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DIRICHLET INTERNAL LAYERS
IN AN EXCITABLE REACTION-DIFFUSION SYSTEM

Kunimochi Sakamoto

ABSTRACT. In this paper we consider a singularly perturbed reaction-diffusion
system of excitable media type with Dirichlet boundary conditions. We show
that there exist multiple equilibrium solutions with internal transition and/or
boundary layers. We also study the stability properties of these solutions.

1. Introduction

Chemical reactions with diffusive transport effects (Gray et al. [1990]), the devel-
opment of biological structures (Murray [1989]), and many other pattern formation
phenomena in nature have been studied by using reaction-diffusion equation models.
In such models, the interaction and the subtle balance between nonlinear reaction
kinetics and diffusive effects are responsible for a variety of spatio-temporal pattern
formations. When a system is described by a two-component model of reaction-
diffusion equations, we frequently encounter situations in which the diffusion rate of
one (chemical, biological, or some other kind of) species is much smaller than that of
the other. In such circumstances, singular perturbation methods provide us with a
powerful tool to mathematically understand pattern formation mechanisms.

In this paper, we consider the following 1-dimensional reaction-diffusion equations
on a finite interval

Uy = gz + fu,v)

t>0, xze(-1! 1.1
Vi = Vgg + g(ua ’U) ( ) ( )

with the Dirichlet boundary conditions »
u(l, t) =v(xl, t) =0, : (1.2)

where € > 0 is a small parameter and [ > 0 measures the size of the spatial domain.
Both of these are adjustable parameters. The reaction kinetics (f, g) is of excitable
media type. A typical and suggestive example we have in mind is

flu,v)=u(l—-uw)(u—a)—v, 0<a<1/2
g9(u,v) = u — v, v >0 small,

which has been widely used as a prototype of (1.1).

The system (1.1) has been studied rather extensively either on an infinite spa-
tial domain or on finite intervals with Neumann boundary conditions. Under such
circumstances, the system (1.1) is known to have nonconstant equilibrium solutions
with internal transition layers in the u-component (see Fife [1977] and Mimura, et al.
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[1980]). These solutions are constructed by using two stable branches of equilibrium
solutions u = h(v) (see (H2) below) of the ordinary differential equation u; = f(u,v)
and internal transition layers connecting the stable branches. Therefore, one can ex-
pect that the stability of these solutions is mainly determined by the local effect of
the reaction-diffusion field. In fact, Nishiura and Fujii [1987] and Sakamoto [1990]
rigorously worked out the spectral analysis to determine the stability of such solutions
and gave a local condition which ensures the stability of these solutions. The stabil-
ity of such solutions, as well as the stability analysis itself, is extremely delicate as
was shown by Nishiura and Fujii [1987]. Namely, the critical eigenvalues which de-
termine the stability are very small (of order O(¢)) and the spectral analysis requires
us to analyse a system of second-order differential operators with vanishing second
derivative and discontinuous potential. Despite the subtlety of the stability and the
stability analysis involved, it had been believed that the boundary conditions imposed
on the system would not have much effect on the stability of the solutions with internal
transition layers.

Motivated by the above, the purpose of this paper is to study whether or not
equilibrium solutions with internal layers are stable under the Dirichlet boundary
conditions. We will show that the system (1.1) has a singularly perturbed equilibrium
solution with two internal layers (see Figure 4). This solution, however, turns out to
be unstable under the Dirichlet boundary condition (1.2). Although the method of
construction of such solutions as above has been standard in singular perturbation
theories (Fife [1976]; Mimura, et al. [1980]), we will give an alternative way which
employs the Liapunov-Schmidt method. The stability analysis presented in Sections
3 and 5 improves the presentation of the previous paper (Sakamoto [1990]), where the
basic idea of the procedure was not stated clearly.

The result in the above cautions us to pay close attention to the boundary condi-
tions under which a system is considered. Moreover, due to the development of open
spatial reactors, a variety of experimental results exhibiting spatio-temporal patterns
have been reported in chemistry; and reaction-diffusion models with the Dirichlet
boundary conditions (reflecting the fact that the system is open) have been numer-
ically, and theoretically to some extent, confirmed realistic and suitable to account
for the phenomena observed (Elezgaray and Arneodo [1991]). Therefore, our problem
(1.1),(1.2) is not only of mathematical interest, but also will be a stepping stone to
understand differences between open systems (Dirichlet or third boundary conditions)
and closed systems (Neumann boundary conditions or in infinite spatial domains).
Dirichlet boundary conditions also allow the system (1.1) to have patterns which can
not exist in closed systems. In fact, we will construct solutions with boundary and
interior transition layers and show that these are stable (see Figures 5 and 6).

In this paper, we assume the following conditions on f and g (see Figure 1):

(H-1)  f and g are smooth functions.
(H-2)  The nullcline of f consists of three pieces, Cy, C_, Cy, where
Ci ={(u,v); wu=hi(v), veL}, =0, + -,
I_ =(1)0,00), I0=(’U0,’U1), I, =(-—OO,’U1), v <0 <1
and h;(v) (¢ = 0,+, —) are smooth functions on I;. The nullcline of g intersects
that of f only at (u,v) = (0,0) which lies on C_. Moreover g is positive on

C+ and on C().
(H-3)  fu(h;(v),v) <0,ve€EL,i=4,—.
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(H-4)  There exists a unique v* € (0,v;) such that J(v*) = 0,J’(v*) < 0, where J(v)
is defined by J(v) f: +((:)) f(s,v)ds.

(H-5) g{(v) < 0,v € I;,i =+, — , where g,(v) = g (h;(v),v).

