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Basic loci of Coxeter type in Shimura varieties

ULRICH GORTZ* AND XUHUA HE'

This paper is a contribution to the general problem of giving an
explicit description of the basic locus in the reduction modulo p of
Shimura varieties. Motivated by [31] and [25], we classify the cases
where the basic locus is (in a natural way) the union of classical
Deligne-Lusztig sets associated to Coxeter elements. We show that
if this is satisfied, then the Newton strata and Ekedahl-Oort strata,
have many nice properties.

Introduction

Understanding arithmetic properties of Shimura varieties has been a corner-
stone in many developments in arithmetic geometry and number theory in
the last decades. To a large extent, these arithmetic properties are encoded
in the geometric properties of the special fiber of a suitable integral model,
and studying these reductions of Shimura varieties has been fruitful in many
cases.

A Shimura variety of PEL type can be described as a moduli space
of abelian varieties with additional structure (polarization, endomorphisms,
level structure). To each such abelian variety we can attach its p-divisible
group; it inherits corresponding additional structure. The special fiber at p
naturally decomposes into finitely many “Newton strata”, which are given
by the isogeny class of these p-divisible groups (with additional structure).

There is a unique closed Newton stratum. This is the so-called basic
locus. For two reasons the basic locus plays a particular role in the study of
the geometry of the special fiber. First, it is the only Newton stratum where
there is reasonable hope for a complete, explicit description as a variety.
Second, it turns out that a good understanding of basic loci can often be
used to prove results about general Newton strata, and hence about the
whole special fiber, by an induction process.
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Explicit descriptions of the basic locus have been of great importance in
the work of Kudla, Rapoport, Howard, Terstiege and others on the intersec-
tion numbers of special cycles in the special fibers of Shimura varieties (and
their relationship to Fourier coefficients of modular forms as predicted by
the “Kudla program”). Kaiser [15] used the description of the basic locus in
the module space of principally polarized abelian surfaces in his proof of the
twisted fundamental lemma for GSpys. A good description of the basic locus
is also useful to prove instances of the “arithmetic fundamental lemma” of
Zhang [33], cf. the paper by Rapoport, Terstiege and Zhang [26].

While the basic locus is the simplest Newton stratum, it still cannot be
described explicitly in general. For example, the basic locus in the moduli
space of principally polarized abelian varieties of dimension ¢ is just the
supersingular locus, i.e., the closed subvariety of supersingular abelian vari-
eties.

On the other hand, besides several small rank cases (cf. Section 5.3),
there are a number of families of Shimura varieties of PEL-type where the
basic locus allows for a simple and very explicit description. The case studied
first is probably the “Drinfeld case” where the underlying algebraic group is
a division algebra and the basic locus can be described in terms of Deligne’s
formal model of Drinfeld’s half space. Other typical cases are those attached
to unitary groups GU (1, n—1). See the papers by Vollaard and Wedhorn [31],
and by Rapoport, Terstiege, and Wilson [25]. Roughly speaking, in all those
cases the following picture emerges: The basic locus is a union of Ekedahl-
Oort strata and admits a stratification by (variants of) classical Deligne-
Lusztig varieties. The index set of the stratification and the closure relations
between strata can be described in terms of the Bruhat-Tits building of a
certain inner form of the underlying group.

The uniformization theorem by Rapoport and Zink [27] allows to de-
scribe the basic locus in terms of a moduli space of p-divisible groups with
additional structure, a so-called Rapoport-Zink space. Roughly speaking, the
set of points of this Rapoport-Zink space can be described, using Dieudonné
theory, as a space of lattices inside a fixed L-vector space. Here L is the
completion of the maximal unramified extension of Q, (or more generally
of a finite extension F/Q,). The lattices have to satisfy conditions which
ensure that they arise as the Dieudonné module of a p-divisible group with
additional structure as specified by the moduli problem. In other terminol-
ogy, these lattices form an affine Deligne-Lusztig variety inside the space of
all lattices.

In this paper, we are mainly interested in the “Coxeter case”, i.e., the
cases where the basic locus is a union of Ekedahl-Oort strata and each
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Ekedahl-Oort stratum is (in a natural way) the union of classical Deligne-
Lusztig sets associated to Coxeter elements.

Let F be a finite extension of QQ, (the mixed characteristic case) or
let F' =F,((€)) (the function field case). Fix a datum (G, i) of a connected
quasi-simple semisimple algebraic group G over F which splits over a tamely
ramified extension and a minuscule cocharacter u (see Section 1.1 and Sec-
tion 5.1). Let P be a standard rational maximal parahoric subgroup of G(L),
where L is the completion of the maximal unramified extension of F. Let o
denote the Frobenius of the extension L/F.

For each b € G(L) we consider the following union of affine Deligne-
Lusztig varieties:

X(p.b)p ={g € G(L)/P; g'bo(g) e | J PwP}
weAdm(p)

(see 7.1, compare also [23] Section 5). Denote by B(G,u) the set of o-
conjugacy classes for which this set is non-empty. There is a unique basic
o-conjugacy class in B(G, ). If b lies inside this basic o-conjugacy class,
then we call X (b, u)p the basic locus attached to the above data. (For a
different choice of b we get, up to isomorphism, the same result. In fact, in
a large part of the paper we work with all basic b simultaneously, i.e. with
“fiber bundles” over the basic o-conjugacy class, and only later to restrict
to single fibers of this bundle.)

In case the data (G, u,b) corresponds to a Rapoport-Zink space .# (in
particular, char F' = 0), there typically is a bijection .#(F,) = X (u,b)p,
given by Dieudonné theory; cf. [23].

In Section 5.1 we define a notion of Ekedahl-Oort elements which gives
rise to a subset EO7(u) € W of the extended affine Weyl group W (here
J denotes the type of the parahoric subgroup P). For each b and each w €
EO” (1), we obtain the EO stratum X 7,,(b), cf. (3.4.1), attached to w inside
X(u,b)p. We say that the basic locus is a union of EO strata, if for all
w € EO (1) such that X, (b) # 0 for b basic, we have X ,,(0') = 0 for all
non-basic b'. For the formal definition of “Coxeter type” see Theorem 5.1.2
and condition (CC) in Section 6.

The main results of this paper are summarized below.

Theorem A. The data (G, i, P) of Cozeter type are listed in Theorem 5.1.2.
Theorem B (see Theorem 5.2.1). If (G, u, P) is of Coxeter type, then

(1) The basic locus
X(:U'v b)P = I—lANX7
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where A runs over faces of certain types of the rational Bruhat-Tits
building A of the o-centralizer Jy of b, and N} is a classical Deligne-
Lusztig set associated to a Cozeter element.

(2) For all non-basic V', the o-centralizer Jy acts transitively on X (u, b')p.
In particular, whenever there is a notion of dimension (in the RZ cases
and in the function field case), this implies that dim X (u,b)p = 0.

In most cases, A runs over all vertices in #. In other cases, edges of #
appear. For more details, see Theorem 5.1.2, Theorem 5.2.1, Theorem 5.2.2
and § 7.

Theorem C (see Theorem 7.2.1, Proposition 7.2.2). In the function field
case, if (G,u, P) is of Coxeter type, then the closure relation among the
strata N can be described explicitly in terms of the simplicial structure

of 4.
The key ingredients in this paper are

e The description of affine Deligne-Lusztig varieties in the affine flag
variety [11].
e The fine Deligne-Lusztig varieties [21].

In mixed characteristic, in general there is no known scheme structure
on affine Deligne-Lusztig varieties. This is the technical difficulty preventing
us from extending Theorem C to the mixed characteristic case. However,
experience shows that, at least for the basic locus, the descriptions in the
mixed characteristic case and in the equal characteristic case are mostly
equal (see Sections 5.3, 7.4). Therefore we expect that in those cases which
have not been treated in the context of Shimura varieties, our results can
serve as guide lines for the precise result to be expected.

