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ERROR BOUNDS FOR EXPONENTIALLY IMPROVED ASYMPTOTIC 

SOLUTIONS OF ORDINARY DIFFERENTIAL EQUATIONS HAVING 

IRREGULAR SINGULARITIES OF RANK ONE 

T. M. Dunster 

ABSTRACT. Solutions of general homogeneous linear second-order differential 
equations having an irregular singularity, of unit rank, at infinity are examined. 
The classical Poincare expansions for such solutions generally are valid in a sector 
for which the argument of the independent variable z has the range STT — b where 
b denotes an arbitrary positive constant. In this paper, n terms, say, are taken 
in the Poincare expansion; the remainder is expressed in the form hn(z) + en(z)i 
and an explicit expansion involving the generalised exponential integral then is 
derived for hn(z). By the method of successive approximations, explicit error 
bounds are derived for Isn^)!- Then it is shown from the error bounds that when 
n = |2| + a where a is bounded and |;z| —> oo, Sn(z) is asymptotically smaller than 
hn(z) in a sector with a range of arg(2;) which is larger than 47r. In addition to 
being valid in a larger sector than the corresponding Poincare expansions, the ex- 
pansions provide greater accuracy, and give a smooth interpretation of the Stokes 
phenomenon. The present results provide explicit and realistic error bounds for 
general exponentially-improved asymptotic solutions of differential equations. 

1. Introduction 

In this paper, we shall investigate solutions of the general homogeneous linear second- 
order differential equation of the form 

cPw      „, x dw       , x , 
^ + /(*)^ + *(*)«' = o. (1.1) 

In particular, we are interested in the case where the equation has an irregular singu- 
larity, of unit rank, at infinity. The general theory for such a problem is well-known; 
for full details see, for example, [8, Chap.7, §§1-2]. 

The notation we adopt is as follows. A positive number a and coefficients {/sj^o 
and {^l^ol are suck that for \z\ > a, the following series converge 

OO      j. oo 

/(*) = ££•   ff(2) = £$- (1-2) 

Since the singularity at infinity is not regular, it follows that 

l/ol + N + lsil^O. (1.3) 
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The equation has unique solutions wi(z) and W2{z) satisfying 
CO 

ei,-(z)~eA'V'£2!*£     (« - oo.larg^-l^A! - A2)z}| < |7r-6) ,       (1.4) 
s=0 

for some constants {a<5j}£l0 which can be determined recursively in terms of the 
coefficients appearing in (1.2), (see, for example, [8, p.230]). Here, and throughout, 6 
denotes an arbitrary small positive constant. 

Without loss of generality, we shall assume that ao,i = ao,2 = 1. The constants Aj 
are the roots of the quadratic equation 

A2 + /oA + 2o = 0, (1.5) 

and without loss of generality (see [7]), we shall assume that they are distinct, satis- 
fying 

A2 - Ai = 1. (1.6) 

Thus, in the notation of [8, Chap.7], we have 

P=2'        (T-^foh-gii (1-7) 

-^i^-^-^0'    ^ = 2 ~ 2^°' ^'^ 

Mi = -0--g-ft'    /^^-^/i. (1.9) 

If expansions of the form (1.4) are truncated after an optimal number {n say) 
of terms, it is known for a wide class of functions that the remainder can be re- 
expanded in terms of generalised exponential integrals. These integrals in turn can 
be represented in terms of the complementary error function (see [2], [5] and [9]), and 
as a result, a smooth interpretation of the Stokes phenomenon is provided. The two 
other major advantages of this technique are greater attainable accuracy and a larger 
sector of validity. In particular, the extended sectors of validity are 

0 <  arg (ze-v{j-i)i\I < 5    _ ^ ^^ 

which should be compared with (1.4) and (1.6). Another important advantage of being 
valid in these larger sectors is that it can allow the determination of the connection 
coefficients between any three solutions of (1.1). 

The smoothing of Stokes discontinuities, for certain functions having integral repre- 
sentations, first was achieved by Berry [2] in 1989, and later for solutions of differential 
equations in [3]. Subsequently, the technique was put on a more rigorous foundation, 
and generalised to solutions of differential equations by a number of authors, including 
Paris [11], McLeod [6], Olver [10], and Olde Daalhuis and Olver [7]. The scope of the 
latter two papers is very close to that of the present paper. In [10], a direct differen- 
tial equation approach was used to obtain exponentially-improved re-expansions for 
the asymptotic series of the confluent hypergeometric function. In [7], similar results 
to those in [10] were obtained for the general equation (1.1), and in both papers, 
it was assumed that certain connection coefficients (the so-called Stokes multipliers) 
were known. In [7], Stieltjes-type representations were constructed for the remainder 
terms, and from these, the desired re-expansions in terms of generalised exponential 
integrals were obtained, together with order estimates (in certain restricted sectors) 
for the error terms; by use of appropriate connection formulae, these estimates were 
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used to show that the error terms were asymptotically smaller than the expansions 
throughout the extended sectors (1.10). 

In this paper, we take an approach different from [7]. After truncating the Poincare 
expansion after n terms, we obtain the re-expansion involving generalised exponential 
integrals via an inhomogeneous differential equation satisfied by the remainder term. 
This expansion involves certain coefficients which can be determined directly from the 
coefficients in (1.2) and (1.4), and no use is required of connection formulae. This 
has the potential advantage of facilitating calculation of the Stokes multipliers. It 
should be remarked, however, that since the Stokes multipliers appear directly in the 
re-expansions in [7] and [10], they enjoy the property of giving a particularly elegant 
interpretation of the smoothing of Stokes discontinuities. 

The main significance of this paper is the derivation of realistic and explicit error 
bounds. Previously, the only explicit error bounds given for this class of problem was 
for a specific function, namely the generalised exponential integral by Dunster [5]. In 
this, error bounds were derived using an asymptotic theory for a class of ordinary 
differential equations having almost coalescent turning points [4]. 

The plan of this paper is as follows. In §2, we give error bounds which are uniformly 
valid for 0 < |arg (ze-71^-7-1)2) | < 27r, initially focusing on this smaller sector rather 
than the full sector of asymptotic validity (1.10) so as to simplify the error analysis. 
In §3, we give details of the proof of the derivation of these bounds, which uses the 
technique of successive approximations. It is seen from the bounds that the relative 
error in this case is 0(z~1) as z —> oo. In §4, we generalise the results of §§2-3 to give 
exponentially-improved expansions with an improved relative error term of 0(z~m) 
as z —> oo where m is a prescribed fixed positive integer. Again these are uniformly 
valid for 0 < |arg (ze-^-1^) \ < 2>K. 

In §5, we give brief details on the extension of the error analysis to sectors which, 
in conjunction with the results of §4, give explicit error bounds for the sectors (1.10). 
In fact, the results of §§2-4, together with appropriate connection formulae, are suf- 
ficient to provide error bounds for exponentially-improved asymptotic expansions for 
all ranges of arg(z); however, the importance of §5 is to both demonstrate that the 
sectors of validity of §§2-4 are not maximal and to show clearly how the analysis 
breaks down as arg(2;) approaches the extreme values of (1.10). In §6, we examine in 
more detail the asymptotic nature of the error bounds, which involve so-called weight 
functions. In particular, we show that when n = \z\ + 0(1) each error term is asymp- 
totically smaller than the corresponding approximant throughout a sector which is 
larger than 0 < |arg ^ze~7r^~1^)\ < 27r. Finally, in §7, we give a numerical example 
on the calculation of certain constants which appear. 