H-6) [ g-(s)ds+ [ g4+(s)ds > 0.

v
A
f<0 ¢g<0
g=0
v
c_\ ‘
Cs
U#
Co
- U
>
f>0g>0
f=0

F1Gureg 1. The nullcline of (f,g).

Under these conditions, we will show that the problem (1.1),(1.2) has steady state
solutions with internal and boundary layers for small ¢ > 0. Two types of such
solutions are constructed in this paper. The first type is a solution with two internal
transition layers. This solution is symmetric around z = 0. The second type is a
solution with one internal layer and one boundary layer. There are two solutions of
the second type, which are not symmetric around & = 0, but one is the symmetric
image of the other.

The equilibrium solutions of (1.1),(1.2) satisfy

0= €ups + f(u,0), 0=1vgp+g(u,v), u(£l)=0, v(£l)=0. (1.3)

In order to construct solutions of (1.3), we first solve the outer problem,

(1.4)

_ 3 _ V) = 9-(v), v € [vo,v*]
ver +0:(0) =0, 2 € (LD, v(E) =0, 9.(v) = {9+(v), v € (v*,v1].

For problem (1.4), we have the following:
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g =1

c = —l z=—a,(0) | z=g,)

FIGURE 2. Profiles of symmetric outer solution (Us, V;).

Theorem 1. Under the conditions (H-1) to (H-6) there exist a number ly > 0 and
four functions,

zs(1) >0, z4(l) > 0, Vi(z,1), Vo(z,l), L € [lp,00), z € [-1,1],

such that
(i) Vs is a solution of (1.4), C'-matched at £x,(l) , and satisfies

Vie +9-(V) =0, -l<z<—z(), zs(l)<z<I,
Vew +9+(V) =0, —zs(l) <z < z5(1),
V(£l) =0, Vz(0)=0, V(xzs;())=v*, V(-z)=V(z);

(i) Vi, is a solution of (1.4), Cl-matched at z,(l), and satisfies

Vez +9-(V) =0, —l<z<z4(),
Vez +9+(V) =0, z.()<z<l,
V() =0, V(zy(l)=v%;

(i) The functions zs(1) and z4(l) are smooth in | € (lp, —00) and satisfy

) /ﬂo dv

v y/2 f,,ﬂo g+(s)ds
lm (I — 34 (1)) = 2 lim (1) +/ SR
l—o0 I—o0 0 /9 fvﬂo g4+ (s)ds

lim z(l
l—o0
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z=z4() z=1I

FI1GURE 3. Profiles of antisymmetric outer solution (U,, V,).

where By € (v*,v1) is a unique solution of

/Ov* g-(s)ds+ /vﬁ 9+(s)ds = 0.

In terms of the functions Vs and V, , one defines so-called outer solutions of the
problem (1.3) given by the pairs (Us, V;), and (U,, Va) (see Figures 2, 3), where

Ui(z) = {h_(Vs(x)), zs(l) < Jz| <, Un(z) = {h_(Va(m)), —l <z < z4(l),

hy(Vs(@)), ol < 2s(D), hi(Va(z))  zo(l) <z <L

The function Us(z) is smooth except for two jump discontinuities at z = 3=x4() and
satisfies the boundary conditions in (1.3). The function U, (z) is also smooth except
for a jump discontinuity at z = z4(l) and does not satisfy the boundary condition in
(1.3) at = = . By taking advantage of the small parameter €2 in front of the second
derivative uy, in (1.3), one can construct two solutions of (1.3) for small € > 0. One
solution has two internal transition layers of width O(e) near z = +z,(l), and the
other has one internal transition layer of width O(€) near z = z,(l) and one boundary
layer at x = [. These two solutions are close, in a sense specified later, to the outer
solutions (Us(z), Vs(x)) and (U,(z), Va(x)), respectively. More precisely, we have the
following theorem (see Figures 4, 5, and 6).
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Theorem 2. Under the conditions (H-1) to (H-6), there is a constant g > 0 such
that for each I > ly, the problem (1.1), (1.2) has two e-families of equilibrium solutions
(us,vs) and (u,ve) for € € (0, €] satisfying
@)

lim [v5(2) — V3 )| =0
uniformly on [—1,1] for j = s,a;
(iis)

lin(l) lui(z) — Us(z)] =0
uniformly on any compact sets of [—1, —zs(1)) U (—zs(1), zs(1)) U (zs(1),1];
(iia)

liII(l) lug(z) — Ug(z)] =0
uniformly on any compact sets of [—1,z4(1)) U (z4(1),1);
(i) for each § > 0 small, the set

{ze[-L1; |ui(z)—Uj(z)| = 6}

consists of intervals of width O(e) as € — 0 near z = Fx(l) (for j = s) or near
z =1z4(l) and x =1 (for j = a).

z=-z,()| z=2z()

FIGURE 4. Profiles of symmetric solution (ug, v¢).
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FIGURE 6. Profiles of antisymmetric solution (u€ ,,v<,).
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As for the stability properties of the solutions (u¢,v¢) and (uf,vS), we have the
following result.

Theorem 3. (i) For e > 0 small, the solution (uS,v¢) is an unstable steady state
solution of the parabolic system (1.1),(1.2). More precisely, there is a constant py > 0
such that the eigenvalue problem associated with the linearization of (1.1),(1.2) around
(ug,v§) has exactly two simple, real eigenvalues p& and pS in the region Rp > —po,
and the remaining part of the spectrum is contained in the region Rp < —pg. The two
eigenvalues have the following asymptotic expressions:

pi =¢€(fs +0(1)), pz=¢(pa+to(l)), as €—0, <0, p,>0,
and the corresponding eigenfunctions are symmetric and antisymmetric, respectively.

