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ON d-ORTHOGONAL TCHEBYCHEV POLYNOMIALS, II

Khalfa Douak and Pascal Maroni

ABSTRACT. In Part I, we considered the following problem: Find all d-orthogonal
polynomial sequences {Prp}n>o such that P,(Ll) = Py, n = 0,1,2,..., where

{P,gl)}nzg is the associated polynomial sequence of {Pn}n>g. The resulting poly-
nomials are an extension of the classical Tchebychev polynomials of the second
kind. A detailed study was made in the particular case d = 2.

The purpose of this paper is to make similar investigations by considering
the analogous problem: Find all d-orthogonal polynomial sequences {Pn}n>o

such that P,(Ll) = Qn,n =0,1,2,..., where Qn(z) := (n + 1)"1PT'L+1(:1:), n >
0. Here, we show that the resulting polynomials are a natural extension of the
classical Tchebychev polynomials of the first kind. The recurrence coefficients
and generating function are determined explicitly. As in Part I, a detailed study
will be carried out for the case d = 2. A third-order differential equation and a
differential-recurrence relation are given. Again, in the particular case, integral
representations are obtained of the linear functionals with respect to which the
resulting polynomials are 2-orthogonal.

1. Introduction and preliminary results

This work represents a continuation of our previous paper [6]. The terminology and
notations employed here are the same as those in the Part I. -

It is well known (see e.g., [2]) that the Tchebychev monic polynomials {T’, },,>¢ and
{fj’n}n20 of the first and second kinds, respectively, are linked, at the same time, by
the two relations

TV (2) = Up(z) and T, (2) = (n+ 1)Tn(z), n=0,1,...,
where {ﬂ”}nzo are the associated polynomials of {fn}nzo.The polynomials {Tn}nzo
are orthogonal with respect to the weight function 1/v/1 — 22 on [—1, +1], that is,

I PPN 1 o
;/_1Tn(m)Tm(m)\/——l—:—;§'d$=kn5n,m, kn=21 2 6"’0, n,m > 0,

and they satisfy the second-order recurrence relation
2611,0

4
To(z) =1, Ti(z)=ux.

Toi2(@) = 2Tpy1(z) - =T, (z), n >0,
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The associated polynomials ﬁl), n=20,1,2,..., are defined by

L _A
1#%w=l/ Lin(@) = Tn(@) 1 n=0,1,2,...,
-1

" ¢ e

and satisfy the second-order recurrence relation

~1 - 1~
T (@) = ol (@) - ;TP (@), n20,
TMN@) =1, TV () ==z

The connection between the two kinds of the classical Tchebychev polynomials was
the first motivation for us to consider problems of the types

PO =P,  n=012,... (L.1)
or
PY=Q, n=01,2,... (1.2)

and to look for the resulting polynomials in the d-orthogonality case. These polynomi-
als are natural extensions of the classical Tchebychev polynomials. They have some
properties that are analogous to those of the classical Tchebychev polynomials. In
the case d = 2, for example, they are related to weight functions involving the square
root of a polynomial of degree 3, plus Stieltjes-type functions suitably chosen, whereas
Tchebychev polynomials are related to weight functions involving the square root of
a polynomial of degree 2.

In this work, we investigate the sequences of monic polynomials { P, },>0 for which
(1.2) holds. The organization of the paper is as follows. Section 2 is devoted to the
statement and the solution of the problem (1.2) in the two special cases d = 1 and
d = 2. For d = 1, we obtain that {P,}n>0 are the Tchebychev monic polynomials
of the first kind, and for d = 2, we obtain the analogous 2-orthogonal polynomials.
Among such polynomials, the 2-symmetric ones (see Definition 2.1 below) are singled
out and called 2-orthogonal Tchebychev polynomials of the first kind. In Section 3,
for d = 2, we show that the resulting polynomials satisfy a differential-recurrence
relation, and in the 2-symmetric case, we obtain that each polynomial satisfies a
third-order differential equation. Finally, Section 4 deals with the problem of integral
representations of the linear functionals associated with the 2-orthogonal polynomials
obtained in Section 2, as well as, the functionals involved in the cubic decomposition
of such polynomials.

Let {P,}n>0 be a sequence of monic polynomials, {u,}n>0, the dual sequence
associated with {P,},>0 defined by (un,P,) = 8ym, n,m > 0, where (, ) is the
duality bracket between the vector space of polynomials with complex coefficients and
its dual (see Subsection 1.1. below).

Lemma 1.1. [12] For any linear functional u and integer p > 1, the following two
statements are equivalent.