We focus on “Coxeter type” in this paper. However, our methods should
extend to some other cases where the basic locus is still a union of EO strata
but the EO strata there are not of Coxeter type in general. We include one
example at the end of this paper.

The paper is organized as follows. In section 1 we fix notation and give
a group-theoretic definition of the basic locus. In section 2, we recollect
properties of affine Deligne-Lusztig varieties in the affine flag variety. In
section 3, we give a stratification, which includes Kottwitz-Rapoport strat-
ification and Ekedahl-Oort stratification as special cases. In section 4, we
study the fine affine Deligne-Lusztig varieties in the affine Grassmannian.
Theorem A, Theorem B and the first two parts of Theorem C are stated in
section 5 and proofs are given in section 6. Theorem C is proved in section
7. We also study the singularities of /\Tf in section 7.
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1. Preliminaries
1.1. Notation

Let IF, be the finite field with ¢ elements. Let k be an algebraic closure of F,,.
Let F' = TF4((e)) or a finite field extension of QQ, with residue class field F,
and uniformizer €, and let L be the completion of the maximal unramified
extension of F'.

Let G be a connected semisimple group over F' which splits over a tamely
ramified extension of F'. Let o be the Frobenius automorphism of L/F. We
also denote the induced automorphism on G(L) by o.

Let S C G be a maximal L-split torus defined over F' and let T be its
centralizer. Since G is quasi-split over L, T is a maximal torus of G. The
Twahori- Weyl group associated to S is

W = Ng(L)/T(L);.

Here Ng denotes the normalizer of S in G, and T'(L); denotes the unique
parahoric subgroup of T'(L). For w € W, we choose a representative in
Ng(L) and also write it as w.

1.2. Weyl groups

We denote by A the apartment of G corresponding to S. We fix a o-
invariant alcove a in A, and denote by I C G(L) the Iwahori subgroup
corresponding to a over L.

The Iwahori-Weyl group W is an extension of the relative Weyl group
Wo = Ns(L)/T(L) by X«(T)r, where I' = Gal(L/L) is the absolute Galois
group of L. If we choose a special vertex of a, we may represent the Iwahori-
Weyl group as a semidirect product

W = X.(T)r x Wy = {t"w; \ € X.(T)r,w € Wy}.

We denote by S the set of simple reflections of W and denote by S C S
the set of simple reflections of Wy. Both W and S are equipped with an
action of .

For any subset J of S, we denote by W the subgroup of 144 generated
by the simple reflections in J and by YW (resp. w ) the set of minimal
length elements for the cosets W;\W (resp. W /W). We simply write 7 W
for 7W N WX,
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The subgroup Wz of W is the affine Weyl group and we usually denote
it by W,. Then

VV:WQNQ,

where () is the normalizer of the base alcove a. We may identify 0 with

1 (G)r.
1.3. o-conjugacy classes

We say that b, b’ € G(L) are o-conjugate if b’ = g~ 1bo(g) for some g € G(L).
We denote by B(G) the set of o-conjugacy classes of G(L). The classification
of the o-conjugacy classes is obtained by Kottwitz in [17] and [18]. The
description is as follows.

An element b € G(L) determines a homomorphism D — G, where D
is the pro-algebraic torus whose character group is Q. This homomorphism
determines an element 7}, in the closed dominant chamber X*(T)a. The
element 7 is called the Newton point of b and the map b — 7, is called
the Newton map. Let kg : B(G) — m1(G)r, be the Kottwitz map [18, §7],
where I'r is the absolute Galois group of F'. By [18, §4.13], the map

B(G) — X*(T)6 X 71 (G)rps b— (y, k(b))

is injective. The set B(G) is equipped with a partial order, see [24] Sec-
tion 2.3.

1.4. Straight conjugacy classes

Following [11], we relate B(G) to the Iwahori-Weyl group W.

For any w € W, we consider the element wo € W x (o). There exists
n € N such that (wo)” = t* for some A € X,(T)r. Let 7, be the unique
dominant element in the Wy-orbit of A/n. It is known that 7, is independent
of the choice of n and is I'-invariant. Moreover, 7, is the Newton point of w
when regarding w as an element in G(L).

We say that an element w is o-straight if {((wo)") = nl(w). This is
equivalent to saying that {(w) = (D, 2p), where p is the half sum of all
positive roots in the root system of the affine Weyl group W,. A o-conjugacy
class of W is called straight if it contains a o-straight element.

The map Ns(L) — G(L) induces a map W — B(G). By [11, Theo-
rem 3.7] and [4, 2.4], the map induces a bijection from the set of straight
o-conjugacy classes of W to B (G) and the restriction of the map kg to W
is the composition W — Q = 7 (G)r — m1(G)r,..
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A o-conjugacy class [b] of G(L) is called basic if 7, factors through the
center of G. Again by [11, §3], a o-conjugacy class of G(L) is basic if and
only if it contains some element of ).

1.5. The variety Z

Let p € X«(T) be a minuscule coweight. We denote by A its image in the
coinvariants X, (7T)r. The admissible subset of W associated to u is defined
as

Adm(p) = {w e W;w < *™ for some z € Wy}
Note that A is not minuscule in W in general (see also § 6.2). We also denote
by 7 the image of t* under the projection map W = W, x Q — Q.

Let J C S. Let Py D I be the standard parahoric subgroup correspond-
ing to .J. Set Adm”(u) = W Adm(p)Wy () and

Y;= UweAdm(M)PJwPO-(J) = UwEAdm“’(u)IwI'

Define the action of P; on G(L) xY; by p-(g,y) = (9p~ %, pyo(p)~!) and
denote by Z; its quotient. Then the map (g,y) — (gyo(g)~t,gP;) gives an
isomorphism

Zy={(b,gPy) € G(L) x G(L)/Py; g "bo(g) € Ys}.

The image of the projection map Z; — G(L) is a union of o-conjugacy
classes of G(L) and we denote it by B(G, p1). In fact, B(G, ) is indepen-
dent of the subset J we choose [12]. However, we don’t need this fact in this

paper.
The basic o-conjugacy class in B(G, ) contains the element 7 and we
denote this o-conjugacy class by Og. We have the Newton stratification

Zy =UoeB(Gu), 21,0,

where Z;0 = {(b,gPy) € Zj;b € O}. The stratum Z; 0, is called the basic
locus in 7.

2. Affine Deligne-Lusztig varieties
2.1. Affine Deligne-Lusztig varieties

We first look at the case where J = ). Then Yy = Uyecadm(plwl and we
have the Kottwitz-Rapoport stratification

Zp = UneAdm(u) Z0,ws
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where Zy,, = G(L) x TwlI for any w € Adm(p).

Given w € Adm(u) and O € B(G, )y, the intersection Zy,, N Zy o is a
fiber bundle over O and the fiber over b € O is the affine Deligne-Lusztig
variety (in the affine flag variety)

Xu(b) ={gI € G(L)/I;g *bo(g) € TwI} C G(L)/I.

Moreover, the o-centralizer J, = {g € G(L); g 'bo(g) = b} acts on X, (b).

In the rest of this section, we recollect some results on affine Deligne-
Lusztig varieties. The following result on o-straight elements is proved in
[11, Proposition 4.5 & Theorem 4.8].

Theorem 2.1.1. If w is o-straight, then X, (b) # 0 if and only if b is
o-conjugate to w. In this case,

Xuw(b) = Xy(w) =2 Jw/JwnI)
(which means that, in the function field case, X,,(b) is 0-dimensional).
2.2. Support

For w € W,, we denote by supp(w) the support of w, i.e., the set of i € S
such that s; appears in some (or equivalently, any) reduced expression of w.
We set

supp,(wr) = (_J (r0)" (supp(w)).

neZ

Then supp, (w7) is the minimal To-stable subset J of S such that wro €
Wy x (to)}.

