cz is the norm sup |v| + sup(|z]|Vv|) + sup(|z[*|V?v|) and

where the error in the second statement holds in the sense that

||z]"v2(z) — Cep(|2] 7 'z)

c2(s:\Br) < CR™%, R sufficiently large .

In view of the asymptotics (3) and (4), we deduce that there is Ry > 0 such
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that
(5) T:\Br, = {z + wx(z)n(z) : © € Co\V}
for some bounded open V' C Cy, where wy € C*(C,\V) and
wi(rw) ~ Cr7*p(w) as r T oo,
where the error is again in the sense
(6) |z |[*w (z) — C<P1(|35|_1:E)|cg(si\3,l) < CR™*, R sufficiently large ,

where C, a > 0.

Next we recall (from [HS]) that the hypersurfaces S. are “radial graphs”
in the sense that each ray {Aw}>o, where w € E., intersects Sy transversely
in precisely one point. In view of (5), (6) it follows that the hypersurfaces T
have the same radial graph property. We can therefore foliate all of £, and
E_ by the hypersurfaces {(A\)T%}r>0, Where () is the homothety z +— Az.
Take X to be the unit normal vector field of this foliation; thus at points of
(M)Ty we take X|, to be £ the unit normal vector of (A\)Ty pointing away
from Cy. X extends in a C! fashion to Cy by taking X|, = n(z) (the unit
normal of Cy pointing into F, ) in case x € Cy. The fact that the homotheties
of Ty have strictly negative mean curvature in F; means that £divX <0 in
Ey.

Then we can define X = o(|z|~1z)X, with ¢ a C* function on the sphere
which is identically 1 on ¥ = Cy N S™! and which takes only values in (%, 1)
on S""1\X (and which rapidly approaches 1 on approach to ¥) such that
+divX <0 on Ey.

Before proceeding we need a couple more properties of the unit normal
vector field X. Let w$"(z) = Awy (A~1z) for A > 0 and for A~z in the domain
of w4 respectively. Since X is the normal vector field for the foliations of E
given by the homotheties of T., a point £ € (AT will be in the graph of wg‘ )
(i.e. £ can be written x + 'w(i’\ )(:c)n(w)) provided

(7) dist(|¢]7"¢, Co) < Bo,
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with B, € (0,1) sufficiently small, depending on ¥ but not depending on
X. Notice that the restriction (7) is necessary in view of the fact that the
representation (5) only applies outside Bpg, .

For a given hypersurface L C R"™, we want now to examine the quantity
| X —vp|?, where X is the unit normal vector field associated with the foliations
{AT+}rs0 for Ey and vy, is an orienting smooth unit normal for L. For this
purpose, first consider a neighbourhood of L which can be represented as the
graph of a function 7 € C*(2) (22 a domain in Cy) such that

(8) 2| ()] < Bo in Q,

where we take fy (depending on ¥) to be small enough so that (7) holds and
also so that the nearest point projection of {z € R™"\{0} : dist(|z| 1z, Co) <
Bo} is well-defined and smooth.
At a point ¢ = z + u(z)n(w) € graphu, the tangent plane of L is spanned
by the vectors
{7+ Ay (1) *wV(2) + V,,wV(2)},

where A is the second fundamental form of ¥ at the point |z|7'z € ¥ and
7; is an orthonormal basis for the tangent space of ¥ at the point |z|~'z. So
assume that & € C'(Q2) is as in (8), let z € Q2 such that u(z) # 0, and assume
that A(z) > 0 is such that wV(z) = @(z), where w» = w$ according as
+u(z) > 0. It is then easily checked that

9) ¢V (z)-Vi(z < |X—v)? < OV (z)-Vi(z

)|2|,\=,\(3;) )|2|A=A(z)'

where vy, X denote the unit normals of L = graph@ and graph w®™|y_,(,) at
the point z + #(z)n(w). Since wV(z) = Aw(A~'z) and since, at each point z,

A(z) is chosen such that w*@)(z) = %(z), we see by direct calculation that

"))

(We emphasize that the gradients here are first computed for fixed A, and then
A is set equal to A(z).) Notice that by (6) we have that

(11) C_I(M>l/(1+u) . M - C(M)l/(lﬂd

|] z| ||

)

10 [Fu - Vi, = (w o)
A=\(z)
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provided that [u(z)l < B, where C depends only on ¥, because (6) gives

]l

C | < wE(A~lz) < Clz|#M for M|z| < .

