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ON d-ORTHOGONAL TCHEBYCHEV POLYNOMIALS, II 

Khalfa Douak and Pascal Maroni 

ABSTRACT. In Part I, we considered the following problem: Find all d-orthogonal 

polynomial sequences {Pn}n>0 such that P^ ^ = Pn, n = 0,1,2,..., where 

{Pn }n>0 is the associated polynomial sequence of {Pn}n>0- The resulting poly- 
nomials are an extension of the classical Tchebychev polynomials of the second 
kind. A detailed study was made in the particular case d = 2. 

The purpose of this paper is to make similar investigations by considering 
the analogous problem: Find all d-orthogonal polynomial sequences {Pn}n>0 

such that pW = Qn, n = 0,1,2,..., where Qn(x) := (n + l)~1P4+1(a;), n > 
0. Here, we show that the resulting polynomials are a natural extension of the 
classical Tchebychev polynomials of the first kind. The recurrence coefficients 
and generating function are determined explicitly. As in Part I, a detailed study 
will be carried out for the case d = 2. A third-order differential equation and a 
differential-recurrence relation are given. Again, in the particular case, integral 
representations are obtained of the linear functionals with respect to which the 
resulting polynomials are 2-orthogonal. 

1. Introduction and preliminary results 

This work represents a continuation of our previous paper [6]. The terminology and 
notations employed here are the same as those in the Part I. 

It is well known (see e.g., [2]) that the Tchebychev monic polynomials {Tn}n>o and 
{Un}n>o of the first and second kinds, respectively, are linked, at the same time, by 
the two relations 

fW(x) = Un(x)    and    Z+i(x) = (n + l)Un(x), n = 0,1,..., 

where {Tn   }n>o are the associated polynomials of {Tn}n>o.The polynomials {Tn}n>o 

are orthogonal with respect to the weight function l/\/l — x2 on [—1, 4-1], that is, 

W-i 
(x)fm(x)-7==?dx = kn5n^    kn = 21-2n-^'0,    n,m > 0, 

V1 - x2 

and they satisfy the second-order recurrence relation 

Tn+2(x) = xfn+1(x) - -^Lfn(x),    n > 0, 

fo(aO = l,    f1(x)=x. 
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The associated polynomials Tn   , n — 0,1,2,..., are defined by 

f<,,M=ij;w*>=wi)^ n=0jli2j.,.> 

and satisfy the second-order recurrence relation 

TM*{x) = xT$x(x)-\f£Xx),    n>0, 

f0
(1)(x) = l,    f[l\x)=x. 

The connection between the two kinds of the classical Tchebychev polynomials was 
the first motivation for us to consider problems of the types 

P7l
1)=Pn,        n = 0,1,2,... (1.1) 

or 

P^=Qn,        n = 0,1,2,... (1.2) 

and to look for the resulting polynomials in the d-orthogonality case. These polynomi- 
als are natural extensions of the classical Tchebychev polynomials. They have some 
properties that are analogous to those of the classical Tchebychev polynomials. In 
the case d = 2, for example, they are related to weight functions involving the square 
root of a polynomial of degree 3, plus Stieltjes-type functions suitably chosen, whereas 
Tchebychev polynomials are related to weight functions involving the square root of 
a polynomial of degree 2. 

In this work, we investigate the sequences of monic polynomials {Pn}n>o for which 
(1.2) holds. The organization of the paper is as follows. Section 2 is devoted to the 
statement and the solution of the problem (1.2) in the two special cases d = 1 and 
d — 2. For d — 1, we obtain that {Pn}n>o are the Tchebychev monic polynomials 
of the first kind, and for d = 2, we obtain the analogous 2-orthogonal polynomials. 
Among such polynomials, the 2-symmetric ones (see Definition 2.1 below) are singled 
out and called 2-orthogonal Tchebychev polynomials of the first kind. In Section 3, 
for d = 2, we show that the resulting polynomials satisfy a differential-recurrence 
relation, and in the 2-symmetric case, we obtain that each polynomial satisfies a 
third-order differential equation. Finally, Section 4 deals with the problem of integral 
representations of the linear functionals associated with the 2-orthogonal polynomials 
obtained in Section 2, as well as, the functionals involved in the cubic decomposition 
of such polynomials. 

Let {Pn}n>o be a sequence of monic polynomials, {un}n>o, the dual sequence 
associated with {Pn}n>o defined by (un,Pn) = 8n^m, n,m > 0, where ( , ) is the 
duality bracket between the vector space of polynomials with complex coefficients and 
its dual (see Subsection 1.1. below). 

Lemma 1.1. [12] For any linear functional u and integer p > 1, the following two 
statements are equivalent. 

(a) <ix, Pp-i) ^ 0; (u, Pn) = 0 forn > p; 
P-i 

(b) there exists Xu e C, 0 < u < p - 1, \p_i ^ 0, such that u = V" A*,^. 
v=0 
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Definition 1.1. Let UJI,U2, • • • ^d be d linear functionals (d > 1). The polynomial 
sequence {Pn}n>o is called a d-orthogonal polynomial sequence (d—OPS) with respect 
to Q = *(wi,... ,Ljd) if it fulfills [11, 13] 

{u^PmPn) = 0,        n>md + Q;, (1.3) 

..(Wa^^P^+a-^^O, (1.4) 

for each integer a with a = 1,2,..., d and m > 0. 

Remark 1.1. (a) When d = 1, we again have ordinary regular orthogonality. In this 
case {Pn}n>o is an orthogonal polynomial sequence (OPS). 

(b) The inequalities (1.4) are the regularity conditions (for equivalent conditions of 
regularity, see, e.g., [11, p. 110]). In this case, the d-dimensional functional Q, is called 
regular. It is not unique. Indeed, according to Lemma 1.1, we have 

a-l 

i/=0 

Q:=1 

■a = 2 AX.        K-i^Q,    l<a<d 
i/=0 

-^E7*^'        ^i^O.    0<i/<d-l. 

Therefore, from now on, we shall work uniquely with the dual functionals UQ, ..., Ud-ii 
that is to say, hi = t(uQ,..., Ud-i)] it is the canonical regular d-dimensional functional 
with respect to which {Pn}n>o is d-orthogonal. 

A remarkable characterization of the d-OPS is that they satisfy a (d + l)-order 
recurrence relation [13], which we write in the form 

d-i 

Pm+d+i(a;) = (x- /?m+d)Pm+d(x) - Y^ym+d-isprn+d-i-v(x),    m > 0,        (1.5) 

with the initial conditions 

Po(x) = l,    Pi(x) = x- (3o,- and if d> 2, 
n-2 

Pn(x) = {X- Pn-^Pn-lix) - Y, itXllPn^-uix),      2 < n < d, (1.6) 

and the regularity conditions 

7^+1^0,        m>0. (1.7) 

The above recurrence relation is equivalent to the following recurrence relation 
between d + 2 consecutive linear functionals [12]: 

d-l 

xun =un-i +/3n'izn + ]P7n+i~'//lWi+io    n>0    (iz_i=0). (1.8) 
i/-0 

Another characterization has been given in [11]. 
Note that when d = 1, the recurrence (1.5) with (1.6) is reducible to the second- 

order recurrence relation 

Pn+2(x) = (x- /?n+i)Pn+i(x) - 7n+iPn(^),     n > 0, 

Po(x) = l,    P1(x) = x-po- (1.9) 
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Now, the polynomial sequence {Pn}n>o is called the "classical" d-OPS, or simply 
d-classical, if it satisfies the Hahn property, that is to say, the sequence {Qn}n>o is 
also d-orthogonal where Qn(x) := (n + l^-Pn+iO*;) '1S t^ie monic derivative. In this 
case {Qn}n>o also satisfies a (d+ l)-order recurrence relation, namely 

d-l 

Qm+d+^x) = (X- pm+djQm+dtx) - ^ ^+d-uQm+d-l-u(x),      TXl > 0, (1.10) 
i/=0 

with the initial and the regularity conditions 

Qo(rc) = l,    Qi(x) = x-J3o and if d > 2, 
n-2 

Qn(x) = (X- /?n-l)Qn-l(s) " E itl-'Qn^-Ax), 2 < ft < d, (1.11) 
i/=0 

7^+i / 0,        m > 0, 

and it is d-orthogonal with respect to V = £(vo,... ,^-i)5 where {^n}n>o is the dual 
sequence of {Qn}n>o- 

1.1. Some elementary operations in V and V*. Let V be the vector space of 
polynomials with coefficients in C and let V be its dual. We denote by (it, /) the effect 
of u £ V1 on / G V. In particular, we denote the moments of u by (u)n = (u,xn}, 
n > 0. 

