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TRUNCATIONS OF THE RING OF NUMBER-THEORETIC FUNCTIONS
JAN SNELLMAN

(communicated by Winfried Bruns)

Abstract
We study the ring T' of all functions NT — K, endowed with the
usual convolution product. I', which we call the ring of number-theoretic
functions, is an inverse limit of the “truncations”

I,={fellYm>n: f(m)=0}.

Each T',, is a zero-dimensional, finitely generated K-algebra, which
may be expressed as the quotient of a finitely generated polynomial
ring with a stable (after reversing the order of the variables) monomial
ideal. Using the description of the free minimal resolution of stable
ideals given by Eliahou-Kervaire, and some additional arguments by
Aramova-Herzog and Peeva, we give the Poincaré-Betti series for I'y,.

1. Introduction

Cashwell and Everett [2] studied “the ring of number-theoretic functions”
I={f|N" > K} (1)

where N is the set of positive natural numbers (we denote by N the set of all natural numbers)
and K is a field containing the rational numbers. I' is endowed with component-wise addition
and multiplication with scalars, and with the convolution (or Cauchy) product

fa(n) = > f(a)g(b) (2)
(a,b)e(NT)x(NT)
ab=n
With these operations, I' becomes a commutative K-algebra. It is immediate that it is a local
domain; less obvious is the fact that it is a unique factorisation domain. Cashwell and Everett
proved this in [2] using the isomorphism

&: T — K[[X]]
Fe=) 0 fn)atiag?

where X = {1, 22, x3,...}, K[[X]] is the “large” power series ring of all functions from the
free abelian monoid M = [X] (the free abelian monoid generated by X) to K, and where
the summation extends over all n = p{'p5?--- € NT. Here, and henceforth, we denote by p;
the ¢’th prime number, with p; = 2, and by P the set of all prime numbers. That (3) is an
isomorphism is immediate from the following isomorphism of commutative monoids, implied
by the fundamental theorem of arithmetics:

(N*, )~ JT N +) (4)

peP

(3)
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The following number-theoretic functions are of particular interest (whenever possible, we
use the same notation as in [2]):
1. The multiplicative unit € given by (1) = 1, e(n) = 0 for n > 1,
2. A : NT — N given by A(1) = 0, A(q1---q;) = 1 if q1,...,q are any (not necessarily
distinct) prime numbers.
3. A: Nt — N given A(1) = 0, 5\( C D) =" anpye
4. The Mobius function (1)
factors, and 0 otherwise,

u(n) = (=1)¥ if n is the product of v distinct prime

5. For any i € NT, x;(p;) = 1, and x;(m) = 0 for m # p;. Note that under the isomorphism
(3), 2(xs) = .
The topic of this article is the study of the “truncations” I',,, where for each n € NT,

I,={fellm>n = f(m)=0} (5)
With the modified multiplication given by

fg(n) = >, f(a)g(b) (6)

(a,b)e{1,....n}x{1,...,n}

ab=n
T, becomes a K-algebra, isomorphic to I'/J,,, where J,, is the ideal
Jp={feT|¥m<n: f(m)=0}.
If we define
=1y (7)

mn(f)(m) = {

fm) m<n
0 m>n

(8)

then 7, is a K-algebra epimorphism, and J,, is the kernel of 7,,. We note furthermore that J,
is generated by monomials in the elements x;.

To describe the main idea of this paper, we need a few additional definitions. First, for
any n € Nt we denote by r(n) € N the largest integer such that p,(,) < n. In other words,
r(n) is the number of prime numbers < n (this number is often denoted m(n)). Secondly, for
a monomial m = z7* - - 2%, we define the support Supp(m) as the set of positive integers i
such that o; > 0. We deﬁne max(m) and min(m) as the maximal and minimal elements in
the support of m.

Definition 1.1. A monomial ideal I C K{zq,...,x,] is said to be strongly stable if whenever
m is a monomial such that x;m € I, then x;m € I for all ¢ < j. If this condition holds at least
for all ¢ < j = max(m) then I is said to be stable.

We can now state our main theorem:
Theorem 1.2. Let n € Nt and r = r(n). Then the following holds:
(1) T, ~ M where I, is a strongly stable monomial ideal, with respect to the reverse
order of the variables.

(II) T, is artinian, with dimg (T'y,) = n. Furthermore, if it is given the natural grading
with |x;| = 1, then its Hilbert series is ). dit' where d; is the number of w < n with
Aw) = 1.