Also, again using (6), we have

ot G G =o )
for A7|z| > 1. Then
(@) = (st )

Y ()| - e ()

and hence (using (12) again)
2 2a

“(so)

>0 (b (e ) - (%) (&)

provided only |z|~!|u(z)| < By. Notice that by combining (9)—(13) we get
u(x)

BE ) - C(lﬁfi)l) -

for |z|7'|a(z)| < Bo. Also, the point £ = z + U(z)n(w) € L satisfies [£]* =
|z|? + (%)?, and furthermore @(x) = d(¢), where d(§) = dist(¢, Cy), and hence
it follows that, with VZ denoting the tangential gradient on L,

15 (a2 (e - (o)

at all points € of L where (7) holds and where the unit normal satisfies v, (£) -

(12)

> M

2

(13) (w()\_lx)

\Y%

19 X =wpz 0o (jal

2

n(w) > 3. (Notice that v, - n(w) > 1 guarantees |Vu| < C with C depending
only on ¥; also, here w is |z|~'z, with z the unique nearest point projection

of £ onto Cy.) Then by combining (14) and (15) we finally conclude
d(z)

W 2> B C(%)%ﬂa’

at all points of L where |z|~'d(z) < By, where a € (0,1) depends only on .
(Actually the above argument established this at points where the additional

(19 1X(@) - (@) 2 ¢ (ol |v*
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fact v (z) - n(w) > 5 is true; on the other hand at all points of L where
|z|~1d(z) < By and v (x)-n(w) > 1 the inequality (16) is trivially true, because
X —vy| > % at such points—assuming again that §, is sufficiently small
depending only on ¥.) We emphasize that (16) is a general inequality which
holds for an arbitrary smooth hypersurface L C R" in the region |z|~'d(z) <
o, and the constant C' depends only on X.

Now we are going to make use of these properties to get information about
the slices M® = {z € R" : (z,y) € M}. First take p € (3,1) and take L to
be any (n—1)-dimensional integer multiplicity current (or any oriented smooth
hypersurface of finite H™ !-measure (not necessarily stationary) contained in
Bg-1,, with H™(sing LN By-1,) = 0, with 0L = 9(Cq L Byp-1,) = Ep-1, = {z €
Cy : |z| = 0~ 'p} and with L being an oriented boundary in By-1, in the sense
L = 9[V,] in Bg-1,, where V[, is a Lebesgue measurable subset of By-1,. Then
we can write

L - (CO L Bg—lp) = BR

with R an n-dimensional integral current with support in By-1, and with
positive orientation in E, and negative orientation in E_. Thus if we take the
form ¢ = 37 (=1)771X; dz! A ---dai--- A dz™ (so that dip = (div X)dz! A
-+ Adz™), then, since +divX < 0in Ey, we have

/ (X, v1) > / (X,7) = |Co N Bory.
L Co |— B()—lp

Since X = X (and hence vy, - X = (1 — 21X — v |?)) we then conclude that
(since 1 < p < 1)

a7) J=9)+4 [ = XP < |1 = 1Co N Bos,l
L
For any 6 € (0,080) (Bo as in the above discussion), define
Ls = L L {z : dist(|z| 'z, Co) > 6},

Notice by virtue of (16), (17) (after dropping the first term on the left of (17))

we have
d

g4\ < (L] = 1Cy N Bys 0526'/ 24,
18) [ (V)] < COL= 1C0n Bomyl) + '

LsNB, LsNB,

2
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where C' does not depend on 6. Notice also that if we drop the second term
on the left of (17) then we obtain

(18) 81|I\Ls| < C(|L| = |Co N By-1,)),

where 6; depends on 6.

We are going to apply (18) to a composite hypersurface L which agrees
with a slice M® = {z € R" : (z,y) € M} on B,. We in fact construct L as
follows:

By our assumption that [, MAO, d? < ¢, we know from Lemma 1.4 that
MnB\UC{zeM :|z| <)}, 6 ]l0aselO.

For € sufficiently small, we can thus define M® c B by taking

(19)

MWNB,=MYNB,={z€B,: (r,y) € M}
j\;j(y)\Bp = graph u,

where v € C?(By-1,\B,) agrees with u(-,y) on B, and interpolates linearly
(as a function of |z| on a ray z = Aw) between u(pw,y) at |z| = p and zero at

|z| = 6~'p. Now by standard elliptic estimates we have
sup (luf® + [Vul?)
CN{p/3<el<3 (140 1)p, lyl< 5 (1+0-1)p}
<ca-0 [ @iV,
Cn{p/4<|z|<p,ly|<-1p}

and so (18) gives, with v defined as in (19),

(20) / (0 + Vo)
Con{z: p/3<|z|<6-1p}
<c / (u? + [Vul?).