2.  Smoothing of Stokes discontinuities: the first approximation 

Let us consider Wi(z). From our definitions in §1, we know that 
oo 

s=o z 

Following [7], our aim is to approximate this solution, for large z, in a domain which 
is larger than that for which (2.1) is valid. To do this, choose n e N, and express the 
solution in the form 

n-l 

w^z) = ex>zz^ £ ^d + hnA(z). (2.2) 

s=o  z 
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Substitution into (1.1) yields the inhomogeneous equation 

<i(^) + /(^XiW+^)ViW = -eXlZz^rntl(z) (2.3) 
where 

rn,i{z) -     zn+1 +   ^n+2  , (2.4) 

with 
n-l 

fntl(z) = J2 asA {(Ml - S) Fn+1_s(^) + XxFn^-siz) + (?n+2-s(z)} (2.5) 
s=0 

and 

Fn(z) = Y,^        ^) = E£?- (2-6) 

The remainder term hnii(z) is the unique solution of (2.3), which is 0(eXlZz^1-n) as 
z —> +00 (arg(z) = 0). 

We wish to use variation of parameters to re-express (2.3) as a Volterra integral 
equation. To do so, we seek a homogeneous differential equation which is "close" to 
that on the left-hand side of (2.3), having explicit elementary solutions. The following 
lemma is what we require (cf. [8, Chap.7, §12]). 

Lemma 2.1.  The elementary functions eXlZz^1  and eX2ZzfJ'2  are independent solu- 
tions of the differential equation 

d2w      7, sdw     w x 
rfp- + /(*)^+*(*)» = 0 (2.7) 

where 

/W_A+A±i__!_ (2.8) 

and 

9i*)-go+ ^ + 4^ + 2ff)+__ (2.9) 

This lemma obviously can be verified by direct substitution. The equation (2.7) 
was derived by first observing that Lu(z)ex^zz^ = e^ (j = 1,2) where UJ(Z) = 
zfi/2exp{±foz} and C - -%z - aln(z). Thus, u(z)ex^zz^ (j = 1,2) both satisfy 
the equation d2y/d(2 - y = 0: on substituting y = UJW and returning to the original 
independent variable z, we obtain (2.7). 

Note that for large z, 

/» = /o + f + ! + o(-I) (2.10) 
and 

^)=go+f+go/l(2"/i)+g;2
(/o/i~/o~gi)+o(i).      (2.11) 

Thus, these functions differ, respectively, from f{z) and g{z) by 0(z~2). 
Now we rewrite (2.3) in the form 

KA(*) + Kz)tin,l(z)+g{z)hn,i(z) 

= -eAlZ^lrB,i(«) + {g(z) - 9(z)}hntl(z) + {/>) - /(z)}^*).    (2.12) 
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On recalling that /i„,i(z) = 0(eAlZz^'11) as z -> +00, we deduce that 

ViW = f Kiz^-e^xWrnAt) + ^Vi + ^^.iW}*      (2-13) 

where 

Mi -M2X ~ ^H1- * ) (2'14) 
and 

K(z,t) = e^z^e-^H-v-1 _ eA2^^e-A2t^2. (2.15) 

In addition, we have defined 

F(t) = t2
X(t){f(t) - f(t)},    G(t) = t2x(t){m - git)}, (2.16) 

both of which are 0(1) as t -> oo. 
We shall approximate hn^{z) by h^\{z), which is the function given by the right- 

hand side of (2.13) with hnA(t) and h'^t) neglected. Thus, define 

h{n\(z) = ex>zz^  /    e-H^-^x{t)rnAt)dt-e^zz^ J     xW^n.iW*-      (2-17) 

To estimate, and indeed bound, the error in this approximation, we shall use the well- 
known technique of successive approximations. To this end, we define for s = 1,2,... 

*,)w = f^.'){^*I',,«)+^*r'J,'«)}*       M 
with the specification that h^f(t) = h^\(t). In all the integrals above, the path of 
integration runs from t = z tot = +oo (with arg(t) = 0) such that | arg(*)| < | axg(z)\ 
and t lies outside a sufficiently large disk centred at the origin (thus avoiding all 
singularities of the respective integrands). 

Let us return to the approximant defined by (2.17). By integration by parts, it can 
be expressed as 

rOO 

h<Z\{z) = ex*zz>* j    e-H^-^Rn^dt (2.19) 

where 

Rntl(t) = - {l - ^-^j f X{*)rn,i(')d8. (2-20) 

The function Rn,i(t) has the convergent expansion (\t\ > a) 

RnAt) = a-^ + ±^, (2.21) 
fe=l 

with readily computed coefficients.  It is worth observing that if as,i has a factorial 
growth as s -^ oo, then for large n, anA(k) = 0(an_i,i) = o(an,i) for each k.   In 
general, this can be shown to be true (see for example [1] and [7]). 

By expanding the integrand in (2.19), we find that the approximant h^z) can 
be expressed in terms of the generalised exponential integral, which is defined for 

|axg(;20| < l^rby 
/oo     -zt 

'—dt (2.22) 
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and by analytic continuation elsewhere. Then, from uniform absolute convergence, we 
interchange summation and integration, and as a result, we find that 

h™(z) = a^e^i-'+X-M, W*) + eA22 £ ^(fc)^-"-**1^^^). 
k=l 

(2.23) 

To understand the asymptotic nature of this function, we wish to express the right- 
hand side of (2.23) in terms of J5n_^1+Ai2(^) alone. This can be done by employing 
the well-known expansion (see, for example, [5, §4]) 

'-**»<" = (-^rfew + ? Ei-^'^i,       p T{p + k) 
s=0 

T(p + k)zs .24) 

Thus, assuming convergence of the following sums for a given set of coefficients dk 

and large enough \z\, which is the case above, we have in general 

J2dkz-
kEp+k(z) = Ep(z)J2(-l)k*k 

fc=i A;=l 
,    oo 

r(p) 
T(p + k) 

EC-D 
.,r(p + s) 

s=0 
E 

fc=s+l r(p + fc)' (2.25) 

Identifying (2.23) with (2.25), we set p = n-fa +fi1 and cEib = an.iW, thus obtaining 
the desired form 

/#!(*) = on^e^'^"^1 £?„-w+M2W(l +^1(0)) - e—J2 
00 ^1(«) 

2;   '—'     ^6 

s=0 
(2.26) 

where 

/«!(') = (-!)•   f (-l^^^IMp^LlM    (. = 0,1,2,...).     (2.27) 
fc=s+l 

For large |2| with | arg(2:)| < Sir - 6 and n = |z| + O(l), (2.26) can be reduced to 

K\(z) = a^e^z^-^E^+^z) l + O Qn-1,1 

nan,i 
(2.28) 

except near the zeroes of the generalised exponential integral (see the comment below 
Eq. (2.21)). Moreover, the O-term is readily computed explicitly. In deriving (2.28), 
we have used the asymptotic form [5, Theorem 2.1] for z -» 00 (n small or large) 

En- 1*1 +V>2 (*) 
Z + 71 — fJLi + /i2 

in conjunction with both the analytic continuation formula 

(|axg(s)|<7r-$), 

EAze™) = ^<riz*~1+E*(z) 

(2.29) 

(2.30) 

and Stirling's formula for the gamma function when n is large; in addition, we have 
used the fact that |£7n_Ml+M2(2?)|~ = 0(ne-n) in the vicinity of z = ne™ [5, Theorem 
3.1]. 

