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ABSTRACT. This survey article, is written as an extended note and sup-
plement of my lectures in the current developments in mathematics con-
ference in 2015. We discuss some recent developments on the conjugacy
classes of affine Weyl groups and p-adic groups, and some applications
to Shimura varieties and to representations of affine Hecke algebras.
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Introduction

0.1. In[Ti57], Tits explains the analogy between the symmetric group
Sy, and the general linear group over a finite field F, and indicates that .S,
should be regarded as the general linear group over Fi, the field of one
element.

Following Tits’ philosophy, we may informally regard affine Weyl groups
as reductive groups over Qq, the 1-adic field. Although it might be prema-
ture to develop the theory of the 1-adic field at the current stage, we do
have a fairly good understanding of conjugacy classes of affine Weyl groups,
together with the length function on them, and such knowledge allows us to
reveal a great part of the structure of conjugacy classes of p-adic groups.

In this note, we will focus on some questions related to conjugacy classes
and we will look at the two sides of a coin:

e An affine Weyl group as a degeneration of a p-adic group;
e A p-adic group as a deformation of an affine Weyl group.

We will see how such considerations help us to understand several impor-
tant problems and we will discuss some applications in arithmetic geometry
(of Shimura varieties) and representation theory (of affine Hecke algebras).
Note that both areas have been intensively studied. To enumerate the re-
cent achievements in each area would lead to a more-than-100-page survey
article and it is not my intention to do so here. I will just focus on a few
problems to illustrate the mysterious connection between affine Weyl groups
and p-adic groups.

0.2. A Coxeter group is generated by simple reflections and has a well-
defined length function on it. It is obvious that in a given conjugacy class
of the Coxeter group, there exists a sequence of conjugations by simple
reflections, starting from any given element in the class and ending with a
minimal-length element. For various reasons (both algebraic and geometric),
it is desirable to have such a sequence, in which the lengths of the elements
weakly decrease. If such a sequence exists, then for many questions (on
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Hecke algebras, algebraic groups, Deligne-Lusztig varieties, etc.) one may
reduce the questions on arbitrary elements to questions on minimal length
elements.

Moreover, in a given conjugacy class, in general, there are more than
one minimal length elements. For example, in type Eg, the conjugacy class
Es(az2) + A2 has 403200 elements and 16374 of them are of minimal length.
Hence, it is also desirable to have a better understanding of the relations
between these minimal length elements.

Minimal length elements were first studied by Geck and Pfeiffer [GP93].
They discover that the minimal length elements, in a finite Weyl group, have
many remarkable properties.

Such properties have found important applications in the study of the
“character table” of finite Hecke algebras (see e.g. [GP93], and [GM97]), in
the study of Deligne-Lusztig theory on the representations of finite groups of
Lie type (see, e.g. [ORO08], [BRO8], and [HL12]) and in the study of links
between conjugacy classes in finite Weyl groups and unipotent conjugacy
classes in reductive groups (see e.g. [Lull]).

0.3. A natural question to ask is whether such properties hold for affine
Weyl groups. In the study of this question, I find it enlightening to consider
an affine Weyl group as a degeneration of a p-adic group. In fact, the theory
of p-adic groups motivates us in the discovery of the following interesting
features of affine Weyl groups:

(1) The arithmetic invariants of conjugacy classes of affine Weyl groups;

(2) The straight conjugacy classes and the reduction from non-straight
conjugacy classes to straight conjugacy classes;

(3) The “special” partial conjugacy classes and their distinguished rep-
resentatives;

(4) The partial order on the set of “special” partial conjugacy classes
and on the set of straight conjugacy classes;

(5) The parameterization of conjugacy classes in terms of standard
quadruples.

This is what we will discuss in Part I.

Items (1) and (2) are motivated by Kottwitz’s classification of the
Frobenius-twisted conjugacy classes of G(@p), the reductive group G over
the completion of maximal unramified extension of Q,. They are key in-
gredients in the understanding of conjugacy classes of affine Weyl groups
together with the length function on them.

Items (3) and (4) (for “special” partial conjugacy classes) were discov-
ered in the process of understanding Lusztig’s G-stable pieces and closure
relations between these pieces.

Item (4) for straight conjugacy classes were discovered in the process
of understanding the closure relations between Frobenius-twisted conjugacy
classes of G (F’ ) and the closure relations between Newton strata of Shimura
varieties.
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Item (5) is motivated by the parametrization of Frobenius-twisted con-
jugacy classes of G(F') in terms of basic Frobenius-twisted conjugacy classes
of Levi subgroups. Such parametrization leads to the definition of the rigid

cocenter of affine Hecke algebras, which play a crucial role in our discussion
in Part III.

0.4. Now let us look at the other side of the coin. We will see how
the knowledge of conjugacy classes of affine Weyl groups, together with the
length function, helps us to study some problems related to conjugacy classes
of p-adic groups.

Let o be the Frobenius morphism on G (15) Let Z be a o-stable Iwahori
subgroup of G(F) In Part II, we study the intersection of ZwZ with a o-
conjugacy class [b] of G(F ). We focus on some basic questions:

e When the intersection is nonempty?
e If so, what is the dimension?

We also regard this intersection as a group-theoretic model to under-
stand the relation between the Kottwitz-Rapoport strata (related to certain
elements w) and the Newton strata (related to certain o-conjugacy classes
[b]) of Shimura varieties.

It is worth mentioning that there is another group-theoretic model to
understand those strata of Shimura varieties, affine Deligne-Lusztig varieties

X (b) = {9T € G(F)/L; g "bo(g) € TirT}.

It is easy to see that X, (b) # 0 if and only if ZwZ N [b] # 0. However,
there are a few differences between X, (b) and ZwZ.

e We have the freedom to degenerate the o-conjugacy class [b] when
considering ZwZ N [b]. Thus ZwZ N [b] may be used to understand
closure relations between Newton strata of Shimura varieties.

e Although ZwZ N [b] is infinite dimensional, there is a way to define
the dimension of it (which is a finite number). This dimension is ex-
pected to be the dimension of the intersection of the corresponding
Kottwitz-Rapoport stratum and corresponding Newton stratum in
Shimura varieties.

e The affine Deligne-Lusztig variety X, (b), in general, may contain
infinitely many irreducible components. The intersection Twl N
[b], on the other hand, has only finitely many irreducible compo-
nents.

Except these differences, the method we use to study affine Deligne-
Lusztig varieties and the intersection ZwZ N [b] are similar. In [Hel4] we
develop a reduction method to study affine Deligne-Lusztig varieties, and
give a connection between affine Deligne-Lusztig varieties and class poly-
nomials of the associated affine Hecke algebras. The method and the result
remain valid, mutatis mutandis, for our new model ZwZ N [b] as well. The key
idea is to do the reduction on ZwZ by o-conjugation using a sequence of con-
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jugations by simple reflections in affine Weyl group which weakly decrease
the length.

After establishing the connection between the intersection ZwZ N 0]
and class polynomials, we discuss several situations where the explicit non-
emptiness pattern and/or dimension formula are established, including:

e The non-emptiness pattern and dimension formula of KetK N [b]
for any special maximal parahoric subgroup K.

e The non-emptiness pattern of TwIN [b] for basic o-conjugacy class
[b].

e The dimension formula of ZwZ N [b] for basic o-conjugacy class [b]
and an element w in the Shrunken Weyl chamber.

e The non-emptiness pattern and dimension formula of ZwZ N [€"]
for a residually split group and an element w in the very Shrunken
Weyl chamber.

e The non-emptiness pattern of K Adm(u) K N [b] for any parahoric
subgroup K.

0.5. Now we move to a different topic, the affine Hecke algebras.

A Dbasic philosophy in representation theory is that characters tell all.
This is the case for finite groups. What happens for affine Hecke algebras?

In Part I11, we will discuss the case for affine Hecke algebras. The strategy
is to first understand the cocenter of affine Hecke algebras, and then to
investigate how the cocenter controls (both the ordinary and the modular)
representations.

An affine Hecke algebra, is a deformation of the group algebra of an
affine Weyl group. The cocenter of the group algebra, is very simple. The
elements in the same conjugacy class have the same image in the cocenter
and the cocenter has a standard basis indexed by conjugacy classes.

For affine Hecke algebras, the situation is more complicated. The ele-
ments in the same conjugacy class may not have the same image in the
cocenter. In order to understand the cocenter of affine Hecke algebras, in
addition to conjugacy classes, one also need to take into account the length
of the elements inside the given conjugacy class. The upshot is that the co-
center still has a standard basis indexed by conjugacy classes, but they are
the image of minimal length elements in the conjugacy class, not arbitrary
element compared to the group algebra case.

Start from an element, not necessarily of minimal length in its conjugacy
class, we have a reduction method to reach (possibly more than one) minimal
length elements and write the image of this element in the cocenter as a
linear combination of the standard basis, with coefficient the so-called class
polynomials. In other words, class polynomials encode the information of
the reduction method, which is used both in the study of cocenter of affine
Hecke algebras and in the study of the intersection ZwZ N [b]. This is the
reason that the algebraic object class polynomial is a powerful tool to study
the geometric object ZwZ N [b].
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Back to representation theory, one difficulty is that there are infinitely
many conjugacy classes of affine Weyl groups as well as infinitely many
irreducible representations of affine Hecke algebras. Motivated by the basic
o-conjugacy classes of G (F), we have a parametrization of conjugacy classes
in terms of their Newton points, and there is a way to reduce any conjugacy
class to a conjugacy class with a central Newton point. This leads to the
definition of rigid cocenter and rigid quotient of the Grothendieck group of
the representations of affine Hecke algebras. The main theorem in [CHx]
is that the trace map induces a perfect pairing between the rigid cocenter
and the rigid quotient for affine Hecke algebras with generic parameters.
This result leads to the density Theorem and trace Paley-Wiener theorem
on the relation between the cocenter and representations of affine Hecke
algebras.

We expect that the rigid cocenter also plays a key role in the study
of modular representations of affine Hecke algebras, and we propose two
conjectures:

e The naive kernel conjecture, which predicts how the density theo-
rem fails for affine Hecke algebras at roots of unity and in positive
characteristic;

e The rigid determinant conjecture, which predicts the deformation
of the representations with respect to the change of (generic) pa-
rameters.

0.6. Most of the results in this note are known by now (although scat-
tered around the literature, with some mild assumption). However, we take
this opportunity to present a few new materials, as well as remove some
unnecessarily assumptions from the old results in the literature, including:

e Some results on the minimal length elements and partial order on
the partial conjugacy classes for an affine Weyl group action (by
conjugation) on a Coxeter group. See Theorem 1.14 and Proposition
1.27.

e A parametrization of conjugacy classes of extended affine Weyl
groups in terms of standard quadruples. See Theorem 1.19.

e The use of ZwZ N [b] as a group-theoretic model to study some
stratifications of Shimura varieties. See §2.12.

e The non-emptiness pattern and dimension formula for Ke“K N [b]
for special maximal parahoric subgroup K (in the literature, it is
only stated for hyperspecial maximal parahoric subgroups). See
Theorem 2.24 and Theorem 2.29.

e The dimension formula for ZwZ N [b] for basic [b] and w in the
Shrunken Weyl chamber (in the literature, it is only stated for
residually split groups). See Theorem 2.31.

e The non-emptiness pattern and dimension formula for ZwZ N [e¥]
for G a residually split group and w in the very Shrunken Weyl
chamber. See Theorem 2.34.
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e The naive kernel conjecture 3.13 and the rigid determinant conjec-
ture 3.16 of affine Hecke algebras.

I am grateful to G. Lusztig for all he has taught me about the algebraic
groups and Weyl groups over the years. Without his big influence this project
would never be initiated. In more recent times, I also learned a lot from J.
Adams, D. Ciubotaru, U. Gortz, T. Haines, J. Michel, S. Nie, X. Zhu, and
especially M. Rapoport, who teaches me Shimura varieties. I am happy to
express my gratitude to all of them. This survey article is written as an
extended note of the talk at the Current Developments in Mathematics
conference 2015 at Harvard. I thank the organizers for the invitation, and
for the opportunity to write this survey. I also thank J. Adams, U. Gortz
and T. Haines for their remarks on a preliminary version of this note. My
research is partially supported by NSF grant DMS-1463852.

1. Part I. Combinatorics of affine Weyl groups

1.1. Coxeter groups. A Cozxeter system is a pair (W,S), where S is
a finite set and W is the group generated by the elements in S, subject to
certain relations. First, we have s = 1 for all s € S. We call the elements in
S the simple reflections of W. Next, we have relations between two elements
s#tin S. Let mg € {2,3,--- } U{oco} be the order of st. Since s and ¢ have
order 2, we have
sts---=1tst---,

where both sides have exactly myg; factors. If mg = 2, then st = ts, i.e.,
the two simple reflections s and ¢ commute. If mg = 3, then s and ¢ satisfy
the Artin’s braid relation sts = tst. If mg = oo, then there is no relation
between s and t.

In additional to the group structure, the length function ¢ : W — N
plays a crucial role in this note. Here for any w € W, ¢(w) is the minimal
integer n such that w = s; - - - s,, where s; € S.

Weyl groups (both finite and affine) are important examples of Coxeter
groups. They play a crucial role in the study of Lie groups and p-adic groups.
Now let me give two examples.

EXAMPLE 1.1. Let W = S,, be the symmetry group of {1,2,--- n}.
It is the Weyl group of GL,(C). It is a Coxeter group with the generators
si = (i,i+ 1) for 1 <7 < n— 1. We have a presentation of W in terms of
generators and relations:
W= <51a ctySp—1 ’ 512 =1,5;8i+18; = Si+15iSi+1,SiSj = S;S; if |Z —]‘ > 2>.
The length function is given by
o) =8{(i,);1 <i < j<mo(i) > a(j)}.

EXAMPLE 1.2. Let W = Z" x S,,, where S, acts on Z" by permutation.
This is the Iwahori-Weyl group of GL,(Q)). Following [Lu03, 1.12], we may
realize W as the group of periodic permutations on Z, i.e., the permutations
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f:Z — 7Z such that f(z+n) = f(z) +n for all z € Z. Define x : W — Z
by x(f) =>o_,(f(2) — z) and W, = ker(x). Then W, is a Coxeter group
with the generators s; for i = 0,1, ---n — 1, where s; : Z — 7Z is defined by
z+1, ifz=4i mod n;
si(z) =¢2z—1, ifz=i+1 mod n;

z, otherwise.

The order m;; of s;s; is given as follows:
If n = 2, then mg; = co.
3, ifi—j==41 mod n;

If n > 37 then mg; = 2 otherwise
’ .

The group W is not a Coxeter group. But it is almost as good as a
Coxeter group. We may realize W as

W =W, x Q.
Here = Z is the group generated by 7 € W, where 7(m) = m + 1 for all
m € Z. There is a length function £ on W, defined by

E(U) - ﬁ(Ya/Tn)y

where Y, = {(i,j) € Z x Z;i < j,0(i) > o(j)} and Y, /7, is the (finite) set
of 7,-orbits on Y, for the 7,, action given by (i,7) — (i +n,j + n).

The restriction of this length function to W, is the length function of
the Coxeter group W,. The subgroup § of W is the subgroup of length-zero
elements.

1.2. Weakly length-decreasing sequences. Let (W,S) be a Coxeter
system. For any J C S, let W be the subgroup of W generated by J. Then
(W, J) is again a Coxeter system. The two extreme cases are W (for J = S)
and {1} (for J = 0).

Let O be a Wj-orbit on W for a given Wj-action. We are interested in
the relations between the elements, together with their length, in this orbit.
More specifically, we would like to have the following property:

Red-Min: For any w € W, there exists a sequence of simple reflections
S1,- -+ ,8; € J such that

e For any 1 <i <k, (s;si—1---51-w) < l(si—1---51-w);
e The element spsp_1---$1 - w is of minimal length among all the
elements in O.

If this property holds, then one may reduce the questions on any ele-
ment w in O to the questions on the minimal length elements in O via the
inductive step:

wy ~ s+ wy for some s € S with £(s - wy) < £(w).

This reduction method plays an important role in the study of many prob-
lems related to Coxeter groups.
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ExaMPLE 1.3. We consider the action of Wy on W by left multiplication.
Let /W be the set of elements w in W of minimal length in the cosets
Wiw. Then each W-orbit contains a unique element z in YWW. Moreover,
lwzx) = L(w) + £(x) for any w € Wj. In particular, z is the unique minimal
length element in the Wj-orbit of z. Using the structure of the Coxeter
group Wy, it is easy to see that the Red-Min property holds for this orbit.

1.3. Conjugation by simple reflections. We are especially inter-
ested in the conjugation action of W and the partial conjugation action (of
Wy) on W.

Conjugacy classes of W play an important role in the study of represen-
tations of W and representations of the corresponding Hecke algebra, which
is a deformations of the group algebra of W. They also play an important
role in the study of conjugacy classes of algebraic groups and p-adic groups.

The Wj-conjugacy classes in W, for finite and affine Weyl groups W
and their proper subgroups W, are closely related to the conjugation action
of parabolic subgroups on algebraic groups and to the conjugacy action of
parahoric subgroups on p-adic groups. They also have important application
to arithmetic geometry and to representation theory.

We are going to discuss the applications in more details in Part IT and
in Part III.

We first investigate a few examples of the elements in a fixed conjugacy
class of W and discuss some nice properties.

ExaMPLE 1.4. Let W = S5 and C be the conjugacy class of 5-cycles.
Then #C = 4! = 24 and the lengths of elements in C' are 4,6 or 8.