Cn{p/4<|z|<8~1p,|y|<6-1p}

Notice in particular that it then follows directly (using the appropriate repre-

sentation of the area functional over Cy to represent the area of M® in the
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annular region {z : p < |z| < §71p}) that
p

MY N {z: p<|z| <0} - |CN{z: p<|z| <6 p}
(21)  <¢ [ wrvep)

ConQy—1,M{p/4<]zl}

for any y € (0, %(1 + 6071)p). Then, in view of (21), (18) implies

[ (=)

M{nB,
< C([M(y) N B, —|CoN B,,|>

+C(52"‘ / 2 + / (u® + |VU|2)>

M{nB, Un{p/4<|z|<8-1p,|y|<6-1p}

2

with C independent of §, where
MY ={z e R": (z,y) € M and dist (|z| "'z, Co) > 6},

and where V' denotes gradient in the slice U¥). Now we integrate with respect
to y over the interval (—p, p); this implies

\7,<7~—u d (w)>
MOQ\Y 1

< o(Mnal-1cna,)

+C8% [ mesc [ @ vap),
MN(By_1,x(=p.p))\Y ConNQy-1,n{p/4<|z[}

2
A

where Y = {(z,y) € M : dist (|z|*z,Coy) < 6}. Since V'f(z,y) just means



UNIQUENESS OF SOME CYLINDRICAL TANGENT CONES 17

V(=ow)
oy TR (w)

(22) S C(IM ng, -Icn Qpl) + 6™ / N
MN(By—1,%x(=p,))\Y
+ C( / (u? + |Vul|?) + / df,),
Qo-1,N{p/4< x|} Q.NU
where d, = e, - VMd = v Z 1 VJD d by virtue of the fact that d is
independent of the y variable.

V.f(z,y), this gives

2
P2

Next we claim that for any k < (n — 3)/2 and any Lipschitz v on M
(23)
/ 2?2 < C((l —6)7! / rh? 4+ / r'2"|V(r"v)|2>,
MAQ, MNQ,-1, MO(B, 1, % (~p,0))
for all p € ((1 — 8)po, po) with the exception of a set of measure (1 — 6)p,/4,
where C depends only on s and X. This is proved by making a special choice

of ® in the first variation identity

/ div®d =0,

valid for any @ = (®!,... ,0") : R*"*! —» R with &7 € C®(Q,). In this
formula we take ®(z,y) = {(y)¢(r)v*(z,y)(z,0), with r = |z| ¢,( € CP(R)
with supports C (—0='p,07'p) and v € C*°(B;), and ¢ = 1 near 0. This leads
by direct computation (Cf. the proof of inequality 2.5 of [SL5]) to the identity

@) [ ((=0+ et + ) 3 awigr ()

3,j=1
n o n n+l
= [ (S ria o) - 2ol Y 3 o', )
i=1 =1 j=1

Since ZZM g¥zizd < r?, this gives
[ (=1 + 0w
< /M (rlw’(r)l( W)v2 + 1> 2| o) (y)|v? + 2rv|w|(p(7~)<(y)>,

i=1
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and hence

(n=1) [ o)) du
< [ (Fe @I + 20T + ¢ Welr) ) di
M

Now let ¢ approximate the characteristic function of the interval (—p, p),
select ¢(r) = r=2*=2n2(r), where 7 is a cut-off function which is 1 in B, and

zero outside By-1,, and replace v by r*v. Then the previous inequality gives

(n — 3 — 2k) r~2y?
MA(B, 1, % (=p.0))
S 7‘—1'[12772

MN(By—1,x({—p}U{p}))

+C / rT MV (") In? + i ?
MO(By—1,%(=p,p))
Now by assumption n — 3 — 2« > 0, and by virtue of the coarea formula we
know that

r %% < C(1 — 6)~! / Ly
MNB,_1 x({-p}u{p}) MNQy—1

with the exception of a set of p € ((1—8)pq, po) of measure < (1—0)p,/4, and

so this implies

7,—2,02
Mﬂ(B(,_le(—p,p))
< [ el [ Ve ol |
Man_1X({—p}U{p}) MnQo—Ip

with C depending only on x and X. After an application of the Cauchy
inequality we then obtain the required inequality (23).
Next, let ds be defined by
dist(z, Cyp), if |z|7 dist(z, Cy) < 6,
dé(X )= : T
|z, if |z|~* dist(z, Co) > 6.
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Using (23) with x = p and v = ds/;1(w), we obtain (since ds = é|z| on Y)

7"_2d2
M\YNBg,x(—p,p)

26) <cC / & +C8 Y NQ,|+ / 1
MNQ, MNQ,\Y
+C [ Vi@ @)

MnQ,\Y

On the other hand by (18)’ we have

5|Y® N B,| < MY N B,| - |CoN B,| +C / (u® + |Vul?),
Q()_1pn{|$|>P/4}
and, integrating this inequality with respect to y, we get
@7) &Y NQ, < IMNQ, —[ConQ,l+C / (u® + |Vul?).
CoNQy-1,N{|z|>p/4}

Combining (22), (26) and (27) and using (1.5) with £ = 2 (and keeping in
mind that d < r), we then finally get the required inequality. O
Lemma 2.3. If0 € (2,1) and py € (3,1), there is ¢g = €(Co) > 0 such that
if C = Cy x R is as in Theorem 2.1 and if M € N (C) with € < €y, then

[ wrypeimng,-lcngl <ca-et [ e, o= o(c),
MOQ,, MOQ{)—I,,

for all p € ((1—0)po, po) with the exception of a set of 1-dimensional Lebesgue
measure less than (1 — 60)po/4.

