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Intrinsic energy is a loop Schur function

THOMAS LAM* AND PAVLO PYLYAVSKYYT

We give an explicit subtraction-free formula for the energy function
in tensor products of Kirillov-Reshetikhin crystals for symmetric
powers of the standard representation of U, (sfn). The energy func-
tion is shown to be the tropicalization of a stretched staircase shape
loop Schur function. The latter were introduced by the authors in
the study of total positivity in loop groups.

1. Introduction

The intrinsic energy function plays an important role in the path model
for affine highest weight crystals [7]. The energy function is also related to
the charge statistic of Lascoux-Schiitzenberger on semistandard tableaux
(see [12]), which establishes a relation between one dimensional configura-
tion sums arising in solvable lattice models and Kostka-Foulkes polynomials,
cf. 2,7, 8].

Let B = B1®- - -®B,, be a tensor product of Ué (sfn) Kirillov-Reshetikhin
crystals, where each B; is the crystal for a symmetric power of the standard
representation. We identify B; with the semistandard Young tableaux with
row shape, filled with the numbers 1,2,...,n. Let b =0 ® --- ® b, € B,
and write a:z(-rﬂ_l) for the number of 7’s in b;. The upper index (r +i — 1)
is to be considered as an element of Z/nZ. Our main result is the following
formula for the intrinsic energy function Dp of B.

Let 6; = (t,t —1,...,1) denote the staircase shape of side-length ¢.

Theorem 1.1. We have

D — mi (i-7)
DB(b)—mjln Z Trih (0
(1.5)€(n=1)8m—1
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where the minimum is over all semistandard tableaux T of shape (n—1)0y,—1,
and entries in 1,2,...,m.

In the physical interpretation, each b; represents a particle, and the in-
trinsic energy function Dg(b) is defined as the sum of (g‘) local energies of
interactions of particles. Theorem 1.1 thus has the following interpretation:
each tableau T" encodes a way for m particles to interact simultaneously, and
intrinsic energy is equal to the minimum of these.

In [10], motivated by the study of total positivity for loop groups, we
introduced a generalization of the ring of symmetric functions, called loop
symmetric functions and denoted LSym. In particular, we defined distin-
guished elements of LSym called loop Schur functions (see Section 2). It is
shown in [10] that the algebra homomorphisms from LSym to R taking non-
negative values on (skew) loop Schur functions are in bijection with totally
nonnegative elements of the formal loop group.

Recall that the tropicalization of a subtraction-free polynomial f, is
obtained by replacing multiplication by addition, and replacing addition by
taking minimums. Theorem 1.1 is equivalent to

Theorem 1.2. The function Dp is the tropicalization of the loop Schur
function 322)—1)6,”_1 in the variables {ngs)}_

Theorem 1.2 is an immediate consequence of Theorems 2.5 and 3.2 be-
low.

Theorems 1.1 and 1.2 are canonical in the sense that they correspond to
the monomial expansion of a polynomial. That a piecewise-linear expression
for Dp(b) exists is already clear from the literature. However, the fact that
a subtraction-free formula exists (or equivalently the rational version Dp(b)
of energy is a polynomial with positive coefficients) is not apparent from the
definition of Dp(b), even though the latter takes nonnegative values. (See
also Remark 3.)

Example 1. Let n =2 and m = 3. Then
Dpg(b) = min(mgl) + 3:§2) + xél),xg ) 4 mg ) gl), mg ) 4 1'(2) + :L'gl),
xgl) + x?) + 1,( ) (1) (2) + (1) (1) + (2) + x( ) (1) + x( ) 4+ xél),

xél) + CCé ) + a:gl))

corresponding to the following tableaux of shape dy = (2,1):

L] [a]2] [o]3] [a]1] [t]2] [1]3] [2]2] [2]3]
2 2 2 3 3 3 3 3
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We use in our calculations a birational analogue of the combinatorial
R-matriz. It was previously studied by Kirillov [6] in the context of the
Robinson-Schensted algorithm, by Noumi-Yamada [13, 17] in the context of
discrete Painléve systems, by Etingof [3] in the context Yang-Baxter equa-
tions, by Berenstein-Kazhdan [1] in the context of geometric crystals, and
by the authors [10] in the context of total positivity of loop groups.