Let w = (12345) and w’ = (12453) be elements in C' of minimal length.
They are related via

w = (12345) & (21345) & (31245) = w'.

Here ~ means conjugation by simple reflections which preserve the length.
Suppose we start with an element of C' not of minimal length, say w” =
(14235). Then w” is related to a minimal length element in C' via

w” = (14235) 25 (13245) 2 (12345) = w.

Here — means conjugation by simple reflections which weakly decrease
the length.

ExaMpPLE 1.5. Let W = S5 and C be the conjugacy class of transposi-
tions. The minimal length elements in C' are the simple reflections. They are
not ~-equivalent to each other. However, they are still ~-equivalent. Here
~-equivalent means that the corresponding elements in the associated Braid
group are conjugate.

Now let us investigate two examples of partial-conjugacy classes in W.
Although left multiplication by W and conjugate by W; are very different,
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the elements in /T still play a crucial role in the study of the conjugation
action of Wj; on W.

The following example is a W -conjugacy class that contains an element
s J
in W.

EXAMPLE 1.6. Let W = Sy and J = {2, 3}.

Let w = sys9s3 € /W and w' = s9s3595152 be an element in the W;-
orbit of w. The element w’ has larger length than w and w’ is related to w
via

s s s s
w’ — 8§28359285159 —2> 535281 —3> $9283851 —2> 8351852 —3> 818283 = W.

The next example is a Wj-conjugacy class that does not contain an
element in 7.

EXAMPLE 1.7. Let W = S5 and J = {1, 3,4}.
Let w = s45359515359254. It is not of minimal length in its W -orbit. We
have

s s s
W = $4835251535254 —4> 5352515352 —3> 5152518352 —1> 5$3525183S592.

The elements s1s9515352 and s3s2515352 are of minimal length in the
W s-orbit of w. Notice that these two elements have the same 7 W-part =
S95183589 € YW and prefix s; and sz are elements in W conjugate to each
other by the element =x.

1.4. ~-equivalence and ~-equivalence. Conjugacy classes of W play
an important role in the study of split groups. Twisted conjugacy classes, on
the other hand, play a similar role in the study of non-split groups. In the
sequel, we will not only consider the conjugation action, but will consider
the twisted conjugation action as well.

Now let us introduce some notation.

Let (W,S) be a Coxeter system and J,J' C S. Let § : W; — Wy be a
group automorphism such that §(J) = J’. We consider the §-twisted partial
conjugation of Wj; on W defined by

w -5 w' = ww'd(w) L.

We denote by (Wy)s = {(w,d(w));w € Wy} C W x W the d-graph of
W;. We denote by W/(Wy)s the set of d-twisted W -conjugacy classes of
W. If 6 is the identity map, we may write (Wy)a for (Wjy)s.

Let w,w’ € W. We write w — ;5 w’ if there exists a sequence of simple
reflections s1,--- , s € J such that

o W = SpSp_1--- 51 5 W;
o forany 1 <i <k, £(s;8i—1-+-81sw) < L(sj—1--515w).
We write w ~ ;5 w' if w — ;5w and v’ — ;5 w.

As we have seen in the above examples, a d-twisted W ;-conjugacy class
O of W may contain more than one minimal length elements. We denote
by Omin the set of minimal length elements in O and by ¢(O) the length of
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w for any w € Onpin. Now we introduce some equivalence relations between
the elements in Opin.
We write w ~ ;s w’ if there exists a sequence of elements 1, - - -,z € W
such that w’ = xp2zp_1 -+ 21 -s w and for any 1 <1 < k,
o V(xixi—1- 1 sw)=L(w);
° f(l‘il‘ifl oo CElw(S(ZEi,l.Ti,Q s 331)_1) or
Ui 129 wwd(Timi1 - - 21) ") equals £(w) + £(x;).

Note that both ~ ;5 and ~ ; 5 are equivalence relations and for w, w’ € W,
w RS w = w ~Js w = w' € Wy 5w and l(w) = E(w’).

But the converse, in general, does not hold.
If § is the identity map, then we omit ¢ in the under script. If J = S,
then we omit J in the under script.

1.5. The discovery of Geck and Pfeiffer.

1.5.1. Minimal length elements in a finite Coxeter group. In the study
of characters of finite Hecke algebras, Geck and Pfeiffer [GP93] discovers
that the minimal length elements in a given conjugacy class of a finite Weyl
group has remarkable properties.

THEOREM 1.8. Let W be a finite Coxeter group and 6 : W — W is a
group automorphism with 6(S) =S. Let O € W/Wjs. Then

(1) Red-Min property holds for O.

(2) Omin is a single ~s-equivalence class.

(3) If moreover, O is elliptic, i.e. ONWy =0 for any J = 6(J) &S,
then Omin 15 a single ~g5-equivalence class.

Part (1) and (2) for the ordinary conjugacy classes of a finite Weyl
group are first proved by Geck and Pfeiffer in [GP93, Theorem 1.1]. The
ordinary conjugacy classes for any finite Coxeter groups (including the non-
crystallographic types) are studied in [GP0O0], where Part (3) is also proved.
Part (1) and (2) for the twisted conjugacy classes of a finite Coxeter group
are obtained by Geck, Kim and Pfeiffer in [GKPO0O0, Theorem 2.6]. Part
(3) for the twisted conjugacy classes is established in [He07b, Theorem
7.5]. The proofs in these paper involve a case-by-case analysis. A conceptual
proof is found recently in [HN12].

1.5.2. Parametrization of the conjugacy classes of a finite Cozeter group.
Let O be a J-twisted conjugacy class of W. Let J be a minimal d-stable
subset of S with O N W # (). Then by definition, © N W is a union of 4-
twisted elliptic conjugacy classes of W;. A nice property is that the elliptic
classes never fuse.

THEOREM 1.9. Let O be a §-twisted conjugacy class of W. Let J be a
minimal -stable subset of S with ONW (. Then ONW) is a single d-twisted
conjugacy class of Wy.
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For ordinary conjugacy classes, it is due to Geck and Pfeiffer in [GP0O,
Theorem 3.2.11]. The general case is in [CH16, Theorem 2.3.4].

Now we give a parametrization of W/Wj in terms of parabolic subgroups
W and their elliptic conjugacy classes. Set

Ts = {(J,C); J CS with §(J) = J,C

is an elliptic d-twisted conjugacy class of Wy}.

We say that the pairs (J,C) and (J',C") in T's are equivalent if there exits
x € W9 such that J' = 2Jz~! and ¢’ = 2Cz~!. The following result is
obtained in [CH16, Proposition 2.4.1].

PRrROPOSITION 1.10. Let W be a finite Coxeter group. The map
f:Ts = W/Ws, (J,C) =W 5C

induces a bijection between the equivalence classes of I's and the set of -
twisted conjugacy classes of W.

1.6. Partial conjugation action. Let (W,S) be a Coxeter system and
J,J' C S. Let 6 : W; — Wy such that §(J) = J'. We call a d-twisted
W j-conjugacy class distinguished if it contains an element in “W. As we
have seen from Example 1.6 and example 1.7, one may relate any J-twisted
W j-conjugacy class to a distinguished one. To make it precise, let me first
introduce some notation.

For w € /W, we write Ad(w)§(J) = J if for any simple reflection s € J,
there exists a simple reflection s’ € J such that wd(s)w™! = s'. In this case,
w e W) Tt is easy to see that for any Jy,Jo C S, and w € hULyy it
Ad(w)d(J;) = J; for i = 1,2, then Ad(w)d(J1 U J3) = J1 U Jo. Thus for any
J CSand w e W, the set {J' C J | Ad(w)§(J') = J'} contains a unique

maximal element. We set
I(J,w,6) = max{J C J | Ad(w)§(J") = J'}.

EXAMPLE 1.11. Let W = Sy, J = {2,3} and w = s1s2s3. Then
I(J,w,id) = 0.
Let W =S5, J ={1,3,4} and w = s2515352. Then I(J,w,id) = {1, 3}.

The classification of d-twisted W -conjugacy classes of W is obtained in
[He07b, Section 2].

THEOREM 1.12. We have

(1) W = Uyeaw Wi s Wigwsw)-

(2) For any w € "W, the inclusion Wigws) = Wi s Wrgweyw) in-
duces a natural bijection between the Ad(w) o §-twisted conjugacy classes C
on Wi(jw,s) and the d-twisted W y-conjugacy classes O on Wy -s(Wi(jm,5)w)-

We also have the following relation between the minimal length elements
of C' and of O. This is proved in [He07b, §3].
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THEOREM 1.13. Let w € YW and C be a Ad(w) o d-twisted conjugacy
class in Wr(juws)- Let O = Wy -5 (Cw). Then

(1) For any x € O, there exists u € C such that x — ;5 uw.

(2) If C satisfies the Red-Min property, then so is O.

(8) If Crin is a single NAd(w)o5-equivalence class, then Omin s a single
~gs-equivalence class.

(4) If Crin is a single A Ad(w)os-€quivalence class, then Owin is a single
~5-equivalence class.

In particular, we have

THEOREM 1.14. Suppose that Wy is a finite Cozeter group or an affine
Weyl group. Let O be a d-twisted W j-conjugacy class of W. Then
(1) Red-Min property holds for O.
(2) Omin is a single ~s-equivalence class.
(3) If moreover, O is distinguished, then Oy s a single ~s-equivalence
class.

The case where W is a finite Coxeter group is obtained in [He07b, §3]
by combining Theorem 1.13 with Theorem 1.8. A different proof is obtained
by Nie in [Ni13]. The case where W is an affine Weyl group can be obtained
in the same way by using Theorem 1.17 we are going to discuss instead of
Theorem 1.8.

1.7. Affine Weyl groups.

1.7.1. Definition. We first recall the definition of affine Weyl groups.

Let Z = (X*,X,, R, RV,1I) be a based reduced root datum, i.e., X*
and X, are free abelian groups of finite rank together with a perfect pairing
(,): X*x X, — Z, RC X*is the set of roots, RY C X, is the set of coroots
and II C R is the set of simple roots. Let V = X, ® R. For any a € R, we
have a reflection s, on V defined by s,(z) =  — (o, z)a¥. For any o € R
and k € Z, we have an affine root @ = a + k and an affine reflection sg on
V defined by sg(z) = — ({a, z) + k)aV.

The finite Weyl group Wy is the subgroup of GL(V) generated by s,
for a € R. The affine Weyl group and the extended affine Weyl group are
defined by

W, =ZR' xW,, W =X, xW.
Let Aff(V') be the group of affine transformations on V. We may identify W
with the subgroup of Aff(V) generated by t* for A € X, and Wy, where ¢ is
the translation v — v — A on V. We may also identify W, with the subgroup
of Aff(V') generated by sa, where & runs over all the affine roots.

The set II of simple roots determines the set Ry of positive roots, the
dominant chamber

C={zeV;{a,z) >0 for all « €I},
the anti-dominant chamber
C™ ={zeVi{a,z) <0 for all o €I}
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and the base alcove
a={zeV;-1<(a,z)<0forallz e Ry} CC .

Let So = {sa; € II}. Then (Wp,Sy) is a Coxeter system. Let S be the
set of sg, where the hyperplane Hs = V9 is a wall of a. Then (Wa,g) is
again a Coxeter system.

The length of an element in W is the number of walls between the base
alcove a and the image of a under the action of that element. The explicit
formula for length function is given by Iwahori and Matsumoto in [IM65]:
for A € X, and w € Wy.

((tPw) = > (o, A)| + > (o, A) = 1].

a€R+,w—1(a)€R+ a€R+,w_1(a)€R_

This length function extends the length function of the Coxeter group
W, and we have a semi-direct product

W =W, xQ,

where Q = {w € W;£(w) = 0} is the stabilizer of the base alcove a.

The definitions in §1.4 still make sense for W. The only modification that
we need is the definition of ~-equivalence relation on W. We write w ~g w'
if there exists 7 €  such that w —s 7w'd(7) ! and 7w'§(7) "t —5 w.

For any J C I, set W; = X, x W;. We call W a parabolic subgroup
of W. This is the extended affine Weyl group associated to the root datum
Ry = (X*, X, Ry, RY,J), where Ry C R is the sub root system spanned
by the roots in J and RY C R is the set of corresponding coroots.

For any K ; S with W finite, we call Wx a parahoric subgroup of W.

1.7.2. Arithmetic invariants. Let § : W — W be a group automorphism
with 6(@) = S. We first discuss the classification of d-twisted conjugacy
classes of W. Motivated by Kottwitz’s work [Ko85] and [K097], we intro-
duce two arithmetic invariants.

Since § preserve the length function on W, we have 6(2) = Q. Let Q;
be the set of d-coinvariants on 2. The Kottwitz map x = Ky s : W — Qs is

obtained by composing the natural projection map W — W /W = Q with
the projection map € — 5. It is constant on each §-twisted conjugacy class
of W. This gives one invariant.

Another invariant is given by the Newton map. For any w € W, we
regard the element wd as an element in Aff(V'). There exists n € N such
that (wd)™ = t¢ for some & € X,.. Let v, 5 = £/n and 7,5 € C be the unique
dominant element in the Wy-orbit of v, 5. We call v, 5 the Newton point
of w (with respect to the d-conjugation action). It is known that v, 5 is
independent of the choice of n and 7, 5 = Iy 5 if w and w' are §-conjugate.
Let O be a é-twisted conjugacy class. We write vp = 7,5 for any w € O
and we call v the Newton point of O.
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Define a map
FW/W)s = Q5 xC, wi (5(0), v0).

This map is not surjective. The Newton point of an element w € W
is a rational dominant coweight satisfying an integrality conditions. The
map is not injective, either. Any §-twisted conjugacy class that intersects a
parahoric subgroup is mapped to (1,0). However, there is a nice lifting of
Im(f) in W /(W)s. This is given in terms of straight d-twisted conjugacy
classes. We will discuss it in the next subsection.

1.8. Straight and non-straight conjugacy classes.

1.8.1. Definition. Let w € W. We say that w is 6-straight if £(wd(w) - - -
8" Y w)) = nl(w) for all n € N. We may formulate it in a slightly dif-
ferent way. Regard 6 as an element in the group W x (0) and extend the
length function from W to W x (8) by requiring £(6) = 0. Then (wd)" =
wé(w) - -- 0" H(w)d" € W x (8) and w is d-straight if and only if £((wd)™) =
nl(w) for all n € N. By [Hel4, §2.4], w is J-straight if and only if {(w) =
(2p,7y,5), where p is the half sum of positive roots in R. We say that a
d-twisted conjugacy O of W is straight if it contains a d-straight element.
The following result is obtained in [HN14, Theorem 3.3].

THEOREM 1.15. The map f : W/W5 — Q5 x C induces a bijection
between the set of straight d-twisted conjugacy classes and Im(f).

Note that in a straight d-twisted conjugacy class O, the set of minimal
length elements are exactly the set of d-straight element in it. Moreover, if
O’ is another d-twisted conjugacy classes with f(O') = f(O), then ¢(w') >
(2p,vo) for any w € O'.

1.8.2. Minimal length elements. We have seen in §1.6 that the map from
non-distinguished d-twisted W -conjugacy classes to distinguished J-twisted
W -conjugacy classes is “compatible” with the length function. There is a
similar relation between non-straight conjugacy classes and straight conju-
gacy classes of W. It is proved in [HN14, Proposition 2.7].

THEOREM 1.16. Let O € W/(W)s and O be a straight d-twisted con-
Jugacy class with f(O) = f(O'). Then for any w € O, there exists a triple
(z, K,u) with w —5 ux, where x is a §-straight element in O, K is a subset
of S such that Wy finite, z € KW and Ad(x)d6(K) = K, and u is an element
m Wg.

The following result is obtained in [HN14, Theorem 2.9] by combining
Theorem 1.16 with Theorem 1.8.

THEOREM 1.17. Let W be an affine group and 6 : W — W is a group
automorphism with 6(S) = S. Let O € W/Wjs. Then
(1) Red-Min property holds for O.
(2) Omin is a single ~s-equivalence class.
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In each distinguished é-twisted W -conjugacy classes, we have a canoni-
cal minimal length element, i.e., the element in that conjugacy class that
is also of minimal length with respect to the left multiplication of Wj.
The straight §-twisted conjugacy classes, in general, does not have such a
canonical choice of minimal length element. However, all the minimal length
elements in a given straight d-twisted conjugacy class still form a single -
equivalence class. This is proved in [HN14, Theorem 3.8].

THEOREM 1.18. Let O be a straight d-twisted conjugacy class of W.
Then Oy s a single ~s-equivalence class.

1.8.3. Standard quadruples. In this subsection, we give standard repre-
sentative for the straight §-twisted conjugacy classes and give a parametriza-
tion of the d-twisted conjugacy classes.

For J C II, set

aj={xeV;-1<(a,z) <Oforalaec Ry}

Let J be the set of simple reflections of the W), in other words, J consists
of the reflections s,, where the hyperplanes H, is a wall of a;. We denote
by £; the length function on the quasi-Coxeter group W and by Q; C Wy
the stabilizer of a;. Note that £; is different from the restriction to W of
the length function ¢ on W.
We say that (J,z, K,C) is a standard quadruple if
(1) J c II with do(J) = J, where &g € GL(V) is the linear part of
§ e Aff(V);
(2) Ad(z) o 6 normalizes Wy and induces a permutation on the set of
affine simple reflections of W and {(«,v,) > 0 for all a € IT — .J;
(3) K C J with Wy finite and Ad(z)§(K) = K.
(4) C is an elliptic Ad(z) o §-twisted conjugacy class of Wi

Note that the condition (2) implies that J is the subset of II consisting
of simple roots a with (o, v, s) = 0. In other words, J is determined by the
element x. Similarly, C' is contained in the affine Weyl group W, of the root
datum Z; and K is determined by C by taking the support of any element
in C. It is also worth mentioning that v, s is dominant and v, s = v, s for
any u € C.