Proof. Take any p € (po/2, pg). We begin by letting ¢ and ¢ approximate the
characteristic function of the intervals [—p, p] and (—o0, p] respectively in the
identity (24) of the proof of Lemma 2.2 with v = 1. Since [v"*' Y7 20| <
r~2u? + |Vu|? on G = graphu, this gives
| @+ m-vivna,
MNQ,

<pll,|+C / r(|Vul? 4+ r%u?) + / rdH" !,

UunQ, VAQRISVAGI))
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where I, is the (n — 1)-dimensional manifold
I, = M N ((8B,) x (—p, p)),
where Z(@) = (M\G)N(R"x {c}), and where G = graphu with U, u as in 1.4,
1.5.
Now let £, = {pw : w € Co N S"!}. One readily checks (by computing

the area functional for I, over the stationary manifold 3, explicitly in terms
of u), that

L= 15, (ol <C [ (VaP 4726y
Z,x(=pp)
Thus we have (since p|2, X (—p,p)| = (n —1)|CNQ,|)
M [ @ +Mngl-icng,
MOQ,
<C / r(|Vu|® +r%u?) + C / rdH™ ",
UnaqQ, VAQISVACT)

The proof is now completed by using the co-area formula in combination with

(1); indeed the co-area formula enables us to assert that for all p € (po/2, po),

with the exception of a set of 1-dimensional Lebesgue measure less than (1 —
H)AO 0/ 2)

r(IVuf® + r2a?) + p / rdH!

UnoQ, Zeyz(=e)
< Cp‘1< / r(|Vul? + r~2u?) + / r),
UnQ,-1, MNQ,-1,\G

where C = C(6,n) and Z = M\G, and hence (1), together with 1.4 and 1.5
(with £ = 1) gives us the required inequality. [

We can now give the proof of the main L? estimate 2.1:

Proof of Theorem 2.1. Notice first that by combining Lemma 2.2 and Lemma
2.3 we have a constant <y such that for any 6 € (%, 1) and any po € (%, %)

[ L<ou-o [ L c=om), 1=mm)

r
MﬂQp MnQo_lp
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for some p € [(1 — 6)po,po]. The constant C' does not depend on py or 6,
and hence it is easy to check that this inequality then actually holds for every
p € (3,2), with a new constant C (still independent of 6), and every 6 € (2,1).
By Holder’s inequality we then obtain

(1) 1(p) < C(1—0)"%/1(6-1p)1/1(6-1p),
where I(p) = [y;ng, 7~ 2d? and J(p) = [yyno, d*. Replacing p by py, = 1+
0)p(1 — 27%), so that pri1 = 6y 'px, where 6 = (1 —27%)/(1 — 27%71), and
iterating in (1) with k = ko, ko + 1,..., where ko is such that 1 — 27% =
20/(1 + ), we finally conclude

d? 13

— < 2 - =)

MnQo, MAQ,

Then the remainder of 2.1 follows directly from this and 1.5. [

An important corollary of 2.1 is the following, which shows that the con-
tribution to the integral p="~2 Jo,nm d? from points near the axis {0} x R is

“negligible” in a certain sense.

Corollary 2.3. With the notation and assumptions of 2.1, for each each o €
(0,1)
d2 S 00_2 / d2~
MNQy/20{(z,y): |z|<o} MNQ,

Proof. The proof is simply a matter of noting that the integral [ 772d2
MNQ1y2

appearing on the left of 2.1 is > o2 J . 0O
MNQq 2n{(z,y) : |z|<o}

3. PROOF OF THEOREM 1

As we mentioned in the introduction, the idea is to use the “blowup”
method; in the context of unique tangent cone problems, the method of blow-
ing up was first used by Almgren and Allard [AA] to discuss uniqueness of C in
the case when C had an isolated singularity at 0 and multiplicity 1 elsewhere.
An integrability condition (like the the part of condition (b) above referring
to homogeneous degree one solutions) was needed in [AA], but no conditions

like f(a), (c), nor like the part of {(b) referring to homogeneous degree zero
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solutions. (Using a different method, the present author later showed in [SL1]
that no integrability conditions are needed to handle the case when C has an
isolated singularity at 0 and multiplicity 1 elsewhere.)

One of the key difficulties in using the blowup method in the context of
non-isolated singular points is the necessity of obtaining sufficiently strong
a-priori L? estimates; this was precisely the reason for the discussion in the
previous section.

