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ON THE EFFECTIVE BLOCK SIZE IN HARPER’S THEOREM

William M. Y. Goh and Jet Wimp

ABSTRACT. Let s be a random set partition of [n] and X, (o) be the random vari-
able marking the total number of blocks in . By employing a uniform probability
on the sample space of random set partitions of [n], L. Harper proved a central
limit theorem for X (o).

We determine the effective size of the block size in Harper’s theorem, that
is, the minimal block size for which the conclusion of Harper’s theorem is still
maintained. This size is expressed as a quotient of the roots of two transcendental
equations.

1. Introduction

The notion of effective size appears naturally in many problems in combinatorial
enumeration. To illustrate the point we take the following example. Let o be a random
set partition of [n], where [n] = {1,2,...,n}, the set of first » natural numbers. Let
X (o) be the total number of blocks in . Also let u, be the unique positive root of
ze® = n. Define the random variable

M, where M, = ui and D, = \/n/uZ. (1.1)

n

Y,.(c) =

We assume a uniform probability on the sample space of random set partitions of
[n]. The well-known theorem of Harper [4] states that

Prob(Y, < z) — \/% /_oo e /24t asn — oo. (1.2)

In other words, we have a version of a central limit theorem. The “effective size”
of the blocks is the optimal size k = k(n), so that if we count only those blocks in a
random set partition ¢ of sizes up to k + L, where L,, is an arbitrary function that
goes to infinity as n — oo, call this count Xr(Lk)(a), then we still obtain the conclusion
of Harper’s theorem,

(k) _ e
Prob(%—% < w) — %/ e~t'/2 gt (1.3)
n T J—

To maintain asymptotic normality, it is not necessary to count the total number of
blocks in a random set partition. We just have to count the number of blocks in o of
sizes up to k + L,. We emphasize that in (1.2) and (1.3) the mean M,, and deviation
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D,, are the same. Obviously k is not uniquely determined. Different k£’s may differ by
a constant.

One can define the concept of effective size for other combinatorial configurations,
for instance, the effective size of blocks in random ordered set partitions [2] or the
effective size of primes in the Kac-Erdds theorem [5] on the distribution of w(n). Both
are interesting problems to study. This paper deals with the effective block size in a
random set partition of [n]. Our major theorem is the following:

Theorem 1. The effective size k of blocks in a random set partition of [n] is k =
k(n) = up/r where T is the unique positive root of z[2 —Inz —1 = 0 in the unit
interval (0,1).

A rough estimate for r is 2.4 > 1/r > 2. This means 1/r < e. It is well-known
that the mean of maximum block size of a random partition is ~ elnn, see [7]. Hence
the effective size is smaller than the average maximum block size but the two are
of the same asymptotic order. It is also well-known [6] that u, = Inn — Inlnn +
o(1). Therefore, the second-order term (—1/7)Inlnn of the effective size cannot be
dropped.

2. An analytical formulation of the problem

Our strategy for tackling the problem is straightforward. From the block index of
a random set partition we have the following multivariate generating function (see
Chapter 3 of [11]):

B(n) tmz™
> B0 pamien g yen = exp( 30 1200, (2:1)
n>0 m>1

where X,;(o) is the number of blocks of size ¢ in ¢, 1 < ¢ < n. Let E(X) denote the
usual expectation of the random variable X, and B(n) the n-th Bell number, i.e., the
total number of set partitions of [n]. In (2.1), set t; =t for 1 <4 < k and ¢; = 1 for
i > k+ 1. Thus

Z%:I)-E(t}-“’)x":exp(t Z %) exp( Z: fn—"'l)’ (2:2)

n>0 ' 1<m<k m>k+1

where the random variable X, j, = Z§=1 Xn,; marks the total number of blocks of
sizes up to k.
Introducing S,(z) := E?=O(zj/j!), the n-th partial sum of e, and Rp4i(z) :=
e® — Sp(z), the remainder of e” starting with the term z"+1, we have
2 B(n) E(t—)-(-,,k )zn — et(Sk(z)—l)eRHl(z).

n!
n>0

By Cauchy’s integral formula

- 1o exp(t(Sk(z) — 1) + Re+1()
BE) = #2_7”%7 ( ot ) dz, (2:3)

where C is any simple closed contour encircling the origin.
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Now set t = ef in (2.3), £ real,

dx.

o 105000 )
C

B(n) 2mi Tl

We normalize X, » the same way as in Harper’s theorem. Thus

E (exp (§ _X—n’kD; My ))

—&M,, /D n! 1 f exp(ef/Dn (Sk(.’l)) - 1) + Rk+l(x))
C

=e g+l

Our goal is clear. We must find an optimal £ = k(n) so that the right-hand side of
(2.4) approaches ef’/2 as n — co. By the continuity theorem in probability [3] we
then will have proved the theorem. The technique that is required to finish the proof
is very involved. Basically, we apply the saddle point method to approximate the
integral in (2.4). Unfortunately, the integrand is a complicated function of » and =z.
In such problems, uniformity of the approximation is always a major issue that must
be confronted in the analysis.

3. Lemmas of approximation

This section collects some useful approximations that are relevant to the problem.
Throughout this paper £ is always held fixed. To simplify the matter, we need to
define some notation. Let

dx

nk =5 CeXP(gn,k(x)) - (3.1)

where
k(7)) = €8/P (S () — 1) + Reya(z) —nlnz
=e® —nlnz + (e¢/Pn — 1)S(z) — e8/Pn.
A formal application of the saddle point method yields
G (@) = € = = + (/7" —1)Sa (o).