We shall bound each h^^z) in turn in terms of a weight function £n,i{z) defined 
as follows. It will be defined as the supremum of a certain function over a region V{z) 
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in the plane of a dummy complex variable u. To define this domain, first we introduce 
two regions in the u-plane (for a fixed nonzero z) by 

Vf(z) = {u : 0 < arg(u) < arg(*), M > \zlRe{u) > Re(z)}    (0 < arg(z) < TT), 

(2.31) 

V£(z) = {u : TT < arg(u) < arg(2), 1^1 = \z\}    (TT < arg(z) < 27r). 

Then we define, for 0 < arg(z) < 27r, 

^t ,     jVtW (0 < arg(^) < TT)   _ 

(2.32) 

(2.33) 
'(He") U V^(z)    (TT < arg(z) < 27r) ' 

see Figure 2.1. Next, again for 0 < arg(z) < 27r, let V~(z) be the region on the sheet 
-27r < arg('u) < 0 which is conjugate to T>+(z). Then, we define 

V{z) = V+(z) U V-(z)        (0 < arg(z) < 2TT) (2.34) 

0 \z\ 

(a) 

\z\e VI 0 |r| 

(b) 
FIGURE 2.1. u-plane: domain V+(z) (shaded) for: (a) 0 < arg(z) < TT, (b) TT < arg(z) < 27r. 
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and 

V(z) = V{z)       (-27r < arg(^) < 0) (2.35) 

where, in the latter, it is understood that arg(z) = — arg(z) for —27r < arg(2:) < 0. 
Our first observation is that V(peiei) C V{pei62) when p > 0 and 0 < 0i < 62 < 2TT 

or —27r < 62 < 0i < 0. The principal motivating reason for the particular definition 
(2.31)-(2.35) is given in §3 (in the paragraph after (3.4)). 

Having given the domain, we choose the smallest nonnegative integer q such that 

<7>|Re(/ii-/i2)|, (2.36) 

(see (3.8) and (3.9) below), and then prescribe for —27r < arg(2:) < 27r 

£1,1(2) sup  \ 
ueT>{z) 

iq-nJrlE, n-/xi-+-/i2 in) + (2.37) 

Equation (2.37) defines a real-valued function which is continuous for 
—27r < arg(^) < 27r. Our only assumption at this time on the positive integer n 
is that n > q (and hence n > \ Re(/zi — ^2)I)- The existence of this supremum then 
follows from the asymptotic formulas for the generalised exponential integral given 
above. The asymptotic nature of this function is discussed in §6 below. 

In order to state our main result on error bounds, we must introduce certain terms 
involved. First, we define 

_ f[sm(6)]~q    (0<6< 
1 (6>^) 

|Re(Aii-^2)|- 
1   1 Hinto ) 1 

72(5) = 

11(6) 
TT) 

(2.38) 

expl |7r|lm(^i ■M2)|} 

f exp{(27r - «)|lm(Mi - M2)|}    (0 < 6 < ^TT) 

(*>^) 
(2.39) 

Next, for each non-zero z, we define a path £(z) in the t-plane as follows. When 
0 < arg(^) < TT, the path C(z) consists of an arc at infinity extending from t = 00 
with arg(£) = 0 to t = Re(z) + zoo, and a line parallel to the imaginary axis from 
t = Re(z) 4- zoo to t = z] when TT < arg(z) < 27r, the semi-infinite line runs instead 
from t = — \z\ + zoo to t = — \z\, and in addition the path has the circular component 
V2{z). Finally, for —27r < arg(z) < 0, we define L{z) to be the conjugate of the path 
£(£), which lies in the sheet -27r < arg(t) < 0. The path Z(z) is depicted in Figure 
2.2 for two values of arg(z). 

There are two crucial properties of L(z) that we shall use. First, [e*! < \ez\ for all 
finite t £ £(2), which is used in deriving (3.7) below. Secondly, on this path |£| > \z\, 
and, consequently, the term in square brackets in the bound (2.44) is O^-1). 

Now, from (2.26), (2.29), and (2.30), we can choose C^J (independent of z) such 
that 

<r.(i) o„,ieA2Z^ zEn- 1*1+1*2 (*) + (2.40) 

for 0 < I eirg(z) < ^TT and max{o, 2a} + 1 < \z\ < oo 

zEn- fil+fi2 (*)\  + 

Now, clearly from (2.37), 

< \z\n-q£nAz), (2-41) 

and hence, from (2.40), 

,W hZW <C, in,ieX2Zz v-x-q £nAz), (2.42) 
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(a) 

n 

\z\e 

(b) 
FIGURE 2.2. t-plane: path C{z) for: (a) 0 < arg(z) < TT, (b) TT < arg(z) < 27r. 

which is the inequality we shall use. We prefer to find an appropriate C^ 1 to satisfy 

(2.40) rather than (2.42), since this makes its computation easier.  By defining C^ \ 
via (2.40) for the larger range 0 < | arg(;z)| < |7r, and likewise for the more general 
case in §4 (see (4.29) below), allows us to use the same constants in §5. 

In the next section, we prove the following theorem. 

Theorem 2.2. Select the smallest nonnegative integer q and any positive integer n 
such that n > q > \ Re(/xi — /i2)|- Let —27r < arg(£) < 27r and max{a, 2a} + 1 < \z\ < 
oo. Then, under the conditions stated in §1 and in this section, equation (1.1) has the 
solution 

n-l 

w1(z) = e^'z^ E TT + hn\(*) + £i(*) (2.43) 
s=0 
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where hn \ (z) is given by (2.26) and 

-(!), (1) <i(*) <ci:i on,icA2*«'4l-« fn,l(2) 

exp{^{|ViW|+72(i7r)^2(i)|} r^df 

m w/w'c/i 

^•(t) = AjF(i) - F'(t) + G(t) + (2 + fij)t-lF{t) 

(2.44) 

(2.45) 

Remark. If one is considering the cases 0 < arg(z) < 27r and — 2TT < arg(z) < 0 
separately, the bound (2.44) (for one of these cases) can be sharpened as follows. If 
Im(/ii—112) arg(z) < 0, then the term 72(^TT) can be replaced by exp{|7r|lm(/ii— ^2)|}; 
see the comment following Eq. (3.9) below. A similar remark applies to Theorems 
2.3, 4.3, and 4.4. 

The corresponding result for W2(z) is as follows. Let rn^{z) be given by (2.5) with 
^5,15 Mi, Ai, replaced by aS)2, ^2, and A2, respectively. Then, in place of (2.20) and 

(2.21), we define coefficients {an^{k)^kz=1 via the expansion 

D     f4.\      /1      ^2-Mil    f00    , ^(nan,2   .   rn^(s)\ 

(-D-^+t-D-f;^. 
A:=l 

and from these, we in turn define 

3(1) 0£k')=   Ei-^^ltlil^'^    (-0,1,2,...). 
The approximant for the second solution then is given by 

(2.46) 

(2.47) 

z     OO     n(l) f    \ 

s=0 

and we select C^ 2 so that 

*$(*) <c: (i) 
n,2 anoe^zz^-n {l^n+^.^^C-^l + lc'l}, 

(2.48) 

(2.49) 

uniformly for 0 < |arg(^e  7r*)| < |7r and max{a, 2cr} + 1 < |^| < 00.   The weight 
function for the second solution is defined by 

£1,2(2) =      sup 
ner>(2;e-7ri) 

^-n+1E, n+m-^ (u) + (2.50) 

Theorem 2.3. // integers q and n are as in Theorem 2.2, then, under the conditions 
stated in §1 and in this section, equation (1.1) has the solution 

w2{z) = e* V E TT + ftS(-) + $(*) (2.51) 
s=0 
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where, for —TT < arg(z) < STT and max{a, 2a} + 1 < \z\ < oo? 