By transposition, we obtain 

(a) The left-multiplication of a functional by a polynomial: 

{fu,p}~{u,fp),      ueV,   f,pev. (1.12) 

(b) The derivative of a functional: 

{Du,P) = {u,,p):=-{u,p'),        ueV,    peV. (1.13) 

AN APPLICATION. We have [11] 

Dvn = -(n + l)un+1,        n>0, (1.14) 

where {un}n>o (resp., {fnln^o) is the dual sequence of {Pn}n>o (resp., {Qn}n>o)- 

(c) The division of a functional by a polynomial: 

From the linear application p -)• (9cp)(x) = p^xlZc    ' c ^ C, we have 

((a:-c)-Vp>:=<u,M- (i-15) 

(d) The right-multiplication of a functional by a polynomial: 

(u,p) -* (up)(x) = U ^IzM)\ = £ ( £ a,^),.,)^, u G ^ 
\ X       ^ I u=0^yi=u J 

and 
n 

y{x) = Y^avxU- 
i/=0 

(e) The product of two functionals: 

(uv,p) := (u,vp), u,v G V', p G V. 
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(f) The operator as: 

Let us introduce the operator as : V -> V] s G N, defined by 

(asf)(x) := f(x'),     feV. 

By transposition, we define tas by 

(t(Ta(u)J) = {u,vsf),    ueV,    feV: 

so that (*(7s(w))    = (w)snj ^ > 0.   Therefore, from now on, we set tas = <JS, then 

(as(u)J) - (u,asf), f eV;ueVf, so that (<7fi(u))n = Wsn, n > 0. 

Lemma 1.2. [6] For all f eP and u eV, we have the properties: 

f(x)as(u) = as(f(xs)u), (1.16) 

sl?((7a(u)) - ^(^(x1-^)), (1.17) 

as(Du) = sD^^"1!/)). (1.18) 

1.2.  The associated polynomials. 

Definition 1.2. We call the associated sequence of {Pn}n>o (with respect to UQ), the 

sequence {in   }n>o defined by 

fW(x)=(iio,Pw+i(a]:fn+i(0),  ^o-       c1-19) 

Every polynomial Pn    is monic.   We denote by {un}n>o, the dual sequence of 

Proposition 1.1.  [12] We have 

u^ = (xun+1)uo\    n>0, (1.20) 

where u"1 (the inverse element ofu) exists if and only if (U)Q ^ 0; and then uvT1 = S. 

Now, the successive associated sequences are defined by recurrence Pn       = (in  j^ 

and ^r+1) = (u^yV, forn, r > 0. 

Remark 1.2. When {Pn}n>o is an OPS (with respect to UQ), then it satisfies the 

recurrence relation (1.9), and we know that the associated sequence {Pn }n>o satisfies 
the recurrence relation 

P^U*) = (*- Pn^Pi'U*) - ln+2P£\x),  U > 0, 

P0
(1)(x) = l, Pl1)(x) = x-0u (1.21) 

and it is orthogonal with respect to UQ   .   It is clear that Pn     = Pn, n > 0, and 
(o) 

Likewise, if {Pn}n>o is ci-OPS, namely, if it satisfies the recurrence (1.5)-(1.6) then 

{Pn   }n>o also satisfies the (d+ l)-order recurrence relation 

PJnU+iW = (*- Pm+<i+i)P£Ux) - ETt-V-Vi^Vi-.W-        rn > 0, 

(1.22) 
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with the initial conditions 

P0
(1)(z) = 1,    P^ix) = x-0i,    and if d > 2, 

P^ix) = (X- Pn^lM - £ iP-T^-Mi    2 < n < d. (1.23) 
i/=0 

Thus, we have the evident result: 

Proposition 1.2.   When {Pri}n>o is d-OPS with respect to U = t(uo,... ,1^-1), then 

{Pn^nyo, r > 1, is d-OPS with respect to ZY(1) = ^(w^,.. -, w^i)- 

2.  Statement of the problem 

We pose the analogous general problem as follows. 

For fixed integer r, find all d-OPS which satisfy 

p£Xx) = Qn{x),        n = 0,1,2,.... (2.1) 

Remark 2.1. The d-OPS {Pn}n>o is necessarily "classicaF (in the sense of the Hahn 

property, that is, {Qn}n>o is also d-OPS). Indeed, since {Pn}n>o is d-OPS, {in }n>o 
is also d-OPS, and then {Qn}n>o is a d-OPS. This general problem has remained 
unsolved. However, for some special choices of the integers r and d, the resulting 
polynomials are known. 

EXAMPLES. In the case r = 0, the equality (2.1) becomes Pn{x) = Qn(x)>> n = 
0,1,2,..., and {Pn}n>o is an Appell polynomial sequence, so the above problem 
becomes 

Find all polynomial sequences which are at the same time d-OPS and Appell 
polynomials. 

(1) When d = 1 (ordinary orthogonality), the only resulting polynomials are the 
Hermite polynomials (up to a shift) (see, e.g., [1]). 

(2) In the d-orthogonality case, the problem is solved for d = 2 by the authors in [4], 
and recently, the solution is given for any integer (dimension) d (d > 1) by the first 
author in [3]. The resulting polynomials are a natural extension of the Hermite poly- 
nomials, Among such polynomials, the d-symmetric ones are singled out. They are 
named d-orthogonal Hermite polynomials. 

Here and in the sequel, we investigate the case r = 1, namely, we look for all d-OPS 
which satisfy 

Pi1)(x) = Qn(x),        n>0. (2.2) 

The method of proof is based only on the solution of the nonlinear system satisfied by 
the recurrence coefficients. For the sake of simplicity, we only consider the two special 
cases d = 1, d = 2. 



410 DOUAK AND MARONI 

2.1.  Special cases. 

2.1.1.  The case d = 1. (ordinary orthogonality) In this case the problem becomes: 
Find all polynomial sets which are OPS and which satisfy (2.2). 