(ii) For € > 0 small, the solution (uS, vS) is a stable equilibrium solution of the
parabolic system (1.1), (1.2). In the region Rp > —po, there is eractly one simple,
real eigenvalue of the eigenvalue problem associated with the linearization of (1.1),
(1.2) around the solution (uS,v:). This eigenvalue has the asymptotic expression p¢ =
e(p+o(1)) as e — 0, p < 0, and the remaining part of the spectrum is contained in

the region Rp < —pg.

If we denote by (u® ,(z), v ,(z)) the pair (ué(—z),v¢(—z)), then it is also an equi-
librium solution of (1.1), (1.2) with the same stability property as (u¢,v¢). Since
the eigenfunction associated with the unstable eigenvalue of the symmetric solution
(u§, vg) is antisymmetric (which corresponds to translation in the limit | — o), it is
suggested that there are two orbits of (1.1), (1.2) which connect (uf,v¢) with (ug, v¢)
and (u’ ,,ve,), respectively. See Figure 7a, in which W* stands for the stable manifold
of (u§,vS). This is numerically confirmed, as the profiles in Figure 7b show.

(s, 05, 7 AN (a0t

FIGURE 7a. Phase portrait near (uf,v¢) and (uS,, v5%,)-
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FIGURE 7b. Numerical simulation of the orbit connecting (u$, v¢) with (u¢_, vE,).
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FIGURE 7b (continued). Numerical simulation of the orbit connecting (u¢,v¢) with (uf ,,v¢ ).

—a
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In this numerical simulation, we used the following nonlinearity

fw,v) = u(l —u)(u—a) -,
9(w,v) =u = v,

with a = 0.25, v = 0.25, and the layer parameter ¢ = 0.01. The symmetric equilib-
rium solution in Figure 7b was obtained by solving the evolution equation (1.1) with
a symmetric initial function. Note that the symmetric equilibrium solution is stable
under symmetric perturbations. The numerical integration was carried out until the
profile settled down. We then added an antisymmetric perturbation to it and contin-
ued the numerical integration further. After a short period of initial relaxation, one
can observe the profile with a well-defined layer structure moving slowly towards the
left. As long as the position of the left layer is not close to the boundary, the profile of
the solution is almost identical to a translation of the symmetric equilibrium solution.
When the position of the left layer comes closer to the boundary, it speeds up and the
internal layer quickly settles down to the boundary layer. At this stage, the position of
the right layer is still moving slowly towards the left, and the entire profile eventually
converges to that of the antisymmetric equilibrium solution (u¢ ,,v<,).

To understand the meaning of Theorem 3(i) better, let us consider the system (1.1)
under the following boundary conditions

au(=1) = (1 — &)uz(=1) =0 = av(-1) — (1 — a)vz(-1),
au(l) + (1 - &)uz(l) = 0= av(l) + (1 — @)vz (1),

(1.5)

where 0 < a < 1. When a = 0, the equilibrium solution with transition layers is
stable (Nishiura and Fujii [1987]) and it is unstable when o = 1, which we have
shown. Therefore, one may expect that there is a critical value a* € (0,1) where
the stability property changes when « is varied. This statement turns out to be true,
which will be reported in a future publication.

Throughout the paper, we use the following notation.

e HO = [2[-1,0], HY = HI[-1,0], j = 1, 2; the usual Sobolev space.

e H? = H?[-1,0] equipped with the weighted norm ||u|| g2 = Z?:o lledd?u/dz?||.
o Hiy ={ue H?|u(-1)=0=u,(0)}.

o Hi  ={ue€ H? |u(-1)=0=1u(0) }.

e H}y = H}y equipped with the weighted norm || - || 2.

o (u,v) = f_ol u(z)v(z)dz , the L2—inner product.

2. Approximation

In this section, we construct approximate solutions to the problem (1.3) which exhibit
appropriate internal and/or boundary layers. The procedure in this section closely
follows that of Ito [1985] and Sakamoto [1990]. See Mimura, et al. [1980] and Nishiura
and Fujii [1987] for another treatment.

2.1. Outer solutions. Consider the phase plane of v" + g.(v) = 0 (see Figure 8).
Let 1;(B) be the “time” spent between A and B, and l2(8) the “time” spent between
B and C where C = (83,0). We have

v dv A dv
L(B) = y kB)= | —,
' /0 \/2 f;’* g-(s)ds +2fﬁ g+(s)ds ’ /”* \/fo g+(s)ds
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Uz

v=20 v=v

FIGURE 8. Phase plane of vz, + g«(v) = 0.

for B € (Bo,v1), where By is defined in Theorem 1 (iii).
The desired solution V; can be determined by solving {1(8) +12(3) = I. One can verify
1,'(8) < 0 and lo’ > 0 due to g4+ > 0 and g.’ < 0. Moreover, one has

lim 1,(8) = oo, lim I (8) = —o0,
5—1-{%0 I(IB) > ‘52%0 l(ﬂ) o
0< lim { < 00, im [} .
Jim [p(6) <o, 0< Jim 1(8) < 00
Therefore, one can show that the time map I5(8) = I1(8)+I2(5) is monotone decreasing

for B near By (8 > Bo). Therefore {;(3) = | has a unique solution 8 = Ss(I) for
B € (Bo,v1) near By and | > Iy for some Iy > 0 (see Figure 9). For such a choice of

Bs(1), zs(l) is given by

20 dv
=) = /v 5.0 '
2[5 g+(s)ds

To construct V,, one needs to solve 20 = I1(83) + 2l2(8) + 13(8) =: 2l,(B), where
I3(0) is the “time” spent between B and D on the phase plane of v + g4 (v) =0 in

Figure 8 and given by
v dv
NET g
0 2];) g+(5)d5

Therefore, arguing as above, the equation 2 = 21,(3) has a unique solution 8 = §,(I)
for 8 € (By,v1) close to Gy and I > ly. For such choice of 34(l), za(l) is given by

2o (1) = 1= 215(Ba (1)) — 13(Ba(l))-
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Po Uq Bo v,

FIGURE 9. Time maps I5(8) and I,(5).