,(i) 
;>) <r(i) an^^12^2"^^^^) 

exp{^e_^{|^2H)|+72(H|^H)|}|t-2^|| .    (2.52) 

We emphasise that we have made no assumption that n be large at this stage; 
however, for the bounds (2.44) and (2.52) to be asymptotically meaningful, the re- 
quirement n = \z\ + O(l) will be demonstrated in §6. 

3. Proof of Theorem 2.2 

We now give details of the proof of Theorem 2.2; the proof of Theorem 2.3 then can 
be achieved in a similar manner, so it will not be necessary for us to record details. 

By establishing uniform convergence, we show that the solution of (2.13) is given 
by 

ViW^w+E^w, (3.1) 
s=l 

and we establish the bound (2.44) for £^1(2) = ]C^Li^n'l \z) by inductively proving 

A'A) Ci'(*) < 
S! 

J^{\Mt)\ + i2(^)\Mt)\}\t-2dt\ 
(3.2) 

for 5 = 1,2,... .  To do this, we expand (2.18) into two integrals, and integrate the 
second by parts to obtain 

■jf 
' K(z,t)\m^m±2my;^mt 

-i; 
I *3 

dt 
-hy 

t2    ftn,l (t)dt. (3.3) 

We then expand the kernel K(z,t) and its partial t derivative (see (2.15)), and so 
express (3.3) in the following form which we shall employ 

Jc(z) 

e*2ZzH2 f     e-x*H-^-2i}2(t)h
{

n
s-hl)(t)dt (3.4) 

Jc(z) 

where the ipj(t) are defined by (2.45). 
The path of integration from t = +oo to t = z will, for each value of s in turn, be 

deformed to the path C(z) as described in §2. Justification of the path deformation 
to C(z) for each value of 5 will come from the induction hypothesis (3.2) and from 
referring to (1.6), (2.26), (2.29), and (2.37). 

The main motivation for our definition of V(z) (for each fixed value of z) is directly 
related to C(z): for arbitrary t G C(z), an important property is C(t) G V(t) C V(z) 
(in the ix-plane). The consequence of this will become more apparent in the next 
paragraph. 
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Consider the integrand of the representation (3.4) for /&„ i  (z) (with 5 = 1 and 

recalling h^ \ '(t) = ^{(t)).   By employing (2.40) with z replaced by t and noting 
that 

+ fn,l(*)=    SUP   fLg"n+1En_Ml+Ala(^) 
n€X>(t)kl 

(since X>(t) C T>(z) for all ^ G C(z)), we deduce the inequality 

for all t E C(z). Thus, using (3.6) in (3.4) results in the bound 

} < fn.lW (3.5) 

(3.6) 

anle
X2Zz>il-q £n,l(z) 

\\z9\ f    \Mt)t-q-2dt + zH2-ni+q 

(3.7) 

In deriving this bound, we employed |e*| < \ez\ for all t G £(2:) in the first integral. 
Now, since q > 0 and g > Re(^i — /X2), it is straightforward to show for 0 < 

I arg(>2;)| < 27r that 

and 

/ y^t-^dt < \z-q\ [ ii/ntyt-tdt 
Jc(z)' Jc(z)' 

2dt 

(3.8) 

(3.9) 

where 72 (6) is defined by (2.39). 
Note that if one is restricted to the smaller range 0 < arg(2;) < 27r and Im(/xi —^2) < 

0, then the term ^(^n) in (3.9) can be replaced by exp{||Im(/zi — /i2)|}; a similar 
replacement holds if — 27r < arg(^) < 0 and Im(/ii — ^2) > 0. To prove the first 
of these assertions, we observe from the definition of C(z) that if 0 < arg(z) < 27r 
and Im(//i — /X2) < 0, then 7r/2 < arg(t) < arg(z) when 7r/2 < arg(2;) < 27r, and 
arg(^) < arg(t) < 7r/2 when 0 < arg(z) < 7r/2. Hence, one can show that Im(/ii — 
/X2){arg(z) — arg(^)} < |7r|lm(/ii — fi2)\ from which the first assertion follows. 

Thus, using the inequalities (3.8) and (3.9) in (3.7) yields 

,(i.i) (i) h^iz)  <Cft ttnie^2^1-9 fin.iW/   {l^iWl + Tad^l^Wl}!*"2*!- 
(3.10) 

which is what we wanted to prove. 
Now let 

*(0 = ^t{|^iM|+7i(h)|^M|}k-2di/|, (3.11) 
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and suppose that (3.2) holds for some positive s.   Then, again using (3.4) with s 
replaced by s + 1, we find that 

C{nl\an,iex**zn-*\Sntl(z) ,(5+1,1) <r'» < 

/   y°(t){\Mt)\ + i2fr)\Mt)\}\t-2dt\ 
JC(z) ^ J 

CiliKie*2**"1"'^.!^) r*s+1(2) 
S! I   s + 1   / 

(3.12) 

The theorem follows. 

4.  Smoothing of Stokes discontinuities: higher approximations 

In this section, we generalise Theorems 2.2 and 2.3 to obtain an exponentially improved 
asymptotic expansion, again valid for the same ranges of arg(2;), but now with an 
improved relative error of 0(z~rn) for prescribed fixed m G N. The general procedure 
for doing this is essentially a modification of the preceding one in §3. Again, we express 
Wi(z) in the form (2.2) where hn^(z) satisfies (2.3). Then, in place of Lemma 2.1 we 
shall use the following refinement. 

Lemma 4.1.  Choose a positive integer m, and let Af^^z) denote the sum to m terms 
of the asymptotic series in (1.4), i.e., 

Air){z) = Y,- 
m—l 

s=0 
Zs   ' 

(4.1) 

Then the functions eAi;z2:/il A^1 (z) and ex'lZz^2 A2    {z) are solutions of the differential 
equation 

where 

and 

^ + /<-)W£ + ^)Ww = o 

f(m){z) = /0 + £ _ 1 \u\p^\z)Q^\z)^ 

-{m){2) = fl + M + fl^lt _ 1 {^M^}
2
 _ 1 (/o + ^{P^H 

(4.2) 

(4.3) 

f 1i/J ^2 r r ■) ~L< 

in which 

and 
P<m)(s) = 4m)(*)4    (*) 

*      dz    \A(™\z)) 

(4.4) 

(4.5) 

(4.6) 



122 DUNSTER 

Proof. We seek LJ(Z) and £(z) (in general not the same as the corresponding terms in 

Lemma 2.1, except when m = 1), such that uj(z)eXjZz^ A(
J
m\z) = e^. Since these 

two functions are reciprocals of one another, we immediately deduce that 

uj2(z)eiXl+X2)zztXl+fX2Pirn)(z) = 1. 

Solving this then gives u(z) = e^/V1/2^™)^)}"172, which in turn yields £ = 

-±z - a\n(z) + | InlA^iz)} - \ ln{^m)(^)}. The construction of (4.2) now follows 
in a similar manner to that of (2.7). □ 

An important alternative representation for fi'Tn\z) and ^^{z) is given as follows. 