First, since {Pn}n>o is OPS, then both {Pn}n>o and {QTi}n>o satisfy, respectively, 
the following second-order recurrence relations: 

Pn+2(x) = (x- /?n+i)Pn+iOr) - 7n+iPn(x),     (7n+i ^ 0),    n > 0, 

Po(s) = l,    Pi(x)=x-(30, (2.3) 

and 

Qn+2(x) = (X- 0n+1)Qn+i(x) - Jn+lQnix),       (%+! ^ 0),       Tl > 0, 

Oo(a:) = l,     Q1(x) = x-l3o. (2.4) 

Then, by virtue of the recurrence relations (1.21) and (2.4), the sequence {Pn}n>o 
fulfills (2.2) if and only if 

fin =l3n+U      ™>0, 

7n+l = 7n+2,     n > 0. (2.5) 

Next, from (2.3), (2.4) and after some manipulations, it is possible to show that the 
sequences {/3n}n>o, {Pn}n>o, {7n}n>i, and {7n}n>i satisfy the system (see, e.g., [4]) 

(n + 3)^+i = (n + l)^n + (n + 2)/3n+2-n/3n+i,    n > 0,        (2.6) 

2& = /?o+/3i, (2.7) 

(n 4- 3)7n+i - (n + l)7n = (p + l)7n+2 - (n - l)7n+i 

+ (n + l)(/3n+1-^n)
2, 

37i-72+7i + (/?i-^o)2, 

n7n+i(/3n+i 4- Pn - 2i8n-i) = (n + l)7n(2/3„+i - Ai - Ai-i), 

(n + 2)7n+i7n + n7n+27n+i = 2(n + l)7n+27n, 

From this, by using (2.5), we easily obtain that 

P^) = Qn(X),    n>0     ^     (^'^ "I"' 
[in+i = ^71,    n>h 

We always can choose fa = 0 and 71 = 1/2; then the recurrence relation (2.3) (resp., 
(2.4)) becomes 

Pn+2(^) = xPn+^x) —Pn(x),    n > 0, 

Po(rr) = l,    P1(x) = x, (2.12) 

respectively, 

Qn+2{x) = xQn+i{x) - -Qn{x),      U > 0, 

Qo(a?) = l,     Oi(a:) = a:. (2.13) 

Hence, {Pn}n>o (resp., {Qn}n>o) is the monic Tchebychev OPS of the first (resp., 
second) kind. 

n> 1, (2.8) 

(2.9) 

n>l, (2.10) 

n> 1. (2.11) 
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2.1,2.  The case d = 2. (2-orthogonality) 
Now, we state and solve the similar problem with d = 2: Find all 2-OPS which 

satisfy (2.2). 
In this case, each {Pn}n>o and {Qn}n>o satisfy a third-order recurrence relation 

which we write, respectively, 

Pn+3(a:) = (X - (3n+2)Pn+2(x) - 7n+2^n+l(^) - 7n+l^n(a?),      (7n+l / 0), 

n>0, 

Po(x) = 1,    P^x) = x - A), P2(a:) = (x - 0i)Pi(x) - 7i, (2.14) 

and 

Qn+3(:E) = (X - l3n+2)Qn+2(x) - 7n+2Qn+l(x) - 7n+lQn(^),       (7n+l 7^ 0), 

n > 0, 

Qo(aO = l,    Qi(x) = x-po,    Q2{x) = (x-01)Ql(x)-7l (2.15) 

First, it is easily seen that Pn   (x) = Qn(x), n> 0, if and only if 

J3n=(3n+l, n>0, 

7n+l =7n4-25     "> > 0, 

72+1=72+2,    n>0. (2.16) 

Next, by differentiating (2.14) and using the recurrences (2.14) and (2.15), we obtain 
that the sequences {/?„}, {/3n}, {7^}, and {7^} (v = 0,1) satisfy the system, valid for 
n > 1 [4], 

(n + 2)/3n - n&-i = (n + l)/3„+i - (n - !)/?„, (2.17) 

2^o = /3o+/3i, (2.18) 

.(" + 3)7^+1 - (« + l)7n ^ (« + l)7n+2 - (n - 1)7^+1 

+ (n+l)(l3n+1-0n)2, (2.19) 

37i1=72
1+7i + (/3i-A)2, (2.20) 

(n + 4)7°+1 - (n + 2)7° = (n + l)7°+2 - (n - 1)7^+1 

+ (n + 1)7^+2 (/3n+2 + Pn+1 - Wn) 

- (» + 2)7^+1 (2/3n+2 - ^n+l - A,), (2.21) 

47?=720+7? + 72
1(/?2 + /3i-2£0)-271

1(2/?2-A-A)),      (2-22) 
n7^+17^+2 + (n + 2)7^7^+! - 2(n + l)7n7i+2 

= (n + 2)7° (2/3„+2 - /3n+1 - ^.x) 

- "72+1 (A.+2 + /?« - 2^-1), (2.23) 

^7°+i7^+3 - 7° (2(n + 2)7°+3 - (" + 4)7°+2), (2.24) 

^+i7°+2 + n7°+i7i+3 = 7n(2(n + 2)7^+3 - (n + ^l
n+2) 

+ 7^ (2(n + l)7°+2 - (n + 3)7^+1). (2.25) 
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From this system and making use (2.16), we obtain after some calculations that 

Pi1)(x) = Qn(x),n>0    <=^     <7i+i = hi>    n^1* 

,7S+i = 57?,    n>l. 

We always can choose fo = 0 and 7J = 87 7^ 0 fixed, because orthogonality is kept 
through a shift. We put 7^ = 2a, then the recurrence relations (2.14)-(2.15) become, 
respectively, 

Pn+3(z) - xPn+2(x) - aPn+1(x) - 3Sn^Pn(x),    n > 0, 

Po(x) = l,    P1(x)=x,    P2(x)=x2-2a, (2.26) 

and 

Qn+3(x) = xQn+2(x) - aQn+1(x) - 7Qn(x),    n > 0, 

(5o(^) = l,    Qi(a;) = a;,    Q2(x) = x2 - a. (2.27) 

It is clear that {Qn}n>o is the classical 2-orthogonal polynomial sequence found in 
Part I, say, the Tchebychev 2-OPS of the second kind. 

Let us now introduce the generating function for the polynomials Pn, n > 0. 

F(x,t) = YfPn(x)tn. 
n>0 

By virtue of (2.26), we easily obtain 

Note that F(x,t) = (1 - at2 - 2^t3)G(x,t) where G(x,t) = (1 - xt + at2 + 7t3)-1 

is the generating function of the 2-orthogonal Tchebychev polynomials of the second 
kind, {Qn}n>0' 

Remark 2.2. The polynomials obtained here appear as particular cases of Faber 
polynomials [9]. Such polynomials are defined as follows: let z and w be two complex 
variables, f(z) be a mapping, and h(w) be its inverse. 

w = f(z) = z + ao + aiz'1 + a2Z~2 H , 

z = h(w) = w + bo + biw"1 + b2fw~2 + ..-., 

f(z) is a univalent mapping from a complement of a compact set onto a domain \w\ > r 
(r is the smallest number such that h(w) is univalent in \w\ > r). 

The Faber polynomials Fn(z) of degree n, associated with f(z), are the polynomial 
parts of [f(z)]n. Many properties of the polynomials Fn are known. We have, for 
example, the generating function 

V    y n>0 

which holds for \w\ sufficiently large (depending on z). The relation (2.29) often is 
taken as the definition of Faber polynomials. 
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If we put t — l/w, the above becomes 

thmx   Km)    h 

(1) It is easy to verify that the choice h(w) = (w2 + l)/2w leads to the Tchebychev 
non-monic polynomials of the first kind {Tn}n>o. 

(2) Similarly, the choice h(w) = (ws + aw + j)/w2 leads to the 2-OPS {Pn}n>o 
defined by the recurrence (2.26). 

Indeed, in (2.29), the substitution of h(w) = (ws + aw + 7)/w2, with t = 1/w, 
leads to 

tMi/*)l     Mi/*)J       nVo 

with 

^M)/!.,^.!"1^     l-^-27t3     _F(xt) 
th(l/t)\       MV*)/ l-^ + ^2+7t3        l ' ^ 

Then Fn(x) = Pn(a;), n > 0. 