Let T's be the set of standard quadruples. We say that the standard
quadruples (J,z, K,C) and (J',2/,K',C") are equivalent in W if J = .J',
there exists 7 € Qy with 2/ = 726(7)~! and there exists w € W with
2'§(w)(2)"! = w and ¢’ = wrC(wr)™L.

THEOREM 1.19. Let W be an extended affine Weyl group. The map
f:fg—)W/Wg, (J,x,K,C)P—)W-(sC.T

induces a bijection between the equivalence classes of standard quadruples
and the set of §-twisted conjugacy classes of W.
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Moreover, a §-twisted conjugacy class of W is straight if and only if the
standard quadruples corresponding to it are of the form (J,x,0,{1}).

REMARK 1.20. (1) Let (J,z, K, C) be a standard quadruples. Note that
for w,w' € C, wz and w'z are d-conjugate by an element in Wx C W. Thus
W .5 Cx is a single d-twisted conjugacy class of W.

(2) A different parametrization is given in [HN15, Proposition 5.8]. It
is more convenient to use this parameterization in the study of cocenter and
representations of affine Hecke algebras.

(3) For any standard quadruple (J, z, K, C), x is contained in a straight
S-twisted conjugacy class of W, but = may not be a d-straight element.

PROOF. We first show that every d-twisted conjugacy class @ of W
comes from a standard quadruple. By Theorem 1.16, there exists a triple
(z, K,u) with uz € Onin, where x is a d-straight element, K is a subset of
S such that W finite, € KW and Ad(z)6(K) = K, and u is an element
in Wx. We may assume furthermore that K is the smallest subset of S that
is Ad(x) o d-stable and contains supp(u).

Let J = {a € I;{a,Vys) = 0} and 2z € Wy with 2(vys) = 5. Let
7' = 226(2)7!, K’ = 2(K) and C be the Ad(z) o 5-twisted conjugacy class of
W that contains zuz~!. Since z is a é-straight element, 2’ is a length-zero
element in W;. As explained in [HNx, §3.3], z(K) C J. By the smallest
assumption on K, C is an elliptic Ad(x) o d-twisted conjugacy class of W.
Therefore (J,2', K',C) is a standard quadruple associated to O.

Now let (J1, 21, K1,C1), (J2, 22, K2, C2) be standard quadruples associ-
ated to the same d-twisted conjugacy class O of W. Then Vg, § = Vgy,§ = VO
and k(xz1) = k(x1) = k(O). Thus J; = J2 and by Theorem 1.15, x; and z2
are in the same straight §-twisted conjugacy class.

Set J = Jy. Let u; € C;. Let w € W such that usas = wuyz16(w) L.
Since w(Vg,,5) = Vay,5 = Va5, We have w € Wy. We write w as w = wqT,
where w1 € Wj, and 7 is a length-zero element of W ;. Then we have 2o =
7216(7)! as an element in Q. Set K5 = Ad(7)(K1) and C5 = Ad(7)(C}).
Then (J, zo, Kb, C4) is a standard quadruple and (J, 22, K}, C}) is equivalent
to (J,z1, K1,Ch).

We have that Coze and Chxg are in the same d-conjugacy class of WJ.
In other words, Cy and C% are in the same §’-twisted conjugacy class of Wy,
where ¢’ = Ad(z3)04d. Set V; = Rg ®z R. For any us € (s, V}‘Qé, is spanned
by the coweights w for j ¢ K. For any uy € Cj, V}éy is spanned by the
coweights wjv for j ¢ KJ. Since Cy and C) are in the same d’-conjugacy
class, by [CH16, Proposition 2.4.1] there exists wy € Wy with & (ws) = ws
and Ad(ws)(K3) = Kb Then C% and waChw, ' are both elliptic ¢'-twisted
conjugacy classes of Wi with the same characteristic polynomials and the
same minimal length. By [He07b, Theorem 7.5], C% = waCowy *.

The “moreover” part is proved in [HN14, Proposition 3.2]. O
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TABLE 1. Conjugacy classes of extended affine Weyl group of G L3

Conditions on (a1, as,ag) | Number Standard quadruples
ap > a2 > ag 1 (@ tal’a2’a3) (D {1})
1}, ¢la1,02,03 1})
a; = ag > as a1 € z 2 ({(i{},}lf(al’@’%)a {1}7{{3}1})
a; =n+ % 1 ({1}, tnFbnas)gy ) 11})
2}, tlena2,a3) ¢ 1]
alp > az = asg a2 €Z 2 ({(2{}7}t(a1,a2,a3)’ {2},{{8}2)})
as=n+3 1 ({2}, tlarntnig, 9 {1})
({1, 2}, tloveen) g, {1})
a1 €7 3 ({1, 2}’t(a1,a1,a1)’ {i}, {si}) for
a; = ag = as 0<Z<2
({1’ 2}7 t(ahal’al)v {7;’ 3}7 {Sisj? Sjsi})
for0<i<j<2
ag=n+; 1 ({1, 2}, 0+ 5155 0, {1})
ag=n+% 1 ({1,2},tnFLntin) g, 60 0, {1})

1.8.4. Ezxzamples. In this subsection, we give two examples, the extended
affine Weyl groups associated to GL3 and SLs, and their conjugacy classes.

ExAMPLE 1.21. Let us consider the based root datum of GL3. Then
X* = Ze, @ Zes & Zes = 73 and X* = Ze) & Zey ® Ley = 73, where
(ei,ef) = dij. The simple roots are a1 = e — e and ag = ez — e3.

Let W be the extended affine Weyl group associated to this root datum
and § be the identity map on W. Let O be a conjugacy class of . The
Newton point of O is an element (a1,az,a3) € Q% with a; > as > a3 that
satisfies the integrality condition:

For any ¢ € Q,ct{i;a; = ¢} € Z.
The image of O under the Kottwitz map is determined by the Newton point
K(O)=a1 +as+a3 € Z=A.

In Table 1, we list the number of conjugacy classes with given Newton
point (a1, az,as), and the associated standard quadruples.

ExAMPLE 1.22. Let us consider the based root datum of SLs. Here
V = {aey +bey +cey;a+b+c=0}.
Let W, be the associated affine Weyl group and § be the identity map.
Let O be a conjugacy class of W,. The Newton point of O is an element
(a1, as,a3) € Q3 with a1 > as > a3 and a1 + az +az = 0.
In Table 2, we list some information on the conjugacy classes of W. Here

the difference from Table 1 comes from the fact that the element sps1, sps2
and s;sg are conjugate in W, but not in W,.
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TABLE 2. Conjugacy classes of the affine Weyl group of SLg

Conditions on (aj,as,a3) | Number Standard quadruples
a] > ag > as 1 (®7t(a17a2’a3)a (Da {1})
I}, (@, 6, 1)
Z 2 ({ ) ) )
m=a>a3| M€ ({1}t {1}, {s1})
a1 =n+3 1 ({1}, tnrtnas)s, 9 {1})
2}, tlarazas) () {13})
Z 2 ({ ) s Wy
a >az=az | "€ ({2}, @287 {2}, {s5])
ag =n+ 3 1 ({2}, tlarmtinlsy 9, {1})
({1,2},1,0,{1})
({12}, 1,{i}, {si}) for 0<i < 2
ap = ag = as =0 5) ({1,2},1,{1,2},{8182,8281})
<{17 2}7 17 {07 1}7 {3180; 8081}>
({17 2}7 17 {07 2}7 {3082; 8230}>

1.9. Weakly length-increasing sequences. Instead of considering
the weakly length-decreasing sequences as in §1.2, one may consider the
weakly length-increasing sequences in a given twisted conjugacy class.

Let W be a finite Coxeter group and wg be the longest element of W.
Then the map

W — W, w — Wwg

is an order-reversing map and it sends J-twisted conjugacy classes to Ad(wg)o
d-twisted conjugacy classes. Thus as a variation of Theorem 1.8 (1), we have

THEOREM 1.23. Let W be a finite Coxeter group and O be a d-twisted
conjugacy class of W. Let Opax be the set of maximal length elements in O.
Then for any w € O, there exists w' € Onax with w' —5 w.

A similar statement holds for affine Weyl groups.

THEOREM 1.24. Let W be an extended affine group and O be a §-twisted
conjugacy class of W. Let w € O. If w is not of mazximal length in O, then
there exists w' € O with L(w') > l(w) and W' —s w.

For ordinary conjugacy classes, this is proved by Rostami in [Rox, Main
Theorem 1.1]. The general case can be proved using the method in [HN14].

The maximal length elements and the weakly length-increasing sequences
play a role in the study of the center of Hecke algebras.

1.10. The quotient space W // (Wy)s.

1.10.1. The quotient W J/ (W)s. As we have seen in §1.6 and §1.8, some
d-twisted W -conjugacy classes of W are special and any non-special conju-
gacy classes can be “reduced” to a special conjugacy class.

e For partial conjugation action, the special classes are the distin-
guished ones.
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e For (non-twisted and twisted) conjugation action of an extended
affine Weyl group, the special classes are the straight conjugacy
classes.

In either case, we denote by W J/ (W;)s the set of special J-twisted
conjugacy classes in W/(Wy)s. We then have a natural map

[ W/(WJ)5 — W// (WJ)g.

Here the notation )/ is borrowed from the geometric invariant theory.

In the rest of this subsection, we will introduce a partial order on W //
(Wy)s so that the quotient space becomes a topological space. We will dis-
cuss in Part II some applications of these topological spaces.

1.10.2. The Bruhat order. We first recall the definition of Bruhat order.
Let (W,S) be a Coxeter system. The Bruhat order on W is defined as follows.

Let w € W and w = s;1---5, with n = {(w) and s; € S for all i. Such
expression is called a reduced expression of w. Let w’ be another element in
W. We say that w' < w if there exists 1 < i1 < iy < -+ < i < n such that
w' = i, 8iy -+ 8- The definition of Bruhat order is in fact independent of
the choice of reduced expressions of w. In the case where W is a finite (resp.
an affine) Weyl group, the Bruhat order describes the closures relations
between the Schubert cells in the finite (resp. affine) flag varieties.

Now we discuss some general facts about the Bruhat order.

LEMMA 1.25. Let z,w,w’ € W with x < w and w' — 5 w. Then there
exists ' € W such that x — ;5 2’ and 2’ < w'.

PRrROOF. It suffices to prove the case where w’ = swo(s) for some s € J.

If w' > w, then we may take 2’ = x. Now we assume that £(w) = £(w').
Without loss of generalization, we may assume furthermore that sw < w
and wo(s) > w.

If sz > x, then by [Lu03, Corollary 2.5], z < sw and hence z < w’.

If sz < x, then £(sxzd(s)) < £(x) and  — 55 szd(s). By [Lu03, Corollary
2.5], sz < sw and szd(s) < swd(s). O

PROPOSITION 1.26. Let O € W/(Wy)s. If Red-Min property holds for
O, then Oy is the set of minimal element in O with respect to the Bruhat
order.

PRrROOF. Let w,w’ € O. If w’ < w, then ¢(w') < £(w). Thus if w € Opin,
then w is a minimal element in O with respect to the Bruhat order.

On the other hand, let w € O. Suppose that w ¢ Opin, then by Red-
Min property, there exists w' € Opin with w — ;5 w’. By Lemma 1.25,
there exists w; ~ 5 w' with w; < w. O

1.10.3. The partial order <.

PROPOSITION 1.27. Suppose that Wy is a finite Coxeter group or is an
affine Weyl group. Let O,0" € W | (Wy)s. Then the following conditions
are equivalent:
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/

(1) For some w' € O. ., there exists w € Opmin with w < w'.

(2) For any w' € O. ., there exists w € Omin with w < w'.
The case where W is a finite Coxeter group is obtained in [He07b,
Corollary 4.6], by combining Lemma 1.25 with Theorem 1.8. The case where
Wy is an affine Weyl group is obtained in the same way by using Theorem
1.17 instead of Theorem 1.8.
Now we introduce a partial order on W J/ (Wy)s. Let O, 0" € W ) (W)s.
We write @ < O’ if the conditions in Proposition 1.27 are satisfied. By the

equivalence of the two conditions in Proposition 1.27,
0=<0'and 0" <2 0"= 0=0".

Thus < gives a partial order on W/ (W)s.

It is worth mentioning that although we state the results for twisted
partial conjugacy classes for a Coxeter group, the definition of W J/ (Wy)s
and the partial order still works if we replace W by a quasi-Coxeter group.
In particular, the definition and results here still holds for extended affine
Weyl groups as well.

The partial order =, for finite Weyl group W and J ; S, is first in-
troduced in [He07a] to describe the closure relations between Lusztig's G-
stable pieces [Lu04a] and [Lu04b]. The partial order =<, for affine Weyl
group W, is used to describe the closure relations of several interesting
stratifications of loop groups, as we will discuss in Part II, §2.6.

1.10.4. The partial order on W . If J G S, then there is a natural bijec-
tion between W J/ (Wy)s and /W. This partial order on W can be described
in an explicit way as follows:

Let w,w' € W, then W; -5 w < Wy -5 w' if and only if there exists
u € Wy such that uvwd(u)~! < w'.

In this case, we also write w <5 w'.

Note that the partial order < ;5 on JW is different from the restriction to
JW of the Bruhat order on W. The latter one implies the first one, but not
vice verse in general. The difference can be seen in the following example.

EXAMPLE 1.28. Let W = Sy and J = {3}. The simple reflections of
W are sq, 83, 83. We simply write Sgpe... instead of sgsps.---. Let § be the
nontrivial diagram automorphism, i.e., d(s1) = s3, 6(s2) = s2 and §(s3) = s1.
In Figure 1, we draw the Hasse diagram of /W, with respect to the usual
Bruhat order, the partial order <4 (the extra relation is in dotted line)
and the partial order <5 (the extra relation is in double dotted line).

1.10.5. The partial order on the set of straight conjugacy classes. Let W
be an extended affine Weyl group. Proposition 1.27 gives a partial order <
on the set of straight J-twisted conjugacy classes of W. On the other hand,
we have an injective map

f:W/(W)s—= Qs xC, w— (k(O),v0).

There is a natural partial order on Q5 x C given as follows.
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5

FIGURE 1. Hasse diagram for the partial orders on 7.

For (v,p), (v',p") € Q5 x C, we write (v,p) < (v/,p') if v = v and p is
less than or equal to p’ in the dominance order, i.e., p’ — p is a nonnegative
linear combination of positive coroots. It is proved in [Hex, Theorem 3.1]
that these two partial orders coincide.

THEOREM 1.29. Let O,0 € W/(W)s. Then © < O if and only if
F(0) < f(0).

2. Part II. Geometry of G(F)

2.1. Bruhat decomposition on G(k). As a warm-up, we first recall
the Bruhat decomposition of a complex reductive group.

Let G be a connected reductive group over an algebraically closed field
k. Let B be a Borel subgroup and 7' C B be a maximal torus. Let N be the
normalizer of T'. For any element w in the Weyl group Wy = N(T')/T, we
choose a representative w in N(T).

The group G(k) is a union of Bruhat cells:

G(k) = Uyew,BwB.
Moreover, the closure of a Bruhat cell BwB is a union of Bruhat cells
and the closure relation is given by the Bruhat order of the Weyl group:
BB = Uy <, Bi'B.
The dimension of a Bruhat cell BwB is given in terms of length function

of the Weyl group:
dim(BwB) — dim B = {(w).
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A variation is the decomposition of the flag variety G/B into a union of
Schubert cells

G/B = Uyew,BwB/B.

In fact, the subgroups B and N of G(k) form a (B, N)-pair, i.e.,

e (G is generated by the subgroups B and N.

e BN N is a normal subgroup of N.

e The group W = N/B N N is generated by a set of elements s of

order 2, for s in some nonempty set Sy.

e For any s € Sgp and w € W, sBw C BswB U BwB.
$ ¢ Ng(B) for all s € Sp.

An important consequence of the axioms of (B, N)-pairs is the following
multiplication formula of Bruhat cells

BiBiB — B?u.JB, . ?f sSw > w;
BswB U BwB, if sw < w.
BiBiB — Bu.)Q?B, . ?f ws > w;
BwsB U BwB, if ws < w.

2.2. G(F) and its Iwahori-Weyl groups. Let F, be a finite field
with ¢ elements. Let ' be a non-archimedean local field with valuation
ring Of and residue field F,. We denote by e its uniformizer. Let F be the
completion of the maximal unramified extension of F' with valuation ring
O} and residue field k = F,.

Let G be a connected reductive group over F. Let ¢ be the Frobenius
automorphism of F'/F. We also denote the induced automorphism on G(F)
by o.

Let S C G be a maximal F -split torus defined over F' and let T be its
centralizer. Since G is quasi-split over F, T is a maximal torus of G. Let Z
be the Iwahori subgroup fixing an alcove a in the apartment V' attached to
S. The Iwahori-Weyl group associated to S is

W = N(F)/T(F)NL,

where N denotes the normalizer of S in GG. The automorphism o on G (F )
induces an automorphism on the Iwahori-Weyl group W, which we still
denote by o. For w € W, we choose a representative w in N (F).