Lemma 4.2. Let a number a^ be chosen such that 

\Pirn)(z)\ >0 (4.7) 

and 

|Q(m)(^)|>0 (4.8) 

for \z\ > a(m). Then the coefficient functions defined by (4.3) and (4.4) admit con- 
vergent expansions of the form 

oo    f(m) 

(4.9) 

(4.10) 

for \z\ > a'"1*. In (4.9), the first m + 1 coefficients coincide with those appearing for 
f(z) (see (1.2)), i.e., 

/s
(m)=/s        (S = 0,l,2,...,m), (4.11) 

the next is given by 

f$n+i = (m- Hi)(m - 1 - /xi)am_ifi - (m - ^(m - 1 - M2)am-i,2 - 2cr/m 

m— 1 

+   /   A^lfm+1-k + gm+l-k — (k — Ml)/m-fc|«A:,l 

f(m)(z) -. 
oo    f(m) 

= E 
s=0 

9{m)(z) - 
oo    ~(m) 

s=o   z 

k=l 

m — 1 

~  S {A2/m+l-fc + Qm+l-k -{k- M2)/m-fc 1^,2, (4.12) 
A;=l 

w;^/i i/ie subsequent ones being given by 

771—1 

Jim) = _2af~(rn) + ^ ^JM + -M _ (A. _ ^y*™)^}^ 
fc=l 

m—1 

- £ {VS + ^ - (k - M2)/i!l
1

)_fc}afc,2    (- = m + 2, m + 3,...). 
fc=i 

(4.13) 
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Similarly, the coefficients appearing in (4.10) are given by 

gim)=gs    (s = 0,l,2,...,m), (4.14) 

9m+l = -(m - Ml)(m - ! - Ml)am-l,l - Al/^ - Ml/m 
m—1 

"  5Z {^l/m+l-fc + ^m+l-fc - (k - /XiJ/m-fejafc,!, (4.15) 

and 

m—1 

9s       --Mis       - VlJa-l - Z^\Al^-fc+^s-fc * ^-Mlj/s-l_fc/afc,l 
ifc=l 

(s = m + 2,m + 3,...)-    (4.16) 

Proof. We first observe that the logarithmic derivative appearing on the right-hand 
side of (4.6) is 0(z~2) as z —> oo; hence, from this fact and the definitions (4.1) 
and (4.5), it is evident that a^ exists. The analyticity of fi<m\z) and ^^(z) for 
\z\ > a^ then follows from the definitions (4.3) and (4.4), together with the fact that 
in the unbounded annulus neither P^(z) nor Q(m) vanishes. Note that when m = 1, 
we can choose a^1) = 2a. 

To obtain the coefficients in the expansions (4.9) and (4.10), we use the fact that 
asymptotic expansions for the normal solutions of (4.2) are known, namely, they are 
the exact solutions exizz^Aj(z) themselves. Thus, if we prescribe 

~ Ja/ej    (fc = 0,l,2,...,m-l) ( 

10        (k = m,m + 1,...) 

then we can use [8, p. 230, Eq. (1.11)] with ak = akj, fk = /^m), gk = ^m), A = Xj, 
and fi = jij for both j = 1 and j — 2 where we regard the asymptotic coefficients ak^ 

as being known and the coefficients js and g™ as unknown. This yields, for each 
value of 5, the pair of equations 

Ai/im) + 9^ = {hm) + 2Aj}(S - IJa.-u - nj^l 

- (s - 1 - ^{s - 2 - Hj)aa-itj 

- E{ vi-i+&1 - (fc - ^/i-iUK    for i = l>2- 
k=l 

(4.18) 

To solve for /s , subtract (4.18) with j = 2 from the same with j = 1, and employ 
the relations (1.6) and (1.9). Then, on referring to (4.17), one finds that the expression 
for fs is the same as that for fs when s = 0,1,2,... ,m, and for the subsequent 
values of 5, the expressions (4.12) and (4.13) are found. Finally, to determine gi , 
simply set j = 1 in (4.18) and use (4.11)-(4.13) and (4.17). □ 

Analogous to (2.12), we now re-express (2.3) in the form 

<!(*) + /(m)(sK,i(*) +fl(m)(*)*n,i(*) = -eXlZz^rn<l(z) 

+ {9{m)(z) - giz^K^z) + {fW(z) - m}h'nA(z), (4.19) 
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\dt 

so that instead of (2.13), we have the alternative representation 

(4.20) 

where 

K^m\z,t) = A{m\z)eXlZz^A{
2
m){t)e-^tt-'11 - A^n\z)eX2Zz^A{m)(t)e-X2tr^, 

(4.21) 

(4.22) X (m\t)= 4ro)w4m)WQ(ro)w 

and 

(4.23) 

From Lemma 4.2, we observe that F^^t) and G^m^(t) are analytic in the unbounded 
annulus \t\ > max{a, a^m^}, and are O(l) as t —*• oo. 

On setting hn^(t) and ft'n,i(^) to zero in ^^ integrand of the right-hand side of 
(4.20), we obtain as our approximant 

/oo 
e-tfMi - w ^W (ijj^tm) (f )rnjl (t)dt 

/OO 

4m)Wx(ro)Wrn,i(<)^. (4-24) 

which then can be expressed in the form 
/CO 

e-H^-^R^^dt (4.25) 

where 

<?(<) - -^y^ Z" 4m)(-)x(m)(-)r„,i(-)d«. (4-26) 

Note that when m = 1, this expression degenerates to (2.20).  Next we expand the 
function defined by (4.26) in the form 

OO      -ky(
m)/^\ 

■^n,! v6; —   ^n   t" ^   ^n+A.   , (4.27) 
k=l 

which converges for \t\ > max{a,a^m^}.   The coefficients {a^ (A:)},_   depend on 

{as,i}^ m'n > {^,2}^!, {/fl}^=o' aild {^}n=o' and can be comPuted from (4-26) 
using (2.4)-(2.6), (4.1), (4.5), and (4.22). 

On employing (2.22) and (2.25) in conjunction with (4.25) and (4.27), we obtain 
our desired expansion 

h<$(z) = an,1A^(z)e^z^-^ En^1+,2(z){l + ^(0)} - ^- £ 
oo    /qCm)/ 

e-^CiW 
s=0 

(4.28) 
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where {^(s)} are defined by (2.27) with an^(k) replaced by ^(fc). From (4.28), 

we deduce the existence of a computable constant C^ ^ , which is independent of z, 

such that for 0 < | arg(2)| < |7r and max{a,a^m^} + 1 < \z\ < oo 

ftS^I < cS\an<1e^Z^-n\{\zEn^1+tl2(z) 

which implies 

In place of (2.18), we define for s = 1,2,... 

+ i}. 

anAeX2Zzfil-q 
£n,l(z)- 

(4.29) 

(4.30) 

fciT)w = /00jr(m) (*.*){ 
&m)^^\t)+i^K jr^'w}*, (4.31) 

Jc{z) 

-e^zz^A(™\z) [ 
Jc 

and then following the procedure which led to (3.4), we arrive at the representation 

-Aitr/i,-m-l^(m)Wft(«--l,m)(t)d4 

with 

^.m)(t) = A^it^F^it) + G(m'(i) + (m + 1 + Mi)*-1^^^*)} 

- {4^(i)F(-)(i)}'. (4.33) 

In order to bound each of the functions successively, we select a positive constant 
A(m) such that 

\A^\z)\<A^ (4.34) 

for max{a, a^m^} + l < \z\ < oo. Then from (4.33), one can show, under the conditions 
stated in the proceeding theorem, that for each s 

hiT^z) < 
C,i7|on,ieAa^'*1-«|£B,i(z) 

Aim)    f        fk(m)(t)   +72(i7r)  ^)(t)  ||t-m-ldt| (4.35) 

The proof of the following theorem now follows in a similar manner to that of 
Theorem 2.2. 