2.2. 2-Symmetric polynomials and cubic decomposition. Let /c be an integer 
with 0 < k < d. By ^, /c = 0,1,..., d, we denote the d + 1 roots of unity, namely, 

. / 2ik7r 
£k = exp 

Definition 2.1. The sequence {Pn}n>o is called d-symmetric if it fulfills 

Pnfax) = ZkPn{x),    k = 0,1,..., d,    n > 0. 

When d = 1, then Co = 1 and ^ = —1; this means that the sequence {Pn}n>o is 
symmetric, that is, Pn(—x) = (-l)nPn(£), n > 0. 

In order to produce the 2-OPS analogous to the Tchebychev OPS of the first kind, 
we put & = 0. Hence, the 2-OPS {Pn}n>o is 2-symmetric. In this case, {Pn}n>o is 
the "classical" 2-OPS analogous to the Tchebychev OPS of the first kind. Therefore, 
they will be called the Tchebychev 2-OPS of the first kind. 

When a — 0, the recurrence relation (2.26) becomes 

Pn+S{x) = xPn+2(x) - 3^'07Pn(z),      Tl > 0, 

Po(x) = 1,    Pi (a:) = x,    P2(x) = x2. (2.30) 

Hence, setting 

P3n(x) = pW(x% 

P3n+1(x)=xPM(x% 

P3n+2{x) = x2pW(x3),    n>0, 
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'Pn 7n+l ln+l 

z = l 37 372 except 17i = 672 73 except: ^ = = 37
3 

i = 2 87 except: 2/3o = 47 372 except: 271
1 = 572 

73 

i = 3 37 except: 3/?o = 67 372 73 

TABLE 1. Recurrence coefficients 

where {in }n>0j ^ — 1J2,3, are the three components of {Pn}n>o which are given by 
the system [4] 

(P%Ux)\       f-l     0 X 
= |—7—7       x 

-7    —7   x — 7) 
P[nUx) 

j[3] 

PnM(x) 

W31(*)/ 
n> 1, 

>[i]/ Pf(x) - 1 and PliJ(a;) = a; - 87, ^(a;) M^ - 47, 

Wii(*)/ 
with P^^x) = P^\x) = 
P1

[3l(a;) = x-57. 
This natural (cubic)  decomposition produces other sequences which are also 

2-orthogonal. In particular, the first component {Pn^}n>Q is a "classical" one. 

It follows that each {Pn }n>0) {i — 1,2,3) satisfies a third-order recurrence relation 
(see [4] for the formulas) 

P%{x) = {x - ^n+2)P^2{x) - ^P^ix) - ^P^Kx), (^+1 7^ 0), 

n > 0, 

P${x) = l,    PP(x) = x-%9    P^(x)=:(x-ip1)P^(x)-i1l (2.31) 

where the recurrence coefficients */?„, *7i+1, and *72+i» n > 0? are tabulated in 

Table 1, and for each i = 1,2,3, the sequence {in }n>o is 2-orthogonal with respect 
to WW = *(u[)

t',iz5*') where, according to the relation (2.18) given in Part I [6] 

uf = (Ta^-^aj+i-i),    j = 0,1, t = 1,2,3. (2.32) 

The cubic decomposition of the sequence {Qn}n>o was made in Part I [6]. 

3.  A differential-recurrence relation and a third-order 
differential equation 

We start by proving that the sequence {Pn}n>o defined by the generating function 
(2.28) satisfies a first-order differential-recurrence relation. Next, when a = 0, we give 
a third-order differential equation for the polynomials Pn, n > 0. 

Proposition 3.1. The polynomial sequence {Pn}n>o satisfies the differential-recurr- 
ence relation 

(l){x)P,
n+l{x) = (n + IJ^aOPn+ifr) + [nA2{x) + B1(a:)]Pn(x) 

+ [(n-l)i43(^) + 52(x)]Pn-i(a;)+ [(n-2)i44(a;) + B3(a:)]Pn-2(a:) 

+ [(n - 3)i45(a?) + B^x)]Pn^{x) + (n - ^^(^Pn^W,    n > 0,       (3.1) 
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where (j)(x) = (Aayx + a3 + 972)(47x3 + a2x2 - Y^a^x - 4a3 - 2772) and Ai{x), 
1 < ^ < 6, Bj(x), 1 < j < 4, are polynomials of degree at most equal to 3 (see the 
equalities (3.12), (3.13) below).  We have put P-n{x) = 0, n > 1. 

Proof. From the generating function (2.28), we obtain by differentiating F{x,t) with 
respect to t and re, respectively, 

(27£3 + at2 - 1) (7t3 + at2 -xt + l)<9tF(x, t) 

= [a^t4 - Ajxt3 + (97 - ax)t2 + 4at - x]F(x, t) (3.2) 

(7t3 + at2 - xt + 1)^F(x, t) = tF(x, t) (3.3) 

where 9^ = d/dx and 9* = 9/9t. 
From these, it follows that 

[a7t4 - 47^3 + (97 - ax)t2 + Aat - x}dxF(x,t) = (2ft4 + at3 - t)dtF(x,t).   (3.4) 

Next, multiplying (3.3) by -at and adding to (3.4), we obtain 

[(47a: + a2)*3 - 97t2 - Sat + x]dxF(x, t) = -(2ft4 + at3 - t)dtF(x, t) 

+ at2F(x,t). (3.5) 

Now multiplying (3.5) by -7 and (3.3) by ifx + a2 and adding, we obtain 

[ - (4(272; + a3 + 972)t2 + (47X2 + a2x - 3af)t - (3jx + a2)]dxF(x,t) 

= -f(2ft4 + at3 - t)dtF(x, t) + [aft2 - (4fx + a2)t}F{x, t). (3.6) 

Likewise, multiplying (3.6) by ft and (3.3) by 4^72; + a2 + 972, we obtain by addition 

[(47V + 5a27X + 6a72 + a4)t2 - (kafx2 + (a3 + 1272)x + a2f)t 

+ (Aafx + a3 + §f2)]dxF(x, t) 

= -f2(2ft5 + at4-t2)dtF(x)t) 

+ [a72t3 - 7(472; + a2)t2 + (Aafx + a3 4- 972)t]F(2;, t). (3.7) 

Thus, (3.6) and (3.7) form the system 

mii(x)t2dxF(x,t) -^m12{x)tdxF{x,i) = ni(a;,t), 

m2i (2;)t29xF(x,t) + 77122 {x)tdxF{x,t) = n2(x,t) (3.8) 

where 

77211(2;) = 4a72; + 972 + a3, mwix) = -Afx2 - a2x + 3a7, 

77121(0;) = 4722;2 + 5a27X + 6a72 + a4,    TTT^OE) = -4a72;2 - (a3 + 1272)x - a:27, 

and 

ni(x,t) = -(3fx + a2)dxF(x,t) + 7(27^ + at3 - t)dtF(x,t) 

+ [ - aft2 + (472; + a2)t\F{x,t), 

n2(x, t) = -(Aafx + a3 + 9f2)dxF(x, t) - f2(2ft5 + at4 - t2)dtF(x, t) 

+ [af2t3 - 7(472; + a2)^2 + (40:72; + a3 + §f2)t]F(x,t). 