Proposition 1. g; ,(z) as a function of = defined on (0,00) has a unique positive
T00t Pk -

Proof. Define
hn(z) = z(e® + (€5/P —1)Sk_1(z)) (3.2)
on (0, 00). Differentiating with respect to z yields
by, 1 (z) = (Ri(z) + €/P Sp_1(2)) + z(Ri—1(z) + €/Pn Sp_a(2)).  (3.3)

Since each term in the above is positive, h;, () > 0 on (0, 00). Notice that hys (0) =0
and hy 1 (00) = 0o. This hy k(z) is a continuous, strictly increasing function that maps
[0,00) to [0,00). Hence, hy k() = n has a unique positive root. [
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Recall that u, is the unique positive root of ze* = n. The following proposition
describes the asymptotic behavior of pn .

Proposition 2.

& Sp—1(pnk) £ Sk—1(pn.k) 1
Prk = Un = Dn ePn.k + Dyu, ePn.k + O(Dn 1n2 n)’ (3‘4)

uniformly for all positive integers k.

Proof. We first show that p,r — un, = 0(1) as n — oo, uniformly for all £ > 1.
(1) First we assume £ > 0. Returning to (3.2), one can easily show that

2€” < hnjo(z) < hnyoo(z) = /P ze®.
Hence uy, > pn i > Vs Where v, is the unique positive root of
ef/Pnge® = n. (3.5)
Thus
[png = tn| < |Vn — un|. (3.6)

Observe that v, satisfies v,e¥» = ne—¢/DPn_ Let u; be the unique positive root of
ze* =t,t > 0. Then in terms of u; we have

Vp = Upe—£/Dn - (3.7)
Using the formula u; =Int —Inlnt + o(1), we get
vp = In(ne~¢/Pr) —Inln(ne=4/P=) + o(1)
=Inn—Inlnn+o(1). (3.8)
This implies that
Up — un = 0(1). (3.9)
Combining (3.9) with (3.6), we have
pnk — Un = 0(1), uniformly in k. (3.10)
(2) The case when £ < 0 can be dealt with similarly.

Now we perform a “bootstrap” computation. Since p, k is a root of hy x(z) = n,
we have

n = pni (€7 + (€4/P = 1)Sk_1(pn,k))- (3.11)
Also
n = une’". (3.12)
Dividing (3.11) by (3.12) gives

1= Bohemun (ernt 4 (/P —1)Sg_1(pnr)-
n
Taking logarithms, we arrive at

0= ’—’;‘i = Un + Pog + (14 (/P = 1)S_1(pni)e?*).  (3.13)

n
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Note that
In Pn.k — ln(l + P,k — un) — Pnk — Un + O(Ipn,k — Up |2),
Unp Unp Un Up
and 0< M < 1.
ePn.k
Thus (3.13) simplifies to
- U — U 2
0= Dn.k n o O( P,k n ) + (png — un)
Un, Up,

+ (eb/Pn — 1)———-Sk—l(pn’k) +0(|et/Pn —1?)

ePn.k

or

0= (pnk —un)<1+ % +0(ui2)) + (DLn.S'%(P:L) +0(%)), (3.14)

uniformly for £ > 1.
Solving (3.14) for pn  — un gives

i == (G222 1 o( L)) (1+0( 1)
= 5 et o5

We can now write pp g —tpn = (—&/Dp)(Sk=1(pn,k)/e’>*)+en with e, = O(1/Dyp Inn).
We plug this into (3.13) and bootstrap again. Finally, we get the desired result,

£Sk-1(pn,k)+0( 1 )

En -_
Dju, ePrk D,ln’*n

Proposition 3. (A)

S’;(k";x) — 6+ \/gﬁl Erfe(VkC) (1 + O(%)) » where

- 1, O S T < 1 _ 1/2
6= {0, e>1 , and(=|z—1—-Inz|'/? (3.15)
uniformly for £ > 0 and
Erfc(o) := / e dt, o>0. (3.16)

(B) Let z be in a compact set K of the open unit disk {z € C: |2| < 1}. Then we
have

Ske(klzz) . \/21197 : (zel_Z)k(l +o(%)), (3.17)

uniformly for all z € K.
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Proof. First we give the proof of (A). Recall that
Z gk

We can write
.’12"’"'1

Sp(z) = ./w e 1+ )™ dt

= —/ et dt.

Sn(z) = Z—T + e*Q(n, x),

An integration by parts gives

and

Sp(nz) = ) + e™Q(n,nx),

in the notation of Temme [9]. The results in that reference give the asymptotic
expansion,

- (na)” (e~"ze)™ | C2
Sp(nz) = . +e {\/_ Erfc[ev/n(] + ——— — [Co +—+— 4. ] }’
where .
=z —1—Inz'/?, e:= _ = -
C:i=|lz—1-Inz|'?, e:=sgn(z—1), ¢ = -1V

This asymptotic expansion is uniform for x > 0. Although there may appear to be a
problem near x = 1, there isn’t, since,

1
Co = 5 + O[(IL’ - 1)]
Using Stirling’s formula on the first term gives

——S';(n”im) 7= Erfclev/n(] + m(z ﬂ_” 1 \/654) (1 + O(%))’ (3.18)

uniformly for z > 0. Now consider Gautschi’s inequality [1, see 7.1.13],

1 1
Y+ Y2 +2 Y+ +4/r

The usefulness of this inequality lies in its uniformity. We may write

4
_<a'(y)<2a yZO'

1
y+vyi+aly) T

For our purposes we rewrite the above result as

< eV’ Erfcy <
e¥’ Erfc y=

—? _ _ a(y)
e™¥ = (2y +b(y)) Erfecy, b(y) = T ! > 0.