A very brief overall idea of the blowup method is as follows. We begin
by assuming that the hypotheses of Theorem 1 hold with sequences €, M} in
place of €, M respectively, where €, | 0, and let My, Uy, uy, di, be the quantities
corresponding to M, U, u, d with M replaced by M. Then we make an analysis
of the behaviour of 8 'di (~ 6 'y over the domain Uy), & = (fyna, cl,%)l/2
as k T 0o. The weak limit v of §;, 'uy, gives a smooth solution of the Jacobi field
operator on C, and the L? estimates of the previous section, together with the
assumptions }, make it possible to precisely analyse v and to then go back to
recover information about the original sequence u,. We now implement this
procedure in detail.

Then let €, My, Uk, ug, d. be sequences as above, and let 6, = /[y, 15, %,
v = O Lug. By virtue of the estimate 2.1 we have that

1 | (vup+rd <,
UrNBy

for each § € (0,1) where C depends on § but not on k. Then by virtue of
Rellich’s Theorem we have that v, converges strongly in L2(By\{(z,y) : |z| >
o}), for each o > 0 and for each 8 € (0,1), to v € W,.*(B,), where

@) / (IVo]? + r20%) < oo.

CNBy

Furthermore by 4.4 we have that

2

Q | B (sreum) <c.

UrNBy
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where again C' depends on § but not on k, and hence
2

@) / Rz—"(%(v/ze)) < 0.

CNBy
Now we need to analyse the function v further; first note that since the

functions uy, satisfy the equation
(5) M(ug) =0 o0on CN By,

and hence

O%uy N Q_n_8_<r"_28uk
or

(6) oy? =
where |Ri| < Cepr™!(r~|ug|+|Vus|), and hence after multiplying through by

) + r7?Lyuy, = Ry,

65! and taking limits (which exist in the space WP Vp by the L theory for
elliptic equations), we conclude that v also satisfies the Jacobi-field equation

v, 0 (T" 20
(7) 8_y2 +7r 5; ( or

We now proceed to analyse solutions of (7) which satisfy the conditions (2)

) +72Lyv=0 on B;\{0} x R.

and (4). To begin, take the L*(X) inner product with the j* eigenfunction

¢;(w) of the operator —Ly, and note that this satisfies the equation

o2 1o, .0 ~
(8) a—yQ(v»%’) + EE(T 57(%%')) = Aj{v, ;) = 0.

Now let v;(r,y) = r~*i (v, p;), where p; = —(n — 3)/2+ \/(n —3)2/4 4+ ).
Then v; satisfies the equation

1 a 1+ﬁj 31)] 627)]' _

9) 1465 9 (T E) + oy? 0

where §; = 2\/(n —3)%2/4 4+ A;. Also from (2) and (4) we obtain

(10) / (IVv; >+ r7203)r' P drdy < 00, p< i,
V2

(0,0)X(=p:p)
and
) [ QR ey R)) drdy < oo,
(0,0)x(=p,p)

where /0R = R™1(rd/dr + yd/dy).
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Notice also by definition we have

o

(12) v(rw,y) =Y _r"50;(r, y)p; (W)

Jj=1

for (rw,y) € CN B,,.
Next we note (see the Appendix 1) that any solution v; of an equation of
the form (9) which satisfies the integrability condition (10) is automatically

real-analytic in the variables r2, y; in fact

(o)
vi(ry) = D ak ™y’ rP+y? < (00)°, lall < (6p) (07 / vy dp)'/?.
k=0 K,
Also, the restriction (11) evidently implies that the total degree of r*iaf ,;r2Fy*
(for aiye # 0) cannot be strictly less than 1; that is, u; + 2k + ¢ > 1 for any
k,€ such that aj, , # 0.
Thus by virtue of (12), the solution v has an expansion of the form

(13) v=> Y a} ryle;(w),
j ke

where
Wi +2k+4¢>1 Vj,k, £ such that ai,e #0.

Our main concern will be the possibility that p; + 2k + ¢ = 1 here. We
proceed to analyse this possibility. In case 2k +¢ = 0, we have 2k + {0+ p; =1
if and only if ; = 1; then in view of our integrability assumption {(b) the only
non-zero terms in the expression (13) with 2k+£¢ = 0 and p; +2k+£¢ = 1 have
the form r Zj\;l a;;(w), with ry;(w) generated by rotations as in Example 1
above.

For 2k+{¢ =1 we have pu; +2k+{ = 1ifand only if 4; = 0,£{ =1,k =0, and
by the other part of assumption f(b) the only non-zero terms in the expression
(13) with £ = 1,k = 0 have the form y2?=1 bjp;, with ¢;(w) generated by
translations as in Example 2 above.