Theorem 4.3. Select the smallest nonnegative integer q, and any positive integer n, 
such thatn > q>\ Re(^i— /X2)|> In addition, select a positive integer m, independent of 
z, and let the positive number a^ be as defined in Lemma 4.2. Let — 2'K < arg(2;) < 27r 
and max{a,a(m)} + 1 < \z\ < oo. Then under the conditions stated in §§1-2, equation 
(1.1) has the solution 

n-l 

s=0 

Wl(z) = e^z^ j:^ + h^iz) + e<j$(z) (4.36) 
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^(m) where hn 1(z) is given by (4.28), and 

Irn), 7(m) 47W ^QT^^-'M*) 
exp {A(m)IJ trit) +72(^)^(0 (m). Jlr"1-1^]! -i . 

(4.37) 

The corresponding expansion for ^(z) is given as follows. We define {^™ (fc)}^ 
by the expansion 

4m)H)<9(m)H) 
.(m) A^i-t) 

/oo 

t A(r){s)x{rn\s nan,2      rn^{s) 
cn+l + 

Qn+2 ds 

oo    -{m) ( 

A:=l 

(4.38) 

where (jX"^ (2) is given by (4.6) with the subscripts 1 and 2 interchanged. Then let 

>©(*) = -an,24m)(*)eAl^2~n+1 

Z     00 

x   £;n+w_M (^e-4) {l + /©(O)} - i- X; 
00 /gg^) 

s=0 

(4.39) 

in which {/^n™ (s)}^Lo are ^efine(i ^y (2.47) with Q;nj2(A) replaced by a^ (fc). Then, 

if C^ is chosen to satisfy (2.49) but with ft^ 2(2) replaced by /i^ (2), we have the 
following result. 

Theorem 4.4. Le£ —TT < arg(2:) < STT with the other conditions as stated in Theorem 
4.3.  Then equation (1.1) has the solution 

n-l 

zs 

where 

S ^n,2 £n,2(z) 

(4.40) 

o„,2eAl^,4a-« 

'exp^AWf {\4m)(-t)\ +I2fr)\4m\-t)\}\t-m-1dt\} - 1 

5. Extensions to other ranges of arg(z) 

(4.41) 

We now extend the results derived in Theorems 4.3 and 4.4 to the ranges 27r < 
|arg(z)| < §7r — 6 and 27r < | eirg(ze~7ri)\ < |7r — (5, respectively. We give brief 
details for the first of these, and there are essentially two modifications required. An 
appropriate path of integration must be specified for (4.32), and a suitable weight 
function must be prescribed in place of (2.37). To simplify the details of the extension 
of Theorem 4.3, we shall assume here that \z\ < n + 1 when 27r < arg(2;) < |7r with 
the restrictions on n and q being the same as in §§2 and 4. 

For each non-zero z satisfying |7r < arg(z) < §7r, we define a path Cn{z) in the 

£-plane as follows. To do so, we introduce zn = Re(2:) — i\/{n + I)2 — Re(z)2, which 
is the point satisfying |7r < arg(in) < 27r, having the same real part as z, and with 
modulus n + 1. The path Cn(z) then consists of an arc at infinity extending from 
t = 00 with arg(t) = 0 to t = (n + 1) + zoo, and a line parallel to the imaginary axis 
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from t — -{n + 1) + ioo to t = (n 4- lOe7™; in addition, the path Cn{z) consists of the 
part of the circular arc \t\ = n-f 1 running from t = (n + l)e7rz to t = zn, together with 
the line segment parallel to the imaginary £-axis running from t — zn to t = z. For 
— |7r < arg(z) < — |7r, we define Cn(z) to be the conjugate of the path Cn(z), which 
lies in the sheet -§7r < arg(t) < — |7r. The path £n(2) is depicted in Figure 5.1 for 
the case 27r < arg(^) < |7r. 

(/!+ 1)^ 

FIGURE 5.1. t-plane: path £n{z) for 27r < arg(^) < 57r/2. 

We also must define an integration path for each z' G £n((n + l)e±37r2//2), and this 
is done simply by defining C^z') to be Ciz'), the segment of £n((n + l)e±37rz/2) which 
runs from t = oo to t = zr. 

As before, |e£| < \ez\ for all finite t G £n(^)- Also, since n > \z\ - 1, on this path 
|t| > sin(5)|^| provided 27r < |arg(2;)| < |7r - 6. The segment of the path Cn(z) 
consisting of a semi-infinite straight line and a part of a circle resembles C(z), except 
that the circular component of Cn(z) has a fixed radius n + 1 rather than \z\. The 
importance of this stems from a consideration of all sub-paths C^z') where z' G Cn(z), 
and we discuss this further below after defining a suitable weight function. 

Since the path of integration has been modified, it follows that the weight function, 
£71,1(2) say, also must be modified. For ^TT < | arg(z)| < |7r, we define it to be 

£n,l{Z) =    sup   I 
u€Cn(z) I 

q-n+1 
En- M1+AA2 (u) + q-n   -u }• (5.1) 

Note that £n,i(z) varies continuously as z varies continuously in 27r < | arg(z)| < |7r. 
Although in our application 27r < |arg(^)| < |7r, we must define £n,i(z) (and hence 
Cn{z)) for the larger range ^TT < | arg(j2;)| < |7r, since arg(t) lies in this range when 
t e >Cn(^), and £n,i(t) is required in each successive approximation. 

Let us return to the reason for defining Cn(z) as we did. In bounding ft^i (2) 
using its representation (4.32) (where C(z) is now replaced by £n(;z)), one requires a 
suitable bound for the integrand, and, in particular, for h^i ,rn\z') for all z' G Cn(z). 

This in turn requires a suitable bound for h^i ^'(z") for all zff G Cn(zr) and for all 
z' G Cn{z)i and so on. It is clear from the present choice of Cn(z) that all members 
of these families of sub-paths are merely sub-paths of Cn(z) itself. However, if Cn(z) 
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were defined in a similar manner to C(z) with a circular component of radius \z\, then 
the following problem would ensue: the point t = Re(z)e27r2 lies on the path Cn(z) 
whenever 27r < arg(z) < |7r, and so in turn, the path Cn(Re(z)e27rt) would contain 
the point t = Re(z)e'7ri. Consequently, the weight function £n,i(z) would have to 
be defined as the supremum over a region, Vn(z) say, which must contain the point 
u = Re(z)e7r2. As a result, this weight function would certainly be bounded below by 

Mz)q-n+1 En-n+niMW) (5.2) 

When n = \z\ + a with a bounded (as will be the case), it then can be shown from 
(5.2) that the weight function would be asymptotically larger than the approximant 
A£J(*) as |;?| -> oo (compare (2.29), (2.30), and (4.28)). 

With the above definitions, the proof of the following theorem is similar to that of 
Theorems 2.2 and 4.3. 