2.2. Inner approximation for symmetric solutions. In order to construct the
symmetric solutions (u$, vS), we work on the half interval [—[,0]. The outer solution
U, has a jump discontinuity at £ = —z(l) which can be smoothed out by an inner
solution. The inner solution is obtained as follows. Consider the problem

Ugy + fu, Vi(z)) = 0.
By changing variables u = H(V;(z))z + h_(Vs(z)) with H(v) = hy(v) — h—(v), and
introducing a stretched variable y = (z + z4(l)) /€, the above equation becomes
H% + 2eHy% + € (Hyoz + (h-)as) + f(Hz + h_, Vi(ey — z4(1))) =0,

where Z means the derivative of z with respect to y and the functions H and h_
are evaluated at V,(ey — z5(1)). Substituting the expression z(y) = 20(y) + €z1(y) in
the above and equating the coefficient of each power of ¢ separately to zero, we have
equations for zg and z;:

H(v")% + f(H(v*)z0 + h—(v*),v*) =0, y € (—o0,00), (2.1)
H@w")z + fu()H ")z + [fu)H (v)20(y) + b ()] + fo(§)] Ves (v")y
+ H'(v")20(y) Vse (v")y + 2H' (v") 20(y) Via (v") =0, (22)

where £, (1) and f,(f) are evaluated at (u,v) = (H(v*)zo + h_(v*), v*). It is easy to
show that the above equations have solutions satisfying

lim 20(y) =1, lim 2(y) =0, lm z(+y) =0,
Yy—00 Yy——00 Yy—oo

with the convergence being at an exponential rate (see Hale and Sakamoto [1988]).
Let Z(y) = 20(y) + €z1(y). We glue the outer solution Us and the inner solution Z(y)
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together. Using smooth cut-off functions (p(z), (1(z) satisfying

Co(z) =1 for |z| < Co(z) =0 for |z| > 0 < {o(z) <1,

1 1
4zs(00)’ 2z4(00)’
G(z)=1=Co(z) for £ >0, (i(z)=0forz <0,

we define a tentative approximation for u as

z+zs(1)
€

Ut(z) = H(V(@)) [2( o(@ + 25(1) + Cu(z + 2 (1)] + b (Va(@)).

A tedious computation shows that (U%, V;) satisfies the first equation of (1.3) within
the order of O(€?) except at the point z = —z5(I). On the other hand, the same pair
of functions have only C*'-regularity. Besides having discontinuous second derivatives
at ¢ = —x4(l), the pair (U$,V,) cannot be a good approximation to a solution of
(1.3), since we only have

|(Vs)z:c +g(U’§‘aVs)|L°° = 0(1)

To remedy this defect, we add an appropriate correction to V;. Let us define Sy (y)
by

s== [ L o @hes =), Vites - 2.0)

=4z (1) /e J(=l+zs (1)) /e
— g (Us(es — zs(1)), Vs(es — a:s(l)))] dsdt,

zs(1)/e pxs(l)/e
ssw=- [ [ [90hes = 2@). Viles — 2 0))
Y t
— g (Uses — ,(1)), Vales — z5(1)| dsdt,
and S(y) by

S-(v) ~ [$-(0) + ¥5-(0)] olew), ¥ <O,
S(y) = .
S+() = [5+(0) +yS+(0)] Golew), v 2 0.

We then define Vi§ by

Vi(z) = Vs(z) + eQS(ﬁ:i(Q).

A direct computation similar to that given in Hale and Sakamoto [1988], Sakamoto
[1990] shows that Vi is of C*-class, and
[Voza + 9(Ut, V5)l Lo = O(e)-
By using this, we define V¢ and U* by
Ve(z) = Vi(z) + Vg ()
and

€

U(z) = H(V*(x)) | 2( o(z +25(1) + a2+ 26()] + h-(V¥(2)),
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where V¥ will be chosen so that
Ve, +g(US, V) =0 2.3)
is satisfied. To see that this is possible, let U§ be defined by

Us(e) = BV @) 220100+ 2,0) + o+ 2o0)] + h- (V@)

and D,Uj by

T+ z,(1)
€

D,Us(z) = H'(V§ (@) [ 2( ool + 2,(1) + (3 + 25 ()] + b= (V3 ().

Then equation (2.3) becomes
M§VE + [Voge + 9(Us, Vo)l + G*(VY) = 0, (2.4)
where
MGVE = Vi + [9u(U§, V) Do U5 + 90 (Us, VEIVY,
G*(V¥) = g(U*, V) = 9(Us, V&) = l9u(U5, V&) DuUs + 90(Us, Vi )V
= O(IVf*).

Lemma 1. The operator M§ : H%y — H® has an inverse whose norm is bounded
uniformly in € € (0, €], | € (lp, 00).

For the proof of this lemma, see Lemma 3.3 of Sakamoto [1990)].