(a) (u, Pp—1) # 05 (u, P) = 0 for n > p;
p—1

(b) there exists A, € C, 0 <v <p—1, Ap—1 #0, such that u = Z)\,,u,,.
v=0
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Definition 1.1. Let wi,ws,...,wq be d linear functionals (d > 1). The polynomial
sequence { P, }n>0 is called a d—orthogonal polynomial sequence (d—OPS) with respect
to Q = Y(wi,...,wq) if it fulfills [11, 13]

(Way PmPr) =0, n>md+ a, (1.3)
<wa7 Pumd+a-1> # 0, (1.4)
for each integer o with = 1,2,...,d and m > 0.

Remark 1.1. (a) When d = 1, we again have ordinary regular orthogonality. In this
case {Pp}n>0 is an orthogonal polynomial sequence (OPS).

(b) The inequalities (1.4) are the regularity conditions (for equivalent conditions of
regularity, see, e.g., [11, p.110]). In this case, the d-dimensional functional 2 is called
regular. It is not unique. Indeed, according to Lemma 1.1, we have

a-1
=) Au, A2, #0, 1<a<d
=0

v+1
= u,,=ZTgwa, 170, 0<v<d-1

Therefore, from now on, we shall work uniquely with the dual functionals ug, . .., ug-1,
that is to say, U = *(uo, ..., u4—1); it is the canonical regular d-dimensional functional
with respect to which {P,},>0 is d-orthogonal.

A remarkable characterization of the d-OPS is that they satisfy a (d + 1)-order
recurrence relation [13], which we write in the form

Prtay1(z) = (€ — Bmtd) Pmia(z) — Z Y Pmya—1-0(z), m>0,  (L5)

v=0
with the initial conditions
Py(z)=1, Pi(z)=2x— P, and if d > 2,

P.(z) = (z — Bn-1)Pn-1(z) — Z'yd P s u(z), 2<n<d, (1.6)

v=0
and the regularity conditions
Tot1 70,  m>0. (1.7)
The above recurrence relation is equivalent to the following recurrence relation
between d + 2 consecutive linear functionals [12]:

d-1
Up = Up-1 + ,Bnun + Z’)’g;i_uun+l+u9 n Z 0 (u—l = 0) (18)

v=0

Another characterization has been given in [11].
Note that when d = 1, the recurrence (1.5) with (1.6) is reducible to the second-
order recurrence relation

Prio(z) = (2 = Brt1) Prt1(2) — Yn41Pa(z), n 20,
Py(z) =1, Pi(z) =z - Po. (1.9)
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Now, the polynomial sequence {P,},>0 is called the “classical” d-OPS, or simply
d-classical, if it satisfies the Hahn property, that is to say, the sequence {Qn}n>0 is
also d-orthogonal where Q,(z) := (n +1)"!P, (z) is the monic derivative. In this
case {Qn}n>0 also satisfies a (d + 1)—order recurrence relation, namely

Qmtdt1(z) = ($—5m+d Qm+a(T) = Zﬁz-i—ld 5 Qmid-1-v(x), m20, (L10)

v=0

with the initial and the regularity conditions
Qo(z) =1, Qi(x)=z-Fo and if d > 2,

Qn(@) = (& = Br—1)Qn-1(z) — Z LY Qna_(2),2 < n < d, (1.11)

v=0
;y?n,+l ;é 0’ m 2 07
and it is d-orthogonal with respect to V = *(vo, ..., v4—1), where {v, }n>0 is the dual
sequence of {Qn}n>0.

1.1. Some elementary operations in P and P’. Let P be the vector space of
polynomials with coefficients in C and let P’ be its dual. We denote by (u, f) the effect
of u € P’ on f € P. In particular, we denote the moments of u by (u), = (u,z"),
n > 0.

By transposition, we obtain

(a) The left-multiplication of a functional by a polynomial:

(fu,p) = (u, fp), weP, fipeP. (1.12)
(b) The derivative of a functional:
(Du,p) = (v, p) := —(u,p), ueP, peP. (1.13)

AN APPLICATION. We have [11]
Dv, = —(n+ Lunt1, n > 0, (1.14)
where {un}n>0 (resp., {vn}n>0) is the dual sequence of {P,}n>0 (resp., {@n}n>0)-
(¢) The division of a functional by a polynomial:
From the linear application p — (6.p)(z) = & zi:’g(c)

((z =) u,p) := (u, 0cp). (1.15)
(d) The right-multiplication of a functional by a polynomial:

(us9) > (up)(o) = (u ZLZEE) i(ZaM(uu et ue?