If ¢/(w) = §(supp, (wT)/(T0)), i.e., w is a product of simple reflections in
W, and the simple reflections from each orbit of 7o appears at most once,
then we say that wr is a o-Coxeter element.

Proposition 2.2.1. Let w € W,T such that Wy, (w) 18 finite. Then

Xo(T) = H iY (w),

1€J- /(I NPouppy (w))
where
Y(w) = {gI € Pypp_(w)/I; g '70(g) € TwI}

is a classical Deligne-Lusztig variety in the finite-dimensional flag variety
Psuppg (w) /I
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The proposition follows from the proof of [11, Theorem 4.7]. For the
sake of completeness and because the reasoning simplifies in our setting, we
reproduce the relevant part of the proof in loc. cit.

Proof. Let g € G(L) with g~'70(g) € Iwl. By [11, Lemma 3.2 & Propo-
sition 4.5], there exists p € Pyypp_ (w), such that (gp)~'ro(gp) = 7. Hence
g & JTPsuppa(w)a and

Xu(r)={9gI € prsuppg(w)/l;g_lTU(g) € Iwl} CJrPapp, (w)/1-
Note that J; Papp, (w)/1 = Uicl, /(3,0 Popn, ) oupp, (w)/1 and for any

9 € Paypp_(w) and i € J7, (ig)~'7o(ig) € Twl if and only if g~*70(g) € Twl.
Hence

Xu(T) = 11 Y (w). O

ieJT/(JTmPsuppa(w))
3. Pj-stable pieces
3.1. Partial conjugation action

Let J C S. The partial conjugation action of W; on W defined by z -5 y =
zyo(x)~L forx € Wy and y € W.

Given w,w’ € W and j € J, we write w in, w' if w = 8jWSq(;) and
l(w") < l(w). If w = wp, w1, ,w, = w' is a sequence of elements in W

such that for all k£, we have wj_1 in, wy, for some j € J, then we write
w =g, w. We write w ~j, w' if w —j, w and v —j, w.

For any K C S and w € KW, we write Ad(w)o(K) = K if for any k € K,
there exists k' € K such that wo(sg)w ™' = sp. In this case, w € KW,

It is easy to see that for K1, Ky C S and w € VK21 | if Ad(w)o(K;) =
K7 and Ad(’w)a(Kg) = K>, then Ad(w)a(K1 U KQ) = Ki UK,.

Thus for J € Sand w € /W, the set {K C J; Ad(w)o(K) = K} contains
a unique maximal element. We denote it by I(J,w,o). Then I(J,w,0) is
Ad(w) o o-stable. Moreover, if z € YW, and 7 € Q, then I(J,27,0) =
I(J,z,Ad(T) 0 0).

The following property is proved in [7, Proposition 3.4].
Proposition 3.1.1. For any w € W, there exists a minimal length element

w' € Wy g w such that w — 5, w'. Moreover, we may take w' to be of the
form vwy with wy € "W and v € Wisw,,0)-
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3.2. The subset Py -, Iwl

By [10, section 2],

(1) If w~j, w', then Py -, Iwl = Py o Tw'I.

(2) If w 25, w' with £(w') < £(w), then Py -, Iwl = Py -, Iw'IU Py -,
(3) If w e W and @ € Wy(,,4), then Py -5 Izwl = Py -5 Twl.

A subset of G(L) of the form Pj -, Twl for some w € 'W is called a

Pj-stable piece. It is analogous to the G-stable pieces introduced by Lusztig
in [20]. It is showed in [22, 1.4] and [10, Proposition 2.5 & 2.6] that

Is

G(L) = IJweJWpJ o Twl.

The following result is essentially contained in the proof of [10, Propo-
sition 2.5].

Theorem 3.2.1. Let w € W. Then

PJU}PO-(J) =l mJVVPJ o Ixl.

zeWwWo ()
Proof. 1t is obvious that uer.,wWG(‘])mJWPJ o Izl C PywP,(j). Now we
prove that PywPF, () C I—lmeWJer,U)mJVVPJ o Izl.

Notice that PJwPa-(J) = I_Iw/eWJwWU(J>Iw’I. We argue by induction that
Iw'l C Upew,wwv, s o Lzl for any w' € WywWe( .

If w' is a minimal length element in W -, w’, then w’ =~ ;, vz for some
ze’Wand v e Wi(z,0)- In this case, x € WJU}/WO-(J) = WyjwWs (). The
statement follows from § 3.2 (1) & (3).

If w' is not a minimal length element in W -, w’, then there exists
w" ~j, w' and i € J such that £(s;w"s,(;)) < £(w'). The statement follows
from the induction hypothesis and § 3.2 (1) & (2). O

3.3. A partial order on Iw

We introduce <, as follows. For w € JW and w' € W, we write w <Jo
if there exists € Wy such that zwo(z)™! < w'. By [7, 4.7], <j, gives a
partial order on W. For w,w’ € /W,

(1) w < w' implies that w <, w';

(2) w < w' implies that £(w) < £(w').

It is proved in [10, Proposition 2.6] that if F' = F,((¢)), then

Py oy Twl = U Py Izl

xGJW,xgjﬁw
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3.4. A stratification of Z;

Since Yj = I_IweAde(u)nJWPJ - Twl, we have the stratification

Zy=U ZJws

weAdm ()N W

where Z;,, = G(L) xP1 (Py - Iwl). This includes as special cases the
Kottwitz-Rapoport stratification discussed in § 2.1 and the Ekedahl-Oort
stratification we will discuss in § 5.1. See also [14].

Given w € Adm” ()N’ W and O € B(G, ), the intersection Z,NZ 50
is a fiber bundle over O and the fiber over b € O is

(3.4.1) X (b)) :={gPy; g7 o (g) € Py o Iwl} C G(L)/Py.

It is the image of X,,(b) under the projection map ny: G(L)/I — G(L)/P;.
We call X j,,(b) a fine affine Deligne-Lusztig variety in G(L)/Pj.

4. Fine affine Deligne-Lusztig varieties
4.1. (Coarse) affine Deligne-Lusztig varieties

For any J C S, we have another stratification

G(L)/P; = U pervia {QPJQQ_lbU(Q) € PJU)PO'(J)}'

Each subset {gPy; g 1bo(g) € PjwP,(;)} is a union of fine affine Deligne-
Lusztig varieties. We call it a (coarse) affine Deligne-Lusztig variety in
G(L)/Pj. Similar to the proof of Proposition 2.2.1, we have

Proposition 4.1.1. Let J C S and w € WY N Wyr such that
Ad(w)o(J) = J. If Weupp, (w)us is finite, then

{gPr; g7 ' 70(9) € PywPr(s)} = Uics, (3. 0Paup, cupor) i Y7 (),

where Y;(w) = {gPs € Psupp, (wyus/ P19 '10(g) € PywP, ()} is a classical
Deligne-Lusztig variety in the partial flag variety Psuppa(w)uj/PJ.

The main result we prove in this section (see Sections 4.5, 4.6) is the
following theorem which relates fine affine Deligne-Lusztig varieties with
(coarse) affine Deligne-Lusztig varieties.
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Theorem 4.1.2. For any J C S and w € /W,
(1) XJ,w(b) = {gPI(J,w,o');g_lbU(g) € PI(J,w,U)wPU(I(J,w,U))}'
(2) If F =T4((€)), then dim X ,,(b) = dim Xy, (b).

We follow the approach of [21] and [9] for classical fine Deligne-Lusztig
varieties in the partial flag variety.