2. Loop symmetric functions
Fix an integer n > 1 throughout.

2.1. Loop Schur functions

Let (Xz('r))lﬁiﬁm, rez/nz be a rectangular array of variables. We recall from
[10] the definition of the ring of loop symmetric functions' in the variables
XZ(-T), denoted LSym,,. A detailed study of loop symmetric functions will
appear in [11].

For k > 1 and r € Z/nZ, define the loop elementary symmetric functions
and loop complete homogenous symmetric functions by

(r) (r) _(r+1) (r+k—1)
ek (X15X27"' 7Xm) = Z Xil Xig ”.Xik
1§i1<i2<---<ik§m
() (r) _(r—1) (r—k+1)
hk (Xl,Xg,...,Xm) = Z Xi X, X :

By convention, e,(:) = h,(:) =0 for k£ < 0, and eg) = hér) = 1. Note that

e,(:) = 0 for k£ > m. We call the upper index the color. When all n colors are

identified, that is ng) = XESI) for all i and s, s’ € Z/nZ, these functions spe-
cialise to the usual elementary and complete homogenous symmetric func-
tions [16]. We define LSym,,, to be the ring generated by the e,(:). Although
it is not immediately obvious, the h,(:) lie in LSym,,. In fact, both the e,(:)

and the h,(:) are instances of distinguished elements of LSym,, called loop
Schur functions.

A square s = (i,j) in the i-th row and j-th column has content c(s) =
i — j. We caution that our notion of content is the negative of the usual one.

n [10], there are two such rings: the ring of whirl loop symmetric functions, and
the ring of curl loop symmetric functions. We use the former here. Furthermore, we
only use finitely many variables here.
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Let p/v be a skew shape. Recall that a semistandard Young tableaux T with
shape p/v is a filling of each square s € p/v with an integer T'(s) € Zso
so that the rows are weakly-increasing, and columns are increasing. For
r € Z/nZ, the r-weight xT of a tableaux T is given by x? = Hsep/u ng((j))M)
We shall draw our shapes and tableaux in English notation:

O O O O O ‘ 1113’
© o o 112]12]3|4
o o o 31314

For n = 3 the 0-weight of the above tableau is (xgl))2(xgl))3x§2)

x§3)x§3) (Xf))2. We define the loop (skew) Schur function by

SE)T/)V(X) = ZXT
T

NONCN

where the summation is over all semistandard Young tableaux of (skew)
shape p/v. We have the following analog of the Jacobi-Trudi formula.

= det(e(r_j—i_lﬂ”)).

Theorem 2.1 ([10, Theorem 7.6]). We have s7) N—pty—itg

A/
Proposition 2.2. For any k > 0 we have

e((]r)hl(:—l) o eg'r—l)hl(g;—f) + egr—2)hl(€7;—23) L+ el(:—k)h(()r—k—l) —0.

Proof. Let p; denote the hook shape (k—1i,1,...,1) of size k. Then egpi) X

hg"__ii_l) = s,()tf_l) + sg;fll is the sum of two loop Schur functions (one of

(r—)

which is zero if i« = 0 or ¢ = k). This holds since any two terms in e;

and hlg:i_l), viewed as a tableaux of column and row shapes, fit together
to give a semistandard tableau of one of the two hook shapes, depending on
the entry in their smallest boxes. It is clear that as we sum over all 7, all the

hook shape loop Schur functions cancel out. O
2.2. Staircases
For k > 1 and r € Z/nZ, define

Tlgr) (Xh X2, ... 7Xm) = Z X(T)X(r—l) o X(T_]H_l)

11 T2 1k
I={i1<ir<--<ip}
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where the summation is over multisets I C {1,2,3,...,m} such that no
number occurs more than n — 1 times. Note that if & > m(n — 1) we have
T,ET) = 0. It can be shown that T,ir) lies in LSym,,,, but we shall not need it

for what follows.