We see that
0<b(y) < V2.
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The second term may be written

3‘;—‘;<$f1—;<><1+o<1>)

- Erfc[fq( ) (2vC + (V) (1 + 0(1))
\/__Erfc[\/—C]( ) \/g b(\/_C) O(n))
- Erfc[\/_C]{\/EzC_xl - % 0(7_—)} (3.19)
There are two cases to consider, ¢ = 1 and ¢ = —1. For the latter, we use the fact

that
Erfcy + Erfc(—y) = V.

Accounting for each case and putting (3.19) in (3.18) gives the final result,

%ﬂ:&-k\/g ¢z - Erfe(v/a() (1+0(—\/%)>,

uniformly for x > 0, where

P 1, 0<z<1;
- 0, z2>1.

Note that since

Lz =1] _

the lead term above is continuous at z = 1, and yields, in fact, 1/2.
(B) follows from (A) when z > 0. The proof for a complex z can be found in [8],
[10].

The following proposition is needed in Section 4.
Proposition 4.
Si(kz) 1 ( 1 )
SR\ < —
prrai +0 i)
uniformly for x > 1.

Proof. Let ¢ = |z — 1 —Inz|'/2, Fy(z) := z Erfc(Vk(), and H(z) := /2/7(/(z - 1).
By Proposition 3, we have

Sk(km)
eke

=H(z )Fk(az)(1+0( \/E)) (3.20)

It is easy to prove that H(z) is a decreasing function on [1,00). Our immediate goal is
to prove that there exists a ko such that for all k > ko, Fi(z) is a decreasing function
of z on [1,00).

Now

\/E —k(2

Fl(z) = Erfc(VkC) — @)

(3.21)
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Note that

Erfe(o) : = /oo e—t2 dt < =9’ + e—(«7+1)2 + e—(o+2)? 4.
o

=e Z e~203=3" < = z:e_J (3.22)

j=0
Since H(z) is decreasing on [1,00), using (3.21) and (3.22), we have

' e—k¢? e vk —k¢?
Fi(2) < Z T 2H() ST e <0.

7=0

Thus there exists a ko such that for all £ > ko Fi(z) is strictly decreasing on [1,00).
This implies H(z)F(x) is decreasing on [1,00). Returning to (3.20), we see

Sk(k.’l:)

< H(l)Fk(1)<1 + 0(\/%>). (3.23)
The proposition follows from observing that H(1)Fy(1) =1/2. O

Recall the random variable Yn,k = Z§=1 Xn,; which marks the total number of
blocks of sizes up to k.

Proposition 5. For the value of the expectation, we have

EX k) = Sk(un) + o(‘-gﬁ(”—")>, (3.24)

Un
uniformly for k < 2u,.

Proof. Differentiating (2.3) with respect to t followed by setting ¢t = 1, we have

dx

}{ exp(e® — nlnz)(Sk(z) — 1)?

n! 1
eB(n) 2mi

From this point on we follow deBruijn closely (see [6]). We shall use Szego’s approxi-
mation to tame the behavior of Si(z). Let h(z) = €® — nlnz. The saddle points are
roots of h'(z) =0, i.e., roots of ze®* = n. Thus u, is a saddle point. The difficulty in
proving the statement arises from non-uniformity and the unboundedness of Si(uy).
In the sequel, we shall show the contribution from all other saddle points is negligible.
We may replace the integration contour C' by a segment of the vertical line through u,,,
and complete it to a closed contour by adding a large semi-circle. And if we make the
radius R of the semi-circle tend to infinity, its contribution to the integral (3.25) tends

to zero, the factor Si(z)/z™*! being O(RF~™~!) whereas expe® is bounded in the
u,.+zoo

half-plane Rex < u,. Therefore, the integral in (3.25) may be replaced by f .
Writing = u,, + ¢y, we obtain

EXnp) = %ﬁjem(e“"‘”‘" ) /_ ” exp(¥(y)) (

E(Xny) = (3.25)

Sk(up +1y) —1 :
Up + 1Y

(3.26)

where .
PY(y) = e ((e¥ = 1) —u, In(1 +iyu,t)).
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Notice that |exp(y)| = exp(Re(y)). We have to study

Re(y) = e*" (=1 +cosy — uy In(1 + y%u _2)1/2) (3.27)

We now show that in (3.26) we can restrict ourselves essentially to the interval [—, 7].
First, we estimate the contribution for y > 7. The situation when y < —m can be
dealt with similarly.

If 1 <y < Un, then we have In(1 + y2/u2) > 1y?/u2 and |Si(un +1y) — 1| <
25%(v/2u,,) and therefore

“ Sk(un +iy)—1 2un 2 u,
[ epu 2t B gy ¢ e exp(-aer(4un)) Se(VEn).

Note that Si(z) < €” for all z > 0 and all k. Thus

[ et 2D L gy = 0exp (e (aun) +VEun))

= O(exp(—e™" [un)). (3.28)

If y > up, we use 1 +y2/u2 > 2y/u,. Putting y = u,z, we get

* Sk(un +iy) —1 *° —e* un In(22)\ | Sk (un(l + iz
/ exp?ﬁ(y)———k(; +ng) dy‘ Sz/1 exp( : )| . :($2)1/2))|dx.
Un n

(3.29)

We now use (A) in Proposition 3
IS’“ (un(l + zx))| < Si(unV1+22) =
V1 +22
\/; unvTFET_(UnV1+ 2% Erfc(\/E{)(l + 0(7)> (3.30)

upV1+z w1t —k
where
UnV1 + 12 UnV1 + 12 1/2
S e

It is well-known that
Erfc(a): 21(1+O( )) as o — oo.