The relative Weyl group is Wy = N (F )/T (F ). The Iwahori-Weyl group
W is a split extension of Wy by the central subgroup X.(T)r, where I =
Gal(F/F). The splitting depends on the choice of a special vertex of a.

In the split case, i.e., S is a maximal torus of GG, the Iwahori-Weyl group
W is the extended affine Weyl group associated to the root datum of G and
o: W — W is the identity map. In the non-split case, the situation is more
complicated.
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ExXaMPLE 2.1. Let G be the special orthogonal group of a quadratic form
in 2n+ 1 variables. The local Dynkin diagram is of type B,, if G is split, and
is of type 2B, if G is non-split. The Iwahori-Weyl group of G (F ) for split and
non-split quadratic forms are the same. However, the group automorphism
on the Iwahori-Weyl group induced from the Frobenius automorphism o are
different: it is the identity map in the split case and the unique nontrivial
diagram automorphism in the non-split case.

TABLE 3. Local Dynkin diagrams for SO(2n + 1)

Name Local Dynkin diagram
O
B, l0o—o0—O0— .- —O0 =0
O
) 0O—0—O0—++ —O0 =0
B,
O 00—+ —0=>0

ExaMPLE 2.2. Let G be the special unitary group of a hermitian form in
2n variables over a ramified quadratic extension of F'. If the form h is split,
then the local Dynkin diagram is of type B-C,,. If the form A is non-split,
then the local Dynkin diagram is of type 2B-C,,. The Iwahori-Weyl group
of G (F ) for split and non-split Hermitian forms are the same. However, the
group automorphism on the Iwahori-Weyl group induced from the Frobenius
automorphism o are different: it is the identity map if A is split and the
unique nontrivial diagram automorphism if h is not split.

TABLE 4. Local Dynkin diagrams for ramified SU(2n)

Name Local Dynkin diagram
@)
B-C, |[0—0—0— -+ —O0 <+« 0
@)
) 0O—0—0— ++ —0 < 0
B-C,
O&E0— -+ —O0 <0

It is worth mentioning that although the local Dynkin diagram in Table 4
different from Table 3. The only difference is the orientation. As the change of
orientation does not change the associated affine Weyl groups, the Iwahori-
Weyl group 1474 together with the automorphism o : W — W of ramified
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special unitary group SU(2n) of a split (resp. non-split) hermitian form are
the same as of split (resp. non-split) special orthogonal group SO(2n + 1).

In general, we may associate to G O T a reduced root datum & such
that the Iwahori-Weyl group of G4, can be identified with the affine Weyl
group W, associated to #Z. The set S of simple reflections of W, consists of
the reflections along the walls of the alcove a we fixed in the beginning. The
group W acts on the set of alcoves in the apartment attached to S, where
W, acts transitively on the set of alcoves. We also have

W =W, xQ,

where € is the isotropy subgroup of a.

The group X, (T)r may have a nontrivial torsion part. However, as ex-
plained in [HHx, §8.1], the torsion part X.(T')r o lies in the center of W
and thus may be ignored when considering the (non-twisted and twisted)
conjugation action. In particular, the results we discussed in Part 1 on
the minimal length elements, straight conjugacy classes, etc, apply to the
Iwahori-Weyl groups as well.

The pair (W /X.(T)r tor, o) for any group G comes from the pair (W', ")
for a suitable unramified group. This simple observation allows us to reduce
the study of some questions on G to the questions on an unramified group.
This observation will be used in §2.9 and §2.10.

2.3. Iwahori-Bruhat decomposition on G(F’ ) and some varia-
tions.

2.3.1. Double cosets of the Twahori subgroup. After the Bruhat decom-
position was found in the 1950’s, a rather unexpected extension was found
by Iwahori and Matsumoto [IM65], for a split p-adic groups. Here in the
decomposition, one use the (compact) Iwahori subgroup instead of the (non-
compact) Borel subgroup and the (infinite) Iwahori-Weyl group instead of
the (finite) Weyl group. This decomposition is then extended by Bruhat and
Tits [BT'72] to arbitrary p-adic groups.

THEOREM 2.3. The pair (f, N) is a (B, N)-pair. In particular,
STl

G(F) = Uy

We also have an explicit formula on the multiplication of Bruhat cells
FeFild — %’sw%’, o if sw > w;
TswZ UZwZ, if sw < w.
FiteF — %’ws%, o if ws > w;
TwsT UIwZL, if ws < w.
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2.3.2. Double cosets of a parahoric subgroup. We have a similar decom-
position for parahoric subgroups as well. Since all the Iwahori subgroups are
conjugate, we will only consider the parabolic subgroups K that contains Z.
For such /C we denote by K C S the corresponding set of sunple reflections.
The group Wi, generated by K, is the Weyl group of K. We denote by
KWK < W the set of minimal length representatives in their W -double
cosets.

THEOREM 2.4. Let K be a parahoric subgroup of G(F). Then
G(F) — uweKWK,éwlé.

Besides the Iwahori subgroup case, another case we are especially inter-
ested in is the special maximal parahoric subgroup case. Here we have a split
extension of W = X, (T)r x Wy with respect to the vertex corresponding
to K and Wx\W /Wx is in a natural bijection with the set of Wy-orbits of
X«(T)r. We have the Cartan decomposition

G(F) = I—l{u}eX*(T)p/Woléfulé'

Note that however, the multiplication formula for K-double cosets, in
general, is more complicated than the multiplication formula for Z-double
cosets.

2.3.3. Lusztig’s finer decomposition. Let K be a parahoric subgroup of
G(F) and G K. For w € KWK we decompose KwK further into finitely
many subsets stable under the action of K,, analogous to the G-stable piece
decomposition (for reductive groups G over algebraically closed fields) in-
troduced by Lusztig in [Lu04a)].

We have the following simple but very useful properties on the conjuga-
tion actions on the Bruhat cells:

o Ko Tl =K - TW'T if w~k o w';
o KTl =K o LswIUK o Léwo(s )I for s € K with swa( ) < w.
o If we KW and u € Wik 4 0), then K - ZiwZ = K -5 TZ.

The following decomposition is essentially contained in [Lul0, 1.4] and
[Hell, Proposition 2.5 & 2.6]. The general case is in [GH15, Theorem
3.2.1].

THEOREM 2.5. For any w € KWK,
Kk = Uy ey wemici K o T3
Due to its importance, we give a sketch of the proof that
KK C Uy wmniciK o Zi .
Note that KK = I_waewKwWKi'u‘)’f We argue by induction on w’ that
(2.1) Ti'l c U

xEWKwWKﬂKWIC ‘o 1i1.
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If w' is a minimal length element in its o-twisted W-conjugacy class,
then by Theorem 1.16, w’ ~k , ux for some z € KWW and u € Wik z,0)- In
this case, x € Wyw'Wy( sy = WjwW, (). The inclusion (2.1) holds for w'.

If w' is not a minimal length element in its o-twisted Wj-conjugacy
class, then by Theorem 1.17, there exists w” ~g, w' and s € K with
sw”o(s) < w”. Then

KTl =K o IT0"L = K - 50" T UK -5 Lsi" o($)L.

The inclusion (2.1) for w’ follows from inductive hypothesis on sw” and on
sw”o(s).

2.4. The set B(G) of o-conjugacy classes on G(F). For any b €
G(F), we denote by [b] = {g7bo(g);g € G(F)} its o-conjugacy class. Let
B(G) be the set of o-conjugacy classes of G(F)." Kottwitz [Ko85] and
[Ko97] has given a classification of the set B(G). This classification gen-
eralizes the Dieudonné-Manin classification of isocrystals by their Newton
polygons. For the purpose of this paper, it is convenient to view B(G) as
w / Wg. Recall that Q. is the set of o-coinvariants on € and C is the
dominant Weyl chamber of the reduced root datum &% associated to G.

THEOREM 2.6. The inclusion N(F) — G(F) induces a map ¥
W /W, — B(G). Moreover,

(1) the map ¥ is surjective.

(2) We have the following commutative diagram

v

W /W,

N T

Q, xC

B(G) .

(8) The map f: B(G) = Qs x C,b— (k(b),vp) is injective.

Here part (3) is Kottwitz’s classification of B(G). The two arithmetic
invariants on the set W / W, of o-twisted conjugacy classes of W we intro-
duced in §1.7.2 are the restriction of the invariants of o-conjugacy classes
of G(F' ) to the o-twisted conjugacy classes of W. The surjectivity of W is
first proved in [GHKR10] for split groups. The general case is obtained in
[Hel4, §3]. Another proof is given in [GHN15].

Note that we may identify B(G) with Im(f). On the other hand, there
is a natural bijection between Im(f) and W J W,. Therefore, we have the
following commutative diagram

ITo distinguish the conjugacy classes in G(F‘) in W, we use o-conjugacy classes
for G(F') and o-twisted conjugacy classes for W.
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W)W,

X (T)§ % m(G)ry

For any o-conjugacy class [b] of G(F), we denote by Oy (or just Op) the
straight o-twisted conjugacy class of W that corresponds to [b].

2.5. Admissible subsets of G(F’ ). We have discussed several inter-
esting subsets of G(F): KwK for w € KWK, K ., ZaZ for w € KW and
[b] € B(G). In the next few subsections, we will investigate some geomet-
ric properties (dimension, irreducible components, closure relations, etc.) of
these subsets. In order to do so, let us assume furthermore that F' = F((¢)).
In this case, the affine flag variety and its deeper level generalization have a
natural scheme structure. It is more difficult to do it over p-adic fields. We
refer to the work of Zhu [Zhx] and the work of Bhatt and Scholze [BSx] in
this direction.

For any n € N, let i’n be the n-th congruence subgroup of f, i..e, the
n-th Moy-Prasad subgroup associated to the barycenter of the base alcove.
As in [GHKRO6, §2.10], A subset V of G(F) is called admissible if for any
w € W, there exists n € N such that VNZwZ is stable under the right action
of Z,,. This is equivalent to say that for any w € W, there exists n’ € N such

that V N ZwZ is stable under the right action of L.

v

We say that an admissible subset V' of G(F) is locally closed if for any

w € W, the underline reduced scheme of (V N ZwZ)/Z, is locally closed in
fwf/fn for n > 0. In this case, we define the closure of V' to be

V = lim V.,

where V,, be the inverse image under the projection G(F) — G(F)/Z, of
the closure of (V NZwZI)/L, in G(F)/L,.

We say that V is bounded if V N ZwZ = @ for all but finitely many
we W.

Let V be a bounded, locally closed admissible subset of G(F). By def-
inition, there exists n € N such that V is stable under the right action of
Z,. We say that V) is an irreducible component of V if V) /fn is an irre-
ducible component of V/Z,, and we denote by Irr(V) the set of irreducible
components of V. We define

dimy Vi = dim(V1/Z,) — dim(Z/Z,),  dim;V = e dimy V.

We also denote by Irr™®*(V') the set of irreducible components of V' of
maximal possible dimension, i.e., of dimension equals dimy (V).
By convenient, we set dimy(0)) = —oo and Irr™** (@) = .
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For any parahoric subgroup K, we set dimg (V) = dimy (V') — dimj(lé).
In the rest of this subsection, we give some examples of admissible sub-
sets. We start with a trivial example.

EXAMPLE 2.7. Let w € W. Then ZwZ is a bounded, locally closed ad-
missible subset of G(F'). The closure of ZwZ is U <,Zt'Z and dimy ZwZ =
L(w).

The following result is easy to prove and we skip the details.

LEMMA 2.8. Letw € W andn > €(w). Then for any g € Twi, gI,g~ C
In—f(w) :

EXAMPLE 2.9. Let K be a parahoric subgroup of G(F ) By Lemma 2.8,
there exists n S N such that for any g € IC ang 1 ¢ 7. Hence for any
w € W, K- ‘- w1 is stable under the right action of In and thus is an
admissible subset of G(F).

EXAMPLE 2.10. It is also known that each o-conjugacy class of G(F) is
admissible. See [Hex, Theorem A.1].

2.6. Closure relations. Let K be a parahoric subgroup of G(F ). We
have the decomposition

G(F) = Uy cxyiK -« TuZ.

Recall that the set W is in natural bijection with W // (Wk), and there is
a well-defined partial order on W/ (W), = KW (see §1.10). We show that
this partlal order describes the closure relations of the admissible subsets
Ko ZwZ.

THEOREM 2.11. Let K be a parahoric subgroup and x € KW . Then

K0Tl = Uy eryp e, oK o ZE'T.

SK,0%

It is proved in [Hell, Proposition 2.5] in the case where G is a split
group and K is the hyperspecial maximal subgroup. The general case is
proved in the same way. We sketch the proof for completeness.

PROOF. The base idea is to prove by induction. However, in order to
do so, we do not only need the elements in % W, but have to use all the
elements in W as well. The more general statement we would like to prove
is the following;:

For any w € W, I€~U Tl = Uz'eKVV,xng,gw
r' <k o w if there exists 1 g, 2’ with 21 < w.

K o Z#'T. Here we say

Since Ié/f is proper,

K-y Il =K o TI = U K-, Ti'T.

w’EW,w’éw
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We argue by induction on w’ that Zuw'Z C I—lx’eKW,xng,aw’é .o I#'T for
any w’ < w.

If w’ is a minimal length element in its o-twisted W -conjugacy class,
then by Theorem 1.16, w' ~ , uz’ for some 2’ € KW and u € Wik o' o)-
So K -y ZW'L = K -5 T0ui'L = K -5 Zi'Z. Since 2’ < uz’ and w' RKo ux,
by Lemma 1.25 there exists 2/ ~k, z’ with 2” < v’ < w. By definition,
¥ <k w.

If w’ is not a minimal length element in its o-twisted W j-conjugacy
class, then there exists w” ~i, w’ and s € K with sw”o(s) < w”. Then

K- oIl =K o IT0"T =K - Z50"TUK -, Zsi" o($)L.
Note that sw”o(s) < sw” < w”. Thus for any 2/ € KW, if 2/ <, sw"o(s)

or ' <k, sw”, then 2/ <g, w”. By inductive hypothesis on sw” and on
sw”o(s), we have

Ko Ti'T = K o Ts"TUK 5 Tsu" 0 ()T C Upycryy e K o T8'T.

For any 2’ € KW with 2/ <k, w”, by Lemma 1.25, there exists z” ~f ,
z’ with 2" < w’ < w. By definition, 2’ <k, w. O

Recall that there is a natural bijection between W J W, and B(G). On
W ) W,, there is a natural partial order < (see §1.10). It is proved in [Hex,
Theorem B]| that this partial order describes the closure relations between
the o-conjugacy classes of G (F’ ). The idea of the proof is similar to the proof
of Theorem 2.11, but more technical.

THEOREM 2.12. The natural bijection
W )W, — B(G),  Op — [b]

is a bijection of partial order sets. Here the partial order on W / W, is the
combinatorial order < and the partial order on B(G) is given by the closure
relation.

2.7. Mazur’s inequality. In the next few subsections, we study the
intersection of the subsets of G(F) in §2.3 and §2.4.

The intersection of Ke*K N [b], for G = GL,, and K the maximal hyper-
special subgroup, first appeared in Mazur’s work [Ma73], in the study of
the relation between the Hodge slope of a crystal and the Newton slope of
the associated isocrystal.

By definition, an isocrystal is a pair (IV, g), where N is a finite dimen-
sional vector space over F' and g : N — N is a semi-linear bijection. A
crystal M of an isocrystal (NN, g) is a g-stable O j-lattice of N.

By Dieudonné-Manin theory, there is a natural bijection between the
isomorphisms classes of isocrystals and the associated Newton slopes. On
the other hand, for each crystal, one may associate a Hodge slope.
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ExAMPLE 2.13. Let N be a 3-dimensional vector space with standard
basis ey, ez, e3 and g : N — N is defined by g(e1) = e2, g(e2) = es,g(e3) =
ee1. Then all the eigenvalues of g are the cubic roots of € and Newton slope
v(N,g) = (%1 1)

9 37353

Let M = 69?:1(9}561' be a crystal of (N, g). Then

cokerg [= Oper/eOper = kle; @ kP @ KVes.

The Hodge slope u(M) = (1,0,0).

The Hodge polygon and the Newton polygon have the same end point
and the Hodge polygon lies above the Newton polygon. In other words,
w(M) = v(N, g) with respect to the dominance order.

In general, we have the following result.

THEOREM 2.14. (1) Let (N,g) be an isocrystal and M be a crystal of

(N,g). Then
(M) = v(N, g).

(2) Let (N, g) be an isocrystal of dimensionn. Let u = (a1,--- ,a,) € Z"
with ay > ag > -+ =2 an and p > v(N, g). Then there exists a crystal M of
(N, g) with p(M) = p.

Here part (1) is obtained by Mazur in [Ma73] and part (2) is obtained
by Kottwitz and Rapoport in [KRO3].

Now we reformulate the Mazur’s inequality in a group-theoretic way.

An isocrystal of dimension n corresponds to a o-conjugacy class of
GL,(F) and a crystal corresponds to a K-double coset in GL,(F), where
K =GL,(O #)- The above Theorem may be reformulated as follows:

Let [b] be a o-conjugacy class of GLy (F') and p be a dominant coweight
of GL,(F). Then [b] N Ke'K # 0 if and only if p = vy and k([b]) = r(e").