Lemma 2.3. We have

TIET) (X1ye ey X)) = Z(—l)ihl(ﬁmei H ng), ey H x|
i=0 SEZL/NZ SEZL/nZ

where the e; in the above formula denotes the usual elementary symmetric
function.

Proof. Let x(r)xg_l) xR be a term in h,(;). Let J C I be the set of

1 1k

indexes which occur in I = {i; < is < --- < ir} more than n — 1 times.
Then the coefficient of this term on the right is equal to ZKQJ(—I)”(‘. This
is equal to 1 if |J| = 0 and to 0 otherwise. O

Lemma 2.4. For each k, we have

o0
S0t ez T (%) = 0,
i=0
Proof. Follows immediately from Proposition 2.2 and Lemma 2.3. O
Define a,(:) (X1,%2, .+, Xm) = Zf:o xY)xgrfl) i iniH)Tlg:i) (X2, ...y Xm)-

Theorem 2.5. For m > 2 and r € Z/nZ, we have
8%:1)—1)(57,1_1 (le X9y e ,Xm)

= aé;)_l)(m_l)(xl, e ,xm)a((:btll))(m_m (X2, .oy Xpy) -+ a((::T)_Q) (Xim—1,%m)-

Remark 1. When all the colors are identified, that is, XZ(S) = xgsl) for all ¢
and s,s" € Z/nZ, Theorem 2.5 is a coarsening of a result of Jucis [5], see
also [16, Ex. 7.30].

It is clear that Theorem 2.5 holds for m = 2, for then it states that

S;TZI(Xl, X9) = (77(;_)1(}(1, x2). We shall prove Theorem 2.5 in Section 4.
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3. Affine crystals
3.1. R-matrix

We shall use [15] as our main reference for affine crystals.

Recall that a Kirillov-Reshetikhin crystal of Ué (sly) is the crystal graph
corresponding to the highest weight module with highest weight proportional
to one of the fundamental weights. An affine crystal is the tensor product of
several Kirillov-Reshetikhin crystals. We shall restrict our attention to the
set € of affine crystals that are tensor products of symmetric powers of the
standard representation. Fach element b € B of such a symmetric power
can be identified with a single row semistandard tableau in the alphabet
1,...,n.

If By, By are Kirillov-Reshetikhin crystals, the combinatorial R-matrix
is the unique isomorphism Rp, p, : B1 ® Bs — By ® Bj of affine crystals.
It is known that the combinatorial R-matrices generate an action of 5, on
B1®---® Bp,.

The combinatorial R-matrix has a convenient interpretation [15] in terms
of semistandard tableaux and the jeu de taquin algorithm [16]. Let b1 ® by
be an element of By ® By. Then Rp, p,(b1 ® ba) = ¢1 ® ¢ € By ® By where
c1, co are the unique pair of row shaped tableaux which jeu de taquin to the
same tableau that b; and by jeu de taquin to, as follows:

12241?2)52 2014
113 11123

1[1]2]2]4]
3

The action of the combinatorial R-matrix can be explicitly described as

follows (see [4]). Let Rp, B,(b1 ® ba) = ¢1 ® ¢ and let :Z‘Y), a’;g), sl(i‘gr)),
(r)

51(Zy ') be the number of boxes filled with 7-s in by,b2,c1,c2 respectively,
r=1,...,n. Then

since both jeu de taquin to

Sl(i‘gr)) = :Zér) + ET+1(b1, b2) — ﬁr(bl, bg) and
51(25)) = 27 4 Fp(br, ba) — Frr (b1, bo),

where

n—1
2 : 1) _
(51,b2 18n<17r11 ) xr-i—t + j : xgr-ﬁ-t))
t=s+1

and the indexes are taken in Z/ nZ.
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Example 2. In the example above (a_sgl),i?),fg?’),a?g‘l)) = (1,0,1,0), (:Egl),

jéz)viég)ajgl)) = (172703 1)7 Rl(blabZ) = min(17273a3) = 17 RQ(b1>b2) =

min(2,3,3,3) =2 and s1(z2\") = 1+2 -1 =2.
3.2. Intrinsic energy function

In [7] an important function Hp g : B ® B’ — Z called local coenergy is
defined for a tensor product of two affine crystals. If B and B’ are Kirillov-
Reshetikhin crystals, local coenergy has the following simple description in
terms of tableaux [9, 15]. Given an element b ® V' in B ® B’ € €, form a
two-row semistandard tableaux from b and b’ as above. After that, measure
the maximal number of cells one can slide the top row to the left so that we
still have a valid semistandard tableau. This maximal number of cells is the
value of Hpg p/(b, V).