Theorem 5.1. Select a positive integer m, independent of z, and let the positive num- 
ber a(m) be as defined in Lemma 4.2. Let 27r < | arg(^)| < §7r — 6 and maxja, a^m^} + 
1 <Re(z) < oo. Choose a constant 6 > 0, and select the smallest nonnegative integer 
q, and a positive integer n, such that n > q > |Re(/xi — /Z2-)| ar^ n ^ \z\ ~ !• Then, 
under the conditions stated in §§1-2, equation (1.1) has the solution given by (4.36) 
where 

.("*)/ >,(m) 
<?(*) ^ cZ'\a^e 2Zztll~9 £"A*) 

exp^AMj      {7l((5)|^m)(f)|+72(«5)|4m)(*)|}|^m"1*|}-l (5.3) 

Remark. In the derivation of this bound, the following generalisations of (3.8) and (3.9) 
were used: for ^TT < | arg(z)| < |7r — 6, with \z\ < n + 1 when TT < | arg(z)| < |7r — 6, 

[        Mt)t~q~2dt  <7i(^)|^~9| /        Mt)t~2dt (5.4) 
Jcn(z) JCn(z) 

and 

/       UaW^1"'12"9"2*  <l2(S)\z^-^-q\ [       ^2{t)t-2dt (5.5) 

(5.6) 

where ^(6) are defined by (2.38) and (2.39). 
For the second solution, we use the new weight function 

£,,2(z)=       sup      ( u^+'En+^-^u) + ui-ne-u }, 
ueCnize—"*) I J 

and as a result, we have the following extension. 

Theorem 5.2. Let 27r < |arg(2:e~7r2)j < |7r — 6 with the other conditions as stated in 
Theorem 5.1.  Then, equation (1.1) has the solution (4.40) where 

-(m), ■^(m) 

O*)  <Q7K2eAl*^-«5„,2W 

expj^M f U(S) 4m\-t) +72(<5) 4m\-t) jlr"*-1*!} - 1 

(5.7) 
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6.  Asymptotic properties of the expansions 

In this section, we focus on the asymptotic nature of the expansions for wi(z) given by 
Theorems 4.3 and 5.1. Similar results to those in this section can be obtained regarding 
the expansions for W2{z). We assume that 0 < | arg(z)| < |7r — <5, max{a, a^m^} + 1 < 
\z\ < oo, and m is fixed. In addition, we now impose the requirement that 

n = \z\ + a (6.1) 

where a is bounded. Recall in §5, we assumed for simplicity that n > \z\ — 1, so in 
that case a also must satisfy a > — 1. 

First, to show that the constant in (4.29) can be chosen so that C^l = 0(1) as 
n -^ oo, one could select, for instance, 

( i    ^ i 

^ 5=0 

so that (for fixed m) 

From the error bounds given by Theorems 4.3 and 5.1, it is seen that, as a means 
of showing that the leading terms provide a meaningful asymptotic approximation to 
the corresponding exact solutions, it suflBces to establish the theorem. 

max|a,a(m)} + l    "I, (6.2) 

(6.3) 

Theorem 6.1.   Under the conditions stated in this section 

an^zz^-^n^z) = o{h<$(z)}, 

uniformly for — 27r < arg(z) < 27r. Furthermore, if VQ = 0.27846 • 
ln(l/z/o) = VQ + 1, and <5o = arcsin(z/o); then 

an^Z^Sn^z) = 0{h$(z)}, 

(6.4) 

is the solution of 

(6.5) 

uniformly for 2TT < \ arg(2;)| < |7r — SQ. In degrees, SQ = 16.2°. 

Proof. From the definition (2.37), and the maximum modulus theorem, there exists 
C, C' € dV(z) such that 

entl(z)< c-^En-^AO +|cT"ne-Re(c,), (6.6) 

when 0 < | arg(^)| < 27r; when 27r < | arg(z)| < |7r — 8, £n,i(z) is replaced by £n,i(z) 
and C, C' ^ £n(z). 

From now on, we denote generic positive numbers by K and K', which can depend 
on 8 and m, but are independent of z (and hence n). In order to prove (6.5), we aim 
to show that 

h™(z)  >Kantle^z^-n+1En^1+^(z) , 

and then 

C^+1^n-Ml+A,2(C)| + IcfV11^') < K\z^n+1En^l+li2(z) 

From (2.29) and (2.30), we have for TT < arg(C) < 37r as C —»• oo 

27rze^n~/Xl+M2^7rY~/il+M2 C-n+1e-^ 
C + n - m + /i2' 

(6.7) 

(6.8) 

(6.9) 
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Thus for large n (so as to employ Stirling's formula) and \(\ sufficiently large, we find 
that 

C   n     En-fi1+^(O ^""~"+ife) 
Re(^i-^2) n 

+ ,_in
nV2e-n-Re«)|. 

(6.10) 

By examining the asymptotic behaviour of the generalised exponential integral on the 
negative real axis (see [5, Theorem 3.1]), we find that this bound is actually valid for 
TT < arg(C) < STT. 

For the special case ( = z (and recalling that n = \z\ + a), we deduce from (6.9) 
and Stirling's formula that 

\En^1+,2(z)\>K\z^\e^ (6.11) 

for sufficiently large \z\ with TT < arg(z) < STT. NOW, to prove (6.7), we use (4.28) to 
yield 

d™>) hZ'W > anle
x^z^-n+1 K Et n-A*i+M2 («) K' 

zn }■ (6.12) 

Therefore, combination of these last two results yields (6.7) for TT < arg(2;) < STT. 

Similar^, the bound can be shown to hold for —STT < arg(^) < —TT. On employing [5, 
Theorem 3.1], (2.29), and (6.12), we find that (6.7) also holds for 0 < | arg(z)| < TT. 

Next, from [5, Theorem 3.1], (2.29), and (6.11), it is not difficult to show that 

sup   \<:'\q-ne-w)<K  sup   C9-"+1£«-m+M2(C) 
C'€dv(z) ceav(z) 

(6.13) 

uniformly for 0 < |arg(z)| < 27r. For the corresponding suprema over Cn(z), the 
same bound can be established from (6.9). Hence, for all z under consideration, the 
establishment of (6.8) is equivalent to showing that 

C*-n+1i5„-M1WC) <K yq-n+l 
En- 1*1+^2 W (6.14) 

and to do this, we shall consider 3 cases separately. 

Case 1: 0 < |arg(z)| < TT. In this case, we can exploit the facts that |C| > \z\ and 
Re(C) > Re(^). So to prove (6.14), it suffices to prove 

|£?n^1+Ma(0| < K\En^1+^{z)l (6.15) 

and this follows immediately from (2.29) and the stated lower bounds on |C| and Re(C). 