Lemma 1 implies that the equation (2.4) has a unique solution Vy* with the property
Vel a2 = O(e). We choose (U, V¢) to be our approximate solution to the problem
(1.3) and seek a true solution nearby. It turns out to be convenient to change variables
in (1.3) for the subsequent analyses. By introducing a new set of variables (u,v) via

u=U¢+u+D,Uv, v=V+u, (2.5)

where

z + z5(1)
€

DU (x) = H'(V*(@)) [ 2( oz +24(1)) + Gz + 2,(0)] + BL(V*(@)),

the equation (1.3) for the new variables u, v becomes (after dropping the underlines)

Lfu + N + R + Ff(u,v) =0,

2.
M + giv + Rs + F5(u,v) =0, (2:6)

where L¢: HYy — H°, N¢: H3y — H°, and M®: Hpy — H° are second-order
differential operators defined by

Lu = €ugy + fu(US, V), (2.7)
N¢v = LY(D,U%v) + f,(U¢,V¢)v, (2.8)
M = vgg + [gu (U, VE) DU + go (U, V)] v, (2.9)

and g¢ = g, (U¢,V¢). The terms R, RS are residues:
RS = EUs, + f(US, V), Rs=V;, +g(UV)=0. (2.10)
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A computation similar to that given in Hale and Sakamoto [1988] shows that || RS || go =
O(€?). The terms Ff, F§ are higher-order ones in (u,v), and given by

Fi(u,v) = f(U* +u+ DU,V +v) — f(U, V) — f, (U, V)u
= [fu(US, VDU + £, (U, V)] v,

F5(u,v) = g(U* + v+ DUy, VE +v) — g(U, V) — g (U, VE)u
= [9u (U, V)D,U® + g, (U, V)] v.

We will show that the problem (2.6) is solvable near (u,v) = (0,0). For this purpose,
some properties of the linear operators L¢, M€, N¢ will be studied in the next section.

2.3. Inner approximation for antisymmetric solutions. In order to construct
antisymmetric solutions (ug,v¢), we follow the procedure of the previous subsection.
The outer solution U, has a jump discontinuity at z = z,(I) and fails to satisfy the
boundary condition at z = I. The jump discontinuity can be smoothed out in the
same manner as in the previous subsection, while a boundary-layer correction will
make the boundary condition satisfied at z = I.

Let us start with the boundary-layer correction. Consider the equation

Eugy + f(u, Vo(z)) = 0.

Using a stretched variable y = (z — ) /¢, and substituting u = uf + eu}, we obtain the
following problems for u§ and u}:

ig + f(ug, Va(1)) =0, uf(0)=0, uf(—c0)=Us(l),
ﬁl{ + fu(USa Va(l))utll + fv(ug7 Va(l) )Vaz(l)y =0,
u§(0) =0, ub(—o0)=0.

These problems have a unique solution, and uf(y) — U,(I) and u®(y) decay exponen-
tially at y = —oo (see Fife [1976]). We now let

Us (y) = ug(y) + evd (y).

We now turn to an internal-layer correction. This is almost identical to the previous
subsection. Changing variables from u to z via u = H (V,(z)) z + h— (Vo(z)) and
introducing a stretched variable y = (x — z,(l)) /¢, one obtains an internal correction

Z(y) = 20(y) + ez (y),
where

lim z(y) =1, lim 29(y) =0, ylim z1(%y) =0,
y—00 Yy——00 — 00

with the convergence being at an exponential rate. In order to glue U,, Uf, and Z¢
together, we choose smooth cut-off functions (o, (1, satisfying

1
@) =1, forfel < 7=, G =0, forle]> s, 0<G(E <L

where lo = lim_, oo (I — 24(1)), and

CG(z)=1-Co(z), forz>0, ((z)=0 forz<O.
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By using these, we define a tentative approximation for u as
T —xz(l
Us(@) = H(Va(@) )[Z(-———(—))Co(x — )+ Glo - 2aD)]

+ [Us () ~ Uald)] ol = 1) + b (Va(@)).
We define S4(y), and So(y) by

--[ ’ / lg (U (e5 + za(1)), Va(es + 2a(1)))
(=l=za(l))/e J(—l—zo (1)) /€
— g (Ua(es +z4(1)), Vales + z4(1)))] dsdt,

(I=za(1))/2¢  p(l—za(l))/2¢
-/ / 9 (U es + 2a(0), Vs + (1)
y
— g (Ua(es +za(l)), Vales + z4(1)))] dsdt,

Yy t
So(y) = — / / [g(Us(es+1), Vales +1))
(=l+za(1))/2€ J (~l+za(l))/2€
— g (Uq(es+1),Vo(es +1))] dsdt.

Note that the upper limits in the definition of Si(y) and the lower limits in the
definition of Sp(y) in the above are specified as they appear to make S¢(z) (to be
defined below) C?-matched at z = (I + z,(1))/2. We also define S(y), Sp(y) by

5 {S-(y) — [S=(0) + yS_(0)]Coley), ¥ <O,
y) = ,
S+ (y) — [S+(0) +y5+(0)]Co(ey), v >0,

Sp(y) = So(y) — So(0)Co(ey),  y <O0.
By using these, S¢ is defined by

x—xa(l))+sb(ac—l

S¢(z) = S( )

and V5, is defined by
Voa(z) = Va(z) + €25°(2).
One should notice that V§, is of C%-class, and that
|(Voa)ze + 9(Uz, Vo)l Lo = O(€).
We finally define V¢ and U{ by
V;(.’lf) = Vlea(a:) + ‘/Oea(x)

and
Usto) =B (V@) 222D — 2)) + Gu(e — 20 0)]

z—1
+ [U5(52) = V0] ol = 1) + B (V@)
where Vi, will be chosen so that

(Va)ez +9(Us, Vi) = 0
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is satisfied. The remaining part follows from the same line of arguments as the previous
subsection, and we arrive at