Example 3. For

112]13]3]4

212|134

the local coenergy is 3, because

112]3[3]4] 112]3[3]4

is semistandard while | is not.

12[2]3]4 212[3]4

It is easy to see that Hp p/(b,V') = &1 (b, '), since each term Y 7_, i'g) +

?:_SIH :TrgHt) is exactly the number of cells for which the boxes with (s + 1)-s

in them would allow sliding. The local coenergy is known to remain the same
under the action of R-matrix: FB/B = FB’B/ oRp B.

We now define the intrinsic energy function Dp : B — 7Z ([7]) of an
affine crystal B € €, following [14]. For Kirillov-Reshetikhin crystals, the
energy is zero. Let b = b1 ® by ® - - - ® b, be an element of an m-fold tensor
product B = B1 ® By ® - - ® By, € €. We define the intrinsic energy Dp(b)
to be

(1) Dp(b)= > Hp,p(sisit1 - sj-2(bj1) @by).

1<i<j<m

Although not obvious from this definition, intrinsic energy is preserved by
the R-action.
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Example 4. Let us compute the intrinsic energy of the following element
b=0b ®bs ® bs.

1[2]2]4

[1]3]

We measure H (by,bz) = 1, H(by, b3) = 2. We also have seen above the result
o_f applying Rp, B, to the ﬁrst_two tensor factors, which allows us to measure
H(s1(b2),bs) = 2. Therefore Dg(b) =1+2+2=05.

1]2]2]4] 1[2]3] [1]2]3]
[1[3 [1]2]2]4 2]4

3.3. Product (summation) formula for intrinsic energy

In this section, we switch from piecewise linear functions to rational func-
tions. The two worlds are connected via tropicalization: if f is a subtraction-
free polynomial, we let trop(f) denote the tropicalization of f, obtained by
replacing addition by minimum, and multiplication by addition.

We are given a rectangular array of variables }EZ(T), 1 =1,...,m, r €
Z/nZ, with columns b; = (x El),il( ), e ,}‘(En)). It is very convenient to make

the following change of variables: Xgr) = }EETH*U, Define

n—1 n—1

(r+t) (r+t)

bty = ST T 0
s=0 t=1 t=s+1

so that tI‘Op(Iir(bj, bj_|_1)) = Er—j—i—l(bj, bj+1).
In the variables xgr), the birational R-matrix acts (see [17, Proposi-
tion 3.1]%) via algebra isomorphisms s1, s2, ..., ;1 of the field of rational

functions in {xgr)}, given by
M) Xﬁﬂl)ﬂrﬂ(bj,bjﬂ) and  s;(x0)) =
ki (bj, bjt1) Ei

(Tfl)/’vrfl(bj, bj+1)

“r(bj’ bj+1)

Sj (Xg

and sj(x,(:)) = x](€ for k # j, j + 1. We also have H(b; ® bj11) = k;(bj, bj+1),
the rational analogue of the local coenergy. We let Dg denote the rational

20ur variables x( ") are nearly the same as Yamada’s x%, differing by a reversal
of the orientation of the circle.
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analogue of the intrinsic energy function, so that trop(Dg) = Dp. The main
result of this section is a product formula for Dp. We remark that Kirillov [6]
has also studied the rational functions H and Dp.