(III) There is a 1-1 bijection between the minimal monomial generators of I, of minimal
support v, and the solutions in non-negative integers to the equation

logn — logp, < Z b;logp; < logn (9)

1=v
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(IV) If we denote by C ., the number of such solutions, then the Poincaré-Betti series of
the free minimal resolution of K as a cyclic module over T, is the following rational
function:

14+1¢)"
P(Torl"(K, K),t) = ( _ 10
( * ( ) ) 1 _ 42 (2:21(1 +t)(171)cn,r7i+1) ( )
We will show this result, and also give the graded Poincaré-Betti series. For this, we define
the number C,, , ¢4 which counts the number of minimal generators of I,, of minimal support v
and total degree d. We determine some elementary properties of the numbers C,, ,, 4 and Cy, ,.

2. The ring of number-theoretic functions and its truncations

2.1. Norms, degrees, and multiplicativity

For a monomial M 3 m = z7*...z%" we define the weight of m as w(m) = pi*...pe" (we
put w(1) = 1). Hence w gives a bijection between M and NT. Furthermore, we can define a
term order on M by m > m/ iff w(m) > w(m’). If we define the initial monomial in(f) of
f € K[[X]] as the monomial in Supp(f) minimal with respect to >, then in(f) is easily seen
to correspond to the norm N(«) of a number-theoretic function «, defined as the smallest n
such that a(n) # 0. Here, we must use w and ® to identify M and Nt and K[[X]] and T. As
observed in [2], the norm is multiplicative: N(a3) = N(a)N(5).

Cashwell and Everett also define the degree D(«) to mean the smallest d such that there
exists an n with A(n) = d and a(n) # 0. This corresponds the smallest total degree of a
monomial in Supp(f). Furthermore, the norm M («), defined as the smallest integer n with
A(n) = D(a), a(n) # 0, corresponds to the initial monomial of f under the term order obtained
by refining the total degree partial order with the term order >.

A multiplicative function is an element a € I" such that a(1) = 1 and a(ab) = a(a)a(b)
whenever a and b are relatively prime. Cashwell and Everett observes that a multiplicative
function is necessarily a unit in I'. One can further observe that if o is multiplicative, then
f = ®(«) can be written

f(x1, 22,23, ..) = fi(z1) f2(22) f3(w3) - - -

where each fi(z;) € Kl[z;]] is invertible. In particular, the constant function I 3 vy with
vo(n) =1 for all n, corresponds to

S - 1 1 1
meM 1—$11—{E21—$3

Since the Mobius function is defined to be the inverse of this function, we get that it corresponds
to

(I—a)(l—zo)(1 —a3) =1 = a) + Q_wiwy) — (Y wiwjae) +--

i=1 i<j i<j<k

2.2. Truncations of the ring of number-theoretic functions
Let n,n’ € N*, n/ > n. Then there is a K-algebra epimorphism

’

on T =Ty
n’ _ ) fm) m<mn
o () (m) = {O men

Hence, the I'),’s form an inverse system.

Lemma 2.1. limI',, ~T.
am
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Proof. Given any f € I, the sequence (71 (f), m2(f), m3(f),...) is coherent. Conversely, given
any coherent sequence (gi1,92,93,...), we can define g : N — K by g(m) = g¢;(m) where
i >m. O

As a side remark, we note that

Lemma 2.2. The decreasing filtration

J1 22232 (11)
is separated, that is, NpJ, = (0).
Definition 2.3. We define
In = K[[X]|{m € M]w(m) >n}, (12)

that is, as the monomial ideal in K[[X]] generated by all monomials of weight strictly higher

_ K[X]]
than n. We put 4,, = -5

Proposition 2.4. A K-basis of Ay, is given by all monomials of weight < n. Hence A,, is an
artinian algebra, with dimg (A,) = n. Putting r = r(n), we have that

K[[X]] N Klzy,..., 2]
I, — L,NK[zy,...,z]

(13)

Proof. As a vector space, K[[X]] =~ U @ I,,, where U consists of all functions supported on
monomials of weight < n. It follows that A, ~ U as K vector spaces. Of course, there are
exactly n monomials of weight < n. Finally, if s > r then w(xz,) = ps > n, hence zs € I,,. O

We will abuse notations and identify I,, and its contraction I, N K[z1, ..., z,].
Lemma 2.5. '), ~ A,,.