Hence there exists an absolute constant A so that

A 2
< -7 . .
Erfc(o) < e forallo >0 (3.31)
Putting ¢ = Vk( in the above, we have

i
Erfc(VkC) SAexp(—un\/1+x2+k+kln unv1it e ) 1 ,  (3.32)
k 14+ VEC

uniformly for ¥ < v2u, and and z > 1.
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Combining (3.29), (3.30), and (3.32) and using the estimate v'1 + 22 < 2z for all
z > 1 we have

o Sk(up +iy) — 1
S VR C dul =
/u,, exp ¥(y) P Y

0 (ek"'kl“(“"/k) / exp((—%e“"un + k) ln(2x)) dz). (3.33)
1

It is easily seen that [,°(2z)"Pdzx = O(e~?/?) (p > 2) and kln(u,/k) < uy/e, for
all positive k. Therefore

e Sk(un + zy) -1 _ —-n/5
/un exp ¥(y) P—— dy| =O(e ). (3.34)
Returning to (3.26) and making use of the fact [6] that
n!  uptly/2m(evn 4+ nfu) 1
B(n) exp(e¥» — 1) 1+ O(Z))’ (3.35)
we have
— Up e Se(un +1y) — 1 1
) = 22t +npi( | Sk(un +iv) = 1 1
() = e+ ([ o) 2D =14 (140( )
_ Un (u, a7 Sk(un +1y) — 1 1
m(e +n/uy) (/_1r exp(¥(y)) el | s 0(%) ;
(3.36)
uniformly for &k < v/2uy.
Now consider the difference
L " Sk(un +1y) —1 Sk(un) [T
D:= /_7r exp(V(y) = = = [ exp(¥) dy
4 Un (Sk(un + 1Y) = Sk(un)) — 1ySk(un)
= dy. 3.37
) e . (337)
Take C; to be the contour {2 : |z — u,| = 27 } and consider
Si(u +i)—5(u)—i?{5(z) L 1 )y
Bllin T 1Y R 2w I, k z—(up +iy) z—uy ?
_ Yy dz
= o o Sk(z) (2’ — un)(z g, — 2y) . (3.38)
We have
1Sean +i9) — Seun)l < U Max[54(2)
_ Wl +2m). (3.39)

T
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Using (3.39) to estimate the difference D in (3.37), we have

D< /_: eXp(Re(lb(y)))

un(lylsk:(un + 2”)/”) + |yISk(un)

Up(Up — )
< 25k (un + 2m)

(U, — ) /_ exp( ?/J(y)))|y|dy
4Sk(un+27r)
e Jy (e

(=

dy

e ), P Re () )ydy. (3.40)

Recall from (3.27) that Ret(y) = e“» (=14 cosy — un In(1 + y?u,*)*/?). Hence
/0 exp(Re(qb(y)))ydy < / exp(e* (—1 + cosy))y dy
=/ exp(e*" (— 1+ cosy)) ydy+/ (*)d

exp ~1+ cosy))ydy + O(exp(—e*)).

\

(3.41)

We write

w/2
/ exp (e (=1 + cosy))y dy
0

/2
= /0 e“"(—siny)exp(e“"(—l +COSy))#{Sin—y)'

Integration by parts provides the estimate

/me exp((e“)(—1 + cosy))ydy = O(e™*"). (3.42)
Combining (3.41) and (3.42) gives
| exo(®ev)yay = o) (3.43)
By using (3.43), the integral in (3.40) may be estimated
D=0 (Me_"">, (3.44)
Un

uniformly for £ > 1.
We will require the following three equations:

/j exp(v(y)) dy = (2meun )1/ 2 (1+ O(u,; 1)), (3.45)
/_7r exp(¥(y)) und+ W = (2me ™)/ 2y 1 (1+0(uz 1), (3.46)

S (un + 21) < Sp(un) €27, (3.47)
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where (3.45) can be found in [6] (see (6.2.4) in [6]), (3.46) can be established the same
way as the previous result, and (3.47) can be proved by observing that

Up+27 Sk-—l (.’l))

InS +27) —In Sk (u,) = / dx
n Si(um +27) ~InSy(un) = | ZeS
Un 427
S/ ldz = 2m. (3.48)
Using this gives
D= O(Me-%), (3.49)
Un

uniformly for k£ > 1.
Putting (3.45), (3.46), and (3.49) into (3.36), we have

E(Xnx) = Sk(us) + 0(%@-)

n
uniformly for k¥ < vV2un. O

The following proposition deals with the saddle point approximation to the integral
I,k in (3.1). The uniformity in & is the major concern. The usual saddle point method
ignores the question of uniformity. Recall equation (3.1) and the definition of the
saddle point p, ; (see Proposition 1).

Proposition 6.

exp (ei/ D (Sk(pni) —1) + Rlc-l-l(Pn,k))

nk = (1+0(1)), (3.50)
putl \/ 2mgy 1 (Pn.k)
uniformly for +lnn < k < wnd/'2.
Proof. Decompose I, ;, as follows:
1 dx
nk = Py =1 eXP(gn,k(f'?pn,k)) >y
=1 + L, (3.51)
where P
1 T
1= 5— exp (gn,k(Ton,k)) —»
2mi 161<n ( " " ) x
and
1 dx
L=-— exp (gn,k(TPnk)) —-
2m n<|0|<m ( " " ) x

Here we choose 7 = n~%/12, We shall show that I; gives the major contribution. First
of all

1 /" ,
I = 2—-/ exp(gn,k(€” pn,i)) db. (3.52)
T J—n
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The Taylor expansion of g k(2pn,k) at 2 =11is