Case 2: TT < |arg(z)| < 27r. Despite this given range of arg(z), we must bear in 
mind that arg(C) can take any value satisfying 0 < | arg(C) < 27r. Now |C| > \z\ if 
0 < I arg(C)| < TT. Thus, in this sub-case, we have from (2.29) and [5, Theorem 3.1] 

C«-n+1^n-Pl+W(C) < /d*rn+i/v (6.16) 

Next, when TT < |arg(z)| < 27r, we observe that |C| = |^|, so from (6.10), we again 
arrive at (6.16). Comparing (6.16) with (6.11), we arrive at (6.14) for case 2. 
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Case 3: 2>K < |arg(^)| <\-6,\z\<n + \. If \^ < |arg(C)| < §7r, then |C| =n + l > 
|^|, and hence (6.14) follows from similar arguments to case 2. If §7r < |arg(()| < 
|7r - 6, then we shall use (6.9) and the bounds 

|*| sin(«) < Re(z) < |C| < n + 1. (6.17) 

Let |C| = v\z\ where u is bounded, and bounded below by sin(^). Then, from (6.9) 
and (6.17) 

C-B+1f7„-w+Ma(C)  < ^max l^l'-^e-"!*!   . (6.18) 

If the maximum is attained by the first term in the curly brackets, the analysis follows 
as before and (6.14) is established. If the second term is the dominant one, then it is 
seen from (6.11) that a sufficient condition for (6.14) to be established is 

\uz\q'ne-^z\ < K\z\q-n+l/2eW. (6.19) 

If i/ > 1, then this is indeed satisfied. It remains to consider sin(<!>) < u < 1, and in 
this case, (6.19) will certainly hold if 

In(l/i/) - |*|      2|z|ln(l/z/)' 

for sufficiently large \z\. Since n = \z\ + a, the right-hand side of (6.20) is bounded 
above by 1 for sufficiently large \z\, and hence we arrive at the sufficient condition 
ln(l/i/) < v + 1, which is equivalent to u > UQ = 0.27846 • • •. Taking into account 
(6.17), we summarise that (6.14) will hold for Case 3 if 6 > arcsin(j/o) « 16.2°. This 
completes the proof of Theorem 6.1. □ 

Remark. It is possible to refine Theorem 6.1 to establish a similar bound which is 
uniformly valid for 0 < | arg(z)| < |7r — 6 where 6 > 0 is arbitrarily small. However, 
this would require a more complicated choice of integration paths and weight func- 
tions. This extra complexity would not be worthwhile since, as we indicated in the 
introduction, Theorem 4.3 and equation (6.4) as they stand, together with appropriate 
connection formulae, are sufficient to supply error bounds for exponentially-improved 
asymptotic expansions for all ranges of arg(z). 

7. Numerical calculation of the coefficients 

As an example on the computation of certain coefficients which appear in this paper, 
and, in particular, the bounding constants C^J , consider the equation 

d2w     1 dw     1 ,_   , 

This is a form of the modified Bessel equation with the solution corresponding to (2.1) 
given by 

_1_ 

One readily finds that in the notation of §1 

Ai = -2»        X2 = 2,        /ii=:|U2 = -2>        a = 0> (7-3) 

(-l)'[l-3-5-(2«-l)]2 

aM 47^ ' (7-4) 

w1(z) = -7=K0{±z). (7.2) 



132 DUNSTER 

s a20Ol(s)/a2O,l 0&%-l) 
1 -0.2619047621 0.01257713459 
2 -0.2383658008 0.01036206989 
3 -0.5201157538 0.02076233273 
4 -1.712789669 0.06334443363 
5 -7.416043231 0.2558676955 
6 -39.54852795 1.275218536 
7 -250.0219955 7.668064527 
8 -1826.788534 50.65231777 
9 -15145.85931 459.1759540 
10 -65403.09838 2288.932597 
11 29937.79001 -975.9469163 
12 24476.09131 -659.3825135 
13 140130.4330 -4035.233399 
14 432775.7572 -11002.96409 
15 2636354.428 -69677.94197 
16 11185427.47 -267304.4003 
17 71862712.07 -1829773.461 
18 255754663.3 -5990867.516 
19 1050790920 -34092565.15 
20 -9516852210 244726555.9 

TABLE 1 

with as^ = (—l)stts,i- From (7.1), we perceive that Rn,i(t) = an^t 
n, and hence 

f3n,i(k — 1) = an,i(k) = 0 for k = 1, 2,... . Hence, for the case m = 1, we can simply 

take C^l = 1 in (2.40). 
Now consider a higher value of m: for illustrative purposes, let us take m = 10 and 

n = 20. From (4.26), we find the first 20 coefficients that we shall require, as given in 
Table 1. Next, we calculate a value of a^10K The simplest way of ensuring |^ | > 0 
for \z\ > max{a, a^10)} is to numerically find positive p such that 

£ las,ll 

■=i   P° 
= 1; 

(note that |oS)i| = |as,2|)- One finds that p = 3.07853 • • •, and thus we choose 

iiiax{a,o<10>}=a<10>=3.08. 

For a bound A^ corresponding to (4.34), we then use 

i4(10)=^7feii: = 1.1794903- 

Next we find that 

S (4-08)s 

vMpM =0.40316..- , 
^   (4.08)* 

(7-5) 

(7.6) 

(7.7) 

(7.8) 
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which is smaller than 

|1 + /?2$(0)| = 1.012577.... (7.9) 

Therefore, in conclusion, we see from (6.2) that the constant we desire can be taken 
as 

Cg0l = AW\l + (3gol(0)\ = 1.1943- • (7.10) 

Remark 1. Due to the choice m = 10, the coefficients in Table 1 appear quite large. 
In general, as m increases so does a^m\ and hence too the coefficients {&)?) {k)}T_ 
themselves. However, since \z\ = 0(n) in applications, the series appearing in (4.28) 
converge quite rapidly provided m is not too large compared to n. For example, one 
requires 19 terms in the following series to attain the value shown 

X) "7^ = 0.01394215174 • • • , (7.11) 

and in the following, the value shown is attained after taking 10 terms in the given 
series n + 1 

oo    0(10)/ 
^ ^20,1 V 

k (20)s 

Remark 2. In practice, one may wish to calculate the coefficients {o^ (k)}T_ for 
various values of n (according to the value of \z\ under consideration). An efficient 
way of doing this is to compute one such set of coefficients (for fixed n), and then use 
recursion in n. For example, consider the coefficients defined by (2.20) and (2.21). By 
replacing n by n + 1 in these equations and subtracting the original equations, one 
finds that 

0m(s) 
Y,   /l^;,    = 0.01315724133 • • • . (7.12) 

an+i,i(*0 = anAk + 1) - J 1 _ E±—Bll j     x(s){rn+i,i(s) - rnA(s)}ds 
n+fc+l 

(7.13) 

where [^(t)]^ denotes the coefficient of t~k in the expansion of h(t) in inverse powers 
of t. Then, from (2.2) and (2.3), it is not difficult to show that 

rn+lfi(«) - rn,i(z) = anjlz-
n-2 [*2(Ai/(*) + g(z) + A?) 

- z(n - iii){f(z) + 2Ai) + (n - //i)(n - ^ + 1)].     (7.14) 

If we now insert (7.14) into (7.13), we arrive at our desired recursion relation 

On+lAk) = °n.l(k + 1) +  ^ n + fc+1 (7-15) 

where 

Un,i{k) = (Mi - M2)A:"1 Xlifii - M2)2 - 2Ai(n - /i^^i - ^2) + (n - /xi)(n - /xi + 1) 

fe+i 

/=o 
(7.16) 

in which it is understood that /_i = 0. Notice that (7.15) and (7.16) simplify consid- 
erably in the common case when fj,i = /i2- 



134 DUNSTER 

Remark 3. In order to calculate coefficients such as those given by (2.27), one should 
calculate a starting coefficient (to the desired accuracy) using its convergent series 
expansion, and then calculate subsequent ones recursively (without having to resort 
to their convergent expansion representations). For example, from the general form 
of (2.27), one would use 

^)(^ + l) = -(n + g-^1+^)/?ff(S)-an'a        j. (7.17) 
0-71,1 

If the coefficients are not decreasing rapidly in absolute value, one would calculate 
Pn^iiO) as the starting coefficient, and then use forward recurrence; otherwise, back- 
ward recurrence from some appropriate later starting coefficient may be required. 
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