Proof. Since A,, has a K-basis is given by all monomials of weight < n, the two K-algebras are
isomorphic as K-vector spaces. The multiplication in A,, is induced from the multiplication
in K[[X]], with the extra condition that monomials of weight > n are truncated. This is the
same multiplication as in T',. O

Proposition 2.6. I,, is a strongly stable ideal, with respect to the reverse order of the vari-
ables.

Proof. We must show that if m € I,,, and z; |m, then mx;/x; € I for i < j < r. We have that
w(maz;/x;) = w(m)p;/pi > w(m) > n. O

Part I of the main theorem is now proved.
We give K[y, ...,x,] an N2-grading by giving the variable z; bi-degree (1, p;). Since each
I, is bihomogeneous, this grading is inherited by A,,.

Theorem 2.7. The bi-graded Hilbert series of A, is given by
An(ta ’U,) = Z Cijtiuja
4,J

where ¢;; is the number of pi*...pl~ < n with Y a, =1 and Y arp, = j. Furthermore,

An(t, 1) =D dit’
An(Liu) = Z eju’

J
where d; is the number of w < n with A(w) =1, and e; is the number of w < n with S\(w) =1q.
In particular, the t'-coefficient of A, (t,1) is the number of prime numbers < n.
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Proof. The monomial z{* - - -z has bi-degree (3", ai, Y. a;p;). O

This establishes part I of the main theorem.

3. Minimal generators for [,

Let n € Nt and let r = r(n). We have that
it =mel, << wm)>n <« ][] >n (14)

We denote by G(I,,) the set of minimal monomial generators of I,,. For m = z7*...z%" to

be an element of G(I,,) it is necessary and sufficient that m € I,, and that for 1 < v < r,
Ty |m = m/x, & I,,. In other words,

ks
1<j<n,a; >0 = n<Hp§“§pjn. (15)
i=1

Definition 3.1. For n,v,d positive integers, we define:

Cpow=#{me G(,)|min(m) =v} (17)
Crnwa=#{m e G,)|min(m) =v, |m|=d} (18)

Theorem 3.2. C,,, is the number of solutions (b1,...,b,) € N" to the equation

logn — log p, < Z bilogp; < logn. (19)

1=v

FEquivalently, Cy, ,, s the number of integers x such that n/p, < x < n and such that no prime
factors of x are smaller than p,.

Similarly, Cp, v.q4 is the number of solutions (b1, ...,by) € N” to the system of equations

logn — log p, < Zbi logp; < logn

1=v

ibi:d—l.
i=1

or equivalently, C., .4 is the number of integers x such that n/p, < x < n and such that no
prime factors of x are smaller than p,, and with the additional constraint that A(x) = d.

(20)

Proof. We have that a, > 0, a,, = 0 for w < v. Hence equation (15) implies that
n < H Pyt < pon.
Jj=v
Putting b, = a, — 1, b; = a; for j > v we can write this as
n<p [V <pm = n/po<]]pl<n
Jj=v Jj=v
from which (19) follows by taking logarithms. This implies (20) as well. O

We have now proved part IIT of the main theorem.
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Figure 1: The numbers C), and C), ;.

n [~ [i=1]i=2]3][4]5]6]7][8][9]10]