In the sequel we will study the 1ntersect10n KwK N [b] for any parahoric
subgroup K in a reductive group G(F ) Such intersection plays an important
role in the study of reduction of Shimura varieties and we will discuss some
applications in §2.12.

2.8. The intersection of a Bruhat cell with a o-conjugacy class.
2.8.1. Deligne-Lusztig reduction method. Now we discuss a reduction

method to study the intersection ZwZN[b] after Deligne and Lusztig [DL76].
We first prove the following results.

PROPOSITION 2.15. Let X be an admissible subset of G(ﬁ) Then the
inverse image of X under the multiplication map m : G(F) x G(F) — G(F)
is an admissible subset of G(F') x G(F)).

PROOF. Let w,w’ € W. Then ZwZIw'Z is a bounded subset of G(F).
There exists n € N such that X NZwZw'Z is stable under the right action of
Z,. Suppose that (g,¢") € ZwZ x Zuw'Z with g¢’ € X. Then by Lemma 2.8,

gjn-l—é(w’)g/jn-i—((w’) - gg,j.n cX ﬂi’wi’w'j
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Hence m™(X) NZwZ x Zw'Z is stable under the right action of Z, nf(w!) X
7, () and m” 1(X) is admissible. O

Let w € W and s € S with sw < w. Then ZsZ x ZswZ is an admissible
subset of G(F) x G(F) and the multiplication map G(F) x G(F) — G(F)
induces

m : LT x Téwl — T,

Notice that we do not have the notion of isomorphisms between the
admissible subsets. However, we may still discuss the dimensions, irreducible
components, connected components, etc. And for any admissible subset X
of ZwZ, there is a natural bijection between the irreducible components of X
and of m~(X) and dlmz of an irreducible component of X equals dimy_ 5

of its inverse image in IsI x Tsuwl.

Let pra : G(F) x G(F) — G(F) be the map defined by (g1,92)
(g2,0(g1)). We consider the following diagram
(2.2)

Tl N [b] <2— m~Y(ZwZ N [b]) Y “ Z

T |

Tl

P12

9

T5T x Tswl —22> TsiT x Lo (3)L —> Tsio($)L.

Here Y = piom = (ZwZ N [b]) and Z = m(Y).

Let (g1,92) € m™ (ZwZ N [b]). Then gigo € [b]. Hence gao(gy) = mo
plg(gl,gg) [b]. Thus Z C ZswLo(5)Z N [b] On the other hand, for any
g € TsiZo(3)L N [b], there exists go € ZswZ and g1 € 75T such that
920(91) = g € [b]. So g1g2 € [b] and (g1, 92) € ~1(ZwZ N [b]). Therefore
Z =TswIo($)LNIb).

THEOREM 2.16. Let w € W and s € S with sw < w. The diagram 2.2
induces a natural bijection

Irr™ > (ZwZ 0 [b]) < Trr™ > (ZswZo(3)L N [b]).
We also have that
dim(FiZ 1 [b]) = dlm(%sw?zf(s)?:: N [b]), zf swo(s) > sw;
dim(ZswZo($)ZN[b]) +1, if swo(s) < sw.
PROOF. If swo(s) > sw, then ZswZo($)L = Lswo($)Z. The above dia-
gram gives a natural bijection C <> C’ between the irreducible components
of ZwZ N [b] and of ZswZo($)Z N [b]. Moreover, we have dimy C' = dim; C".
If swo(s) < sw, then ZswZo(3)L = Lswl ULswo(3)L and Z = Zy U Zs,
where Zy = ZswZN[b] and Zy = Lswo($)ZN[b]. Here Z; is open in Z and Z3
is its closed complement. It is worth mentioning that in general Z; may not
be dense in Z (see Example 2.18). Also we do not have a nice correspondence
between the irreducible components of ZwZ N [b] and of Z.
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However, we still have a natural bijection C' > D between the irreducible
components of ZwZ N [b] and of Y. Under this bijection dimy C' = dimy D.

On the other hand, Y = Y; U Y5, where Y; = m{,l(Zl-). For i = 1,2,
there is a natural bijection D; <+ C! between the irreducible components of
Y; and Z;. Moreover, we have dimy D; = dimy C} + 1. Note that if C’ is an
irreducible component of Zs, then C’ may not be an irreducible component
of Z. However, if dim C’ = dim Z, then it is an irreducible component of Z.

In particular, the above diagram gives a natural bijection C' <+ C’ be-
tween the irreducible components of maximal dimension of ZwZ N [b] and of
LswiZo(3)Z N [b]. Moreover, we have dims C = dimy C" + 1. O
max Of

Using Theorem 2.16, one may reduce the study of dimy and Irr

TwIn [b] to the case where w is of minimal length in its o-twisted conjugacy
class. The latter case is studied in [Hel4, Theorem 3.7].

THEOREM 2.17. Let w € W be an element of minimal length in its
o-twisted conjugacy class. Then

Tl C [i].
In other words, if w € W be an element of minimal length in its o-twisted

conjugacy class, then

U(w), if w € [b]

dim(ZwZ N [b]) = {_OO it g )
]Irrmax(iﬂ')im [b])| = {(1]’ i':twv ; Ej '

Theorem 2.16, together with Theorem 2.17, provide a practical way to com-
pute dimy and Irr™®* of ZwZ N [b] for arbitrary w € W and [b] € B(G). Let
us look at an example.

EXAMPLE 2.18. This example comes from [GH10, §5]. Let G = SL4.
The simple reflections in W are sg, s1, 2, s3. We simply write Sqpc... instead
of sqspsc--+. We take w = s1901232101 and b = 1. In Figure 2, we illustrate
how the reduction method is used to study Y := ZuZ N [b]. Here we skip
the step wi ~ ws and only record the step wi; — swis with s € Sy such
that swys < wi. The resulting figure is a binary tree. Here the left branch
is the element sw; (which corresponds to an open part of the intersection)
and the right branch is the element sw;s (which corresponds to the closed
complement of the intersection). Each box contains an element w; € W and
a number, which equals to dimi(i’wlf N [b]).

From the figure, we see that Y = Y; U Ys, where Y] is open in Y and Y5
is its closed complement. Moreover, dim Y7 = 7 and dim Y5 = 8 and they are
both irreducible. Thus both Y5 and Y; are the irreducible components of Y.
In other words, Y has two irreducible components, one is of dimension 8 and
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51201232101
8
5201232101 520123210
6 7
v \ v N\
521232101 52123201 52123210 5212321
—00 5 —00 6
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—00 4
VAN
51320 | | S130
—00 3

FIGURE 2. An example of Deligne-Lusztig reduction.

the other one is of dimension 7. This is an example where the intersection
is not equidimensional.

2.8.2. “Dimension=degree” theorem. In general, such computation is
quite difficult to run if the rank of the group is not very small. A better
way to do this is to use the class polynomials of affine Hecke algebras, which
encode the information of the reduction step.

We will give a systematic discussion of class polynomials in §3.6.3. In
this section, we just give an algorithmic definition of the class polynomials.

To any w € W and a o-twisted conjugacy class O of W, we associate
the class polynomial Fy, o € Z[q]. It is defined inductively on w.2

If w is of minimal length in its o-twisted conjugacy class, then

oo 1, ifweO0;
S 0, otherwise.

If w is not of minimal length in its o-twisted conjugacy class, then by
Theorem 1.16, there exists w’' € W and s € S such that w ~, w' and
sw'o(s )<w.Weset

Fw7(9 = (q - 1)st’,(’) + quw/o(s),O'
In particular, if we regard F,, 0 as a polynomial of ¢ — 1, then all the
coeflicients are nonnegative integers.
By convention, we define the degree of the polynomial 0 to be —oo and
the leading coefficient of the polynomial 0 to be 1.

2The definition here differs from the definition of class polynomials f., 0 defined in
[Held, §2] as the normalization of Hecke algebras we use here is different from [Hel4].
The relation is Fyy,0 = va“’)_g(o)fw,o lq=v2-
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THEOREM 2.19. Let w € W and [} € B(G). Let F,p =

ZOEW/WU,f(Ou)sz([b}) ¢"OF, 0. Then

(1) dimf(IU'}I N [b]) = deg Fw,[b}-

(2) The cardinality of Irr™*(ZwZ N[b]) equals the leading coefficient of
Fw7[b] .

The proof is similar to the proof of [Hel4, Theorem 6.1] and is proved

by induction on w.
As a consequence, we have

COROLLARY 2.20. Let w € W and [b] € B(G). If {(w) < (2p, 1), then
TwI N[ =0.

The reason is that if the reduction method always decreases the length
of the elements involved. In particular, if ¢(w) < (2p, 1), then after apply
the reduction, one can only get o-twisted conjugacy classes of W different
from Oy.

We have similar “dimension=degree” theorem for parahoric subgroups.

THEOREM 2.21. Let K be a o-stable parahoric subgroup of G(F) and
we KWK, Set Fu k) = Dwewrwwy P Then

(1) dimg (Kwk N [b]) = deg F, k5] — dimy K.

(2) The cardinality of Irr™>(KwK N [b]) equals the leading coefficient of
Fw,K,[b]'

THEOREM 2.22. Let K be a o-stable parahoric subgroup of G(F) and
z € KW. Then

(1) dimg (K -5 Z2Z N [b]) = deg Fy ).

(2) The cardinality of Irr™®(K -, Z&ZN[b]) equals the leading coefficient
OfF 6]

Note that F,, i ) only depends on the Iwahori-Weyl group W together

with o : W — W, the element w € W, the subset K of S and straight
o-twisted conjugacy classes Op) of . Thus one may relate the questions on
the emptiness/non-emptiness pattern, dimension, the number of irreducible
components of maximal dimension, etc., of ZwZ N [b] in a ramified group
to the questions in an unramified group. This allows us to translate some
results in the unramified groups (proved by other methods) to results in
the ramified group (where the methods in the unramified groups might not
apply).

2.8.3. Relation with affine Deligne-Lusztig varieties. Now we discuss
some relations between the intersection Kwk N [b] and the affine Deligne-
Lusztig varieties.

Let K be a o-stable parahoric subgroup of G(F) and w € KW, Let
b € G(F). The affine Deligne-Lusztig variety is introduced by Rapoport in
[Ra05]
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Xk w(b) ={9K € G(F)/K; g~ "bo(g) € KiK}.
If K is the Iwahori subgroup Z, we simply write X, (b) instead of X, (0).
If K is a special maximal parahoric subgroup, then we may write
Xicy(b) = (9K € G(F)/K; g "bolg) € KK}
for the corresponding affine Deligne-Lusztig variety. We have

THEOREM 2.23. Let K be a o-stable parahoric subgroup of G(F) and
w e XWX, Let b€ G(F). Then

dim (KK N [b]) — dim X (b) = (2p, ).

PrROOF. We first consider the case where K = Z. In this case, the
Deligne-Lusztig reduction method still works for dim X,,(b) (see [Hel4,
Proof of Theorem 6.1]). The reduction steps are the same. The only dif-
ference lies in the basic step. When w is a minimal length element in its
o-twisted conjugacy class, then

Yw) — 0Oy), if i € [b]:

dim X, (b) = {_oo if 4 ¢ [b].

Thus dim X,,(b) equals the degree of ZO'EW/WU,f(O’):f(Ob) qé(O/)—Z(Ob)Fw@/
and
dimy(ZWwZ N [b]) — dim Xy (b) = £(Oy) = (2p, 1p).
In the general case, X (b) equals the image of Uy ew cwiwy Xuw (b) un-

der the natural projection map 7 : G(F)/I — G(F)/K. Note that each fiber
of

U eWewWie X (b) — Xlé,w(b)

is isomorphic to K/Z. Thus

dim X (b) = peiax dim X, (b) —dim K/Z
= omax dimy (Zo'Z N [b]) — dim K/Z — (2p, )
= deg Fy 5 — dim K/Z — (2p, 13)
= dim (KwK N [b]) — (20, 1) O

2.9. Non-emptiness pattern. In this subsection, we discuss several
cases that explicit non-emptiness patterns are known.

2.9.1. Special mazximal parahoric. We first consider the intersection
KetK N [b], where K is a special maximal parahoric subgroup. If G = GL,,
then the intersection is nonempty if and only if the Mazur’s inequality is
satisfied (see §2.7). Kottwitz and Rapoport [KRO3] conjecture that it is
still the case for any reductive group G (and special maximal parahoric
subgroups K).
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THEOREM 2.24. Let K be a special mazrimal parahoric subgroup of G(F)
Let p be a dominant coweight and [b] € B(G). Then [b] N Ke'K # O if and
only if p > vy and k([b]) = K(e*).

The “only if” side is proved by Rapoport and Richartz in [RR96]. The
“if” side is proved for type A and C in [KRO3|. It is then proved by Lucarelli
[Luc04] for classical split groups and then by Gashi [Gal0] for unramified
cases. The general case is obtained in [Hel4, Theorem 7.1], combining the
relation between the class polynomials and the non-emptiness pattern of
such intersection, the relation between Iwahori-Weyl groups for ramified
and unramified groups, and Gashi’s result in the unramified case.

2.9.2. Reduction to quasi-split, adjoint groups. Now we consider the in-
tersection ZwZ N [b]. We first discuss the reduction from arbitrary group to
a quasi-split, adjoint group.

As explained in [GHN15, §2.2], it suffices to consider the case where G
is adjoint. Let H be the quasi-split inner form of G. Then G(F) = H(F)
and I is the Iwahori subgroup of H (F ) as well. We identify the Iwahori-
Weyl group of H with W. The difference is the group automorphisms on W
induced from the Frobenius morphisms. We have o = Ad(y)ooy € Aut(W)
for some v € 2. The map g — ¢y gives a bijection from the og-conjugacy
class [g]g to the og-conjugacy class [gy]r. We have

dim(ZiZ N [g]) = dimy(ZiAZ N [g7)a).

In the sequel, we denote by ¢ the group automorphism oz on W.

2.9.3. P-alcove elements. For quasi-split groups, an important notion
is the P-alcove element, first introduced by Gortz, Haines, Kottwitz, and
Reuman [GHKR10] for split group and then generalized in [GHN15] to
quasi-split groups. We recall the definition.

Assume that G is quasi-split. Let P = MN be a standard o-stable
parabolic subgroup of G and = € Wy. We say that w € Wis a (P, z)-alcove
element if

oz wo(z) € War;
o iN(F)i ' nwlit c .

The reason to put the above two requirement on w is that we would like
to reduce the study of ZwI to the study of a Iwahori double coset in a Levi
subgroup of G. In particular, we need that w is o-conjugate to an element
in the Iwahori-Weyl group of a standard Levi subgroup. This is where the
first condition comes from. The second condition is more involved. Roughly
speaking, we have the decomposition

T =(INNE)INME)LNN(F)),

where N~ is the unipotent radical of the opposite parabohc subgroup. And
we need this decomp051tlon to be ‘compatible” with TwT so that we are able
to eventually get rid of INN (F ) after o-conjugation by a suitable element.



110 X. HE

The upshot is the following result, first obtained for split groups by
Gortz, Haines, Kottwitz, and Reuman [GHKR10] and then generalized to
quasi-split groups in [GHN15].

THEOREM 2.25. Let G be a quasi- splzt group. Let w € W be a (P,x)-
alcove element. Then any element in T is o- conjugate by 7 to an element

" (ZNiM(F)i Ywo(ZNeM(F)i™Y) c M (F)o(i™).

2.9.4. Basic o-conjugacy classes. We say a o-conjugacy class [b] of G(F)
is basic if the associated Newton point is central, i.e., (2p,15) = 0. Use the
notion of P-alcove elements, we have a complete description of the non-
emptiness pattern of ZwZ N [b] for basic o-conjugacy class [b].

In [GHN15], we introduced the “no Levi obstruction” (NLO) condition.
We say that there is no Levi obstruction if for any pair (P, ) such that w is
a (P,z)-alcove element, there exists an element by € [b] N M(F) such that
ky(z7two(z)) = Kkar(by). By Theorem 2.25, “no Levi obstruction” is a nec-
essary condition for ZwZ N[b] # 0. In [GHN15], it is proved that the notion
of P-alcove elements is compatible with the Deligne-Lusztig reduction, and
as a consequence, “no Levi obstruction” is also a sufficient condition. The
following result is [GHN15, Theorem A].

THEOREM 2.26. Let G be a quasi-split group. Let w € W and [b] € B(G)
be a basic o-conjugacy class. Then TwZ N [b] # O if and only if there is no
Levi obstruction.

Let us make the “no Levi obstruction” condition more explicit.

A critical strip of the apartment V' by definition is the subset {v; —1 <
(a,v) < 0} for a given positive finite root in the reduced root datum %Z. We
remove all the critical strips from V and call each connected component of
the remaining subset of V' a Shrunken Weyl chamber.

Let w € W. Let 2 by the unique element in Wy such that w(a) C
2C~. Let 1, (w) be the unique element in Wy such that x~lwo(z)o(p) €
Ne(w)C for any sufficiently regular element p € C~. In the quasi-split case,
o preserves the antidominant chamber C~. The element w can be written
as xt*y with x € Wy and t*y(a) C C~, then 2 'wo(z)o(C™) = tryo(x)C.
Thus 7, (w) = yo(z). In general, we have 0 = Ad(y) o for some v € Q and
a~two(z)o(p) = 2~ wys(z)y1((p)) = 27 wys(z)s(p). Therefore

(2.3) Mo (w) = 1 (wy).