4.2. The parahoric subgroup P®

For any g € G(L) and H C G(L), we simply write 9H for gHg™!. Let
G(L)" be the subgroup generated by all parahoric subgroups of G(L). For
any J C S, let Py = {9P;;g € G(L)'} = G(L)' /Py be the set of parahoric
subgroups conjugate to Py by an element of G(L)'. For any J, K C S,PePy
and Q € Pk, we write pos(P, Q) = z if z € /W, & and there exists g € G(L)’
such that P = gPy¢g~! and Q = giPri 'g~!, where & is a representative
of x in G(L)".

For any parahoric subgroups P and Q, we set P9 = (PN Q)Up, where
Up is the pro-unipotent radical of P. By [22], §1.1 (see also [9], Lemma 2.3),
one shows that P? is again a parahoric subgroup. For any g € G(L),

(IP)'Q) = 9(pPQ).
4.3. Bédard’s description of W,
For J C S, let T (J,70) be the set of sequences (Jy,, Tn)n>0 such that

)

) Jp = Jp1 Nwn_170(Jn-1)z,, 2, for n > 1,
(¢) zp € "W, for n >0,

)

Then for any sequence (Jy,wpn)n>0 € T(J,70), we have that z, =
Tpy1 = -+ and Jp = Jpp1 = -+ for n > 0. By [1], the assignment
(Jny Tn)nz0 = Ty for m > 0 defines a bijection T (J,70) — JW,.

4.4. Lusztig’s partition of Py
Following [21], section 4, we give a partition on P;.

Let b € TG(L)'. To each P € Py, we associate a sequence (P", J,,, Tp)n>0
as follows

PO =p Pt =P e for p > 1,
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J, C I with P" € Py, x, = pos(P",ba(P")b") for n > 0.
By [22, §1.4], (Jn, Zn)ns0 € T(J,70). For z € W, let
Prar(b) ={P € Ps;xm = x for m > 0}.

Then Py = Uyeow, Prar (D).
Proposition 4.4.1. Let x € 'W,. Then

Prar(b) ={Ps;g € G(LY,g o (g) € Py o IxTI}.

Proof. Notice that G(L) - b € 7G(L) = Ugesw, Py -v Tz7I. Then any
P € Py is of the form P = 9P; for some g € G(L) with g~tbo(g) € Twrl for
a unique = € YW,. Let (P", J,, Zn)n>0 be the sequence associated to 9Pj.
Similar to [9, Lemma 2.4], z,,, = x for m > 0. Hence P € Py, (b). O

4.5. Part (1) of Theorem 4.1.2

We write w as w = 27 for some x € YW, and 7 € Q. Let py : Py — Py be
the projection map. Similarly to [21, §4.2 (c¢) & (d)], for any n > 0, the map
P +— P" gives an isomorphism 9, : Pj.(b) = Py, 2r(b) and the inverse
map is py. In particular, p; =3, opy.

By [6, Lemma 1.4], I(J,x1,0) = J,, for m > 0. By Lang’s theorem,
Prjzr0) o 18TI = Pr(j2r,0)2T Py(1(J,2r,0))- Therefore Pj .- (b) is isomorphic
to

PI(J,CET,O'),IT(b) = {gPI(J,:rT,a) € PI(J,xT,J); gilba(g> S PI(J,LI?T,O')xTPO’(I(J,IT,O’))}'
We fix 7/ € Q. Then

Xj2r(0)NT'G(L) /Py = {97 Py;9 € G(L)', (g7 Yo (gr') € Py -y IzTI}
={gPrp7's9 € G(L),g7'ba(g) € Pr(yy -0 ITxTo (7)1}

~ {gPx1';9 € G(L), g bo(g) € PKT,JZTO'(T,)_IPU(K)}

= {97 Piry-1(10); 9 € G(L), 9700 (g) € Prrry-1(s)2T Po(r-1(10)}

= XI(J,mT,U),xT(b) N TIG(L)//PI(J,mT,a)7

here K = I(7'(J),7xro(r")"1,0) = 7/(I(J,x1,0)). Part (1) of the Theo-
rem 4.1.2 follows by combining all such 7’s together.
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4.6. Part (2) of Theorem 4.1.2

In this subsection, we assume that F' = F,((¢)). Suppose that z,, = =.
Let PI( Jr,0) be the reductive quotient of Py(j.r ) and I the image of I in
Pr(j2r,0)- The fiber of the map pr(juro) + Poar(b) = Prsaere)er(b) is iso-
morphic to {pI € PI(J,:ET,O’)/I;p_ ZL‘TO'(p) € I:‘UTI} = {pI € PI(J,:UT,U)/I;
(Ad(z7) o 0)(pI) = pI}. Here Ad(x7) o o is a twisted Frobenius mor-
phism on Py 40 /I = Pr(jur0)/1. In particular, the fiber of 77(; .0 is
O-dimensional. Since 0y, is an isomorphism and pr(jzr.s) = Omopy, the fiber
of py is also 0-dimensional. Hence dim X j,,(b) = dim X, (b).

Lemma 4.6.1. Let ¢ be a group automorphism of W which sends sitmple
reflections to simple reflections. Let J C S and xz € "W, be a ¢-Cozeter
element in the finite Weyl group Wsupp, (x) - Then 1(J,z,<) consists of j € J
such that s; commutes with s; for all i € supp (x).

Proof. Note that x is a product of simple reflections and each simple re-
flection appears at most once. For j ¢ supp(z), if there exists i € supp(z)
such that s;s; # s;s;, then {i,j} C supp(zsjz~!). Thus if j ¢ supp ()
and j € I(J,z,5), then for any I € N, ¢!(s;) commutes with all the simple
reflections in supp(z), i.e., s; commutes with all the simple reflections in
supp, (z).

Now it remains to show that I(J,z,<) Nsupp (x) = 0.

Let K = I(J,z,<)Nsupp (x). Then Ad(z)s(K) = K. Let V be the vector
space spanned by the simple roots in K. Then Ad(z) o< acts on V and the
sum of simple roots in K is a fixed point in V. On the other hand, w is
a ¢-Coxeter element in Waupp_ ()- By [28, Lemma 7.4], there is no nonzero
fixed point in V. Hence K = (). The statement is proved. O

Corollary 4.6.2. If J C S and w € "W N W, is a o-Cozeter element in
the finite Weyl group Wyupp (w), then
Xgw(T) ZUied, /(1,0 P, (o011 Y T(Jw,0) (W),

where YI(J,w,U)(w) = {gPI(J,w,J) € Psuppa(w)UI(J,w,J)/PI(J7w,J); gilTU(g) €
Pr(1w,0)WPs(1(J0,0)) }-

Furthermore, the projection 7y induces an isomorphism from the classi-
cal Deligne-Lusztig variety {gl € Psuppd(w)/l;g_lra(g) € Iwl} in the flag
variety Pypp (w)/1 to

{gPsuppU(w)r"lJ € Psuppa(w)/Psuppa(w)ﬂJ; 9717—0(9) € Psuppg(w)ﬁ] ‘o Iw[}

= Yv[(J,w,a) (w)a
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and Yi(jw,eo)(w) has dimension £(w).

Proof. By Lemma 4.6.1, I(J,w,0) = I(J,wr ™!, Ad(7) o o) and supp,, (w) =
supp Ad(T)OU(wT*I) are disconnected in the affine Dynkin diagram. In par-
ticular, Wyupp (w)ur(Jw,) 18 finite, and thus the first part of the corollary
follows from Theorem 4.1.2 and Proposition 4.1.1.

Furthermore, this implies that

1

{91 € Pypp, (w)/ 197 70(9) € Twl} = Yi(j0,0)-

The proof of Theorem 4.1.2 (1) implies that 7 restricts to an isomorphism
on {gI € Psuppa(w)/l;g_lTa(g) € Twl}, and that the image of the latter
variety can be identified with Y77, »)(w). O

5. Newton strata and Ekedahl-Oort strata
5.1. Ekedahl-Oort strata

From now on, we assume that G is absolutely quasi-simple and J is a max-
imal proper subset of S and that ¢(.J) = J. Therefore P;(F) is a rational
maximal parahoric subgroup' of G(F).