2 T T

3 3 2 1

4 3 2 1

5 6 3 2 1

6 6 3 2 1

7 | 10 4 3 2 |1

s | 10 4 3 2 |1

9 | 11 5 3 2 |1

10 | 11 5 3 2 |1

11 | 16 6 4 3|21

12 | 16 6 4 3|21

13 | 22 7 5 a3z

14 | 22 7 5 als3f2|1

15 | 23 8 5 als3f2|1

16 | 23 8 5 als3f2|1

17 | 30 9 6 5| als|2]1

18 | 30 9 6 5| a|ls|2]1

19 | 38 10 7 6|5 |a|s|2]1

20 | 38 10 7 6|5 |a|s|2]1

21 | 39 11 7 6|5 |a|s|2]1

22 | 39 11 7 6|5 |a|s|2]1

23 | 48 12 8 716 |5 |als|2]1

24 | 48 12 8 716 |5 |als|2]1

25 | 50 13 9 716 |5 |als|2]1

26 | 50 13 9 716 |5 |als|2]1

27 | 51 14 9 716 |5 |als|2]1

28 | 51 14 9 716 |5 |als|2]1

29 | 61 15 10 s|7 |6 |5 |als|2]1

30 | 61 15 10 s|7]le6|s5|als|2]1

Figure 2: The numbers C,, ; 4.
K2

B =1 =2 [ 3 [4]5[6]7[819]
2 T
3 2 1
4 w1 1
5 w4 2 2 1
6 2w+ 1 2 1
7 2w+ 2 3 2 1
8 w2 4w+ 2 3 2 1
9 w2 4 2u+2 w42 2 1
10 w2 4 3u+1 w42 2 1
11 w2 4 3u+2 u+3 3 2 |1
12 2u? 2u 42 w43 3 2 |1
13 2u2 4 2u+3 u+4 4 3|21
14 2u2 4 3u+ 2 w4 4 3|21
15 2u2 4 4u+ 2 2u+3 4 3|21
16 w4 u 44w+ 2 2u+ 3 4 321
17 w3 +u2 +4u+3 2u 44 5 43|21
18 | wd+2u?+3u+3 2u+4 5 als |21
19 w3+ 2u? f3ut4a 2u+5 6 514|321
20 | w3 43w 42ut4a 2u+5 6 514|321
21 w3+ 3u2 +3u+4 3u 4 6 5 a4|3|2]1
22 | w4+ 3ut4au+3 3u+4 6 5 |a|s3|2]|1
23 w3 +3u2 f4ut4a 3u+5 7 6 |5 |a|3]2]1
24 | 2uB 42?4 4u 4 3u+5 7 6|5 |4a|3]|2]1
25 | 2ud +2u2 4 5u+4 4u+5 wut+6 |6 |5 |4a|3]|2]1
26 | 2u3 +2u2 +6u+3 4u+5 wut+6 |6 |5 |4a|3]|2]1
27 | 2u +3u2 4+6u+3 | w2 +3u+5|ut6 |6 |5 |a|3]2]1
28 | 2w +4u? +5u+3 | w2 +3u+5|ut+6]|6]|5]|a]|3]|2]1
20 | 2ul 44w 4 5u+4 | w2 +3ut6 | ut7| 7|65 ]|a|3]|2
30 | 2wl 45u244ut4a | w243ut+6|ut7 | 7|65 ]al3]2
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Example 3.3. The first few I,,’s are as follows: Io = (2%), Iy = (23, 2%, x122), [ = (23, 23, 172),
(3 2 2
Is=(z7, 23, 2122, 5, 2123, T2x3).

We tabulate C), ; and C,, ; 4, the latter in form of the polynomial u =2 > Chp,iju’ in the
tables 1 and 2.

Theorem 3.4. (1) C, , =0 for v>r(n)

(2) YneN: Yuo <r(n): Cpiqrin)—o =0,
(3) YneN: C, = (")),

(4) YweN: AN :Vn > N :Cy 140(n)—0 = v.
(5) If n is even, then Cy o = Cp_1 4 for all v,
(6) Cny = [n/2].

Proof. (1) Obvious.

(2) and (3) It suffices to show that for any subset S C {1,...,r} of cardinality 1 or 2, there
isan m € G(I,,) with Supp(m) = S. If S = {i} then there is an unique positive integer a such
that p?™' < n < p?, and m = 2? is the desired generator. If S = {i,j} with i < j then we
claim that there is a positive integer a such that zfx; € G(I,,). Namely, choose b such that
pffl < n < p?, then since p; < p; one has n < pfflpj. Hence 3:2’713:]- € I, so it is a multiple
of some minimal generator. By the definition of b, this minimal generator must be of the form

x¢x; for some a, which establishes the claim.
(6) We must show that the number of solutions in N" to

r
n b,
5 < i|7|1 pit<n

is precisely [%]. Obviously, any integer € (,n] fits the bill; there are [% ] of those.