We have the following explicit description of non-emptiness pattern, first
conjectured by Gortz, Haines, Kottwitz and Reuman in [GHKR10, Con-
jecture 1.1.1] for split groups. The quasi-split case is proved in [GHN15,
Theorem B] and the general case follows from §2.9.2, the equality (2.3) and
the result for the quasi-split case.

THEOREM 2.27. Assume that G is simple. Let w € W such that wo(a)
is contained in a Shrunken Weyl chamber. Then for any basic o-conjugacy
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class [b], ZWwI N [b] # O if and only if k(w) = k(b) and that ne(w) is not
contained in the relative Weyl group Wyr for any proper standard ¢-stable
Levi subgroup M of quasi-split inner form of G.

2.9.5. Translation elements. We have similar results for some nonbasic
o-conjugacy classes as well.

Let G be a residually split group and p be a dominant coweight. For any
z € Wy, we denote by C the Shrunken Weyl chamber inside z(C™). We set

Chw = t"00(C) = CE — () C 2(C7)
and call it a very Shrunken Weyl chamber with respect to p. Then

THEOREM 2.28. Assume that G is simple. Let G be a residually split
group and i be a dominant coweight. Let w € W such that w(a) is contained
in a very Shrunken Weyl chamber with respect to u. Ifi'wfﬂ [e] # 0, then
kE(w) = k(e*) and n,(w) is not contained in the relative Weyl group Wi for
any proper standard Levi subgroup M of G.

Here the proof is similar to the proof of the “only if” part of Theorem
2.27. We skip the details. We will also see in the next subsection that the
converse is true and we have an explicit dimension formula.

2.10. Dimension formula. In this subsection, we discuss several cases
that an explicit dimension formula is known.

2.10.1. Defect. Let us first recall the notion of defect introduced by
Kottwitz in [Ko06]. Let b € G(F). By definition, the defect def(b) of b
is the difference between the F-rank of G and the F-rank of J,, where
Jy = {g € G(F); g"'bo(g) = b} is the o-centralizer of b. It can be reformu-
lated in another way.

Recall that V is the apartment associated to the maximal F—split torus
S defined over F. Then dimV equals the F-rank of G. Let w € O and
Vi = {v € Viwo(v) = v+ vy }. By [Ko06, §1.9], dim V,, equals the F-rank
of Jp. Thus

def(b) = dim V' — dim V.
Note that the right hand side only depend on the Iwahori-Weyl group W,
the group automorphism o : W — W and a straight o-twisted conjugacy
class Op. This formula will be used in our reduction from ramified groups to
unramified groups.

2.10.2. Special mazximal parahoric. We start with the special maximal
parahoric subgroup case.

THEOREM 2.29. Let K be a special mazximal parahoric subgroup of G(F)
Let i be a dominant coweight and [b] € B(G). If vy, < p, then

dime (e 1 [8) = {p. -+ ) — 5 defs(D),

dim X () = {p, 1 — ) — 3 def (D).
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The dimension formula of Xg ,(b) is conjectured by Rapoport in [Ra05,
Conjecture 5.10]. For split groups, the conjectural formula is obtained by
Gortz, Haines, Kottwitz and Reuman [GHKRO6] and Viehmann [Vie06].
The conjectural formula for quasi-split unramified groups is obtained inde-
pendently by Zhu [Zhx] and Hamacher [Hal5]. The general case can be
obtained by combining Theorem 2.21 (which reduce the study of dimension
formula to the study of degree of class polynomials), the relation between
Iwahori-Weyl groups for ramified and unramified groups, and the results of
Zhu and Hamacher in the unramified case.

2.10.3. Virtual dimension. Now we consider the case where K = 7 is
the Iwahori subgroup and we give an upper bound of the dimension.

THEOREM 2.30. For any w € W and [b] € B(G), define the virtual
dimension

du([8]) = 5 (E(w) + Lo () — def (b)) + (p, ).

Then
dimy (ZWZ N [b]) < duw([B)).

PROOF. As explained in §2.9.2, it suffices to consider the case where G
is a inner form of a quasi-split, adjoint group H. We have o = Ad(y)ooy €
Aut(W) for some v € Q. We have dimj(iwfﬁ bla) = dimf(fu')’yi'ﬂ [by]m)-
We also have dy,([bl¢) = duw([0Y] 1) since 1y, (W) = 15, (wY).

Suppose that wy € WytFWy, where p is a dominant coweight. By The-
orem 2.23, [Hel4, Theorem 10.3], and Theorem 2.29, we have

dimi(i'w'yi'ﬁ [by]m) = dim ng(b’y) + (2p, V,g)

< dim X (by) + %(ﬁ(wv) + Loy (W) = (p, 1) + (20, v3)

= (posi— vi) = Sdefia(tm) + S{Lwn) + Loy () = 1) + 2,14
= dur (7)1 =

In several cases, we are able to get an equality dim X,,(b) = dy([b])-

2.10.4. Basic o-conjugacy classes. Let [b] be a basic o-conjugacy class.
Recall that in Theorem 2.27, we give a criterion on ZwZ N[b] # 0 for w € W
such that wo(a) is contained in the Shrunken Weyl chamber. Combining
Theorem 2.23, [Hel4, Theorem 12.1] and Theorem 2.30, we have

THEOREM 2.31. Assume that G is simple. Let w € W such that wo(a) is
contained in the Shrunken Weyl chamber and that (ns(w)) is not contained
in the relative Weyl group Wiy for any proper standard s-stable Levi subgroup
M of G. Then for any basic o-conjugacy class of G(F) with x([b]) = r(w),
we have

dimy (ZiZ N [b]) = du([B)).
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The dimension formula for the affine Deligne-Lusztig varieties X, (b)
with w and b as above is conjectured by Gortz, Haines, Kottwitz, and
Reuman in [GHKR10, Conjecture 1.1.3] and is previously verified in [He14,
§12] for residually split group.

2.10.5. Translation elements. Now we consider the translation elements.
We assume furthermore that G is residually split. We first relate the inter-
section ZwZ N [e#] with Zw'Z N [1] for some w'.

Let H be a closed subgroup of G. A bounded subset of V of H(F) is
called admissible if it is stable under the right action of H(F')NZ, for some
n € N. In this case, we say that V is locally closed in H(F) if V/(H(F)NZL,)

9

is locally closed in H(F)/(H(F)NZ,). We define
dim 7 V = dim V/(H(F) N Z,,) — dim(H (F) N 2)/(H (F) N Z,).

We also need the following result of Gortz, Haines, Kottwitz and Reuman
[GHKRO06, Theorem 6.3.1].

THEOREM 2.32. Let G be a split group. For any w € W and p € X, (T),
there is an equality

dim X, (e") = max dimiU(p)i,lmi(iwfe*I(“) NEU(F)a™Y) + (o, — fa),
xeWo
where U is the subgroup of G generated by the (finite) positive root subgroups.

Now we are able to compare the dimension of affine Deligne-Lusztig
varieties for various b in the torus S for a residually split group.

THEOREM 2.33. Let G be a residually split group. Let w € W and W e
X«(T)r such that L(w) = L(wt™") 4 £(t*). Then

dim X, (t#) > dim X ;—x (1).

ProOOF. By Theorem 2.19 and the remark after Theorem 2.22, it suffices
to prove the case where G is split.
By Theorem 2.32, there exists z € Wy such that

dim Xy (1) = dimg g1z (ZOL 02U (F)E ).
Again by Theorem 2.32,
dim X, (") = dim X, (e* )
> dimiU(ﬁ)i_lmj(fu')fe*“ NaU(F)a ) + (p, 27 (1) — ).

Here the first equality follows from the fact that e and @ (1) are in the
same o-conjugacy class.

3This is where the assumption that G is residually split is used. At present, I do not
know how to modify the argument so that it works for quasi-split groups as well.
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Since ¢(w) = L(wt™*)+L(t"), we have the following commutative diagram

Tire ML x 3 TetTe H —— TapLe M

o

3 |

L e W Mm% 2
Twe "L Xz puge—n €Lt —>TwIle M.

Here m is the multiplication map.
The restriction to U (F)i~! gives an injective map

(fwef“f N d:U(F)i’fl) X Frente—rnaU(

— Twle " NaU(F)it

gt (FTeHNEU(F)E")

By [GHKRO06, Lemma 2.13.1],

dim yg1pg(ZiZe * MU (F)i™")
> dimy ;1 g (Zibe "IN EU(F)i")
+ dim((e*Ze * N &U(F)i ™Y /(L N et Le P N iU (F)z 1))

= dimy; jiy; 107 (Zibe "IN EU(F)E™") + Y min{(za, ), 0}
aERL
= dimg; o1z (Zie *INEU(F)E) + (o2~ (1) — 1)
— dlmetfp‘(].) ‘:’

We have the following result on the non-emptiness pattern and dimension
formula for the intersection ZwZ N [e*]. For split groups, it is conjectured by
Gortz, Haines, Kottwitz, and Reuman in [GHKR10, Conjecture 9.5.1 (b)].

THEOREM 2.34. Let G be a residually split, simple group. Let i be a
dominant coweight. Let w € W such that k(w) = k(e*) and that w(a) is
contained in a very Shrunken Weyl chamber with respect to w. If n,(w) is
not contained in the relative Weyl group Wiy for any proper standard Levi
subgroup M of G. Then

dimy(ZuZ N [e"]) = du([e"]).
In particular, TuwZ N [e"] # 0.

Proor. By Theorem 2.30, dimf(fwi N [e"] < dw([e"]).

Let © € Wy such that w(a) C x(C™). Let i’ be the coweight with
w1t Wy = t#'. By definition, L(wt™*) = L({t*Ww) = £(w) — £(t") and
wt™*(a) C z(C”) is in the Shrunken Weyl chamber. Thus n,(w) =
Ne(wt=* =) Note that [¢#] = [¢*]. By Theorem 2.23, Theorem 2.33
and Theorem 2.31,
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dimy(ZwZ N [e"])
= dim X, (¢*) + (2p, 1) > dim X - (1) + (2p, 1)

= dyyy ([1) + (20, 1) = 5 (Ewt ™) + L(ng (wt ™)) + (2p, 1)

= 5 (0w) + L0y () + {p, 1) = (4] =

2.11. The Kottwitz-Rapoport conjecture.

2.11.1. Admissible set Adm(u). In fact, we are not only interested in
the intersection of a o-conjugacy class with a single Z-double coset, but also
interested in the intersection of a o-conjugacy class with a certain union of
Z-double cosets. Such union of Z-double cosets arises in the study of Shimura
varieties. Let us first look at the following example [Ha05, §4.4].

N —

EXAMPLE 2.35. Let R be a Zy-algebra. We consider the pairs (Fo, F1)
of locally free rank 1 submodules of R? such that the diagram commutes

ROy

RPR—-R®PR—RDR
Fo F1 Fo

This functor represents a closed subscheme of P%p X ]P’%p, which we denote
by M'¢. This is the “local model” of Shimura variety associated to the fake
unitary group U(1,1).

In the generic fiber, Méo; = ]P’(Il@p.

In the special fiber, MIZFZC is the union of two IF’%FP meeting in a point and
we may regard MIZF‘;C as the union of the three Schubert cells in the affine
flag variety of GLo(Fp((€))). These two open Schubert cells correspond to
the elements ¢% and ¢ in the Iwahori-Weyl group of G Ly and the closed
Schubert cell correspond to the element ¢[1:9(12), which is the unique length-
zero element in t0 W, = ¢(0:1] W,.

In general, for any coweight p, we define the admissible set
Adm(p) = {w € W;w < t*W for some z € Wy}.

Similarly, for any parahoric subgroup K of G, we set Adm(u)f =
Wy Adm(u)Wyx and denote by Adm(u)yx the image of Adm(p)X in
WK\W /Wi . The admissible set is an interesting combinatorial object. We
refer to [HHx] and [Hax]| for some nice properties on Adm(u).

The set Adm(u)x is expected to parametrize a natural stratification
of the special fiber of the local model of a Shimura variety with level K
structure. This has been established for Shimura varieties of PEL type at
places of tame, parahoric reduction by Pappas and Zhu [PZ13].
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2.11.2. The union Mg of K-double cosets. We consider the following set
Mg = I—lweAdm(u)Kléwlé'

We discuss the relation of My with the admissible subsets of G(F) in §2.3
and §2.4.
As a K x K-double cosets, we have

THEOREM 2.36. Let K be a parahoric subgroup of G(ﬁ') Then
K\Mg /K = Adm(p) .

This is just a reformulation of definition.
Next, as a subset of G(F') stable under the o-twisted conjugation action
of Ié,

THEOREM 2.37. Let K be a parahoric subgroup of G(F) Then

This follows from Theorem 2.5 and the fact that Adm(u)% N KW =
Adm(p) NEW proved in [Hex, Theorem 6.1] (see [HHx] for another proof).

As a consequence, we may compare the set My for different parahoric
subgroups.

COROLLARY 2.38. Let K/ C K be parahoric subgroups. Then
Mg =K -» M.

2.11.3. Adm(p) and B(G, ). Now we discuss the relation of My with
the o-conjugacy classes of G (F ).

We denote by B(G,u) the subset of B(G) consisting of o-conjugacy
classes [b] of G(F) such that x(b) = s(u) and the Newton point v is less
than or equal to the ¢-average of u in the dominance order. The relation
between My and B(G) is as follows.

THEOREM 2.39. Let K be a parahoric subgroup of G(F). Let [b] € B(G).
Then [b] N My # 0 if and only if [b] € B(G, u).

This result is conjectured by Kottwitz and Rapoport in [KRO03| and
[Ra05]. The “only if” part is a group-theoretic version of Mazur’s inequality.
The case where GG is an unramified group and Kisa hyperspecial maximal
subgroup, is proved by Rapoport and Richartz in [RR96, Theorem 4.2].
Another proof is given by Kottwitz in [Ko03]. The case where G is an
unramified group and K is an Iwahori subgroup, is proved in [Ra05, Notes
added June 2003, (7)]. The “if” part is the “converse to Mazur’s inequality”
and is proved by Wintenberger in [Wi05] in case G is quasi-split. The general
case of both directions is proved in [Hex, Theorem A].

2.11.4. The closure relation on B(G,u). In §2.6, we have discussed the
closure relation between the o-conjugacy classes of G(F). For [b],[V] €
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B(G, ), [t'] < [b] if and only if vy < v, in the dominance order (here
k(b)) = k(b) is automatically satisfied).

Now we show that Mg = Upepa,uMx N [b] is a weak stratification.
This is the group-theoretic analogy of the Grothendieck conjecture on the
Newton strata of Shimura varieties.

THEOREM 2.40. For [b], [V'] € B(G,u), My 0[] N [V] # 0 if and only if
Uy K Up.

REMARK 2.41. The proof is similar to the proof of [HRx, Theorem
5.6] on Shimura varieties. The statement in loc.cit relies on several axioms
on the Shimura varieties. The statement here, on the other hand, is valid
unconditionally.

PROOF. If My N [b] N [0] # 0, then [b] N [6'] # 0 and thus vy < vp.
Now suppose that vy < vp. Since #(b') = (b), by Theorem 2.12, Oy =
Opy- By [Hex, Theorem 3.3], there exists a o-straight element w € Adm(u)N

Opy- By Theorem 2.17, ZwZ C Mg N [b] Thus ZuwZ C MK N o). By the
definition of <, there exists an element w’ € Oy with w' < w. Thus W' € [0']

and ' GIwICMKﬂ[b] In other words, My N [b] N [b'] # 0. O

2.12. Application. The study of the admissible subsets of G (F‘ ) and
their intersections we discussed above has found important applications in
the study of Shimura varieties. They serve as the group-theoretic model of
the some characteristic subsets (Newton strata, Kottwitz-Rapoport strata,
Ekedahl-Oort strata, etc) in the reduction modulo p of a Shimura variety
with parahoric level structure. These subsets have been studied intensively
in the last two decades. We refer to the survey articles by Rapoport [Ra05],
by Haines [Ha05], and to the new preprint [HRx] on a group-theoretic
approach to study these characteristic subsets.

In Table 5, we give a very rough comparison between the admissible
subsets of G(F) we discussed above and the characteristic subsets of Shimura
varieties.

Let (G, {h}) be a Shimura datum. Let K = K?K), be an open compact
subgroup of G(Ay), where K = K, is a parahoric subgroup of G(Q,). Let
G = G ®g Qp. Let p be the dominant coweight corresponding to {h}. We
regard Mg as the group-theoretic model for the special fiber Shy of the
Shimura variety Shgk.

The stratifications

My = Upeadm( KK, Mg = Upep(c,)(Mk N [b])

are the group-theoretic analogy of the Kottwitz-Rapoport stratification and
the Newton stratification of the corresponding Shimura varieties. The strat-
ification

My = UwEAdm(u)ﬂKW,C ‘o ZWI
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TABLE 5. Group-theoretic analogy of Shimura varieties

Group-theoretic side Shimura variety side

Mg Shik

KwkK for w e Wi \W /W Kottwitz-Rapoport
stratum K R

Mg N [b] for [b] € B(G) Newton stratum Sk

K -5 ZwZ for w e KW EKOR stratum EKORg 4,

Mp = Upeadm(u) x KWK Non-emptiness of KR
strata (in the natural
range)

Mk = Upjesa,iuy) (Mi N [b]) Non-emptiness of Newton
strata

Mg = I—leAdm(,u)ﬂKWK: o LWL Non-emptiness of EKOR
strata

Kk = I—lxeKWﬂWKwWK’é - Tl Each KR stratum is a
union of EKOR strata

Kk = I_wagwléu'}’ K Closure relation between
KR strata

Mgn[bNY]#0 < vy < v Closure relation between

Newton strata

K-, Tl = I_Iw/jK’Jlé o LT Closure relation between
EKOR strata
dimg Kk = max{l(z);x € WrgwWg N K7} | Conjectural dimension for

KR strata

dimg K - ZuZ = L(w) Conjectural dimension for
EKOR strata

For o-straight w, K -, ZwZ C [w] Special EKOR stratum in
a single Newton stratum

For K'C K, Mg =K -5 Mg Change of parahoric

is the group-theoretic analogy of the Ekedahl-Kottwitz-Oort-Rapoport strat-
ification, a stratification for Shimura varieties with parahoric level structure
which interpolates between the Kottwitz-Rapoport stratification of Shimura
varieties with Iwahori level structure and the Ekedahl-Oort stratification
[0001], [Vield] of Shimura varieties with hyperspecial level structure.