We simply write

EO7 () := Adm” (u) n/W.

The elements in EO” (1) are called EO elements. Here EO stands for Ekedahl-
Oort. For any w € EO7(u), we call Zj,, an Ekedahl-Oort stratum. Tt follows
from Viehmann’s paper [30], Theorem 1.1, that this notion coincides with
the usual notion of Ekedahl-Oort strata, if G is unramified.

Remark 5.1.1. It is proved in [12], Theorem 6.1, that Adm”(u) N /W =
Adm(p)N7W. We do not use this result here, but it confirms that the index
set for the EO stratification is contained in the set Adm(u) which is the
“natural” ambient set from the point of view of Rapoport-Zink spaces or
Shimura varieties.

IThis assumption excludes some cases to which our method can be applied, for
instance the Hilbert-Blumenthal case. In fact, one may consider maximal rational
parahoric subgroups (which corresponds to maximal o-stable proper subsets of S,
i.e., the subsets of S obtained by removing a o-orbit of S). However, in some cases,
the only maximal rational parahoric subgroups are just rational Iwahori subgroups.
Then the resulting stratification is the Kottwitz-Rapoport stratification. It is much
harder to achieve a complete classification under this weaker assumption, so we do
not consider it here.
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Let EO?

0,COX

where supp, (w) is a proper subset of S and w is a o-Coxeter element of

(1) be the subset of EO7 () which consists of elements w,

Waupp, (w)- Since G is absolutely quasi-simple, the affine Dynkin diagram of
W is connected. Hence if w € EOg,COX(u), then Wyypp (w) is a finite Weyl
group.

We are mainly interested in the case where the basic locus is the union

(5.1.1) Uwero? .., (w)ZJw-

o,cox

250, =

In other words, the basic locus is a union of Ekedahl-Oort strata and each
Ekedahl-Oort stratum is (“in a natural way”) the union of classical Deligne-
Lusztig varieties attached to a Coxeter element. If (5.1.1) holds, then we say
that (G, u,J) is of Cozeter type. The first main result of this paper is the
classification theorem.

Theorem 5.1.2. Let (G, p,J) be as in § 5.1. The following 19 cases is the
complete list (up to isomorphisms) of the triples (G, u, J) of Cozeter type:*

(An,wi/,S) (B,L,WY,S) (BnawY7S —{n})
(B-Cp,wy,S) (B-Cp,wy,S—{n}) (C-By,wy,S)
(C-BC,,wy,S) (C-BCh,wy,S —{n}) (D, wy,S)
(2‘4;1’ WY, S) (QB’MWY7 S — {n}) (QB_C’/HWY? S— {Tl})
(2Dnvw¥7S) (A37w%/7§) (2Aé7w¥7§)
(CQ’WE/vS) (CQawé/vS_{l}) (2C27w§/’8_{1})
(2C-By,wy,S - {1})

The theorem is proved in section 6.
5.2. Ranked poset

Recall that a ranked poset is a partially ordered set (poset) equipped with a
rank function p such that whenever y covers z, p(y) = p(x)+ 1. We say that
the partial order of a poset is almost linear if the poset has a rank function
p such that for any x,y in the poset, z < y if and only if p(x) < p(y).

Theorem 5.2.1. Let (G, p,J) be as in Theorem 5.1.2. Then

(1) Every Newton stratum is a union of Ekedahl-Oort strata. In other
words, there is a map EO? (u) — B(G, )5, w s Oy such that Z, C
Zo,,

(2) For any w € EO’(u) — EOg’COX(,u) and b’ € O, the o-centralizer Jy

acts transitively on X j.,(b'). In particular, whenever there is a notion

2Here we use the names in [29, Section 4].
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of dimension (in the RZ cases and in the function field case), this
implies that dim XJw(b’) = 0.
(3) For any w € EOU cox(1), set J(w, o) = I(J,w, o) Usupp,(w). Then

XJv'w (T) = UiEJT/(JTﬂPJ(w,a))Z‘Y(w>7

where

Y(’LU) = {gPI(J,w,J) € PJ(w,U)/PI(J,w,J);
gilTU(g) S PI(J,w,U)wPU(I(J,w,U)}'

Furthermore, we have
Theorem 5.2.2. Let (G,pu,J) be as in Theorem 5.1.2. Then

(1) The partial order of B(G, )y (mhem’ted from B(QG)) is almost linear.
(2) The partial order <j, of EOU cox () coincides with the usual Bruhat
order and is almost linear. Here the rank is the length function.

The theorems are proved in section 6.11.
5.3.

Many of the above cases have been investigated in the context of Shimura
varieties:

The case (G, p, J) = (Ca,wy,S) has been studied by Katsura and Oort
[16] and Kaiser [15]; see also the paper [19] by Kudla and Rapoport (where
the results are applied to computing intersection numbers of arithmetic cy-
cles).

The case (G, u,J) = (Ap,wy,S) is the U(1,n), p split case in which the
basic locus is 0-dimensional. This is the situation considered by Harris and
Taylor in [5].

The case (G,u,J) = (2A,,wY,S) is the U(1,n), p inert case and is
studied by Vollaard and Wedhorn in [31].

The cases (G, pu,J) = (B-Cyp,wy,S — {n}), ?B-Cp,wY,S — {n}) and
(C-BCy,wY,S — {n}) are the U(1,%), p ramified cases and are studied by
Rapoport, Terstiege and Wilson in [25]. See Section 7.4 where we discuss
these cases in more detail.

The case (?A%,wy, S) is the U(2,2), p inert case and is studied by Howard
and Pappas in [13]. They transfer the problem to questions about an orthog-
onal group. The case (G, u, J) = (As,wy,S) is the U(2,2), p split case which
has not been written down in detail but which should not be hard to deal
with.
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The cases (G, u, J) = (B-Cy,wy,S) and (C-BC),,wY,S) are the “exotic
good reduction” cases for ramified U(1,*) and it was conjectured in [25]
that the description of basic locus is similar to the cases studied in loc.cit.

The remaining cases (including both PEL and non-PEL types) seem
completely new.

6. The study of Ekedahl-Oort elements
6.1. General strategy

It is showed in [11, §6] that the nonemptiness pattern of affine Deligne-
Lusztig varieties only depends on the data (W, w, T,0) and is independent
of the choice of G (i.e., independent of the orientation of the local Dynkin
diagrams). Hence whether or not (G, p, J) is of Coxeter type depends only
on (W, ), J,o). Here A is the image of y in X, (T)r.

Let us consider the following two conditions:

Coxeter-Straight Condition (CSC) : EO7(u) — EOiCOX(,u) consists of
o-straight elements.

Coxeter Condition (CC) : If w € EO’ (i) with 7, central, then w is a
o-Coxeter element in Wpp (w)-

By Theorem 2.1.1, (CSC) implies that (G, u,J) is of Coxeter type. If
(G,p,J) is of Coxeter type, then it is obvious that (CC) holds. We will
show via a case-by-case analysis that (CC) implies (CSC) . Finally, in
Section 6.11, we will prove Theorem 5.2.1 and Theorem 5.2.2.

Remark 6.1.1. Let us discuss the conditions that G' be absolutely quasi-
simple and that o(J) = J. As the proof of Theorem 5.2.1 shows, its state-
ment is true also without these two assumptions, whenever condition (CSC)
holds. Furthermore, in single specific cases, it is usually easy to check whether
the statement of Theorem 5.2.2 is true. Therefore, if one is interested in a
specific case rather than in proving that a list of cases is exhaustive, one can
obtain a description as in Theorem 5.2.1 and Theorem 5.2.2 by checking that
condition (CSC) is satisfied and that the statements in Theorem 5.2.2 are
true. Furthermore, if the assertions of Proposition 7.1.1 are satisfied (which
is again easy to check in a given concrete case), then the results of Section 7
are also valid without the assumption that G be absolutely quasi-simple and
that o(J) = J.