Liu+ Ngv+ R, + Ffa(u,v) =0,
Mgv + ggv + Ry, + F3,(u,v) =0,

where L : H? p[-1,1] — H°[-1,1], Ni: H3p[-1,1] — HO[-1,1], and M¢: HE [0, ]]
— HO[~1,1] are the second-order differential operators defined by

(2.11)

Liu = ugy + fu(US, VEu, (2.12)
Niv = LE(D,UL) + £o(US, Vi), (2.13)
Mgy = vy + [9u(Ug, V5) DuU, + g0(Us, Vi)l v (2.14)

and g¢ = g, (US, VE). The terms RS,, RS, are residues:
fo = Uspe + FUL V), RSa = Voo +9(Us, V) =0 (2.15)
A computation similar to that given in Hale and Sakamoto [1988] shows || R{, || o[-, =
O(€?). Ff,, F§, are higher-order terms given by formulas similar to those of Ff, F¥.
3. Linear analysis

In the previous section, the existence of transition-layer solutions was reduced to
showing the solvability of the equations (2.6) or (2.11) on appropriate function spaces.
The key in this setting is detailed information on the linear operators L€, etc.

3.1. Analysis for symmetric solutions. In this subsection, we consider the op-
erators L€, M€, and N¢ with the two sets of boundary conditions

(DN)  u(=1l) =0=uy(0), v(=I)=0=1v,(0)
and

(DD) uw(=1) =0=u(0), wv(~l)=0=wv(0).

All the results in this subsection are valid for both of these boundary conditions unless
stated otherwise. We refer the reader to Sakamoto [1990] for proofs of Lemmas 2, 3,
4, and 6.

Lemma 2. Let {¢%, A5 152, be a system of complete orthornomal eigenpairs of the
operator L*.
(i) There exist 6o > 0, €9 > 0 such that A\{ < —&p, for € € (0, ¢p).
(i) lin’(l)/\ﬁ = 0 uniformly in 1 € (ly, 00).
€e—
(iii) There are constants k > 0, B > 0 such that

|66 (2)] < Klo§(—s(1))] eXp(;W_,ﬂeif_sﬂLl).

(iv) If the eigenfunction ¢§ is normalized so that ¢§(0) > 0, then we have
Vegiley — z5(1) = K H(v )20(y), as e—0 in Cf, (~00,00)

uniformly in 1 € (lg,00), where K1 is

K'= \//_oo |H(v*)20(y)|?dy.
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(v) The following limit exists.

€

lim 28 = K27 (") Vi (—a(1)) =: XS,

e—0 €

Lemma 3. There exists a constant 6 > 0 such that the principal eigenvalue pf of
M¢: H} y(or Hyp) — HO satisfies pu§ < —61 for € € (0,¢€0] and I € (lo, 00).

In order to solve the eigenvalue problem (3.1) below, we need some estimates on
operators obtained from M€ and N€.

Lemma 4. The following statements are valid as € — 0, uniformly in | € (lp, 00),
and Ry > —61.
”]\76(1‘4e - :u)——l”Ho_,Ho = 0(\/—) )
(i) [[(Me—p)7 55| L = O(VE);
(iif) [[ V(M€ — )" g5 85| o = O(e);
(iv) [|(Me = p) 7 NE|| o, o = O(VE), where NE is the adjoint of N©.

We consider the following eigenvalue problem.

L¢ N¢ w
(& ) (D) =o(Y)s weemtn (3.1)

For this problem, we have

Lemma 5. Let pg = min(6o, 61). The eigenvalue problem (3.1) has a unique, simple,
real eigenvalue p¢ in the region Rp > —po. Moreover, p¢ has the asymptotic expression

p¢ =¢€p* +o(e), where p* <O.

Proof. Lemma 2 implies that the second equation of the eigenvalue problem (3.1) can
be solved in z as

—(M*—p)"lgiw = —(M* — p)"'gi(agf +w1), where (wy,4f) =0
for ®p > —po. Substituting this into the first equation, one obtains
a(X§ = p) = (M* = p) " gi(agf + wi), Nigg) = 0
(L€ = p)wr — QN (M* — p)~lgiwr = aQN*(M* - p) "' 55,

where @ is the orthogonal projection onto the complement of the span of ¢§ in H°.
By Lemma 3(iii), the second equation in the above can be solved in w; as

wi = aK¢5, KPu=3 [(L°-p)T'QN(M‘~p)~'g

n>0

1" w.

Therefore, p in the region Rp > —py is an eigenvalue of the problem (3.1) if and only
if

(A5 = p) = ((M* = p)"1gi (65 + K“P95), NigG) =0
is satisfied. The operator K satisfies the following

Lemma 6. The statements (a), (b), and (c) below are valid uniformly in € € (0, €],
1 € (lg,0), and Rp > —po.

(a) K“:H°— H}y  (or Hpp ) is bounded.

(b) K65l 0 = O(e)-
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(@) [[(M< = )" gi K P || o = O(e)-

Therefore p = O(e) follows, so that one can put p = ep* + o(e). We now compute

*

i
1 _
Xy — p* = lim = (M — (ep* + 0(e))) " g5 5, FE)-

€e—0 €
The limit in the last equation can be rewritten as

M 1 € % -1 € L€ € L€ 3 €\ € 1€
lim —((M* — (e + (€)™ 9485, £566) = (M) ™" 9566/ Ve, f565/V/e)
= lim(=*, f565/V4),
where
25 = (M) "lgngf/Ve.
In order to evaluate the last limit, the following lemma is essential. One should keep
in mind that z¢ € H% y here.