Let A(x) be the determinant of the above system and 5(x) the polynomial given by 

8{x) = Afx3 + a2a;2 - 18072; - 4o3 - 2772. 
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We have A(x) = mii(x)m22{x) — m2i(x)mi2(x) = 7(473; + a2)5(x). 
Hence, the system (3.8) allows us to express t2dxF(x, t) and tdxF(x, t), respectively, 

as 

A(x)t2dxF(x,t) = \a5(x)t5 + a4(x)t4 + as(x)t3 + a2(x)t2 + a1(x)t\dtF(x1t) 

+ bs{x)ts + b2(x)t2 + 6i(a;)t F{x,t) - aj5(x)dxF(x, t)   (3.9) 

where 

ai(x) = 4a72:r2 + j(a3 + 12j2)x + a272, 

a2(a;) = 473^2 + a272a: - 3a73, 

a3(x) = -4a272x2 - ai(a3 + 1272)x - a372, 

a4(x) = -12aj3x2 - 3-f2(a3 + 872)^ + a273, 

a5(x) = -87V - 2a273z + 6a74, 

61 (x) = -Yl^x2 - 19a272:r - a7(4Q;3 + 2772), 

h2{x) = -1673rr3 - 4Q;
2
7

2
X

2
 + 24a73x + 4a372, 

63(2:) = 4a73^2 + a372^ - 3a273, 

and 

A(x)tdxF{x,t) = [c5(x)t5 + c4(x)t4 + c3(x)t3 + C2(x)t2 + aWtldtFfat) 

+ [d3(x)t3 + d2(x)t2 + d1(x)t]F(x,t) + 3~/25(x)dxF(x,t)  (3.10) 

where 

ci(x) = 473a:2 + 5a272x + a7(a3 + 672), 

C2(x) = 4a73x + 72(a3 + 972), 

c3(x) = -4a:73£2 - 5Q;372X - a27(a3 + 672), 

c4(x) = -874x2 - 14a273x - 3a72(a3 + 772), 

c5(x) = -8a-f4x - 273(a3 + 972), 

di(x) = -1673x3 - SaVz2 - a7(a3 - 4872)x + 372(4a3 + 2772), 

d2(x) = -Ylar'x2 - 372(a3 + 1272);r - 3a273, 

d3{x) = 4a273x + a72(a3 + 972). 

Now, by multiplying the equality (3.10) by t, using (3.9) and (3.10) again, we obtain 
after some calculations 

<t>(x)dxF{x, t) == A{x, t)dtF(x, t) + B(x, t)F{x, t) (3.11) 

where 

0(a;)= (4a7^4-a3 + 972)^(^), Afat) = Y^Au(x)tu, B(x,t) = ^TE^Z)^, 

I/=I i/=i 
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with 

Ai(x) = 16a>y2x3 + 47(2a3 + 9-f2)x2 + a2(a3 + J2)x - 2a-f(a3 + 972), 

A2(x) = -Wa2-f2x2 - 8a~f(a3 + 6>y2)x - (a3 + 372)(a3 + 972), 

A3(x) = -16a272x3 - 4a7(2a3 + 1372)x2 - (a6 + 972(a3 + 472))x 

+ a27(a3 + 972), 

AA(x) - -32a73:z3 - 7274^2 + 2a27(3a3 + 2372)x + a(a3 + 772)(a3 + 972), 

A5(x) = 48a273x2 + 12a72(2a3 + IP/2)* + 37(a3 + 272)(a3 + 972), 

Ae(x) = 32a74x2 + 873(2a3 + 9j2)x + 2a272(a3 + 972), (3.12) 

and 

B^x) = -64a272x2 - 4a7(8a3 + 6372)x - (a3 + 972)(4a3 + 2772), 

B2(x) = 16a272£3 + 4a7(2a3 - 1572)x2 + (a6 - 72(47a3 + 21672))x 

-8a27(a3 + 972), 

B3(x) = 64a73x3 + 1672(2a3 + 972)a:2 + 4a27(a;3 + 672)x - 3a72(a3 + 972), 

B4(x) = -16a273x2 - 4a72(2a3 + 972)a: - a37(a3 + 972). (3.13) 

Hence, on substituting the series expansion for F(x, t) into (3.11), we find the relation 
(3.1). □ 

In the particular case when a = 0, the differential-recurrence relation (3.1) becomes 

(z3 - ^7) P^+1(x) = (n+ l)x2Pn+1(x) - ^(n + 9)Pn(x) 

- 7(71 + 5)a;Pn_i(a:) - 2^(n - 4)a;2P„_2(a;) 

+ ^72(n - 3)xPn-3(x) + 2j2(n - 4)xPn^{x),    n > 0. 

Using the recurrence relation (2.30), the above equation becomes 

^3 _ ^ p/+i(x) = (n + I)pn+3(X) - Z7(n + l)pn(x) 

-72(n + l)Pn_3(x),        n>3, 
2 

with the initial conditions P[(x) = P0(x) = 1, P^x) = 2P1(x) = 2x, P^x) = 
3P2{x) = 3x2. Note that, by differentiating this equation, we obtain the relation 
(3.10) given in Part I. 

Proposition 3.2. Let {Pn}n>o be a 2-symmetric sequence of 2-orthogonal polyno- 
mials. If {Pn}n>o is 2-classical, then each polynomial Pn satisfies a third-order dif- 
ferential equation of the form 

{anx
3 - bn)P^(x) + cnx

2P^(x) + dnxP^x) - enPn(x) = 0,     n > 0, (3.14) 
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n> 1 (co = 0), 

n>l (do = 0), 

n>0, 
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where 

an = (#n - l)(#n+l - 1), ft > 1 (ao = 0), 

x [(n + 4)7?n+1 - (n + 3)] [(n + 5)^n+2 - (n + 4)], 

cn = $n$n+i - 1 - (n - 3) (0n - l)(tfn+i - 1), 

^n = rM?n+i - (n - l)tfn(2i?n+i - 1), 

en = rM?n+i, 

tmft ^ = (n + 2)^(n70+1)-
1, n > 1. 

Proof. From the hypothesis, the sequence {Pn}n>o satisfies the recurrence 

Pn+s{x)=xPn+2(x)-*fili+1Pn(x),        n>0, 

Po(a?) = 1,    Pi (a?) = re,    P2(a?) = z2, (3.15) 

and the sequence {(5n}n>o5 defined by Qn(a;) = P^+1(x)/(n + 1), also satisfies 

Qn+3(^) = xQn^x) - 7n+lQn(^), 72 > 0, 

Q0(x) = 1,    Q^x) = x,    Q2(x) = ^2 (3.16) 

where 7° - -^^^ n > 1. 
First, by differentiating (3.15) and using (3.16), we obtain, after changing n to n + 1 

Pn+3(x) = Qn+3(x)-kn+1Qn(x),        n>0, 

Po(x) = Qo(x) = 1,    Pi(x) - Qi(a:) - a:,    Pa (a:) = Q2 (a:) = x2 (3.17) 

where A:n = (n + 2)7° - n^ = n^+1(i}n - l), n > 1. 
By differentiating (3.17), we get 

(n + 3)(3n+2(a:) = Qn+s(x) " kn+iQn(x),    n > 0. 

From this and using the derivative of (3.16), we obtain 

(n + 2)Qn+2(x) = xQ;+2(a;) - WiQU^).    ^ > 0, (3.18) 

where ln = fcn +7° = ^2 7n+i((^ + 3)^n - (n + 2)), n > 1. 
Next, differentiating (3.18), we get 

(n + l)Q;+2(a;) = a;Q^+2(a;) - Zn+iQnW,    n > 0. (3.19) 

Further, from (3.1), (3.15), and (3.16), after changing n to n + 1, we obtain 

a;<9n+3(a0 - ln+2Qn+i(x) = xPn+s(x) -7^+2^+1,    n>0. (3.20) 

Multiplying (3.16) by x and using (3.20), we have 

7°+2Pn+l(x) = Zn+2Qn+l(£) - fcn+i£Qn0r),       U > 0, (3.21) 

and by changing n to n 4-1, we get 

7^+3Pn+2(a:) = ln+3Qn+2(x) - kn+2xQn+i(x),    n > 0. (3.22) 

Now, differentiating the above, we obtain 

Zn+3<?n-t-2(x) =  [(n + 2)7n+3 + ^n+2]Qn+l(^) + kn+2xQ'n+l(x) i      n>0. (3.23) 
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Multiply (3.23) by Zn+2> use (3.21) and its derivative to get 

ln "•" Znn+2ln+i 

+ {'&n+l-l){$n+2-l)x2PZ+1{x),    n>0.      (3.24) 

We let 

an —  /      ,   1N   o     70      '      n — U' 
n+l^n+2 

(n + lbS+iTSV 
5n = 2t?nl?n+i - l?n - ^n+1,      " > 1     (^0 = 0), 

Cn = (0„ " l)(t?n+l - 1),      n>l     (Co = 0). 