6.2. The quadruple (W, A J, o)

We use the same labeling of Coxeter graph as in [2]. If w) is minuscule, we
denote the corresponding element in 2 by 7;. Let og be the unique nontriv-
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ial diagram automorphism for the finite Dynkin diagram if Wy is of type
A, Dy, (with n > 5) or Eg. For type Dy, we also denote by op the diagram
automorphism which interchanges ag and ay.

The pairs (W, A) coming from (G, ) with G absolutely quasi-simple and
p minuscule in G are as follows: (Aﬂ,wiv)lgign, ~(l§n,w;/)~1<i<n,
(Cn,w )1<i<n, (Cn, 20y), (Dny wy )i=t,n-1.n5 (B6, W )i=1.6, (E7,wY), (Fa, wy),
(G27 w%/ )

It was pointed to us by X. Zhu that to compute these tuples one only
needs to understand the restriction of u to a maximal split torus; it is not
required to fully “compute” the reduced affine root system the group G gives
rise to.

We will show that the basic locus is a union of Ekedahl-Oort strata if
and only if the quadruple (W, ), J, o) is one of the following (up to auto-
morphisms of W):

(A, wy,S,id) (A,,wY,S, 00) (Bp,wy,S,id)
(B, wy,S —{n},id) | (Bn,wy,S —{n},m) (Chn,wy,S,id)

(Dp,wy,S,id) (Dp,wy,S,00) (A3,wy,S,id)

(Ag,w%/,S,O'()) (C’g,wg/,S,id) (Og,w%/,g—{l},id)
(027(*]%/78 — {1}7T2)

Note that this list is shorter than the one in Theorem 5.1.2 because
some automorphisms of W will not lift to automorphisms of the affine root
system.

If the quadruple (W,)\, J,o) is not in the list above, we give an ele-
ment w such that the Coxeter condition (CC) fails for w. If the quadruple
(W, )\, J,0) is in the list above, we compute EO7 (1), EOiCOX(,u) and the
Newton points of the elements in EO” (1) — EOZ .. (u).

0,Cc0X

We follow [8, 1.5] for the reduced expression of t#. For 1 < a,b < n, set

SaSa—1-"*Sp, ifa=>=b,
Slab] = .
1, otherwise.

6.3. Type An_l

For simplicity, we consider the extended affine Weyl group of GL,, and w,’ =
(1(i), 0(”_i)) instead. We may assume that J =S and pp = w,’ with 1 < i < 5
(after applying some automorphism of W)
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Case 1: 0 =id.

If2<i< %, then (CC) fails for 505[n—1,n—ged(n,i)] T -

If i = § > 3, then (CC) fails for sgs1s,-1507.

If i = % =2, then EOJ ., (1) = {7,507} and EO’ (1) — EOJ o\ (1) =
{50817, 30537 5051837, 803153507'} consists of o-straight elements. Moreover,
Vsosim = (%(3)7 0(1))7 VsosaT = (1(1)7 %(3))7 Vsosis37 — (17 %(2)70) and Vsos18380T7 —
(12,02,

If i =1, then EO({COX( ) ={7} and EOJ( ) — EO({COX( ) = {508(n—1,iT;
2 <1< n} consists of o-straight elements. For 2 < i < n, Vs, _, ;7 =
(L

11 n—i
L ) o +1),

Case 2: 0 = 0y.
If i >3 or n > 4, then (CC) fails for sgs18,—1507T.

If i =2,n =4, then EOU cox(t) = {7,507, 80817, 50537} and EO’ (1) —
EOY .ox(1t) = {s051537, s05153507 } consists of o-straight elements. Moreover,

Vsosissr = (1,3 13 ,0) and vy, 5,500 = (12),0)) are all distinct.
Ifi =1, then EOiCOX( ) = {7, s07,--" uSOS[nq,(%ﬁ]T} and EO7 () —
EOY cox(1t) = {s08[n-1,47:2 < i < ["]} consists of o-straight elements.
1 i (i—=1) 1(n—2i+2) 49 (i-1)
For 2 < < [®54], Vs yr = (s 3 5o )
6.4. Type B,

Let J =S — {i}. If i ¢ {0,1,n}, then (CC) fails for s[;lﬂs[n_lﬂ-]r We may
assume that J =S or S — {n} (after applying some automorphism of W).
Case 1: J =S, 0 =id.
If 7 =1id, then u > wg/ and (CC) fails for 303[711213[71,172]30.
If 7= and p > wy, then (CC) fails for spsgsiT.

If p = wy, then EOJ (1) = {7,507, s0527, ", S5, 7} and
EOY (1) — EOiCOX( ) = {sos[n o TSm-1,; 1 <@ < n} consists of o- stralght
1(8) A(n—i
elements. For 1 < i < n, Vol o1 = (7 ,o(n z)).

Case 2: J =S — {n}, o =id or 7.
If > wl , then (CC) fails for s,8,-15,7.

If 4 = wy and ¢ = id, then EOU cox(B) = {T, 80T, 808017, , S|n2) T}
and EO7 () — Eogm( ) = {5[n,2517, S[n,2] SQT}U{S[n’O]S[_Z.}Z]T; 2<i<n—1}
consists of o-straight elements. Moreover, vy, , 5,7 = Vs, ysor = (%(n)) and

for2<i<n—-1,v, 1 _= (%(nﬂ'),O(i)).

S[n,015(;,2)T
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If 4 = wy and 0 = 74, then EOgCOX( ) =T, 50T 0 S THU{S[n,21517,
S[n,2) 07} and EO (1) — Eogcox( ) = {S[n,o]s[;’éf; 1 < i< n— 1} consists
of o-straight elements. For 1 <i<n—1, Vit sy = (ﬁ(n_z), O(i)).

6.5. Type Cn

Let J =S — {i} with i < § (after applying some automorphism of W).
Case 1: u > wy.
Ifi #£0, then (CC) fails for sj;o)s1,57- Hence J =S and o = id.
If > wy, then (CC) fails for spssp.

If p = wy, then EOiCOX( ) = {1, s0, 8081, ", Sp 10]} and EO”(u) —
EOiCOX(M) = {S[np]s[n—l,z]v < i < n} consists of o-straight elements. For
_ (1) (n—i)
1<i<n, V[‘]S[nll_(i , 0070,
Case 2: p = w,’

Ifo<i<g, then o =1id and (CC) fails for s[;lﬂ g7
If i = § > 1, then (CC) fails for s;s;115;_15;7.
If i = 0 and n > 2, then (CC) fails for sps1so7.

Therefore n = 2.
If J =S, then ¢ = id and EO/

g,COoX

(p) = {7,507} and EO’(u) —
EOiCOX( ) = {sos17,sos1507} consists of o-straight elements. Moreover,

Vsosit = (%,0) and Vsysysor = (%(2))
If J =S — {1} and o = id, then EO/

o,COxX

(1) = {7,517} and EO”(n) —

EOiCOX( ) = {s1807, s152807} consists of o-straight elements. Moreover,
2

V3182T - V81807' = (%70) and V8182807' = (%( ))

If J =S — {1} and 0 = 73, then EOiCOX
EO’(u) —EO!

o0,COX

1(2)

Vsis2807 = (2 )-

(u) = {7, 817, s1827, s1507} and
(1) = {s152507} consists of o-straight elements. Moreover,

6.6. Type D,

Let J =S — {i}. After applying some automorphism of W, we may assume
that i =0 or 2 <i < § and = wy or wy.

Case 1: u = wy.