For 2k + £ > 2 we get 2k + £+ p; = 1 only for p; = 1 — (2k + £), but by
direct computation this corresponds to the case

n—3

Aj=—qn—-3-q), 1<¢< 5

, ¢(=2k+£—1) an integer,
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and for ¢ < (n — 3)/2, this is excluded by the eigenvalue restriction of condi-

tion {(c). On the other hand if ¢ = (n — 3)/2 then A\; = —(n — 3)%/4, giving

A1 € —(n — 3)?/4 and thus contradicting the assumption that Cy is strictly

stable. Thus the possibility p; + 2k + ¢ =1, 2k + £ > 2 is entirely excluded.
Thus, in summary, the expansion for v in (13) has the form

N Q
(14) v(rw,y) =13 a;p;(w) +y > b (w) + R(rw, y),

j=1 j=1
where each r; is generated by rotations as in Example 1, each v; generated

by translations as in Example 2, a;, b; are constants, ¢;,; are orthonormal
in L?(X), and R satisfies

(15) o [ IRGw )P < Co e (0,172),

where C, a > 0 depend only on %; also, because ||v||z2(s,) < 1 by construction,

we must have the bounds
(16) lajl, |b;] < C,

with C' depending only on X.
Notice that (14), (15), (16) can be written in the form

(17) v(rw,y) = (v(w),0) - A- (rw,y) + R(rw,y),

where A is a (constant) skew-symmetric linear transformation of R**! and

e /Bn+1 |R(rw,y)|* < Cp'**,Vp € (0,1/2)

(18)

|[Al<C
with C' depending only on ¥. (Notice that here we use the fact that the unit
normal of C = Cy x R is given by 7 = (v},... ,v,41), where v = 0, so that
yv;(w) = yv; — wivpy for j=1,...,n.)

Now the term (v(w),0) - A - (rw,y) appearing in (14) is a solution of the
equation Lgv = 0 which is generated by rotations of the (n + 1)-dimensional
cone C in the same way that the r¢; are generated by rotations of the n-
dimensional cone Cy as described in Example 1. (Here the 1-parameter family

of rotations is q; = exptA.)
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We therefore have that there is a sequence of orthogonal transformations
qx (= exp oy A) for a suitable sequence oy, | 0) of R™! such that if Uy, @y, 3,
denote the quantities corresponding to Uy, ug, v, di in case M is replaced by
g, then for suitable fixed § € (0,1) (depending only on X)

(19) g / @ < %1 / &
BonNUrN{(z,y) : |z|>0} MNB;y
for any fixed ¢ € (0, 1) and all sufficiently large k£ (depending on o), by virtue
of the fact that the C* norm of u; over the set U, converges to zero, and,
by a discussion like that in Example 1 above (but with C in place of Cy),
we have that the ratio §; 'uj, converges (in C' away from the axis |z| = 0) to
v, with v given by (17), whereas 6 '@, converges locally away from the axis
{(z,y) : |z| = 0} to a function ¥, where ¥ has the same form as v in (17)
but with A = 0; therefore we conclude (19) as required for suitable 6 € (0, 3)
depending only on X.
Then, in view of the Corollary 2.4, we have actually
o [ &< [ o
M By M;NB,
and in view of the arbitrariness of the sequences M, ¢x used in the above argu-
ment, we see in particular (by applying the above discussion to homotheties of
M) that the following result is established: If p € (0.1] and if p~*M € N (C),
then
(20) @y [ @<z [ @
Bop,NM B,NM
where d,(z,y) = dist{(z,y),q(C)} for (z,y) € M.

Notice that this can of course be applied with any rotation of C in place of
C, and hence the above can be iterated arbitrarily many times, and under the
hypotheses of the lemma (with €/2 in place of the e which we found above) we
actually conclude that there is a sequence of orthogonal transformations g, of
R™*! such that

o [ @zt [

MnB()kp B,,OM
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where di(z,y) = dist{(z,y), ¢(C)}. Notice that (since |[M N B,| > Co™ for
any o < p) this directly implies (by the triangle inequality) that |gx — gx41]? <
C27*p™™2 [, B, d?, and hence that there exists ¢, = lim g, with

lg. — qi|? < C27Fp 2 / &

MnB,
and
@pe [ @<ortr [ vz,

MnB, B,AM
where d, = d,,. Then since any o € (0,p) lies in one of the intervals
[6%+1p, 0% p), we finally conclude that
(21) o [ @ <Clofprem [

MAB, MAB,

where C > 0 and a € (0,1) are fixed constants depending only on X.
From the above argument it is easy to see that we actually have the following

stronger version of Theorem 1:

Theorem 1'. If the hypotheses are as in Theorem 1, there is an orthogonal
transformation q of R™*! such that ||g —id || < Ce and

(x) o7 / d* < C(a/p)*p"" / &, d(X) = dist(X, ¢(C)),

where C > 0 and o € (0,1) are fizred constants depending only on L. In
particular the convergence is C? away from the singular azis q({0} x R); the

convergence 1is also locally in the Hausdorff distance sense on all of R™1.