Then, the relation (3.24) can be written as 

an+lQ'n+2{x) = Cn+lX2Pn+1(x) + 8n+1xP^+1(x) + tfn+2P„+l(x),      71 > 0,       (3.25) 

which gives upon differentiation 

(Xn+lQn+2 W = Cn+l^P^x^) + (<Jn+1 + 2(n+1)xPZ+1(x) 

+ ((5n+i+^n+2)P;+1(x),    n>0. (3.26) 

Now, from (3.19) and using the relations (3.25) and (3.26), we easily obtain 

(Cn+l*3 - (n + irVittn+OP,™ xOc) + ((Jn+i - (n - l)Cn+l)x2 P^+l(x) 

+ (^n+2 - n(5n+i)xP^+1(x) - (n + l)^n+2Pn+l(a;) = 0
5     n > 0. 

After some simplifications and by changing n to n — 1, the third-order differential 
equation (3.14) follows immediately. □ 

APPLICATION. The above result for the Tchebychev 2-orthogonal polynomials 
{Pn}n>o defined by the recurrence (2.30) is adapted to our situation. We obtain 
the third-order differential equation satisfied by each polynomial Pn, n = 0,1,..., 

4(x3-l)i^#(x) + 18x2^(x) 

- (3n2 + 3n - lO^P^z) - n2(n + 3)Pn(x) = 0,    n > 0. (3.27) 

Indeed, in this case, we have 7^+1 = 7 = 4/27, n > 1, 7^ = 37, 7^4-1 = 7? ^ ^ 05 and 
^n = (^ + 2)/n, n > 1; thus the coefficients an, 6n, cn, (in, and en are given by 

4 
a™ ^ ~7—TTT' n > 1 (ao = 0), 

n(n4-l) 
277 

■&n=    /     '1V n> l(6o = 0), 
n(n+l) 

18 
n(n + l)' 

n>l(co = 0), 

3n2 + 3n - 10 
n(n + l) 

n(n + 3) ^n 

n+ 1 
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4.  The integral representations 

As in Part I, we are concerned in this section with the problem of the integral represen- 
tation of each of the linear functionals UQ, UI where U = t(uo, Ui) is the 2-dimensional 
functional with respect to which the 2-symmetric sequence {Pn}n>o defined by (2.30) 
is 2-orthogonal. 

The main result here is 

Theorem 4.1. The two linear functionals, UQ and Ui associated with the 2-classical 
sequence {Pn}n>o defined by (2.30), have the integral representations 

r*+oo /-too 

U0(x)f(x)dx,    fev, 
-oo 
/+oo 

-oo 

(4.1) 

(4.2) 

respectively, where the weight functions UQ and Ui are given by 

'y(x(i - x)) (i - xzyl/2 [(i - yn^)1/3 + (i+vT^^) 
+ 2,e~xY{x) [Ai Vscos(v/3a;) + \2X2 sin(\/3a;)], 

1/3 

An 

(4.3) 

Ul{x) = 9
-^Y(X(I - x)){2x2(i - z3)-172 [(i - vT=^)1/3+(i+vr^)1/3} 

- "(l - x/l-x3)273 - (l + Vl-a;3)273] | 

+ 9Y(x)e-xf. [Xxx-^fx4 - ^x3 - x + i) - X2VSx2(x3 - l)] cos(V3a;) 

- VSAiX172^3 - l) + A2a;(a;4 - 3x3 - x + 2)1 siii(\/3a;) 

(4.4) 

{0    if x < 0, 
~   '  and Ai, A2, and C ^^ constants which we determine 

below. 

In this section, we apply the method similar to that used in Section 4 of [6]. 
According to [4, 5], the 2-dimensional functional U is characterized by the fact that 

it satisfies a vector distributional equation of the form 

where the 2x2 matrices \I/, $ are defined by (see [4, Section 6] for the explicit formulas) 

* (*) =     2 
0 

37x    37 

1 
4a:   I 5 

with 
a 

(t)0o(x) = — x + 3, 
a 

4(x) 
37 

a* a 

7 

^(x) = -2x-—i 37 

,1/     N 7a ^ o 
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In the rest of this section, we put a — 0 and 7 = 4/27. Hence {Pn}n>o is reducible 
to 2-symmetric 2-OPS, and the above distributional system satisfied by U becomes 

D .9r2 
2 

-22A /MQ 

3  ) Ui +      9 
0     1 
\x   0 

which gives 

SUQ — 2x^1 - u\ — 0, 

3x2Wo - 2wi 4- 3XHO = 0. (4.5) 

Prom this, the linear functionals UQ and ui satisfy the second-order differential equa- 
tions 

(x3 - IK + -xX + -XUQ = 0, 

a;(x3 - l)ui' + f-x3 + l)ui + x2wi = 0, 

(4.6) 

(4.7) 

respectively, with 

ux = -Z(x3 - l)uf
0 - Sx2uo. (4.8) 

As in Part I, in order to find integral representations of the functionals UQ and ui, 
we also will make use of the operator as and proceed as follows. 

(a) We start by determining the weight function V representing the functional UQ * = 
0*3(^0)5 that is, 

{CT3(U0)J) = Jv(x)f(x)dx,      feV. 

We show that the function V satisfies a Gaussian hypergeometric equation. 

(b) We first give an integral representation of the functional UQ 
J
 = as(xui). We obtain, 

by means of (4.8), a weight function in terms of V and V. Next, by determining 
the other functionals Uj in terms of UQ and UQ , we easily obtain their integral 
representations. 

(c) Finally, we return to the functionals UQ, UI and give the proof of Theorem 4.1. 

4.1. The determination of the weight function V. From the equation (4.6), we 
can write 

D D(x3 - l)uo - -x2uo - -XUQ = 0. (4.9) 

Left-multiplying the last equation by x2, it follows that 

D D(x2(x3 - l)«o) - ( Y*
4
 - te)uo] + (Jz3 - 2)uo = 0. (4.10) 

Prom this, by applying 0-3 and using the properties (1.16)-(1.18), we obtain that 

D[D(x2(x - l)a3(uo)) - (^x2 - 2X)<T3(UO)] + (±x - ^M = 0.        (4.11) 

Now, to determine an integral representation of the functional UQ   = 0-3(110), consider 

{$\f) = fv{x)f{x)dx,   feP. 
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The problem is to find the weight function V such that the following two conditions 
on V hold (see conditions (4.5),(4.6), Part I): 

x2(x - l)V(x)f(x) - {[x2(x - l)V(x)}' - £x2 - 2x)V(x)}f(x) 

(4.12) 

x2 (x - l)V"(x) + x(lx- 2)V'(X) + (|x - 1)V(X) = Xg(x) (4.13) 

where A is an arbitrary constant and g is a function representing the null form, i.e., 
fc g{x)xndx = 0, n > 0. 