If i # 0, then (CC) fails for 5[;:7;}5[”_271']7'. Hence J =S.

If o = id, then EOiCOX( ) =17, 307' S082T, - - - sos 7'} and EOY (1) —

EOgCOX( ) = {sos[n 9,951 sos[ 22]:9”7} U {sos ]TS[n 231 <i<n—
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1} consists of o-straight elements. Moreover, Vsgsit g apsnar = Vsosit g st =
1(n) ~ _ (1@ n(n—i
(7 7) and for 1 <i<n—1, Vsos iy T8 2 = (2%, 0(n=D),
J ~1 ~1
If 0 = 09, then EO; ... (1) = {7,507, " 18081 9T sos[n_272]sn7'} and

EOJ(M)—EOiCOX(u) = {305[;12}7'3[71—2,1‘]? 1 <i < n—1} consists of o-straight
@) o(n—i
sositarmsna = (1207 70).
If 0(1) # 1, then n =4 and (CC) fails for sps2s3 or sps284.
Case 2: u = w,).
If 2 <i < §, then (CC) fails for s, ;
If i = §, then (CC) fails for s;s;115;-15;7.

elements. Moreover, for 1 <i<n—1, v

}T.

Now we consider the case where J = S and n > 4. One may check that
(CC) fails for sgsas1T or $0S281507-

6.7. Type Eg

After applying some automorphism of W, we may assume that p=w and
J=S,S—{2} or S— {4}.

If J =S8, then (CC) fails for sypsa5453517.

If J =S — {2}, then (CC) fails for sys4s57 or sp54537.

If J =S — {4}, then (CC) fails for s45355547.

6.8. Type E;

Here 4 = wy. After applying some automorphism of W, J =S — {i} for
0<i<4.

If J =S8, then (CC) fails for sys153545255545381507T.

If J =S — {1}, then (CC) fails for s;s35455567.

IfJ=S-— {2}, then (CC) fails for s9s45355548927.

If J =S — {3}, then (CC) fails for s3s4s57.

If J =S — {4}, then (CC) fails for s4s955547.

6.9. Type F,

Here y = wy. If J =S, then (CC) fails for sps152838281. If J = S — {1},
then (CC) fails for sjsgsgse. If J = S — {2}, then (CC) fails for sgs3sy. If
J =S — {3}, then (CC) fails for s3sos3. If J =S — {4}, then (CC) fails for
548359S83.
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6.10. Type G»

Here p1 = wy. If J =S, then (CC) fails for spsas152. If J = S — {1}, then
(CC) fails for sysasiso. If J =S — {2}, then (CC) fails for sq515250.

6.11. Proof of Theorem 5.2.1 and Theorem 5.2.2

Part (1) follows directly from the Coxeter-Straight condition. Part (2) fol-
lows from Theorem 2.1.1. Part (3) follows from Theorem 4.1.2 and Propo-
sition 4.1.1.

Theorem 5.2.2 follows from the explicit description EOiCOX(,u). For Part (2),
use § 3.3 (1), (2) and the fact that for all the cases we are considering,

{(x) < £(y) implies that = < y.
7. Closure relations
7.1. The To-orbits on S

In this section we assume that F' = F,((¢)) and that (G, u, J) is as in The-
orem 5.1.2. Let N be the fiber over 7 for the map Zp, — Op; with the
notation of [23], this means N' = X (i, 7)p,. We usually refer to N as the
basic locus. In this section, we study the stratification of N by classical
Deligne-Lusztig varieties in more detail.

This description proceeds as follows: first we describe the set Z of EO
strata which occur in the basic locus A (in terms of the Dynkin diagram).
Second, we will describe the set of strata within each EO stratum (in terms of
the Bruhat-Tits building of J;). Finally we will discuss the closure relations
between strata.

Identify S with the set of vertices of the affine Dynkin diagram, and for
any vertex v, denote by d(v) the minimal distance between an element of
the To-orbit of v and the unique vertex not contained in J.

Let

T={2CS; 0+#Xis ro-stable and Vv, € ¥: d(v) = d(v')}

Clearly every to-orbit is an element of Z. In some cases, there is also one
further element which is the union of two orbits, see Section 7.4. We denote
by d(X) the value of d(v) for any v € X.

Given ¥ € Z, we denote by X the union of all the To-orbits ¥/ with
d(X) < d(X) and ¥’ Z ¥ and denote by ©* the union of all the 7o-orbits ¥/
with d(X') > d(%).

From the explicit computation in § 6, we get the following properties:
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Proposition 7.1.1. Let X € T.

(1) We have S =X U ¥ U Xt

(2) The subsets Y’ and X¥ are disconnected in the affine Dynkin diagram.

(3) For any X € Z, there is exactly one element w € EO;COX(M) such that
supp, (w) = X°. We denote this element by ws. We have {(ws) =
d(x).

(4) We have I(J,ws,0) = % and J(ws,0) = S — X (¢f. Prop. 3.1.1,
Theorem 5.2.1).

Example 7.1.2. As an example, consider the case (B,,w),S — {n}, ). In
this case, the possible triples (3, ¥, »#) are ({i}, {m,m —1,...,i+1},{i —
1,...,1,0}) for i =m,...,2, and ({0}, {m,m —1,...,1},0), ({1},{m,m —
1,...,2,0},0) and ({0,1},{m,m — 1,...,2},0). In particular, in the last
case, X has more than one element.

7.2. A stratification of N/

Set Nyy = NN Zjuy = Xjws(T), the Ekedahl-Oort stratum attached to X.
Then N = UyezNy. By Theorem 5.2.1 (3),

(7.2.1) Ns = Uier, /@.np;_,)7Y (ws),
where by Corollary 4.6.2

Y(ws) = {gPs: € Ps_s/Pss;97'70(9) € PoswPy(sir)}
>~ (gl € Py, /I; 9 '70(g) € TwsT}.

Since supp,(ws) = ¥’ Y(ws) is connected and Ny =
Uier, /.np,_,)8Y (wg) is the decomposition of Ny, into connected compo-
nents. Each of them has dimension ¢(wy).

Now we describe the closure of each stratum in N.

Theorem 7.2.1. Let ¥ € Z. Then for any i € J./(J- N Py_y,),

iY (ws) = Uy esr Ujer, ja,nps_,)sinj20 JY (ws).

The intersection ¢ N j is understood as the intersection inside J, of the
cosets given by ¢ and j.
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Proof. 1t suffices to consider the case where ¢ = 1. Since 7 is proper,

Y(wy) = WJ({gI € Py /I 9 'ro(g) € Iwgl})
= lengﬂ'J({gI € Py, /I; g r0(g) € Iw’]}).

Any element w’ < wy, is of the form wyw” for some ¥’ with (¥/)* € ¥” and
w” € Wisyy:. Since (X') C J, Py o Iw'I = Py -5 Tws I and

mi({gl € Py, /I;97 ' 70(g) € IW'I}) =m;({g] € Psy /I; 9" '70(g) € Iws/I}).
Similarly to the proof of Proposition 2.2.1,

{g9I € sz/l;g_lTa(g) € Twy/ I}
= '—'je(JmPXb)/(JTmP(E,).,){jgf € P(E')b/f;gflTU(Q) € Iws I}

and
m1({9I € Pss /1,9 '70(g) € Tws/I}) = I—le(JTﬂPZb)/(JTOP(E).,ﬂPg_E,)jY(wE/)'
Note that S — ¥ = X° LIS and £f ¢ S — ¥'. Hence

Jr N Ps_5)/Tr N Ps_s_5) = (I N Pr)/(Jr N Py 0 Py_y)-

The theorem is proved. U

Another way to describe the closure of strata is via the Bruhat-Tits
building of the group J; over F. This reproduces precisely the descriptions
in [31] and [25].