Lemma 3.1. Suppose 1 < <j <m. Then
+
sz %JZB o (X X1 %)

U((:L ]1—)7]) i 1)(Xqu+1,-..,Xj_1)

Kr(8iSi41 - 8j—2(bj-1),b5) =

and

r—j)+) (7 i—1
(r) XE J+1) §n ]1—)’_(3 Z))(Xlaxl-"-l?"'?Xj)
e (r—j+i)
G(n 1)(] ’L) (X’L’ Kidlye- ey X])

r—j+1
((n ]1)(3) z)+1(xz>xz+1,--- X;)

O-E:;—jl—)i_(zj) i) (X17 Xitly- - 7Xj)

SiSi41 -

Proof. We prove the two statements in parallel by induction on j — 4. For
j — % =1 they coincide with the formulae for the x, and the R-action of s;.
By the induction assumption

(r—j+i+1) _(r—j+i) L
o o (r) ) = X O-(n71)(j7i,1)(xz>xz+1a'--7Xj71)
SiSit1 et 8j-2\%51) = (r—j+i+1) '

T(n-1)(j—1-1) (%, Xi1, - -5 Xj-1)
Therefore

Kr(8i8ip1 - sj—2(bj—1),bj)

n-l s n—1
= Z(H X§'T+t) H 8iSiqtl " Sj_Q(Xg‘T_—Et)))

s=0 t=1 t=s+1
j+1i (r+t) (r4+s—j+i+1) (r+t)
_ nzl tmo—j+it2 Xi U(n—l)(j—i—l)(xiv Xit1s- - %5-1) [[72 %;
= —
s=0 Uézfjl)(lj),ifl) (XZ‘, Kitly- -y Xj—l)
j+1)
JE:L ]1)(3 l)(XZ,XH_l, C X))
(r—j+i) e ‘
U(n—l)(j—i—l)(x“ Kitly - Xj—1)
The last equality holds because in a term of aé;:]&? 1)(X“ Xit1,---,X;) the

number of the th)
x\! )—s together should be at least n — 1.

-s is at most n — 1, while the number of the th)-s and the
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Now we can also prove the second claim, since

sisipr s sio1(x)))
| SiSip1 5].72(}(5_7“:11))51_1(5145”1 - 85-2(bj—1), b))
Kr(8isit1 -+ 8j-2(bj-1), b))
R T N T
IR R I A Y
Uég:i—)i_(zj)—i—l)(xi’ e Xj)
gg;—{jg‘? o (%))
o ) -

0?2_]&?_1,) (%iy ..., %j)

5% )

Theorem 3.2. We have

Dp(b) = ng)—l)(m—l)(xl’ . ,xm)agi)_l)(m_z) (X2, ..y Xpm) -+ 0((;,:2)) (Xm—1,%m)-

Proof. The result follows from Lemma 3.1 and (1). O

Remark 2. Comparing [12, Theorem 4.2] with Lemma 3.1 and Theorem 3.2
one can see that the tropicalization of the UE:B?U(me.) (Rit1y -y Xm) 18

essentially the index ind(m —1) in the index decomposition of charge in [12].

Remark 3. Theorem 3.2 gives the irreducible factorization of Dg(b) (whereas

Theorem 1.2 gives the monomial expansion). To see this, one first notes that

0((:;) 1)(X1,X2) has a unique monomial which involves Xg), from which one

(r)
(n—1)(m—1
torizes non-trivially as the product fg. We may write

deduces the irreducibility. Now suppose that o )(xl, X2,...,%Xpy) fac-

f = ax(r—(-Dm-2) | p

and g = ¢ as polynomials in X%f(nfl)(m%))

2~ TDTD) One verifies that none of the variables x4 divide
(() 1)(m )(X17X27--'7Xm) and every monomial which contains
sl

—(n=1)(m-2))

, where a,b,c do not involve

is divisible by the product

= (=) (m=2)) (1) (m=2)=1) g (r—(n=1)(m—1)+1)
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Thus we have f = a/x( = DE=2) G—n=1)(m=2)=1) ___ (r—(n=1)(m-1)+1)

b, where a’ is a polynomial not involving any X,({z). It is easy to see that
a’ cannot be a unit. But we then have a non-trivial factorization a’c =

aéz)il)(mﬂ) (X1,...,%Xm—1), and we may proceed by induction.

