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The Mumford-Shah functional was introduced in the late eighties
as a tool for (automatic) image segmentation [MuSh]. Let us give its
definition in any dimension 7, even though n = 2 in the initial setting.
Let 2 be a simple bounded domain in R" , like a ball or a rectangle,
and let ¢ € L*°(f2) be given. In the context of image processing,
n =2, is a screen, g is an image, and g(z) represents the level of
brightness (or colour if g is vector-valued) of the image at the point
z. The functional is given by

M JwK) = [ /Q el / /Q IV )

where the authorized competitors are pairs (u, K) such that K is a
closed subset of  with finite Hausdorff measure H"~1(K) and u is
a function on Q\K with one derivative Vu in L2(Q\K). One hopes
that minimizers (u, K) of J will realize a good compromise between
the three competing constraints that v be close to the original image
g, u be fairly regular except on a singular set K where it may have
jumps, and K itself be reasonably short. Of course the three terms of
the functional should be given different weights that reflect the relative
importance of the three constraints, but for theoretical mathematics
the constants can be normalized out by multiplying g and u by the
same constant and dilating the picture. The point here is not to have a

219



220 Guy David

very good accuracy (as in an image compression problem), but rather
to get a fairly simple, cartoon-like description by (u, K) that would
capture significant features of the image g.

Discrete variants of the functional J are used in practice for im-
age segmentation; we refer to [MoSo] for an interesting description of
some of them and further information on computer vision and image
segmentation. When n = 3, the Mumford-Shah functional has been
proposed as a model for the formation of cracks in a material, but I
don’t know how useful it is in this context.

Let us now go rapidly through some of the known properties of
minimizers of J. The existence of minimizers (u, K) (for all choices
of g) was not obvious, but is known ([DCL] and [Am]). (The trouble
is the lack of semicontinuity of Hausdorff measure: it is easy to find
sequences of compact sets K, such that H'(K,,) tends to 0 but which
converge to a line segment, say.) The main mathematical questions
concern the regularity of K for minimizers (u, K) of J . Observe that
it is a good thing for image processing if K is not too wild, because
we think of it as edges in the image.

The focus is on K because u is determined by K (when K is
fixed, minimizing J in u is a well-posed convex variational problem).
In order to discuss regularity properties of K , we should restrict to
”irreducible minimizers”, i.e., minimizers (u, K) for which u does not
extend to a function with a derivative in L2(2\K’) for any K’ strictly
smaller than K. Otherwise we may artificially add any horrible com-
pact set of Hl-measure 0 to K and ruin any nice description of K

The initial conjecture of Mumford and Shah [MuSh] is that when
(u, K) is an irreducible minimizer, K is a finite union of C*-arcs that
may meet at their endpoints with 120° angles. This is still an open
question, but significant progress has been made. Here are a few
properties of K when (u, K) is an irreducible minimizer. First, K
is rectifiable [DCL], which means that it is contained in a countable
union of C!-curves, plus possibly a set of H'-measure zero. Also, it
is Ahlfors-regular [DMS], which means that

(2) ¢'r < H(KNB(z,7)) < Crforallze Kand 0 <r < 1.

Next, K is uniformly rectifiable: it is contained in an Ahlfors-
regular curve (i.e., a compact curve that satisfies (2)) [DaSel]. Finally,
the best result of this type is that for every disk B(z,r) centered on
K and radius < 1 there is another disk B(y,t) € B(z,r) centered
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on K, with ¢t > C~!r , and such that K N B(y,t) is a Cl-curve.
(See [Da) or [AFP]). These results have higher-dimensional analogues:
see [CaLel,2], [DaSe3], [AFP] respectively. The reader may consult
[DaSe2] for a survey of some proofs, and [MoSo| for a more extensive
study and other results that I did not quote here.

I wish to insist more on a recent approach introduced by A. Bon-
net [Bol] in dimension n = 2. He first proves that the objects obtained
by blowing up a reduced minimizer (u, K) of J are ”global minimiz-
ers”, as defined below. Blowing up here consists in taking a point
z¢g € K and a sequence of numbers ¢, tending to 0, and then con-
sidering the sets K,, = zo + t; (K — zo) , and suitably normalized
associated functions u,, . Limits exist (modulo taking subsequences),
and are pairs (v, F) with the following properties.

First, F is a closed set in the plane, and v is a function on R?\E
with a derivative in L2 (R?\E) such that

loc
(3)

HY(ENB(0,R)) < oo and / |Vv|? < oo for all R > 0.
R2NB(0,R))\E

Competitors of the pair (v, E') are similar pairs (v*, E*) , where
E* is also a closed set in the plane, v* a function on R?\E* | the
analogue of (3) holds, and there is a radius R > 0 such that v* = v
and E* = E out of B(0,R). We also add the topological constraint
that for R large enough, E* separates all pairs of points y, 2 € R?\ (EU
B(0, R)) that are separated by E (that is, such that y and z lie in
different connected components of R*\E . The pair (v, E) is called
a global (Mumford-Shah) minimizer if for all competitors (v*, E*) of
(v, E) we have that

Hl(EnB(o,R))+/ |Vo|?
R2NB(0,R)\E

(4) < HI(E*nB(o,R))+/ |Vu*|?
R2NB(0,R))\ E*

for R large enough.

Note that global minimizers can be thought of as solution of
some Dirichlet problem at infinity (£ and the values of v are known
at infinity, and we only compare with compact perturbations). The
following is a list of tentative global minimizers:

1. E =0 and v is a constant;
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2. E is a line and v is constant on each of the two components
of R?\E;

3. E is the union of three half lines with the same endpoint
and that make 120° angles, and v is constant on each of the three
components of R?\E;

4. Up to Euclidean motion, E is the halfline E = {y = 0 and z <
0} and

vay) = #/E Im{e + @) + C

The three first examples are easily seen to be global minimizers. Note
that the topological constraint on competitors is useful here. Whether
the fourth one is also a global minimizer is still an open question (of
De Giorgi), although A. Bonnet may have a positive answer [Bo2]. If
it were not, then it would not be possible to find isolated, compactly
supported line segments or open C'-curves in any minimizer of the
(local) Mumford-Shah functional J above.

The main question, though, is whether all the global minimizers
are in the list above. This would imply the Mumford-Shah conjecture
above (and it is probably the best way to prove it).

A. Bonnet was only able to prove this for global minimizers such
that E is connected, and because of this he was "only” able to show
that if (u, K) is a reduced minimizer of the Mumford-Shah functional
J, every isolated connected component of K is a finite union of Ct-
curves that meet with 120° angles.

Let me finish this description with a formula that should be use-
ful. It is a (surprisingly simple) Euler-Lagrange formula that was
discovered by J.-C. Léger. Identify R? with the complex plane, and
set

, 0 . 1.0 . .0 :
Fla+iy) = 5o(0+iy) = 5Lz (@ +iy) =i (o + )]

(5) for (z,y) € R®*\E .
Note that v is harmonic because it minimizes the integral of |Vv?|
locally, and so F is holomorphic on C\E. The formula is

-1 dH(w)

(6) F(z)z = % 5 (Z _ 'LU)2

for € C\E .
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It has a few applications, like the fact that v is determined by F
modulo an additive constant and a change of sign on each component
(which was not clear a priori), or the fact that all global minimizers for
which E is contained in a line (or a sufficiently flat chord-arc curve)
are in the list above, but so far it does not have as striking applications
as I think it should.

One can also start to dream about higher dimensions. It would
be nice to have a list of tentative global minimizers in dimension 3,
even if the chances of proving that it is the right list are quite small
at this stage. Maybe interesting new phenomena will show up.
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