Lemma 7. (a) For each ) € H,
lim(3, £55/V/e) = Ko/ (0" )~ (1),
(b) Ase— 0, the function z¢ has a limit z* in H' which satisfies
=25 (=DY(=1) = (23, %) + (B 2", ¥) = Ki[g4 (v*) — g- ()9 (==, (1)), for v € HY,
where B* = g.'(Vy(z)).

For the proof of this lemma, see Nishiura and Fujii [1987].
From this lemma, we know

lim(=*, 05/v/8) = K.J'(07)2"(~,(0)).

If one takes 9 = Vy, as a test function in Lemma 7(b), and uses the fact that Vi, +
B*Vy; = 0 other than the point £ = —z,(l), then one finds, by using integration by
parts, that

2*(0)Vizz(0) + 235(=1) Vsz (1)
g+ (v*) — g-(v*) '

Therefore, recalling \j = —K2J'(v*) Vo (—24(1)), we have

z;:(—l)‘/sz(_l) + z* (O)‘/szzz(o)
g+(v*) — g-(v*)

Taking 9 = 1 as a test function in (b) of Lemma 7, one obtains,

2" (—zs(l)) = =K. Vse(—2zs(1)) —

p* — K*J/(’U*)

—a(-0+ [ B ()2 (2)ds = K.lgy(0") = 9-(s7)] > 0.

Since z* satisfies 2}, + B*(z)z* = 0 for z # —xz,(l), if z3(—I) > 0, then z*(z) > 0 is
true for x # —I, which contradicts the relationship in the above. Hence, z*(0) < 0
and z(—!) < 0 follow. Also, an easy comparison argument implies

ey < _ccosh(@z,@)
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where @ and [ are constants satisfying

0<ax —lnglglgo‘B (), B> _?%2;;0]3 (z)].

Therefore |z%(—1)|/|z*(0)] — 0 as | — oco. Moreover, 0 < Vz(—1) — 0 as | — oo and
Vsz2(0) < 0 is bounded away from zero as | — co. Therefore for large I, say I > ly, p*
is negative (see Figure 10). The simplicity of the eigenvalue in Lemma 5 can be proved

{l

Y

—

T = —z,(1)

FIGURE 10. Profiles of z* and V.

in a manner similar to Sakamoto [1990] by using Lemma 4 (iv). This completes the
proof of Lemma 5. In the next section, we will show the solvability of the equation
(2.6) via the method of Liapunov-Schmidt.

3.2. Analysis for antisymmetric solutions. Since the analysis for antisymmetric
solutions is almost identical to that of symmetric solutions, we will not repeat the
details. We will also use frequently the same symbols as in the previous subsection to
represent objects which have an apparent counterpart there.

We consider the following eigenvalue problem

(ﬁg J\A}?i) (Z) =F (f) z e (=L, (3.2)

with the boundary condition
w(£l) =0 = z(Ll).

In this subsection, we prove the following.
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Lemma 8. There exists a pg > 0 such that the eigenvalue problem (3.2) has a unique,
simple, real eigenvalue p¢ in the region Rp > —po. Moreover, p¢ has the asymptotic
expression

pS=¢€p+o(e), where p<O0.

The operators Lj, M, and N{ have properties similar to those for L€, etc., and
the operator L§ has one small eigenvalue (of order O(e)). The boundary layer in the
antisymmetric solutions does not contribute to introduce a small eigenvalue of LE.
Following the same line of arguments as in Section 3.1, one arrives at

Ny — p = lim ~ (M — (e + 0(e))) ™" g5b5. £565),

e—0 €

where \j = —K2J'(v*)V,(z,(1)). The limit in the last equation can be rewritten as
lim = (M — (eh + o(e))) ™ 9596, £365) = m((M2) ™ 6565/Ve, £55/V)
= lim (=", £565/V/)
In order to evaluate the last limit, the following lemma is essential.
Lemma 9. (a) For each ¢ € H'[-1,1],
li(, 56/ = K. (6" za(D)
(b) Ase— 0, the function 2¢ has a limit z* in H' which satisfies
2 (DY) = 25 (=D(=1) — (27, %) + (B™2", ¥) = Ki[g4 (v") — g (v")[¥(za (D)),
for ¢ € H! where B* = g.'(Va(z)).
From this lemma, we have
li (2% £565/V/8) = KT ()" (2a(0).

If one takes 1 = V,; as a test function in Lemma 8(b), and uses the fact that V gz +
B*V,, = 0, then one finds, by using integration by parts, that

2 (OVas (D) = 2 (=DVas(1).

2" (2a(1)) = =K Vaz(za (1)) + 9+ (v") — g (v")

Therefore, recalling A\§ = —K2J'(v*)V,z (24 (1)), we have
p=—K.J'(v") [zz()Vaz (1) — 25 (=) Vaz(=D)] /[94+ (v") — - (v")].