(5) The case v = 1 follows from (6). Hence, it suffices to show that if v > 1, 2 € (J+,n] NN,

and if z has no prime factor < p,, then = € ("p—*l, n — 1] N N. The only way this can fail to

happen is if x = n, but then x is even, and has the prime factor 2 = p; < p,, a contradiction.
(4) For large enough n, the only integers z < n with all prime factors > 1 + r(n) — v are
Pltr(n)—vs - - -» Pr(n)- There is v of these, and they are all > pﬂ. O
Theorem 3.5. 1. Cp4.q4=0 forv>r(n), and ford < 2,
2.VweN:IN:Vn2>2N:Cy,iqrmn)—v,2=", Cpnitrin)y—v,a=0 ford#2,
3. ("0) = #{m e Nt|m < n, \(m) =2}.
Proof. The first and the last assertions are obvious. The second one follows from the proof of
(4) in the previous lemma. O

4. Poincaré series

In [3], a minimal free multi-graded resolution of a I over S is given, where S = K{z1,. .., Z,]
is a polynomial ring, and I C (x1,...,7,)? is a stable ideal. As a consequence, the following
formula for the Poincaré-Betti series is derived:

P(TorS (1K), t) = S (1451 (21)
aeG(I)

where G(I) is the minimal generating set of I. Since the resolution is multi-graded, (21) can
be modified to yield a formula for the graded Poincaré-Betti series (we here consider S as
N-graded, with each variable given weight 1):

P(Tor? (LK), t,u)= > ultl(14)max@-t (22)
aeG(I)
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We will use the following variant of this result:

Theorem 4.1 (Eliahou-Kervaire). Let I C (z1,...,2,)? C K[x1,...,2,] = S be a stable
monomial ideal. Put

bia=#{m e G(I)|max(m) =i, |m| =d} (23)
bi = # {m e G(I)|max(m) =i} (24)

Then
P(Tor?(I,K),t) = Z bi(1+ 1)~V (25)
P(Tor (I, K),t,u) = Z (1+tw) D by jud | (26)

For the Betti-numbers we have that
(i1
By = dimg (TorS (I, K)) = 3 b; (l , ) (27)
i=1

From Proposition 2.6 we have that the ideals I,, are stable after reversing the order of the
variables. Hence, replacing max by min, and hence b; with C,, 14,—;, we get:

Corollary 4.2. Letn € Nt r=r(n), S = K[z1,...,2,]. Then

P(TOI‘f(In, K)a t) = Z CnlerT*i(l + t)(iil) (28)
1=1
P(Torf,*(jna K)a ta ’U,) = Z(l + tu)(iil) Z Cn,lJrTfi,juj- (29)
i=1 j

For the Betti-numbers we have that

Bq = Z Cn,lJrrfi (Z ; 1) (30)
1=1

In [6, 1] it is shown that if S = K[z1,...,z,] and I is a stable monomial ideal in S, then
S/I is a Golod ring. Hence, from a result of Golod [4] (see also [5]), it follows that
1+t)"
P(Tors/! (K, K) 1) = —— 0+ 1) (31)

1 —2P(Tor (I, K), t)
Regarding S as an N-graded ring, one can show that in fact

(1+ut)"
1 —t2P(Tor? (I, K), t, u)

P(Tord/H(K, K),t,u) = (32)

The following theorem is an immediate consequence:

Theorem 4.3 (Herzog-Aramova, Peeva). Let S = K[z1,...,x,], and suppose that I is a
stable monomial ideal in S. Put

big=#{z e GI)|max(z)

=i, |z|=d}
by =F#{x € G(I)|max(z) =1}
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Then, for R = S/1, we have that

P(Torf (K, K), 1) = — s i ﬁ;u TS (33)
P(Tor®(K, K), t,u) = Challl (34)

=230 (1 +tu)-1) > bijud
Specialising to the case of A4,,, we obtain:

Corollary 4.4. Let n € N, and let r = r(n). Regard A, as a naturally graded K-algebra,
with each x; given weight 1, and regard K as a cyclic A-module. Then

P(Tor!" (K, K),t) = s ((11;:;)( TS (35)
P(Tor (K, K), t,u) = (L +ut)” (36)
-t (Z ((1+tu)(l I)Z Chyr—it1 Juj))
Part IV of the main theorem is now proved.
Example 4.5. We consider the case n = 5, then r = r(n) = 3, so S = K[z, x2,23] and

I = I5 (xl, 12, 13, $2,$2$3,{E3) We get that 05 1= 3 05 2 = 2 05 3 = 1. ACCOI‘leg
to our formulas! we have

PP(t) =14+2(1+t) +3(1 + )% = 6 + 8t + 3¢
PS/I: 1+ _ 1
K 1—t2PP(t)  1-3t

When we consider the grading by total degree, we have that C5 12 =2,Cs5,13=1,Cs522 =
2, Cs,3,2 = 1. Hence, our formulas yield

PP (t,u) = u? + 2u®(1 + t) + (2u® + u?)(1 + t)?
=5u” + v’ + (6u” + 2u®)t + (2u® + u®) ¢?