In the sequel, we let A = 0; then (4.13) becomes 

(x - l)V"(x) + x(lx - 2)V'(X) + (I* - l)v(x) = 0. (4.14) x2 

For solving this equation, we first let V(x) = x,1Z(x). Hence, by substituting in (4.14), 
we obtain 

x2{x - l)Z"{x) +a;[(2/z+ ^x - 2/i - 2]z/(s) 

+ [(M(/X - 1) + \li + \)x - (fji + 1) (/* + I)] Z{x) = 0. (4.15) 

For ii = —1/3, the above becomes 

x(l - x)Z"(x) + (| - jx)z'(x) - 7-Z(x) = 0, 

which is a hypergeometric equation with general solution given by (see, e.g., [10]) 

Z(x) = CiZi(x) + C2Z2(x) 

where 

^i(*) = 2F1(|;|;|I*)=21/8(i-a.)-i/a(i + vT=^)-1/8
> 

1.5.'2   ~A _ 0-1/3^-1/3/1       ^\-l/2/i    ,   ./i -r\l/3 z2(x) = s-^ViQ; g; |,*) = 2-1/3x-V3(1 _ ^-1/2 (x + VT^) ? ,3'6'3 

and Ci, C2 are two constants which will be determined below. 
Then the general solution of the equation (4.14) may be written as 

2l/3r-l/3         ./. o-*1/3^"2/3 , —xl/^ 
^(^^^^^-(l + x^^)-173^^'   ^L,     1 + vT^ 1/3.     (4.16) 

V 1 — X y/l—X 

The two constants Ci and (72, of course, depend on the choice of the path C and the 
normalization condition 

(411,1>= [v(x)dx = l. 
fc 

Choose C = ]0,1[, so that the condition (4.12) holds if and only if 

Ci - 2-2/3C2 = 0. (4.17) 
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Indeed, by differentiating (4.16), we obtain 

3 
r 

"3 

V'{x) = -^-dx-^il - x)-1/^! + VT^)-1/3 

22/3C2x-^(i - xy^ii + VT^f3 

+ 2-2/3Cia;-1/3(i _ X)-W(l + VT^y1/3 

+ 2-^C2X-2/3(l-x)-^2(l + VT^)1/3 

+ ^Icix-1^ - x)-1^ + VT^y4/3 

- ^c2x-^(i - xy^i+vT^r2/3. 
Now, it is easy to verify that 

x2(x - l)V(a;) ->• 0       when x -> 1" and x ->• 0+, 

-x2V(x) ~ x2(x - l)Vf(x) -> 0        when x -> 0+, 

and 

lx2V(x) - x2(x - rjV'tx) -+\{- 2-2/3Ci + 2-^3C2}        when x -> 1". 

Then the condition (4.12) holds if and only if (4.17) holds. 
Consequently (4.16) becomes 

V(x) = 21/3C1(1 - x)-1/2{a;-i/3(i + vT^^)"1/3 + x-2'3(l + VT^)1/3} 

= 2i/3ci:r-
2/3(i -^-^{(i - N/T^^)

173
 + (i + v/r^)1/3},  0 < x < 1. 

(4.18) 
Now,    we   determine   the   constant   Ci   by   using   the   normalization   condition 
tiV(x)dx = l. 

Indeed, from (4.18) we have 

21/3C1(   f1J^!L(l-y/T^)1/3dx+   I' ^0L(l + y/T^)1/3dx\ = 1 
Uo     V1 - ^ Jo    y/l-XK J 

or 

21/3C1{J1+J2} = 1 

where 
r1   3.-2/3      . /•!      -2/3 ^    ^^ 

Ji=       ^—=(l-y/r^)1/3dx and    J2=/   4_(l + vT^^)1/3^. 
Jo   V1 - x v Jo   V1 - ^ 

Using the transformation £ = \/l — a?, the two integrals Ji and J2 can be written as 

Ji=2 f (l + t)-2/a(l-t)-l^dt 
Jo 

and 

J2 = 2 /" (1 + ^-^(l -t)-2l3dt = 2 f  (1 + i)-2/3(l - t)"1^. 
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Then 

jx + j2 = 2 Z"1 (i + *r2/3(i - ty^dt = ^. 
J-i v3 

It follows that Ci = 2  47r^. By substituting this in (4.18), we obtain 

n^) = ^-2/3(l-^^1/2{(l-v/^^)1/3 + (l+^^^)1/3}, o<x<i. 
(4.19) 

It is clear that V > 0 on ]0,1[, and then the linear functional UQ * is positive definite. 

4.2.  The representations of the functionals UQ\ i = 2,3, and u^ , z = 1,2,3. 

We now are looking for an integral representation of each of the linear functionals UQ , 

i = 2,3 and u®, i = 1,2,3, where Z/M - '(u^.u^), U™ = '(u^.u1^), and U® = 
*(iXo ,ifci ) are the 2-diniensional functionals with respect to which the components 

{Pn }n>o, {in }n>o> and {PA }n>o5 are 2-orthogonal, respectively. 
From (2.18), when d = 2, we have 

^3 = ^(^-^si+i-i),    i = 0,1, i = 1,2,3. 

This leads to 

(ulo]\ _ (vs(uo)\       (u^\ _ faxui)] (u^\ _ (a3(x>u2)\ 

The representation of the linear functional UQ 
J
 is given in the above subsection.  To 

find an integral representation of each of the functionals Uj, we proceed as follows. 

- We give explicit expressions of the functionals u^   in terms of UQ 
J
 and UQ 

J
 . 

- We determine a weight function representing the linear functional UQ 
J
 in terms 

of V and V. 
- With the aid of the representations of UQ 

J
 and UQ, we obtain the integral repre- 

sentations of the other functionals. 
Indeed, by virtue of the relation (1.8), we have, for d = 2, 

XUn = nn_i + (3nUn + Til+l^n+l + 7n+l^n+2,       n > 0
5       (^-1 = 0)- 

In this case, /?n = 0, 7^+1 = a = 0, n > 0, and 7? = 37, 7°+1 = 7 (= 4/27), n > 1. 
Whence, the above becomes 

jun+2 = xun - un-U    n > 1, 

37^2 = XUQ. 

From this, we can successively express wn, for any integer n > 3, in terms of WQ and 
ixi: 

• for n = 0: t^ = 3~17~1a;wo, 

• for n = 1: U3 = 7_1(^wi — WQ), 

• for n = 2: U4 = 7~1(xii2 — ^1) = —3~17-2(37Wi — x2^o), 

• for n = 3: ^5 = ^~1(xus — U2) = 3~1^~2(3x'2ui — AXUQ). 
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Therefore, by applying the operator as and taking into account of (4.8), we obtain, 
respectively, 

u[o] = a3(x
2u2) = S-V^o11- (4-20) 

411=^3(«3) = 7-1{42l-411}. (4-21) 

uf] = <T3(XU4) = -3-17-2{37n|)
21 - a^11}, (4.22) 

u[31 = a3(x
2u5) = 3-17-2{3x421 - ^xu^}. (4.23) 

First, according to the relation (4.8), we easily obtain 

u[o] = asixui) = -9(x(x - l)u[o])' + 3(3a: - l)^1- (4.24) 

To determine the integral representation of the functional UQ, we first need 

((x{x-l)$])',f{x)) = -(x(x-l)4]J'(x)) = - [ x(x-l)V(x)ff(x)dx. 
Jo 

Integration by parts gives 

<(*(* - l)u^)'j(x)) = [x(l - xWixMxJll + f  {x(x - l)V(x)),f(x)dx. 
Jo 

Since [x(l — x)V(x)f(x)]0 = 0, we get 

<(*(* - l)u^)',f(x)) = f  (x(x - l)V(x))'f(x)dx. 
Jo 

Now, from (4.24), we have 

(421,/) = -9<(x(x - l)4]yj) + 3((3x - l)u^J) 

= -9 f  {x{x - l)V(x))'f(x)dx + 3 / (3a; - l)V(a;)/(x)da; 
Jo Jo 

' U[2](x)f(x)dx,    feV, J Jo to 
where 

Uf]{x) = -3(3x - 2)V{x) - Vx{x - l)V'(x). (4.25) 

Or, differentiating (4.19) and substituting into the last equation, we obtain 

u$Xx) = \\x + x^y/r^[{\ + vr^)1/3 - (i - ^/^^)1/3] \v{x). 