- " Pz =1  (2-1)° g,k (CPn k)
Ink(2Pn,k) = Gk (Pn k) + gk (Prk) == R j{cz C—2)(C =17

where Cs is an appropriate contour encircling 1, and z is in the interior of C;. Letting
z = e® in the above gives

dg,

: p2 .62
gn,k(ewpn,k) = gn,k(pn,k) - g':':,,,k(pn,k) n,2 + R(e)a (353)
where
g;{ k(pn,k)pvzz k 0 2 2 (eiﬂ - 1)3 f Gn,k(CPn k)
R(A) = —————==((e¥ = 1) +0°) + - > : dc.
( ) 2 ((6 ) ) 2 Cs (C _ ezG)(C — 1)3 C

Substituting (3.53) into (3.52), we have

1 n
I = exp(gnk(pni)) 5= | exp(—gh x(on,k)p5 k6% /2) exp(R(6)) db.  (3.54)
2w

-
To estimate R(6), we use Proposition 2. Note that g; ,(pnk) = €>* + n/p,zz,,c +
(e¢/Pn —1)Sg—2(pn,k). Thus

n 2
gn,k(p;,k)pn,k ((ez‘o _ 1)2 + 02) — 0(03nun) — O(n_1/4un), (3.55)
uniformly for ¥ > 1. We now choose the contour Cy = {¢ : |( — 1| = 1/12},
(e¥ —1)3}{ gnk (Pnik) ' ( 3]{ |gn,k (Con k) )
- > : d¢|=0|(0 " |d(]| | .
2mi ¢, (C—e?)(¢—1)3 ¢ lc-1j=1/12 [¢ — €[ |{ — 13 acl

(3.56)

Since gnk (Con,k) = 6P+ —nIn((pn,k)+(e8/Pm —1)Sk((pn,x) —€/ P, on |¢—1| = 1/12
we have

|97,k (Cpnk)| < eldoni/12 4 O(nlnlnn) + O(el3pn'k/12/Dn)
— O(el3un/12) — 0(,,.,}13/12). (3.57)
Using (3.57), we have from (3.56) that

(e? —1) ‘7{ Ink(CPn,k) — O(n—5/4.13/12\ _ (. —1/6
57 e - 1P d¢| =0(n™>*n )=0(n""®), (3.58)
uniformly for k£ > 1.

Combining (3.55) and (3.58) gives

IR(6)] = O(n!/°), (3.59)
uniformly in k.
Returning to (3.54), we get

1 [
I = exp(gn,c(pPnk)) %/

exp(—g 1 (pn,k)P2 10%/2) d (1 + O(n'l/s)). (3.60)
- ,
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Observe that gl ; (pn,k)p2 ; ~ €**uZ uniformly in k and n = n=5/12 > n=1/2. By
the classical Laplace method, we obtain

1 n — 1/6
5 / exp (=g (pn.k )02 482/2) dB = (27l (pni)ol i) 1 (L4 O(™™12)).
-n
(3.61)

Substituting (3.61) into (3.60) gives

exp(eg/D" (Sk(pni) —1) + Rk+1(l’n,k))

PZ:;I 2”95,/; (Pn,k)

L (1+ 0(n~1/%)), (3.62)

uniformly for k£ > 1.
Next, we shall show that I is negligible compared with 7;. We have

12_1

== exp (gn,k (e pn,k)) db.
27 Jo<loj<n (ons(eene))

It follows that

1
|I2] < ieXp(gn,k(pn,k)) Sup

( |exp (gn, k(€™ pnp)) | )

n<|8|<T eXp(gn,k(pn,k))
1 exp (Re (gn,k(e""pn,k)))
= L exp(gni(onr) Sup 3.63
D) p(g k(p k)) nelfigr exp(gn,k(pn,k)) ( )
Recall equation (3.1). We have
exp (Re (gn,k(ei"pn,k)))
Sup
n<|f|<T exP(gn,k(pn,k))
= Sup exp{e®/P (Re Sk(e?pn) — Sk(pn,k))
n<|f|<m
+ (Re Ri41 (€®pnk) — Ret1(pnk)) }
< Sup exp{—e¥P(Sk(pn.k) — Re Sk(e?pn))}
n<|8|<7
< exp{—e*/P" (Sk(pn,x) — Re Sk(epnk)) }- (3.64)

To proceed further, we need some lower estimates:

k .- k 2.
, w— 1 —cos(jn=5/12) . sin?(j/(2n%/12)) .
Sk(pn,k) — Re Sk(epnk) = ) (]J' )I’Zz,k =2 Zo ——(T_)Pi,k-
Jj=0 Jj=

Since j/(2n%/1%) < m/2, by Jordan’s inequality (sinz > 2z/m for 0 < z < 7/2), we
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have

Sk(Pn,k) — Re Sp(e"pn) 2 2(7r) (2n5/12) ‘ZZ p%
3=0

2 _
71__277' 5/6Sk (pn,k)

v

v

%n‘E‘/GSk(un —1)  (use Proposition 2)

Y

2 _ _
—5n 5/68; (un)e

v

2
gLl */%S | (inm)/2) (n); (3.65)

where |(Inn)/2] denotes the integer part of (Inn)/2.
By (A) of Proposition 3, we find

S\(tnny/2) (un) > n®84%5. (3.66)
Combining (3.65) and (3.66), we get

2 2
Sk(Pn,k) Re Sk(e Pn, Ic) — 0 8465— 5/6 > = £ _p0.0131 (3.67)

Putting (3.67) into (3.64) gives

exp(Re(gn,k (% pnk)
Sup ( ( i ¢ ))

n<|o|<n exp(gn,k(pn,k))