We do not have a simple dimension formula for Newton strata. However,
we have the following diagram

{g € G(F);g7"bo(g) € Mk}

X(p, )k Mg N [b]
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Here the map p; is the projection map and the map po is a Jp-torsor.
Note that Jp is a discrete group. This suggests that there might be a way to
“locally” identify Mg N [b] with {g € G(F); g 1bo(g) € Mk }. Notice that

dim’é(MK N [b]) — dimX(,u, b)K = <2p, l/b>,

where X (u,0)x = {gK € G(F)/K;g 'bo(g) € Mg} is a union of affine
Deligne-Lusztig varieties. The number (2p, 13,) is exactly the conjectural di-
mension of central leaves.

3. Part III. Cocenters of affine Hecke algebras

3.1. Motivation: group algebras. To explain some basic idea of the
cocenter-representation duality, we start with a naive example.

Let G be a finite group and V be a finite dimensional complex represen-
tation of G. We define the character of V' by xyv(g) = Tr(g,V) for g € G.
Then yy is a class function, i.e., xy(g9) = xv(¢') if g and ¢’ are conjugate
in G.

Let Vi,---, Vi be the irreducible representations of G (up to isomor-
phism) and Oy, --- , O; be the conjugacy classes of G. It is well known that
k =1 and the matrix (xv;(g;j))1<i,j<k is invertible, where g; is a representa-
tive of O;. This matrix is called the character table of G.

We reformulate it in a different way.

Let H; = C[G] be the group algebra of G. Let [Hj, H;] be the com-
mutator of Hi, the subspace of Hy spanned by [h, k'] := hh/ — B'h for all
h,h' € Hy. We call the quotient space Hy = Hy/[H;, Hy| the cocenter of Hj.

It is easy to see that

(1) For any g¢,¢’ in a given conjugacy class O of G, the image of g and
g in Hy are the same. We denote it by [O].

(2) {[01],---,[Ok]} is a basis of Hj.

Let R(H1) = R(G) be the Grothendieck group of finite dimensional
complex representations of Hy. Then {Vi,---,V}} is a basis of R(H;). The
trace map

Tr:H — R(Hy)", g— (Ve—=Tr(g,V))
factors through Tr : H; — R(H1)*. Moreover,
Tr: Hy — R(Hp)* is an isomorphism of vector spaces.

We call it the cocenter-representation duality of the group G.

3.2. Hecke algebras. Let (W,S) be a Coxeter system. Fix a set of
indeterminates ¢ = {c(s); s € S} such that ¢(s) = ¢(t) if s and ¢ are conjugate
in W, and let A = Z[c(s);s € S].

The generic Hecke algebra H = H(W, c) is the A-algebra generated by
{Top;w € W} subject to the relations:

(1) T Toy = To, if ') = () + £
(2) (Ts +1)(Ts —c(s)) =0, s €S.
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Note that the definition of Hecke algebra works for extended affine Weyl
groups as well.

Let k be a field. If we assign an element ¢5 € k to ¢(s) for s € S, then
we can regard k as a A-module and Hq = H ®j k is the specialization of
‘H. In particular, if g, = 1 for all s € S, then we obtain the group algebra
H, = k[W].

We are interested in the cocenter of H, the representations of H and
their relation via the trace map.

One difficulty is that given two elements w and w’ in the same conjugacy
class of W, the image of T}, and T, in H may not be the same. In fact,
we should look at the “strongly conjugate” elements or the elements in the
same =~z-equivalence class.

PROPOSITION 3.1. Let w,w’ € W.

(1) If w =~ w', then the image of Ty, and T,y in H are the same.

(2) If w ~w'" and qs # 0 for all s € S, then the image of T, and T,y in
Hyq are the same.

PRrROOF. (1) It suffices to prove the case where w > w' and £(w) = £(w’).
Without loss of generality, we may assume furthermore that sw < w. Then
Ty =TT, and T, = Ty, Ts. Hence the image of T, and T, are the same.

(2) Tt suffices to prove the case where w' = zwr~! and £(zw) = ¢(w) +
l(x) = l(w') + £(z). Then we have T,Ty = Tpw = Tyy = TywTy. Since
gs # 0 for all s € S, T, is invertible in Hy. Thus T3, = T AT, T, = Ty
mod [Hq, Hy]. O

PROPOSITION 3.2. We denote by Wiin the set of elements of W minimal
length in their conjugacy class. Suppose that the Red-Min Property holds
for every conjugacy class of W. Then for any w € W, the image of Ty, in
H is a linear combination of the image of Ty for x € Wiin.

Proor. We argue by induction on w.

If w € Wiy, then the statement automatically holds for w.

If w ¢ Wi, then by the Red-Min property, there exists w’ € W and
s € S such that w’ &~ w and sw’s < w’. By Proposition 3.1 (1),

Tw =Ty mod [H,H].
Since sw's < w,
Ty = TsTarsTs = Ty T? = (c(5) — 1) Ty s Ts 4 ¢(8) Ty
= (c(s) = 1)Tsy + ¢(8)Tsuwrs mod [H, H].

Now the statement for w follows from inductive hypothesis on sw’ and on
sw's. O

THEOREM 3.3. Let W be a finite Cozeter group or an extended affine
Weyl group. Suppose that qs # 0 for all s € S. Then

(1) For any conjugacy class O of W, the image of Ty, in Hq is indepen-
dent of the choice of w € Opin. We denote the image by Tp.
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(2) The set {To; O € W/Wa} spans Hy.

3.3. Finite Hecke algebras. In this section, we assume that W is a
finite Coxeter group and Hg is a finite Hecke algebra with nonzero parame-
ters.

By Tits” deformation theorem [GP0O, Theorem 7.4.6 & 7.4.7], for generic
parameter ¢ = {c(s);s € S}, the Hecke algebra H. is isomorphic to the
group algebra Hi, and hence the number of irreducible representations of
H_ equals the number of irreducible representations of Hj, and hence equals
the number of conjugacy classes of W.

By comparing the number of irreducible representations of H and the
number of conjugacy classes of W, one deduces that {Tp} is in fact a basis
of H. Therefore,

THEOREM 3.4. Let W be a finite Cozxeter group and Hc be the Hecke
algebra of W with generic parameter c. Then Tr : Ho — R(H¢)* is an
isomorphism.

This leads to the definition and study of “character table” of finite Hecke
algebras in [GP93].

ExXAMPLE 3.5. Let W = S3 be the Weyl group of type As. There are
three conjugacy classes of W: {1}, {s1, s2}, {s152, s2s1}. For generic param-
eter ¢ € k*, there are three irreducible representations of Hg: trivial rep-
resentation, Steinberg representation and a 2-dimensional irreducible repre-
sentation w. The character table is given as follows:

Ay | triv | St T
T8182 qz 1 —q
T, q —1|1q—1
1 1 1 2

ExamMpPLE 3.6. Let W be the Weyl group of type Cs. There are
three conjugacy classes of W: {1},{s1,s2s152}, {s2, 515251}, {5152, 5281},
{s1828152}. For generic parameter q = (q1,q2) € k* x k*, there are five
irreducible representations of Hq. We label these five modules by the bipar-
titions which parameterized the corresponding representations of the finite
Weyl group: 2 x 0, 11 x 0, 0 x 2, 0 x 11, and 1 x 1. The character table is
given as follows:

(s 2x0 |11 x0|0x2|0x11| 1x1
Ts,s, 7192 - | —q 1 0
T81828182 (Q1Q2)2 q% Qf 1 —2(11(]2
Ts1 q1 -1 q1 -1 q1 — 1
T, q2 q2 —1 -1 | -1
1 1 1 1 1 2
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3.4. Representations of affine Hecke algebras and of p-adic
groups. In this subsection, we recall the relations between the representa-
tions of affine Hecke algebras and of p-adic groups. The main reference of
this subsection is Vignéras’ talk at ICM2002 [Vig02]. This serves as one of
the main motivation to our study of cocenter-representation duality of affine
Hecke algebras.

Let G be a connected reductive group over a non-archimedean local
field F' with residual field F, and let Z be an Iwahori subgroup of G(F).
Let k be an algebraically closed field of characteristic | # p. Let Hy(G,Z) =
Endyq k[Z\G(F)] be the Iwahori Hecke k-algebra of G(F). It is isomorphic
to the extended affine Hecke algebra associated to G with parameter g € k.

For any k-representation V of G(F), the space V7 of Z-fixed points is a
right Hy(G,Z)-module. Moreover,

THEOREM 3.7. The map V +— V7T gives a bijection between the irre-
ducible k-representations of G with VI # 0 and the simple right Hy (G, T)-
modules.

For complex representations, the equivalence of category is well-known.
For modular representations, it is due to Vignéras [Vig98].

The case [ = p is very different. However, there is still a conjectural
relation between the representations of G, and of Hy(G,Z) (with zero pa-
rameter) and of the pro-p-Iwahori Hecke algebra Hy(G,Z,). For GL2(Qp),
it is proved by Barthel and Livné in [BL94| and [BL95].

3.5. Affine Hecke algebras. We recall the definition of affine Hecke
algebras. Let Z = (X*, X,, R, RY,1I) be a based root datum and W =
X, x Wy be the extended affine Weyl group associated to Z (see §1. 7)
Let ¢ = {c(s);s € S} such that c(s) = c(t) if s and t are conjugate in W,
and let A = Z[c(s);s € S]. We define the extended affine Hecke algebra
# and its specialization ﬁq in a similar way as in §3.2. We fix a set of
nonzero parameters q in an algebraically closed field k and we may simply

write H instead of H The basis {Tw},,cp gives the Iwahori-Matsumoto

presentation of H. It is related to the quasi-Coxeter structure of W.

Another presentation we need for H is the Bernstein-Lusztig presenta-
tion: )

H = @xeX*,wEWOkexTw-
We refer to [Lu89] for the definition of 6. This presentation is related to
the semi-product W = X, x Wy. It plays an important role in the study of
representations of affine Hecke algebras, especially the (parabolic) induction
and restriction functors.

For any J C II, let H; be the parabolic subalgebra of H generated by
{0, Ty;z € X,w € Wy}. This is the extended affine Hecke algebra for the
parabolic subgroup W; = X, x Wy, for some parameters.

We may then define the (parabolic) induction and restriction functors
between the Grothendieck groups of the finite dimension k-representations
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of H and Hj.
iJ:R(ﬁJ)—)R(ﬁ), TJZR(FI)—)R(E[J).

We have the central character y; of Hj, here ¢ runs over a complex torus
T7 associated to J. If o € R(Hj), then ox; € R(Hj). Following Bernstein,
Deligne and Kazhdan, we say that a form f € R(H)* is good if for any J C II
and o € R(Hj), the function t — f(i;(ox;)) is a regular function on T7.

The following result is obtained by Bernstein, Deligne and Kazhdan
[BDK86] and [Kaz86|.

THEOREM 3.8. Let H = C°(G(F')) be the (complex) Hecke algebra of a
p-adic group G(F'). Then

(1) The image of Tr : H — R(H)* is the set of good forms.

(2) The map Tr : H — R(H)* is injective.

Part (1) is referred to as trace Paley-Wiener Theorem and Part (2) is
referred to as the density Theorem. The proofs rely on p-adic analysis.

Our goal is to understand for which parameters, the trace Paley-Wiener
Theorem and the density Theorem holds for affine Hecke algebras and to
have an explicit basis of the cocenter.

We have seen in Theorem 3.3 that the set {To; O € W /Wa} forms a ba-

sis of F. We also have the Bernstein-Lusztig presentation of these elements.
It is obtained in [HN15, Theorem B].

THEOREM 3.9. Let iy : ﬁj — H be the inclusion and iy ﬁ_J — E the
induced map. Let (J,z,K,C) €T and O be the associated §-conjugacy class
of W, then

To = gJ (Téx)7
where T@]z is the image of T; in ﬁ_J for any minimal length element u € C.

Note that the relation between Iwahori-Matsumoto basis and Bernstein-
Lusztig basis of H is complicated. The relation between the minimal length
elements in O (with respect to the length function of W) and the minimal
length elements in C (with respect to the length function of Wj) is also
complicated. It is amazing that these two complexities cancel each other
out. This leads to the above matching between Iwahori-Matsumoto basis
and Bernstein-Lusztig basis of the cocenter of H.

Compared to the finite Hecke algebras, it is more difficult to prove that
{Tov} is linearly independent in the cocenter of extended affine Hecke alge-

bras. The reason is that both H and R(H) are of infinite rank and thus one
can’t compare their rank directly to make the conclusion. For equal param-
eter case, linearly independence is proved in [HN14] using Lusztig’s J-ring.
The general case is proved in [CHx] using the cocenter-representation du-
ality that we are going to discuss.
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3.6. Cocenter-representation duality for affine Hecke algebras.
In this section, we fix a nonzero parameter q in C and we simply write H
instead of Hy.

3.6.1. Elliptic quotient. Elliptic representation theory, introduced by
Arthur [Ar93], studies the Grothendieck group of certain representations
of a Lie-theoretic group modulo those induced from proper parabolic sub-
groups. The elliptic theory of representations of semisimple p-adic groups
and Iwahori-Hecke algebras is further studied intensively, e.g., Schneider-
Stuhler [SS97], Bezrukavnikov [Be98], Reeder [Re01], Opdam-Solleveld
[OS09].

For an affine Hecke algebra H (of a given nonzero parameters in C), the
elliptic quotient is defined to be

R(H)ey = R(H)c/ Y is(R(Hy)e).
I

Opdam and Solleveld in [OS09] studied the affine Hecke algebras for
positive parameters and showed that

THEOREM 3.10. Let q be a positive parameter function on H. Then

(1) The dimension of R(H ).y is at most the number of elliptic conjugacy
classes of W.

(2) The inequivalent discrete series forms an orthogonal set of R(H)ey.

In particular, one has an upper bound of the number of irreducible dis-
crete series for affine Hecke algebra of positive parameters. A lower bound
can be obtained by counting the central characters of the discrete series.
This leads to the classification of irreducible discrete series for affine Hecke
algebras of positive parameters in [OS10].

The method of Opdam-Solleveld is analytic, passing from H to its
Schwartz algebra, a certain topological completion of H. For Hecke alge-
bras of p-adic groups, the elliptic quotient and its relation with the trace
map was also studied in [BDK86] and analytic methods were used to obtain
an upper bound of the dimension of the elliptic quotient.

3.6.2. Ruigid cocenter and rigid quotient. Here is our motivation to de-
velop a different method to study elliptic representation theory for affine
Hecke algebras.

First, we would like to understand the affine Hecke algebras for arbitrary
parameters (not just the positive parameters) and for representations over
a field of positive characteristic. It is desirable to have a more algebraic
method.

Second, we would like to put the elliptic quotient in the framework of
“cocenter-representation duality”. Namely, the elliptic quotient R(H ).y cor-

responds to a subspace of H via the trace map Tr : H x R(ﬁ)@ — C. What
is this subspace? Results in [BDK86] indicates that this subspace is very
complicated and may not have a nice explicit description.
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The idea in [CHx] is to replace the elliptic quotient by the so-called
rigid quotient. For simplicity, we only consider the extended affine Hecke
algebras associated to semisimple root data. The reductive root data can be
reduced to semisimple ones via [CHx, §8.1].

We define the rigid cocenter

—rig
H  =span{Tp;vp = 0}
and the rigid quotient
R(H)ug = R(H)c/(ij(0) —ij(oxs); J CI,o € R(H,),t € T7),

the quotient of R(}NI ) by the difference of induced modules. Both the rigid
cocenter and the rigid quotient are finite dimensional since the root datum
is semisimple.

It is proved in [CHx, Theorem 1.1] that

THEOREM 3.11. (1) For generic parameters, the trace map Tr : H x
R(H)c — C induces a perfect pairing

Tr:H % R(H)ug — C.

~ —rig
In particular, dim R(H )y = dim H  equals the number of conjugacy

classes in W whose Newton points equal to zero. _
—rig
(2) For arbitrary nonzero parameters, the induced map Tr : H = —
R(H)y,, 1s surjective.
As some consequences,

e Trace Paley-Wiener Theorem: For arbitrary nonzero parameters,

the image of the map T'r : - R(H)* is R(ﬁ);ood.
e Density Theorem: For generic parameters, the map T : H -
R(H)* is injective.
e Basis Theorem: The set {Tp; O € W/Wa} forms a basis of .
We also have the following deformation theorem.

THEOREM 3.12. For generic parameters q, there ezists a basis {Vz q}
of R(H)c such that for any w € W and any 7, the action of T,, on Vi g
depends analytically on q.