Thus, it is simple to see that UQ(X) > 0 for x G ]0,1[. Then the linear functional UQ 
is positive definite. 

Finally, by means of (4.20)-(4.23) and using (4.25), one easily finds from (4.21) 

U{1](x) = -2-233{(to - 5)V(x) + 9x(x - l)V'(x)}. 

Remember that UQ   = V, hence we obtain the pair of the weight functions UJ^ and 
U[   representing, respectively, the two functionals UQ   and uy. 

From (4.22), we obtain 

U[2\x) = 2-434{(15x - S)V(x) + 12x(x - Wfr)}. 



426 DOUAK AND MARONI 

This equation with (4.25) gives the pair of weight functions for the two functionals 
u[J and UQ, respectively. 

From (4.20) and (4.23), we obtain 

U^](x) = 2-2S2xV(x), 

U[3](x) = -2-435{x(27x - U)V(x) + 27x2(x - l)"^)}. 

Since V(x) > 0 for x E ]0,1[, then C/Q \X) > 0, so that the linear functional UQ 
J
 is also 

positive definite. 
Again, as in Part I, we observe that the three linear functionals UQ, UQ, and UQ 

J 

are also positive definite. According to this result and those found in [6,7], we can 
formulate the following conjecture in the case of a 2-symmetric "classical" sequence: 

// the linear functional UQ 
J
 is positive definite, then the linear functionals 

UQ 
J
 and UQ 

J
 are also positive definite. 

4.3. The integral representation of UQ and m. Proof of Theorem 4.1. Finally, 
we return to the initial problem for determining an integral representation of the 
functional -UQ, and, by virtue of (4.8), we deduce an integral representation of the 
functional ui. First consider 

(uo 
/oo 

Uo(x)f(x)dx,    feV. 
-oo 

We have 
/oo 

Y(x(l-x))V(x)f(x)dx,    feV. 
-oo 

In particular, since (uo^osf) = (^3(^0),/), we have 
/CO POO 

U0{x)f{xz)dx = /     Y{x{l - x))V(x)f(x)dx,    feV, 
-OO J —OO -00 

which also can be written 
/»00 

{Y(x(l - x))V(x) - ^U0{x
llz)x-2'z)f{x)dx = 0,    / e V. 

Hence Y(x{l — x))V{x) — C/o(3:1^3)/3x2/3 is a function representing the null functional. 
Then 

Y(x{l - x))V{x) - i*"2/3^1/3) = X^ix) + \292{x) (4.26) 

where gi and #2 are two functions which represent the null functional, that is, 
/oo /»oo 

xngi(x)dx = 0    and      /     xng2{x)dx = 0,    n > 0. 
-00 J—00 

For example, we can take the two functions gi and #2 as follows: 

pi(x) = Y(x)x-1^e-xl/3 cos (VSx1/3)    and    g2{x) = Y(x)e-xl/3 sin (VSx1^). 

Now, by changing x to x3 in (4.26), we find 

U0(x) = 3x2{Y(x(l - x))V(x3) - Xmix3) - X2g2(x3)}. (4.27) 
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Because the functional TZQ is 2-symmetric, we necessarily have (uo)o = h (uo)i = 
(UQ)2 = 0, i.e., 

/^ f 1     1/ = 0 
xuUo(x)dx = < o

5    ^ = ^ 
2. 

The first condition is fulfilled for any values of the constants Ai, A2. The other two 
conditions, obtained for 1/ = 1 and u = 2, allow us to determine the constants Ai, A2, 
from the system 

AiJn + A2/12 = --K*!? 

A1/21 + A2/22 = -K2 (4.28) 

where 

/,M = f"^+29^x3)dx,    «/,/* = !,2,    and   ff, = ^ x-'+VCs3)^,    v = 1,2. 

First, using (4.19) and the transformation t - \/l-x, we easily can calculate Ki and 

K^\fo x^vwdx = ^j\i-'2r1/3[d+*)1/3+(i"')1/8]*=^ 
and 

^=\Sl x2/3v^dx=^ f(i - v1'* f(i+i)1/3+(i -i)1/3]di=^ • 
Secondly, according to the two formulas [8] 

/     xp  1e  ax cos(mx)dx = —r-—r—TJ, 

where p, a, m > 0, sin<9 = m/r, costf = a/r, 0 < 0 < 7r/2, r = (a2 +m2)1/2, we obtain 
that 

Jn =± -v^2-633/2,     /12 = -2-433/2, 

/21 - -5V^2^33/2,   /22 = -2-333/2. 

Thus, the system (4.28) gives AAi = ^2-^12 - -^1^22 and AA2 = ^1/21 - K-ihx where 
A = I11/22 - h\lvi = 344-6\/2^. 

It follows that 

Ai = ^V^{22/3-2"2/3} and A» = ^5x2l/8-2"1/a>- 
Whence, from (4.27), we obtain that 

+ 3e'xY(x) |Aix/xcos(\/3z) + A2^2 &m(V3x) 
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We now look for the representation of the functional ui. At first, from (4.8), we have 

ui = -3(x3 - l)^ - 3x2uo. 

Then, using (4.27), we can write 

(ui, /) = 3<tio, ((x3 - l)f(x)Y) - 3(tio,x2f(x)) 

U0(x)[(x3-l)f(x)]'dx-d U0(x)x2f(x)dx (4.29) 
OO J — OO 

= Il+l2+h 
with 

A = 9 / x2V(x3)[(x3 - l)f(x)}fdx, 
Jo 

nOO 

h = 9 /     x2 [Atfifr3) + X292{x3)] [{x3 - l)/^)]'^, 

/oo 

x2UQ{x)f{x)dx. 
-OO 

Hence, by integration by parts 

Ji = ^(x3 - l)V{x3)f{x)]l -9 [ (x3- l)[x2V(x3)]'f(x)dx. 
Jo 

Now, from (4.19), we have 

x^V(x3) = ^(1 - ar3)-1/2 [(1 - y/T^fi)1'3 + (1 + v/T^3 )1/3]. (4.30) 

Then [9x2V(x3)(l-x3)f(x)}l = "'y/(0). Now, by differentiating (4.30) and using 
(4.19), we obtain 

r   2i3l
/(o) + ^^1{;c2(1_x3)-i[(1_v^^)^ + (1 + yrr^)^ 

47r STT 

1 
(1 - -V/I - X3 )2/3 - (1 + y/l - X3 )2/3] }f(x)dx. 

Next, it is simple to see that 

I2 = 9 r e-x( [AiaT1/2^4 - la:3 - ar + 1) - A2v^x2(a;
3 - l)] co8(>/3a:) 

+ [ - V3XiX1/2(x3 - l) + A2a;(a;4 - 2x3 - x + 2)  sm(V3x)\f(x)dx 

/•CO 

- 9 /    ^e-* [Ai^1/2 cos(>/3ar) + A2x
2 sin(v/3rc)] f(x)dx. 

Jo 

and 
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Whence, from (4.29), we easily obtain 
/oo 

U1(x)f(x)dx-<:{S,f) 
-oo 

where C = 2"~5/335/27r~1, and the weight function Ui is given by (4.4). 
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