2
< exp (—eg/D" —n
em

0.0131)’ (3.68)

which shows that I, is negligible compared to I;. O

4. Determination of the effective block size

Note that the effective size maintains the expectation of the total number of blocks,
ie., the M, in (1.1) must be at least asymptotic to the E(X, ) in Proposition 5.
According to Proposition 5, the effective size k must be such that Sg(u,) ~ M,. By
Proposition 4, the effective size k cannot be less than or equal to u,, hence k > u,.
In summary, we can say that the effective size k¥ must satisfy

k> un, (4.1)
Sk(un) = e* (1 + o(1)). (4.2)
We shall find that the constraint k < 7n®/'? is sufficient to allow us to analyze the

problem. With this constraint on k we are in a position to use Proposition 6. From
(2.4) and (3.1), we have

Xk — M, _ n!
E et ) ) = em¢Mn/Dn ok .
(exp (£ D, )) ¢ Bm) ™ (43)
For clarity, we introduce the notation
Sk(pn,k) Sk—1(pn,k) -
Tenn T lFenm TS =ltEn (44)

Because of Proposition 2 and (4.2), both e, and &, x are o(1) uniformly for k > u,.
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To simplify (4.3), we use (3.35) and Proposition 6. Rearranging factors in (4.3), we
have
. B — -
o () < e P
n Pn.k 2779;—:,k(pn,k)

x exp (Sk(pnk)(e8/P» — 1)) exp(1 — ¢/ P) (1 + o(1)).

n
exp(epn.k _ eun)(ﬁ”_)
Pn.k

(4.5)
Also we have
2r 1+ 0(1), (4.6)
Pn.k
2m(etn + nun?)
=1+o0(1), (4.7)
2”9Z,k(pn,k)
exp(l — e/Pr) =1+ 0(1). (4.8)
Putting (4.6), (4.7), and (4.8) into (4.5) gives
Xnp — M,
E(exp (6————’}) ))
- w Up \™
= e~Mn/Dn exp(ef — e )(p—n—k) exp (S (pn,k) (e8P = 1)) (1 + 0(1)),
(4.9)
uniformly for Tn5/1%2 > k > up.
Observe the following:
epn.k — eun o _eun(l — epn.k_un)
(4.10)

1
= e (Pnk — Un) + 56”” (pnk — un)? + O(e™ |pnk — un|3).

(ﬂn_)n - e"p( —nln %—k) = exp(—nln(l n P_n%z_’“v_»))

Pn.k n

n n n
= eXP( - E(pn,k —up) + Zg(pn,k —up)? + O(Elpn,k - un|3)>-

(4.11)
Substituting (4.10) and (4.11) in (4.9), we have
Xnk— M,
B(ep(¢7252))
_ _—EM, /D, e Y L RY
=e exp (5 (pak = u)? + iz (o = wa)” +0(1))

x exp(Sk(pn,k)(€¥/ P = 1)) (1 +0(1)).
(4.12)
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Now using Proposition 2 and (4.4), we have

eln

n
_(Pn k= Un)2 + ﬂz_(pn,k —un)® +0(1)
1
- “7”52(1 +Enk) = €(1+0(1) + 58 (L +0(1)) +0(1)
Uneo  Unga. 1o
= &+ 5 EEnk 2€ +o(1). (4.13)
Similarly, we have

Sk(pni) (e8P = 1)

§ 18 1
— Pn .k Pn .k = —
= (e’ +e ken,k)(D +2D2+O(D%)

o o) ot

e g+t ().
(4.14)

These expressions hold uniformly for 7n%/12 > k > u,,.
Putting (4.13) and (4.14) in (4.12) gives

(e (67242

1 - 1
= €xp (— Eun€25n,k + 562 + ep"’ksn,k( 3

D_n+0(

-Dl—%))) (1+0(1)).

We summarize our findings in the following proposition.

Proposition 7. The Laplace transform of the random variable (Xnk—My,)/Dy, i.e.,
E(exp(&(Xnx — Myn)/Dy)) is equal to

—l 2z l 2 Pk 6
exp( 2un£ Enk + zf + e’ ren i Do + O(D2) (1+0(1)), (4.15)
uniformly for tn312 > k > u,, where &, and ey are defined in (4.4).

The presence of the term %62 is an indication of the asymptotic normality of the
distribution. It is clear that the effective size kK must make

1 ¢ 1
- Pr.k S -
Zunf Enk t+e enk(D +O(D2)> o(1).

Proposition 8. If 7%/12 > k > u, and liminf(u,/k) > 3/4, then E(exp(é(Xnk —
M,)/Dy)) does not converge to et*/2.
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Proof. We know already that Si(pnk)/e’m* = 1+e,k, where £, = o(1). But this is
not strong enough to force the conclusion. We need more detailed information about
€n,k- Using Proposition 2 gives

Sk(pn,k) _ Sk (Un + O(I/Dn))

ePn.k eun+o(l/Dﬂ)

By an argument similar to (3.48), one can show that

1
Sk (un + O(D—')> = Sk(un)eo(f}?).
n

Hence
S’;(l,‘:f‘;k) = S’“(“") (1+0(1/Dy,)) = Sk(“”) +0(1/Dy). (4.16)
y (A) of Proposition 3 we find that
S’;::n) [—E fe f()<1+0(—f)> ' (4.17)

where 2 = u,/k <1and { = |z — 1 — Inz|'/2.
Plugging (4.17) into (4.16) gives

Enp = \/g g fc(\/_C)(l +o(ﬁ)) +0(1/Dy). (4.18)
Observe that €, x = o(1), O(1/D,) = o(1) and that {/(z — 1) is bounded. Hence
Erfe(Vk¢) = o(1). (4.19)
This implies
VEk( — 00 as k — oo. (4.20)

Once we are guaranteed that the argument o of Erfc(s) tends to oo, we can use the
traditional asymptotics,

Erfc(o) = ’2%6—02 (1+0(1/0%) aso — oo. (4.21)
Thus
Erfe(Vk() = 2\}54 e k¢ <1+o( - 62)>
1 n n
> Zexp (——k(%— —1-In 32—)) (4.22)
for n large.