Proof. First, the inequality (*) is exactly the inequality (21) established in the
proof of Theorem 1. By virtue of the argument in the proof of Lemma 1.4 in
81, we deduce from x* that there is a domain W C C with

(1) WnNB,>CNB,\{(z,y) € C : |z| < Co'*e/?}
for each o € (0,1), and a u € C*°(W) such that

@) =l (e, y)| + [Vu(z,y)] < C(laf® +y?)*%eV/ for (z,y) € W
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and

3)
MO By \{(2,y) + u(z,y)v(w) : (z,y) € W} C {(z,y) : |z| < Cly|"**e?}.

It now directly follows from (2) and (3), together with the standard local
interior C* estimates [GT] for the solutions of quasilinear equations with small
C'-norm, that M converges in the required C%-sense and also in the weak sense
of currents. The fact that the convergence is also in the Hausdorff distance
sense follows from general facts about convergence of stationary submanifolds

(or more generally varifolds) to their tangent cones—see e.g. [AW], [SL3]. O

4. CONCLUDING REMARKS

We first note here that essentially only notational changes are required in
order to extend Theorems 1, 2 to handle the case when C = Cy x R™ with
m > 2 (rather than Cy x R). For example (letting M™ and N™ correspond in
the obvious way to M and N in case we have C = Cy x R™ in place Cy x R),
the analogue of Theorem 1 in this more general setting is:

Theorem 4.1. Suppose C satisfies the conditions . There is € = ¢(Cy,m) >
0 such that if M € N™(C) with € < €, then there is a rotation C = ¢,C of C
such that C is the unique tangent cone of M at zero, so that (p)~*M — C as
p L 0. The convergence is also in the C? sense away from qy({0} x R™) and

locally in the Hausdorff distance sense.
Finally we mention that these results have close analogues in the theory of
energy minimizing maps.
APPENDIX 1
Here we use the notation
K,={(r,y) : 7> 0,r* + 3> < p°}

K,(ro,y0) = {(r,y) : 7> 0, (r —r0)> + (y — 90)* < p°}
ow Ow
Vuw = ('é?? 3_y)
dp = r7 drdy,
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where v € [1,00) is a given real constant.
We want to prove that if w is a W,22(K,) solution of

loc

0 ow 0w
il D B =90
(1) " o <r 8r> + Oy?
which satisfies the integrability condition
2) [ 670+ Vo) du < oo,

P
then w automatically extends to a real-analytic function of the variables 72,y

for 72 4+ y? < p and in fact has the expansion

(3)
oo
w(r,y) = Y agery’, 1 +y* <(00)% lajel < (0p)7 7 (p777" /K w? dp)'/?,
J,£=0 I3

where 6 € (0, 1) is a fixed constant depending only on . First note that when
v = 1 the equation (1) is just the assertion that w is harmonic function of the
variables (z1,z,,7) € R?\{0} x R, such that, if w is expressed as a function
of the cylindrical coordinates (r cos#,rsinf,y), then w is independent of 6.
Further, the integrability condition guarantees that w is in W2 on the whole
ball Bf; and hence we deduce that in fact w is weakly harmonic in the ball Bg‘ .
It is then standard that w is real-analytic, and, since w is independent of 8, w
has a convergent power series in the variables 72,y for r2+y? < p. (Notice that
the same argument applies generally to the case when 7 is a positive integer.)

Thus we may assume in the remaining discussion that v > 1. To prove the
required analyticity in this case, we first note that the equation (1) has the

weak form
(4) / V- V¢du =0,
K,

valid at least if ¢ € W'2(K,) with support ¢ C K,. We claim that in fact, be-
cause of the integrability condition (2), (4) actually holds for any ¢ € W22 (K,)
satisfying

(5) /K (r2C2 + |VC[?) < 0o, support( A {(ry) : 72 +1° = p*} = 0.

(Notice in particular that this means that there is no requirement that ((r,y)
vanish in any sense as r | 0.) The fact that (4) holds for all ¢ as in (5)
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is easily checked by an approximation argument (using cut-off functions to
approximate ¢ as in (5) by a sequence (;, with {, = 0 in a neighbourhood of
the axis r = 0).

Before proceeding further we note that for any ¢ as in (5) we have the

inequality
© | ri¢an<c [ veran
K, K,

by virtue of a simple integration by parts argument based on the fact that
> 1.