4. Proof of Theorem 2.5

We let A,, denote the Jacobi-Trudi matrix for the dilated staircase Schur
funtion s(n 16, By adding extra columns of size 0 to (n—1)d,,—1 we may

assume that A,, is a na x na matrix. (Specifically, a = [(n —1)(m —1)/n].)

Example 5. For n = 3 we have

NOEES
(r) egr—l) 61([_2)
A (r) egr—l) egﬂ—2) egr) (r 1)
4= 6((]7*71) 57"72) egr) ( 1) 621”72)
o) < DR
0 &

Lemma 4.1. Suppose n < i < na. Then column i of A, is obtained from
column i —n by shifting the non-zero entries down by n — 1.

Let By, denote the n(a+ 1) — 1 x n(a + 1) matrix obtained by adding n
extra columns to A,,, so that Lemma 4.1 is still true.

Example 6. For n = 3 we have

6§r) (r 1)
) D )
W E B S i SRR
B, = €1 €3 €4 )
e((]r) egr—l) eg“—) ez())r) e[(;“—l)
e(()r—l) €§T_2) eg") egr—l) €4(17“—2)
e(()r) egr—l) egr—Q)
eérfl) 657”72)
Let
(r—1) (r—2) (r—n(a+1)+1)
T_( (n 1)m’_7—(n71)m71"" +7 (n 1)ym— n(a+1)+1)

be a column vector with components in LSym.
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Proposition 4.2. The vector By, - T is the zero vector.

Proof. 1t follows immediately from Lemma 2.4, and the fact that Tlgs) =0
as long as k > (n — 1)m. O

Let B;,, be the square matrix obtained from B,, by removing the i-th

column. It is easy to see that det(B;,) = SE; 11)) 5o /(1) 15 2 loop skew Schur

function.
Proposition 4.3. We have det(B; ) = ((; Zl))m i1 det(Ap).
Proof. Since det(B;,) = 3&111)) 5/ (i—1) is never the zero polynomial in

the el(»s), we deduce that considered as a matrix with ceofficients in the

field Frac(xgs)), the matrix B,, has maximal rank. There is thus, up to
scaling, a unique solution to the equation B,, - v = 0. By expanding the
determinant of the matrix obtained from B, by repeating a row, it is
easy to see that v = (det(By ), —det(Bam),. .., £det(Bngin,m)) is a so-
lution. But by Proposition 4.2 so is 7. Thus the two vectors are pro-
portional, and it remains to check that the scaling coefficient is det(A,).

We have det(Bi,,) = elr =) --e%_nﬂ)det(Am), while at the same time

T((Z:Bm = e,(f;*l) e e,(ﬁ nH), and the statement follows. O

Proof of Theorem 2.5. We have already verified the case m = 2, so we sup-
pose that m > 2, and by induction on m that

Sgitll))ém_ (X27 X3y .- 7Xm+1)
(s+1) (542)
= Oty m—1) (K2 Xm0, g
X (X3,. 00y Xma1) O’éitﬁn)_l)(xm, i1

for every s € Z/nZ. We calculate that

58;_1))5 (Xl,Xz,--- Xm+1)

Z x(r Dy T— ---XY K E; 11))6 /()(Xz,x37-~-’xm+1)

(n—l)

= Z Xgrfl)xyd) .- 'Xgrfi)det(BLm)(Xg, X3y .oy Xmt1)
=0
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(n—1)m
r—1)_ (r—2 r—i) (r—i—1
= Xg )Xg ). ‘Xg )T((n_l)m)_i+1(X2, X3y .y Xmt1)
=0
x ") (x2,% Xm+1)
(n=1)6pm 1 2,83y -y 4&m+1
— J(r—l) (X % % ) (r) ( )
(nfl)m 15825« 9 Am+1 8(%*1)6,",1 X2,X3y .-y Xm+1

where in the first equality we used the tableau definition of SE;)_I) 5. »and in

the penultimate equality we used Proposition 4.3. ]

Remark 4. It is clear from the theory developed in [10] that loop Schur
functions are invariants of the action of the symmetric group S, via the
birational R-action. Thus we have demonstrated directly that the energy
function is an invariant of this action. This property is not obvious from the
definition we use.

1]
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