Substituting (4.18) and (4.22) into the term e’"*en /Dy, gives

_3\/'|z_1 ep",: p(_k(%—l—ln%))—ln, (4.23)

where |l,,| = O(e~*/D?) = O(Inn).

|epnk5nk

TL
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Note that |¢z/(xz — 1)| is non-zero and bounded. Using Proposition 2, we have

eg: exp (—k(% —1-In %))

= exp(k(l +In %) - l—nzﬁ +Ilnu, + O(l/Dn))

> exp(un(l +1In5/8) — l—nzﬁ +1In un) (use lim inf u,/k > 3/4)
> exp (un(0.5299 — 0.5) + Inuy,)
= exp (1, (0.0299) + Inu,). (4.24)

From (4.23) and (4.24), it is clear that |e’™*e, x/Dy| > €202%8%=; the asymptotic
magnitude is much larger than that of —u,/2¢2¢,  which is O(Inn). Hence

1 o . £ 1
—§’U,nf Enk + el Feny (D_'n, + O(D_%))
is not o(1). By Proposition 7, Proposition 8 is proved. [
According to Proposition 8, the possible effective size £ must be such that u,/k <
3/4. We shall use Proposition 3 to find it. We have

Mt (o) e

uniformly for 0 < z < 3/4.
Let z = pp/k in (4.25). We have

epn.k T

1
— ePn.k _ 1—-z\k l . .
Sk(pni) =e \/%.l_x(we ) <1+O(k)> (4.26)
Comparing (4.26) with (4.4) shows

epn.k z 1
Pn.k —_— 1-z\k -
ePrrken \/%1_$(xe ) <1+O(k)>

—_ 1 z 1-zy _ LI_I_’E
=71 _xexp(pn,k + kln(ze ™) 5 )(1+O(1/k)).
(4.27)
Thus
efrkeny 1 1—gy Imk Inn
D, = \/ﬂl_xexp(pn,k+kln(xe )—T—T+lnun)
x (1+O0(1/k)). (4.28)

We must force e’"*e, 1. /Dy, to be o(1). Because, in general, e’*ey, /Dy > Unén ks
when this is done the term —%un§2§n,k also simultaneously becomes o(1). Then, by
Proposition 7, the asymptotic normality of the random variable (—X:n,,c - M,)/D, will
follow. We now use Proposition 2 to simplify (4.28),

erren 1 T Ink Inn

D, = \/ﬂl—xeXp( klnk+klnun+k——2——T+lnun+o(1))

x (1+0(1/k)). (4.29)
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The optimal choice for k¥ must satisfy

—klnk+k1nun+/c—%—h‘T”Hnunzo. (4.30)

We emphasize that (4.30) is the equation for the effective size k. It is obvious from
the expression (4.30) that if we replace k by k¥ + L, where L, — o0 as n — 00,
then eP»*e, /D, is o(1). Consequently the random variable (Yn,k — M,)/D, is
asymptotically normal.

5. Asymptotics for the effective size and the transitional distributions

To study equation (4.30), we first must investigate the positive roots of the equation
1
fn(2) = Elnn—lnun, (5.1)

where fn(2) :== —zlnz+ zlnu, + 2z — ;Inz.

Proposition 9. For all sufficiently large n, f,(z) = %—lnn — Inuy, has three positive
roots. The relative mazimum of fn(2) occurs approrimately at u.,.

The proof uses only elementary calculus, and we omit it.

Denote by p,, the largest positive root of (5.1). Hence p,, > uy 50 py, is the effective
block size of the problem. In order to study the asymptotics of u,, we make a change
of variable, y, = un/p,. Plugging this into (5.1) we have

1 1
Up In Yy + up — Eynlnzyt—ri =yn(§1nn—lnun). (5.2)
n

Let hn(y) = unlny + un — LyIn(un/y) — y(3lnn —Inwu,). By Proposition 9 the
function hy(y) has a unique positive root y, in the interval (0,1) provided that n is
sufficiently large.

Proposition 10. y, admits the asymptotic approzimation

+ r2ln(1/7')_1_ +0(i), (5.3)

L 2—71 up Un
where T is the unique positive root of %z —Inz—-1=0 i (0,1).

Proof. The main issue here is to show y, has a limit. Its asymptotics are obtained by
the same bootstrap method as used previously,

hn(1/2) = un(1 — In2) — -}Iln(Zun) - ilnn + %m U

Since 1 —In2 > 1/4, hn(1/2) > 0 if n is large. Similarly, h,(1/3) < 0 if n is large.
Hence

1
-‘.15 <yYn < 3 for all large n. (5.4)
Let 7 := lim sup y,,. We have

1
<r< - .
<r<g (53)
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Because the logarithm is a continuous function on (0, 1), we have
limsuplny, =In7. (5.6)

Now consider the equation satisfied by y,:

1yn, un llnn Inu,
1 1==="In— (——— ) 5.7
nYn + 2 un, n n"‘yn 2 u, un (5.7)
Taking lim sup in (5.7), we get
lim sup(lny, + 1) =limsu 1y—nlnu—n+ (lln—n—lnﬂ) (5.8)
pUnyn = p 2u, - Yn 2w, " . .