Now for 8 € (0,1), o € (0,p) and (r0,y0) € K,—, we may choose { = p?w
in (4), where ¢ = 1 on the ball Ky,(0,%), ¢ = 0 in K,\K,(r0,%0), and
V| < 2(1 —0)"'o~!. This gives (after a standard application of Cauchy’s
inequality)

@ [ vwPdusca-oe [ wrdn
Koo (T0,0) Ko (ro,y0)
where C is a fixed constant not depending on p, o, 6.
Now if o € (0,p) and (ro,%0) € K,—,, and if 7y > o, then the standard
uniformly elliptic theory tells us that

sup w?><Co 7?2 / w?dy.
K, /2(r0,y0) Ko (r0.90)

% is a subsolution of the equation (1) we know from [SL2] that

But since w
the function ¢(0) = 077 [ ..y w?dp is an increasing function of o, so we
conclude for suitable constant C depending only on +y that

(8) sup w?<Cr 72 / w?dp, 0<20<7<p, re+ys < (p—7)2%

KU(TOY'.UO) K (7‘0 yo)

Next, for 0 < |h| < o let wy(r,y) = h=*(w(r,y + h) — w(r,y)), and note
that wy, is a solution of (4) provided support( C K,_|5|, and hence (7) holds
with wy, in place of w, provided o < p — |h|. Letting h — 0, we thus deduce
that w® = dw/dy is in W52(K,), and satisfies

(@) + Ve ) dp < CL-0) %0 [ ()

Koos(T0,Y0) Ko (T0,90)
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here we have used (6) in order to justify the inclusion of the term r=2(w(")?
on the left. Since |[Vw®|? > (w?)?2, this implies in particular that

(w®)? < O(1 - §) 20> / (w™)? dp.
Koo (10,y0) Ko (r0,y0)
Proceeding inductively we have that each w® is a solution of the equation
with

O [ @07 [puPPdus ca-0e? [ ),
Koo (T0,50) K (r0,90)
and
(EIPdp<C1-020 [ ™)y
K()U(TO»yO) Kq("‘o,yo)
for each k = 0,1,.... Selecting § = k/(k+1) and iterating this last inequality,
we get
(w2 dp < CF (kY202 / w?dp
Ko/ (k+1)(T0,Y0) K,
for suitable C independent of k. By combining this with (8) (with w® in
place of w) and using o = p/4 we then conclude that
(10) W) < Chlp™ o2 [ wtdp)”
Ky
for any (r,y) € K,/a.
Now let L, =r~7(8(r"9/0r)/0r), and notice that the equation (1) implies

Low=-w? on K,
so that (since 8/0y commutes with L,)
Liw® = (=1)7w®+9 for each pair of integers j,£ > 0,

and hence (9), (10) imply
¢
SUpg, , Lf;(a%) w
(11) ¢ ;
r2i(4) w V(%) w) € L Ko)

for o0 < p/8. The required expansion (3) of w follows from this. Indeed, if
1 is a smooth function in K, with 7! if |[V4)| both in L?*(x) on K, and if

1/2

< o (7 [, wd)
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SUpy, |L.| < B (B a given constant), then direct integration shows that then
for each 0 < 1/2 < p/4

o e -
o g (r,y)dr + CBr’+t,

and since the first term on the right — 0 in L*(—p/4, —p/4) (in the y-variable)

we can choose o0 = o; | 0 to ensure that it converges pointwise a.e. to zero;

o

() <Cot [ 7

a/2

rY

thus we conclude

ov (r,y) < CPr

8T 73/ —_— I’

with C fixed depending only on . By another direct integration we then also

deduce that ¢ extends continuously to K ,/4 and
[$(r,y) — ¥ (04, 9)| < CBr*.

Notice that using these general facts on the functions ¥ = Liw® (which we

can do by virtue of (11)), we can easily prove inductively that then

ALiw(r,y)

(12) w € C*(K,/3) and o

=0, |yl <p/8
r=0

We claim that in addition we have
i gt 1/2

45 —y—2 2
8362 w| < C ! <p7 /prdu> ,

for some fixed C' > 0 and 6 € (0,1/8) depending only on «. Indeed one first
checks the validity of this with j = 0 and £ arbitrary directly from (11); then

(13) sup

use a further inductive argument based on repeated integration (with respect
to the r-variable) of (11) (this time with £ = 0), making use of (12), to deduce
that for each j > 0 and each y € (—p/8, p/8)

(14)

—2j-2

w(r,y) — Zﬁ‘”(L" (04, y)r**

supr

0p

1/2
<23<‘72/ wdu)

for some 6 = 6(v) € (0,1), where ,8(] ) is a constant depending only on k, v, j
such that |8’ < C*/(2k)! Vk, j > 0. Now, by virtue of (11), (Lkw)(04,y)

are real-analytic functions of y and satisfy

< CHF(2k)1 0! < - 2/ w du>

14

0
(15) sup 8—yeLf(0+, Q)

lul<p/8
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(13) (and hence (3)) now easily follows from (14) and (15).
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