Proposition 7.2.2. Let ,% € T and 3,5’ € J.. The following are equiva-
lent:

(1) ](JT N PS—Z) mjl(JT N Pg_z/) # @,

(2) jJJ-NPs )i ' NI NPy _5)(5") ! contains a (rational) Iwahori
subgroup of J.,

(3) The faces in the rational building of J; corresponding to j(J;NPs_s)j~*
and j'(J:NPs_s,)(5') " are neighbors (i.e., there exists an alcove which
contains both of them).

Proof. We may and will assume throughout that 7' = 1.
The Iwahori subgroups of j(J; N Py y)j ' are of the forms jg(J; N
Ig=1'j~! for some g € J-NPs_5, and the Iwahori subgroups of JNP5_y., are
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of the forms ¢'(J-NI)(¢g')~* for some ¢’ € J;NPs_y,. Hence (2) is equivalent
to saying that for some g € J, NPy and ¢’ € I, NP5 s, jg(I-NI)g i1 =
g I, N I)(g)7L, ie., (¢)"tjg € I. The latter condition is equivalent to
condition (1).

By definition of the simplicial structure of the Bruhat-Tits building, (2)
and (3) are equivalent. O

7.3. Singularities of the closures of strata

Consider (G, i, J) as in Theorem 5.1.2.

Proposition 7.3.1. Let ¥ € T and Y be the closure of Y (ws) inside the
flag variety Psy /1. Then Y is smooth.

In particular, the projection Py — Py restricts to a resolution of sin-
gularities Y — Y (ws) of the closure of Y (ws) in Py (or equivalently in

N).

Proof. The smoothness of Y is equivalent to the smoothness of the Schu-
bert variety inside Psp /I attached to wy. Since the latter is a Coxeter el-
ement, this Schubert variety is isomorphic to its Bott-Samelson resolution,
and hence is smooth. O

Proposition 7.3.2. If the triple (W,)\, J, ) belongs to the following list

(A’mwi/?S’ ld) (*) (An’wi/787 UO) <*) (anwi/’g — {’I’L},ld)
(Bn,wy,S—{n},m) (Cp,wY, S,id) (Az,wy,S,id) (%)
(A37w2v7 S, 00) (*) (CQa Wg/v S, id) (*) (CQ’w2vv S— {1}a id) (*)
(CQ,ngS - {1}7 7—2)

then

(1) for all ¥ € I, the closure Y(wy) of Y(wyx) inside N has at most
1solated singularities, and
(2) the closure Y (wyx) is smooth if and only if 7(J) # J or {(wx) < 1.

The cases where all closures Y (wy) are smooth are marked (*) in the table.

Proof. We write w := wy and assume that /(w) > 0. Denote by F the
twisted Frobenius g + 70 (g)7~!; it acts on supp, (w) and hence on the flag
variety Popp (w)/I- Let Q := Py (w)ns and w’ := wr™!, and denote by

Xo(w') :={9Q € Papp_(w)/@: 9~ 'Flg) € QuF(Q)}
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the Deligne-Lusztig variety attached to w’ inside Poupp, (w) /@ with respect
to F. Recall that w is o-Coxeter which by definition means that w’ is a
twisted Coxeter element for F.

Using Cor. 4.6.2, we identify Y (w) with

{gQ € Psuppo(w)/Q; g_lF(g) €EQ % Iw,I}'

Let Y(w), Xg(w') denote the closures inside Py, (w)/@. Note that

Y (w) is isomorphic to the closure of Y (w) inside N. Clearly we have

(7.3.1) Y(w) € Xg(w').

Furthermore Xg(w’) is irreducible by the well-known criterion for ir-
reducibility of Deligne-Lusztig varieties and dim X¢g(w’) = dim Qu'F(Q)/
F(Q).

By Corollary 4.6.2, we have dimY (w) = ¢(w). Thus we see that the
inclusion (7.3.1) is an equality if and only if /(w) = dim Qu'F(Q)/F(Q).

Let wo denote the longest element in Wy, (wyns. Since w € W, we
have {(wow') = £(wp) + £(w') = £(w") + dim Q/I, and we conclude that the
inclusion (7.3.1) is an equality if and only if wow’ is the longest element
inside Wyupp (w)n Juw' WE(supp, (w)nJ)- In the cases listed in the statement of
the proposition, the Dynkin type of supp,(w) N J is type A, and it is easily
checked that in those cases, wow’ indeed is the longest element inside this
double coset.

Now suppose that 7(J) # J, or equivalently that F(Q) # @Q. Since
S — J C supp(w), we have w' € W (supp,, (w)ng)> 80 Xg(w') = Xq(id) is
smooth and closed in Pyypp (w)/Q-

On the other hand, if F(Q) = @, then the above implies that m =
Xg(w') = Xo(w') U Xg(id). Since dim X¢g(id) = 0, part (1) follows. Fi-
nally, since closures of Deligne-Lusztig varieties are always normal, Y (w)
is smooth if /(w) < 1. The remaining assertion in part (2) follows from
Proposition 3.3 and Proposition 4.4 in [3] by Brion and Polo (note that
l(w) < dim Py (w)/@ whenever £(w) > 1, hence the boundary in the
sense of loc. cit. is Xg(id)). O

7.4. Examples

As examples, we discuss the three cases treated by Rapoport, Terstiege and
Wilson in [25] and an example of non-Coxeter type.
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7.4.1. (C-BCpy,wy, S—{m}). This case arises from GU(1,2m), p ram-
ified. Note here that the vertices 0 and m are conjugate under the extended
affine Weyl group, but not conjugate under the diagram automorphism for
the relative local Dynkin diagram. In this case there exist m + 1 different
EO strata in the basic locus, of dimensions 0, ..., m. In the terminology of
[25], the EO stratum of dimension ¢ is the union of all strata attached to
vertex lattices of type 2i. The stratification is indexed by the vertices of the
Bruhat-Tits building of J.

7.4.2. (2B-Cp,,wY,S — {m}). This case arises from GU(1,2m — 1), p
ramified, the hermitian form C is split®. In this case there exist m + 2 EO
strata in the basic locus; one each of dimension 0, ..., m — 1, and two of
dimension m. For ¢ = 0,...,m — 1, the EO stratum of dimension ¢ is the
union of all strata attached to vertex lattices of type 2i. On the other hand,
the union of all strata attached to vertex lattices of type 2m is equal to the
union of the two m-dimensional EO strata (the corresponding EO strata
are related by the conjugation action of GU(1,2m — 1)). In this case, the
action of o7 on the affine Dynkin diagram is trivial. There are two orbits
with the same distance to the vertex m (namely the vertices 0 and 1). See
Example 7.1.2. The union of these two orbits occurs as an element X € 7; it
corresponds to the (m — 1)-dimensional EO stratum. The index set for the
Deligne-Lusztig varieties inside this EO stratum is the set of edges of type
{0, 1} inside the Bruhat-Tits building of J. In the description in [25] this is
reflected by Prop. 3.4.

7.4.3. (B-Cpp,, w}/,g — {m}). This case arises from GU(1,2m — 1), p
ramified, the hermitian form C being nonsplit. In this case basic EO strata
correspond bijectively to types of vertex lattices, and the index set of the
stratification is the set of vertices of the Bruhat-Tits building of J.

7.4.4. (C-BC3,wY,S—{1}). This case arises from GU(1,3), p ramified.
However, the level structure is different from the one considered in [25]. One
can show that the basis locus is still the union of EO strata. There are 6 EO
strata in the basic locus, which correspond to the elements 1, s, 150, S152,
s180s1 and s18981 respectively. One is of dimension 0, one is of dimension 1,
two of dimension 2 and two of dimension 3. The elements s1sg9s1 and s159571
are not Coxeter elements.

3The hermitian form C is defined in [25]. With our notation, C' being split means
that J is quasi-split.
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