To simplify (5.8), we observe that lim sup(a, + b,) = limsup a,, + limsup b, if b, is a
null sequence or a constant sequence. Notice that

1yn , un . llnn Inwu,
2" In— = 1 - =1/2.
Sa, n " o(1) and nn(2 - - ) /
We have
InT+1= %T. (5.9)

That is, 7 satisfies z/2 —Inz —1 = 0. Similarly, one shows that lim inf y,, also satisfies
2/2—=Inz—1=0. Since z/2 —Inz — 1 = 0 has a unique root 7 in (0,1), we find that
limy, =7

Now we bootstrap. Let y, = 7 + €, with &, = o(1) and plug this into (5.7),

1r+e, Unp llnn Inwu,
1 1-= 1 - L ):0. 5.10
n(r +&5) + 5w nr+€n (r+en)(2 . - (5.10)
To simplify (5.10), we use the following:
Inn Inwu, 1 Inu,
mn =2 _ DUn 5.11
T4 éep Up T Up T En
— 1 =——Ih—+—In(1+4+ —
2u, nr+sn 2unnr+2un n( +r)
En |, Upn  Ep €n
- —In—+ = -=). 12
2unnr+2unln(1+r) (5.12)
We plug (5.11) and (5.12) in (5.10) to get
1 1 T 1 9 Inu,
or
1 1\-1rIn(1/7r)
En (; 5) 2Un asm = oo
That is
2 In(1 1 1
ep= TRAM L o(—). O (5.13)
2—1 Uy Up
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Theorem 2. The effective size

f = UT" - 1%(1_@ +o(1). (5.14)

Proof. Use Proposition 10 and the fact that pun, = un/yn. O

The effective size p,, has the property that it is optimal and guarantees the random
variable (X p . +L, — M»n)/Dn is asymptotically normal for all L, satisfying L, —
00 as n — o0o. If L, is a bounded sequence, then the corresponding behavior of
(XnpntLn — M)/ Dy is called the transitional behavior. Let

k= |pn] + Ln, (5.15)

where |L,| < M is a bounded integer sequence.
To study the transitional behavior, we return to (4.29)

ePrke, € ¢ T Ink Inn
D, ——\/%l_xexp( klnk+klnu, +k — 5~ 3 +lnun+o(1))
x (1+ O(1/k)) (5.16)
where = py k/k. Using (5.15) to simplify (5.16) gives
—klnk+klnu, +k— }n?k_ - thn +Inu, = (Ly — {pn})In7T +0(1), (5.17)

where {u,, } denotes the fractional part of u,. Furthermore

z r
= . 1
T 1—r+0(1) (5.18)

Substituting (5.17) and (5.18) into (5.16) gives

e""~’~'€n,k§__ { T Ln—{un}
F A= (14 0(1)). (5.19)

Put (5.19) in (4.15) of Proposition 7 and observe that —fun&%&p & = o(1). Thus
Yn,k: - M, _ é T Ln—{ua} 1 2
E(exp(ﬁ D, )) —exp( _\/ﬂl—rr )exp(2§ +o(1)) (1+0(1)).
This implies that

E(exp({zf—’i’k—_——%)) = exp(%ﬁ) +o(1),

D,
where
— rpLnt1—{un}
M,=M, - mDn. (5.20)

Thus we have proved the following:

Theorem 3 (The transitional distribution). If k = [py] + Ly where Ly is a bounded
integer sequence, then the random variable (Xnx — My)/Dy is still asymptotically
normal, where My, is defined in (5.20).
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Remark. The transitional distribution is still normal, but the mean M, is different
from M,,. More interestingly, the mean M, is an oscillatory function of n due to the
following.

Proposition 11. The sequence {u,} is dense in [0,1].

Proof. Let t be a large positive number, and let u; be the unique positive root of
ze* =t. Thus when ¢ is an integer n, u; is reduced to u,. Consider the equation in 2

—zlnz+zlnut+z—%lnz=%lnt—lnut. (5.21)

Let p(t) be the largest positive root of (5.21). Thus when ¢ is an integer n, u(t) is
reduced to p,. To proceed we mention the following simple facts:

(a) w(t) is well-defined for all sufficiently large ¢.
(b) w(t) is a differentiable function of .
(c) Since u; satisfies ze® = ¢, we have

up = (e¥ +1t)7L (5.22)

To show p(t) is a strictly increasing function, we differentiate the equation below with
respect to ¢:

—p(t) In p(t) + p(t) Inug + p(t) — %ln u(t) = %lnt — In u;.

Thus
e L1\ 1 1)
I (t)( In p(t) + Inu, 2ﬂ(t)> =5 T Triu (5.23)
Since u(t) > u¢, we have
1
—Inp(t) + Inu; — —— <0. 2
n u(t) + Inwy o) <0 (5.24)

By Theorem 1 (when n is replaced by ¢ the same conclusion still holds) we see
1 t 1 1
tu) 101

t + tuy tr 7t

This implies that
1 1+4+p(d)
2t t+ t’ll,t

Hence p'(t) > 0 for all sufficiently large ¢t so u(t) is a continuous, strictly increasing
function of ¢ that tends to infinity as ¢ — oo. Let K(¢) be its inverse so that

<0. (5.25)

w(E®) = K (u) =t. (5.26)
Applying Theorem 1 to (5.23), we get
p(@t) =0t as t— oo. (5.27)

Hence

K'(t)= — 00 as t— oo. (5.28)

_
1 (K(t))
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Now given any ¢ and b such that 0 < @ < b < 1, by the mean value theorem we have

Kb+1)—K(a+1)=K'(¢)(b—a) for some £ between a + [ and b + [.

By (5.28) K'(£) — oo as | — oo. Hence there exist integers ng and [y such that

K(b+1) > no > K(a+lp).

This implies p(K (b + &) > p(no) > p(K(a+ 1)), and b+ ly > pn, > a+ lo.
Consequently {in,} € (a,0). O

1
2

3.
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