Since z2(1) > 0 and V,.(l) < 0 are bounded away from zero as | — oo, while 2} (-1) <
0, Vaz(—1) > 0, go to zero as | — oo, p is negative for large I, say | > lo (see Figure 11).
This completes the proof of Lemma 8.
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—Vaz

T - z,(0)

FIGURE 11. Profiles of z* and V.
4. Proof of existence
We rewrite equation (2.6) as
LW+ R+ F¢(W) =0, (4.1)

where
e_ (L¢ N°¢ _(u e_ (BRI e — [ Fi(w,v)

L —(QZ el W= v)’ R = 0 ) Fe(W) = F(uv))
From the main result in the previous section, we know that the operator £¢ has a
critical eigenvalue p¢ with an associated eigenfunction

pe  (B5) _ ( VEIgE+ K g
@5 ~(Me — p)~tgi®5)”

and that the remaining part of the spectrum of £¢ is bounded away from zero uniformly
in € € (0,¢€0]. If we denote by P¢ the projection onto the span of ®¢ in H® x H° and
decompose W as W = a®¢ + Wy, ®¢ L Wi, then the equation (4.1) is equivalent to

ap* + 57— (R® 4+ F*¢(a®® + W1),®¢) =0, (4.2)
12<[I %0 gro
LWy + (I — P°)[R® + F¢(a®® + W;)] =0. (4.3)

The last equation (4.3) is solvable in W, as Wi = W§(a). Substituting this into the
equation (4.2), and dividing by €, we obtain a scalar equation B(a,€) = 0 in a and ¢,
where

1
2

€+ m(Re + F¢(a®® + Wi(a)), ®°) (4.4)

B(a,e) = ap
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with g€ = p¢/e. The solvability of the scalar equation (4.4) will prove Theorem 2.
The principal parts of W (0) and D,W5(0) are respectively given by
WE(0) = —(L£9)7HI = PR, DaWi(0) = (L)1 = P)Dy F*(W5(0)) .
Since || R¢|| gox o = O(€2), one easily finds that
W) |22 = O(%), DWW (0) a2tz = O(/?).
Using these together with ||®¢|| zox o = O(y/€), one can compute the following limits:
eli_l’)I(l] B(0,¢) =0, gi_I}})DaB(O’ €) =p* <0.

Therefore, using the implicit function theorem, one obtains the solvability in a of the
equation B(a,€) =0 as a = a(¢) with a(e) = O(V/e).

If we denote the u- and v-components of a(e)®¢ + Wf(a(e)) by u$ and v§, respec-
tively, then the desired solution (u¢,v¢) in Theorem 2 is given by

ui = U+ DU +uj, vei=V+ri. (4.5)

This completes the proof of Theorem 2 for the symmetric solution. The proof of
Theorem 2 for the antisymmetric solution is exactly the same as above by using the
results of Subsection 3.2, and hence will not be repeated.

5. Stability analysis

In this section, we analyse the stability property of the symmetric solution obtained in
the previous sections. The arguments here are almost identical to those of Section 3.
We consider the eigenvalue problem

€2d?/dx? + f¢ fs w\ _ (u
(5% ) () =0 () 2

with the boundary conditions u(+!) = 0, v(£l) = 0, where f£, etc., are evaluated at
(u,v) = (us,vs). Because the functions fy, etc., are even, all the eigenfunctions are
either even (symmetric) or odd (antisymmetric). Therefore one is allowed to consider
the problem on the half interval [, 0] by examining equation (5.1) with the two sets
of boundary conditions (DN) and (DD) which appeared in Section 3.1.

As was done for the existence proof, we change variables in the above equation by

u=D,Uz+w, v=uz.

The resulting equation for (w, 2) is

(5 3 ()= ) (2) o)

where the operators L€, M€, and N°¢ are given by the same formulae as in Section 2,
but with the derivatives of f, g evaluated at (u,v) = (u§, vS). All the results in Section
3 concerning these operators are valid for those in this section. Therefore the second
equation in (5.2) can be solved in z, and substituting this into the first, we obtain

a(A§ — p) — (M€ — p)~g& (agh + w1 ), (N — pD,UC)¢5) = 0,
(L€ — p)wi — Q(N® — pD,U)(M* — p) ' giws = aQ(N — pD,U)(M® — p) ™" g5 ¢5.
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Since D,U*¢ is bounded by a constant independent of ¢, there is a positive constant
6 such that if |p| < 6 then! the second equation in the above is solvable in w; as
wy, = aK%P¢§. Substituting this into the first equation, we obtain
(A — p)[1 — (M€ — p)~ g5 (86 + KP85), DU )]
= (M€ — p)~" g5 (5 + K 85), f595)-
Arguing as in Section 3, one finds that p = O(e). Therefore, with p = €p; + o(e),
j = s,a, one finds

* * : 1 € * - € € L€ .
Ao —pj = }1_{% E((M — (ep™ +o0(e))) L gigh, fodh)s G =5, a.
The symmetric case (j = s) is exactly the same as in Section 3, therefore
by = K.J'(0") 23 (=) Veo (=) + 2" (0)Vsza(0)] _
° g+ (v*) — g (v*)] '

=10
"—'Vm:

—— Z; T : —(Es(l)

FIGURE 12. Profiles of 2 and V.

In order to examine the antisymmetric case (j = a), we need the following lemma.
Lemma 10. (a) For eacht € H',
lim (b, ££05/Ve) = Ko (67) (= (D).

(b) Let z& = (M€)~'gS ¢4/+/€ with the boundary condition (DD). As ¢ — 0, the
function zShas a limit z} in H' which satisfies

225 (0)(0) — 25g (~DY(=1) — (25, Ys) + (B2, ¥) = Kulg4 (v7) — - (") (=2s (1)),

LIf |p| > 6, then an argument in Nishiura and Fujii [1987] shows that Rp < —p1 for some p1 > 0.
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for ¢ € H', where B* = g./(Vi(x)).
From this lemma, it follows that
N = b = lim(zS, f506/V) = KuJ'(v")z3 (~s ().
If one takes ¥ = Vs, as a test function in the above, one finds

Therefore

2az (=D Vee (=)

9+(v*) — g-(v*)’

which is positive since J'(v*) < 0, z*(—1) < 0. This completes the proof of Theorem
3(i) (see Figure 12). The proof of Theorem 3(ii) is the same as that of Lemma 7 in
Subsection 3.2.

pa = K. J'(v")
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