S/T 14tu
P t = —
K () udt? + 24202 + 2tu — 1

We list the first few Poincaré-Betti series P(Tor2" (K, K),t,u) in table 3.

Conjecture 4.6. P(Tord" (K, K),1) = 00 g (1) = 200 hy(n)t?, with

L qn(_l) # 0,

2. l1(n) is the number of odd primes p such that p*> < n,
3. la(n) = €1( )+

4- ho(n) =

5. hi(n) = ( ) —£1(n),

6. hy(ny(n) = Cny1 = [n/2].
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n Graded Non — graded
—T —1
2 —(tu—1) —(t-1)
—1 —1
3 —(2tu—1) —(2t-1)
o d4tuw _ _ 1\ ¢
4 (WBFu?) 2 +tu—1 (2t 1) L
_ 1+tu _ _ -
5 (uB+2u?)t242 tu—1 (3t 1)
I & _ _1\¢
6 (2ud+u?)t242 tu—1 (3t 1) )
_ 14tu _ — -
7 (2u3+2u?)t24+3 tu—1 (4t 1) )
_ 14tu _ — -
8 (utHu3+2u2)t24+3tu—1 (4t 1)
9 _ 142 tutt>u> 14t
(uP+2 ut+2 ud)t3+(ut+3 ud+4 u?)t2+2 tu—1 5t24+3t—1
10 _ 14-2 tut-t?u? 14t
(uP+3ut4usd)t3+(ut+4 ud+3 u?)t2 42 tu—1 5t243t—1
11 142 tu+t2u2 14t
T (w3 ut 2 ud) 3+ (ut 4 uB 5 u2) 243 tu—1 6t2+4t—1
12 _ 142 tut-t2u> 14t
(2ub+2ut+2ud)t3+(2ut+3u3+5 u?)t2+3 tu—1 6t2+4¢t—1
13 _ 142 tut-t>u> 14t
(2uP+2ut+3ud)t3+(2ut+3ud+T7u2)t2+4 tu—1 Tt2+5¢—1
14 _ 142 tut-t>u> 14t
(2 ud+3 ut+2u3)t3+(2ut+4ud+6 u2)t2+4tu—1 Tt245t—1
15 _ 142 tut-t>u> 14t
(2 ud+4 ut4+2u3)t3+(2ut+6 ud+5u2)t2+4tu—1 8t24+5t—1
_ 142 tutt?u? 14t
16 (uS4ud+4 ut+2 u3)t3+(u5+u:+26 u3+5u?)t2+4tu—1 8t24+5t—1
_ 142 tutt?u 14t
17 (uS4ud+4 ur+3 u3)t3+(u5+u:+26 u3+7 u?)t24+5tu—1 9t24+6t—1
_ 142 tutt?u 14t
18 (u®+2ud+3ut+3 u3)t3+(u5+22u42+5 u3+7u?)t24+5 tu—1 9t2+61—1
142 tutt 14t
19 T (W2 uS+3ut+4d u3)t3i(ug12uqi+5 u3+9uZ)t246 tu—1 10 t2++7 t—1
_ 142 tutt>u> _ 14t
20 (uS+3 udb+2 ut+4 ud)t3+(uP+3 ut+4 u3+9u?)t24+6 tu—1 10t24+7t—1
(14tu)? 14t
21 T t3ub4+3 uSt3+2u5+3 t3ul+3 utt2 44 1303 +6 t2u5+8 t2u2+6 tu—1 11247 t-1
14-tu 14t
22 T PBuS 3SR US4 t3u4+3(u4t2+)3 t3uB+7 t2uB+7 t2u46 tu—1 TIr t2++7 t—1
23| — (A+tu)® S EU
t3ub+3 uPt3+t2ud+4 t3ut+3 u4t2+)421 t3ud+7 t2u3+9 t2u2 47 tu—1 12t248t—1
1+tu 1+t
24 = 23ub+2 uP 342 12uP +4 3l +2 w2 14 13uP 4T 12uS+9 22+ 7 tu—1 T 12¢2+48 t—1
25 _ (4tu)” I O =)
q(t,u) 13342224711
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Figure 3: Graded and non-graded Poincaré-Betti series of the minimal free resolution of K

over A,,.
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