For affine Hecke algebra with positive parameters, a similar result was
obtained by Opdam and Solleveld in [OS10] using Schwartz algebras. The
idea of our proof (without the restriction on positive parameters) is to use
Lusztig’s graded affine Hecke algebras [Lu89] and the deformation theorem
for graded affine Hecke algebras obtained in [CH16]. The passage from
affine Hecke algebras to graded affine Hecke algebras is analytic. This is the
reason that we have the analytic deformation theorem here. However, we
expect that there exists a family of representations depending algebraically
on g.
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3.6.3. Class polynomials. Now suppose that all the parameters g5 are
equal. We write ¢ = ¢, for any s € S. For any w € W, there exists I, 0 € Z[q]
for each conjugacy class O of W such that

(3.1) Ty =Y FyoTo mod [H,H].
@

The polynomials F, o are called the class polynomials and can be com-
puted inductively on w as we discussed in §2.8.2. Note that the set {Tp}
is a basis of H. Thus the polynomials F,,0 are uniquely determined by the
equality 3.1 and thus is independent of the choice of the reduction procedure

in §2.8.2.
We also have that
(3.2) Tr(Tw, V) = FuoTr(To,V).

o

for any finite dimensional representation V of H. Therefore, the character
value of any element in H is known if one knows the character value of all
the minimal length elements, together with the class polynomials. Moreover,
by the density Theorem for generic parameter g, the polynomials F;, o are
also determined by the equality 3.2. This gives a representation-theoretic
definition of the class polynomials.

As we have seen in §2.8.2, the class polynomials (especially the lead-
ing term of the class polynomial), have found important application in the
arithmetic geometry. It is desirable to have an explicit formula for the class
polynomials. This is a challenging problem. Some computations for type As
is done by Yang [Yax].

3.7. The “Modular case”.

3.7.1. Naive kernel conjecture. Now we move to the “modular case”.
Here instead of complex representations, we consider representations over
an algebraically closed field k of positive characteristic. We also consider the
case where the parameter is a root of unity. In this situation, one can’t expect
to have a perfect pairing as in Theorem 3.11 (1). However, we expect that
the cocenter-representation duality fails in a “controllable” way and thus
provide useful information on the representations of affine Hecke algebras in
the “modular case”.

We still have a surjective map Tr : JZ R R(ﬁ]):ﬁig, but it fails to be
injective. It is interesting to see whether the whole kernel comes from the
non-semisimplicity of the parahoric subalgebras.

Let us make it precise. Let K C S. If Wy is finite, then we say that the
subalgebra Hy, generated by T, for w € W, is a parahoric subalgebra of H.
In this case, Hg is a finite Hecke algebra. We set Q(K) = {7 € Q;7K771 =

K} and define the extended parahoric subalgebra
Hi = Hy x K[Q(K)).
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_ —rig _ —rig
We have a natural map H§< — H . The composition H§< - H —

R(ﬁ[)fig is not injective in general. It contains ker(f_]g( — R(Hﬁ()*) in its
kernel.

. Tl‘ig ~
Now we introduce the naive kernel. Let ker"™**(T'r : H =~ — R(H)},)

be the sum of the image in 0 of ker(ﬁg( — R(Hg()*), where Hg runs
over all the parahoric subalgebras of H.

CONJECTURE 3.13. The naive kernel ker™¢(Tr : qa° - R(f[):‘ig)
equals the kernel of the trace map Tr : ﬁng — R(I:I);"ig.

If this conjecture holds, then one may reduce the study of parametriza-
tion of irreducible modular representations of extended affine Hecke algebras
to the study of parametrization of irreducible modular representations of ex-
tended finite Hecke algebras. The latter case has been studied extensively
by Geck and Jacon [GJ11]. By combining all these together, one obtain the
rank of the rigid quotient and the elliptic quotient of R(H).

In particular, if all the extended parahoric subalgebras of H are semisim-
ple, then the parameterization of irreducible modules of IET are independent
of the change of parameters q. If g; = ¢ € C* for all s € S, then the condi-
tion that all the extended parahoric subalgebras are semisimple is equivalent
to the condition that ¢ is not a root of the Poincaré polynomial of H. The
classification of irreducible representations in the case where ¢ is not a root
of unity is obtained by Kazhdan and Lusztig [KL87]. It is proved later by
Xi [Xi07] that the Kazhdan-Lusztig classification remains valid if ¢ is not a
root of Poincaré polynomial.

Now we provide some examples.

EXAMPLE 3.14. Let G = SL3. Then Q = {1}. By Example 1.22, the rigid

cocenter fIrlg has a basis {11 = 1,75, 5,55, Tsps1s Lsgss }- There are three
maximal (extended) parahoric subalgebras: Hg for K = {1,2},{0,1},{0, 2}.
They are finite Hecke algebras associated to the group Ss.

The Poincare polynomial Ps,(q) = ®3(q)®2(q), where ®; is the i-th
cyclotomic polynomial. If ¢ is not a root of Ps,(q), then the three parahoric
Hecke algebras are semisimple. In particular, the map Tr : Hx — R(Hg)*
is injective and the naive kernel is trivial. The conjectural rank of R(H )rig
equals the dimension of H"&, which is 5.

If ®5(q) = 0, then the kernel of the map T'r : 1':[{172} — R(Hy9))" is

Trig

spanned by Ty, + 1. Note that the image of Ty, + 1,7, + 1,75, +1in H

are the same. Thus the naive kernel is spanned by the image of 75, + 1 in
—Tig ~ —Tig
H . The conjectural rank of R(H )z equals the dimension of H ~ minus

1, which is 4. -
If ®3(¢q) = 0, then the kernel of the map Tr : Hyy 9y — R(Hjy9))" is
spanned by (¢ + 1)Ts,s, + (¢ + 2)Ts, + 1. The naive kernel is spanned by
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the image of (¢ + 1)Ts;s, + (¢ +2)Ts, + 1, (¢ + 1)Tss, + (¢ +2)T5o + 1,
—=Tig ~
(q+1)Tsps, + (¢ +2)Ts, +1in H . The conjectural rank of R(H )i, equals

the dimension of H e minus 3, which is 2.

Here the characteristic of k does not affect the conjectural dimension of
R(H)yig. The following table lists the conjectural rank of R(H )rig for various
choice of ¢ and char (k).

SLs char(k) # 3 | char(k) =3
®3(q)Pa(q) #0 5 5
23(q) =0 1 1
B3(q) = 0 2 2

EXAMPLE 3.15. Let G = PGL3. Then = p3. By Example 1.21, the

rigid cocenter A ° has a basis {Th = 1,Ty,,Ts,s,, 7, 7°}, where 7 is a non-
trivial element in €. There are four maximal extended parahoric subgroups:
Hg for K = {1,2},{0,1},{0,2} and HY, the group algebra of Q. The first
three are conjugate by 2 and we only need to consider the contribution of
ker(flg( — R(Hﬁ()*) for K = {1,2} and K = {) to the naive kernel.

If ®5(q) = 0 or ®3(q) = 0, then the kernel of Tr : Hyy 9y — R(Hy 91)* is
1-dimensional and this makes an one-dimensional contribution of the naive
kernel.

If char(k) = 3, then the only irreducible representation of 2 is trivial
and the kernel of T'r : Hg — R(Hg)* is 2-dimensional. This makes a two-
dimensional contribution of the naive kernel. ~

The following table lists the conjectural rank of R(H ) for various
choice of ¢ and char(k).

PGLs3 char(k) # 3 | char(k) =3
®3(q)P2(q) # 0 5 3
Dy(q) =0 4 2
P3(q) =0 4 2

Here the characteristic of k does affect the conjectural dimension of
R(I:I )rig- It is also interesting to compare this example with the previous
example to see how the different isogeny classes affect the conjectural rank
of R(H)rig-

3.7.2. Rigid determinant. Recall that in §3.3, we discussed the character
table for finite Hecke algebras. In particular, we may compute the determi-
nant of the character table. It is a polynomial of the generic parameters q
and it is determined by the finite Hecke algebra (up to sign depending on
the ordering of the irreducible representations).

We may define the rigid character table for extended affine Hecke al-
gebras (with generic complex parameters) as well. Here we use a family of
representations, depending analytically on the parameters, whose images in
R(H)yig form a basis. The existence of such family is proved in Theorem
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3.12. We define the rigid determinant as the determinant of the rigid char-
acter table. It is again a polynomial of the parameters q and it is determined
up to scalar. .

We denote by det,® the rigid determinant of an extended affine Hecke
algebra of type # and by deto for the determinant of the character table of
an (extended) finite Hecke algebra of type ©.

CONJECTURE 3.16. Let H be an extended affine Hecke algebra with
generic parameter q. Then the rigid determinant det™® € k[q| is a factor of

1T det where Hyi runs over all the parahoric subalgebras of H.

H

REMARK 3.17. In fact, in the conjecture we only need to take the prod-
uct of the maximal extended parahoric subalgebras. And we also expect
that there is an explicit formula for the rigid determinant, as an alternating
product of the determinants of the character tables for various of (partially)
extended parahoric subalgebras, as we will see in the examples below. How-
ever, due to its complexity, we do not formulate the (conjectural) explicit
formula here.

Also this conjecture predicts that the pairing between the rigid cocenter
and the rigid quotient is a perfect pairing if all the extended parahoric
subalgebras are semisimple (i.e., the determinant of the character tables
are invertible). This coincides with the prediction from the naive kernel
conjecture 3.13.

Now we give two examples to support the rigid determinant conjecture.
We also provide explicit formulas for the rigid determinants in these exam-
ples.

EXAMPLE 3.18. Let G = Sp(4) and let H be the affine Hecke algebra
attached to the affine diagram of type C'y with three parameters

o =——=>q1 <— Q2
—rig
The rigid cocenter H — has abasis {11 =1,Ts,, Ts,, Tsys Tsgsy s Lsosas Ls1s0s
Tsos150s1s Lsysasyse - There are three maximal parahoric subalgebras: Hy for

K ={1,2},{0,1},{0,2}. Here T, for i = 0,1, 2 each appears in the cocen-
ters of two out of three maximal parahoric subalgebras. We have

det ¢,y (g0.01) = (1 4+ 0)*(1 + ¢1)*(1 + qoq1) (90 + q1),
det 4, (go)x A1 (a) = (14 q0)*(1+ q2)°,

det oy (g1, = (14 @1)*(1+ 02)*(1+ q1a2) (a1 + a2),
The rigid determinant is computed in [CHx, Example 7.9]. We have

d rig - det C2(q0,q91) det A1(qo)xA1(q2) det C2(q1,92)

et < = .
C2(q0,91,92) det A1(qo) det A1(q1) det A1 (q2)

EXAMPLE 3.19. Let G = PSp(4) and let H be the affine Hecke algebra

attached to the affine diagram of type Cy with three parameters
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N
Q@ == q1<—Qq2

The rigid cocenter H° has a basis {Th = 1,Ts,,Tsy, Tsysys Tsysys
Ty 595159+ T> L5y T, Tso,T}. There are four maximal extended parahoric subal-
gebras: Hg( for K = {1,2},{0,1},{0,2},{1}. The first two are conjugate by
2. The elements T, ,Ts,, T each appears twice in the cocenters of the three
isomorphism classes of maximal parahoric subalgebras. We have

det ¢y (gr.0) = (14 q1)*(1 4+ 02)*(1 + q1q2) (@1 + g2),
det (4, (g2)x A1 (g2))wpe = 41+ 02)*,
det 4, (g1)xpe = 4(1+q1)-
The rigid determinant is computed in [CHx, Example 7.10]. We have

det T8 _ et Ca(gr.2) A0 (A1 (g2)x A1 (g2)) s BB A1 (g1) 122
C2xp2(q1,q2) 8 det Ar(qr) det A1(q2) det ,, ‘

3.8. 0-Hecke algebras. If all the parameters equal to zero, then we say
that the corresponding Hecke algebra a 0-Hecke algebra. In this subsection,
we discuss the cocenter and representations of affine O-Hecke algebras. The
purpose is two-folded:

o Affine 0-Hecke algebras serve as models for the pro-p Iwahori-Hecke
algebras, which play an important role in the study of mod-p rep-
resentations of p-adic groups.

e For affine 0-Hecke algebras, the cocenter-representation duality fails.
The good news is that it fails in a “controllable” way. This serves
as an evidence of the naive kernel conjecture 3.13.

3.8.1. The cocenter. Let W be a finite or (extended) affine Weyl group.
As we have seen in §3.3 and §3.6, the cocenter of H (for nonzero parameters
q) has a standard basis indexed by Wyn/ ~. For 0-Hecke algebras, the
situation is different.

By Proposition 3.2 the induction argument still works and the cocenter
of Hy is spanned by the image of T,,, where w runs over the elements in
Winin. However, for w ~ w’, T, and T,y may have different image in Hy.

By Proposition 3.1 (1), if w ~ w’, then the image of T,, and T, in Hy
are the same. For any ~-equivalence class ¥ of Wi, we denote by Tx the
image of T}, in Hy for any w € ¥. Then

THEOREM 3.20. The set {Ts; Y € Wiin/ =} forms a Z-basis of Ho.

For finite Hecke algebras, it is proved in [Hel5, Theorem 5.5], where
the basis theorem of Hy (for nonzero parameters q) is used. A different and
simpler approach is found in [HNx, §2.4], which works for both finite and
affine Hecke algebras.
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3.8.2. Finite 0-Hecke algebras. In this subsection, we assume that W is
a finite Coxeter group. Recall that

I'={(J,C);J CS,C is an elliptic conjugacy class of W;}.

It is proved in Proposition 1.10 that the set of equivalence classes of I' is
in natural bijection with the set of conjugacy classes of W. The following
result is proved in [Hel5, Corollary 3.2].

PropoSITION 3.21. The map
I'— Wmin/ ~, (J7 C) — Cmin
gives a bijection from I' to the ~-equivalence classes of Winin.

The irreducible representations of Hg are easy to construct. For any
J C S, let Aj be the one-dimensional representation of Hy defined by

-1, ifseJ;
0, if s ¢ J.

By [No79], the set {\;}jcs is the set of all the irreducible representa-
tions of Hy.

The following result [Hel5, Proposition 5.6] describes how the cocenter-
representation duality fails for Hy.

PROPOSITION 3.22. The trace map Hy — R(Hy) is surjective and the
kernel is spanned by Ts, —Ts, where X, Y are ~-equivalence classes of Winin
of the same support.

Now let us compare the trace function for Hq for generic parameters
q and Hy. Let ¥ € Wyin/ =~ and (J,C) € T be the associated pair. Then
the trace function of Hy remembers the support J of the element T, but
ignores the difference between various elliptic conjugacy classes of W;. On
the other hand, the trace function of Hq remembers the elliptic conjugacy
classes, but ignore the difference between the various subsets of S that are
conjugate to each other.

3.8.3. Affine 0-Hecke algebras. Recall that T' is the set of standard
quadruples defined in §1.8.3 for ordinary conjugation action. It is proved
in Theorem 1.19 that the set of equivalence classes of I' is in natural bijec-
tion with the set of conjugacy classes of W.

For any ¥ € Wiyin/ & corresponding to a standard quadruple (J, z, K, C),
we set Jy, = J. We set

——Tig ——nrig
Hy = @EEWmin/z,Jg:HZTE’ Ho = @EeVVmin/z,Jg;HZTE

Let K C S with W finite. Recall that Q(K) = {r € Q;7(K) = K}. Let
x € Homyz(Q(K),k*). We extend x to a 1-dimensional H, o x Q(K)-module,
where T7/ acts by —1 if s € K and by 0 if s € S\ K. Then we set

Tr = Ho QH, 0xQ(K) X-
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We say that (K, x) ~ (K',x’) if they are conjugate by an element in Q. It
is easy to see that if (K, x) ~ (K', x'), then 7, is isomorphic to mg .
We set
R(Ho)rig = D (K ,x)/~;KCS with Wi finite 7K -
The following result is proved in [HNx, Proposition 5.1].

THEOREM 3.23. For M € R(Hy), Tr(ﬁonrlg,M) = 0 if and only if
M € R(Ho)rig.

In other words, the trace map T : Hy — R(Ho) induces a map

——rig ~
Tr: Hy — R(,H()):ig.
This map is surjective, but not injective. Similar to the finite 0-Hecke algebra
case, the trace map on the rigid cocenter remembers the support K of the
element 7%, but ignore the difference between various elliptic conjugacy
classes of Wi . Thus the above Theorem provides an evidence to the naive
kernel conjecture 3.13.

In [Vig05], Vignéras introduces the Bernstein-Lusztig basis {E,;w €
W} of Ho. She also gives the definition of the supersingular modules of Hy.
By definition, a module M of Hy is supersingular if E,M = 0 for w € W
with £(w) > 0.

We have the following characterization of supersingular modules.

PROPOSITION 3.24. Let M € R(’)':[o). The following conditions are equiv-
alent:
(1) M is supersingular.

(2) M e EB(K,X)/N;ch with Wg ,Wg_ ﬁm’teZﬂ-KJ('

(3) TT(I:I—omg + L(ff_ong),M) = 0, where ¢ is the involution on Ho
defined in [Vig05, Corollary 2|.

Here the equivalence between (1) and (2) is first obtained by Vignéras in
[Vigl4]. The criterion (3) for the supersingular modules is given in [HNx,
Proposition 5.4] and a new proof of the equivalence between (1) and (2) is
also given in loc.cit.
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