v=0 “pu=v

, ¢ € C, we have

and
n
= Z a,z”.
v=0
(e) The product of two functionals:
{(uv,p) := (u,vp), u,v € P, p€P.
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(f) The operator os:
Let us introduce the operator o5 : P — P; s € N, defined by
(0sf)(z) == f(z°), feP.
By transposition, we define to by
(fos(u), f) = (u,05f), ue?P, feP,
so that (tas(u))n = (u)sn, n > 0. Therefore, from now on, we set ‘os = o, then

(os(w), f) = (u,05f), f € P; u € P, so that (o‘s(u))n = (t)sn, n > 0.
Lemma 1.2. [6] For all f € P and u € P, we have the properties:

f(@)os(u) = o (f(ws)u)’ (1.16)
sD(0s(u)) = os(D(z'*u)) (1.17)
os(Du) = sD(os(z° ). (1.18)

1.2. The associated polynomials.
Definition 1.2. We call the associated sequence of { P, },>0 (With respect to ug), the
sequence {P,gl)}nzo defined by

Pél)(x) = <u07

r—¢§
Every polynomial P{Y is monic. We denote by {u,(zl)}nzo, the dual sequence of
{P{}nzo0.
Proposition 1.1. [12] We have
uld) = (zupii)ugt, n>0, (1.20)

where u~! (the inverse element of u) exists if and only if (u)o # 0, and then uu™! = 6.

Pri1(z) — Pog1(€) > n>0. (1.19)

Now, the successive associated sequences are defined by recurrence P{™™ = (P,(Lr)) @)
and uHY) = (ug))(l), for n, r > 0.

Remark 1.2. When {P,},>0 is an OPS (with respect to up), then it satisfies the

recurrence relation (1.9), and we know that the associated sequence {P,El) }n>o satisfies
the recurrence relation

Pia(@) = (@ = Brs2) P (@) = s P (@), n 20,

PP @) =1, PP(z) =z - 41, (1.21)
and it is orthogonal with respect to uél). It is clear that P,$°> = P,, n >0, and

u(()O) = Ugp.

Likewise, if { Py, }n>0 is d-OPS, namely, if it satisfies the recurrence (1.5)-(1.6) then
{P,-(Ll)}nzo also satisfies the (d + 1)-order recurrence relation
d—1

1 —1— 1
P 1 (@) = (& = Batas)) P a(@) = Y A% P (2),  m >0,

v=0
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with the initial conditions

PM@) =1, PP@)=c- ﬂl, and if d > 2,

PO (z) = (z — ) PY, (z) — Z»yg Lvp) (x), 2<n<d. (1.23)

Thus, we have the evident result:

Proposition 1.2. When {P,},>0 is d-OPS with respect to U = *(ug, . ..,uq—1), then
{P,El)}nzo, r > 1, is d-OPS with respect to UV = t(u(()l) “1(11)1

2. Statement of the problem

We pose the analogous general problem as follows.
For fixed integer r, find all d-OPS which satisfy
P () =Qn(z), n=0,1,2,.... (2.1)

Remark 2.1. The d-OPS {P,},>0 is necessarily “classical” (in the sense of the Hahn
property, that is, {Qn}n>0 is also d-OPS). Indeed, since { P, }n>0 is d-OPS, {P,(Lr)}nzo
is also d-OPS, and then {@n}n>0 is a d-OPS. This general problem has remained
unsolved. However, for some special choices of the integers r and d, the resulting
polynomials are known.

EXAMPLES. In the case r = 0, the equality (2.1) becomes P,(z) = Qn(z), n =
0,1,2,..., and {Pn}n>0 is an Appell polynomial sequence, so the above problem
becomes

Find all polynomial sequences which are at the same time d-OPS and Appell
polynomials.

(1) When d = 1 (ordinary orthogonality), the only resulting polynomials are the
Hermite polynomials (up to a shift) (see, e.g., [1]).

(2) In the d-orthogonality case, the problem is solved for d = 2 by the authors in [4],
and recently, the solution is given for any integer (dimension) d (d > 1) by the first
author in [3]. The resulting polynomials are a natural extension of the Hermite poly-
nomials. Among such polynomials, the d-symmetric ones are singled out. They are
named d-orthogonal Hermite polynomials.

Here and in the sequel, we investigate the case » = 1, namely, we look for all d-OPS
which satisfy

PW(z) = Qn(x), n > 0. (2.2)

The method of proof is based only on the solution of the nonlinear system satisfied by
the recurrence coeflicients. For the sake of simplicity, we only consider the two special
casesd=1,d=2.
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2.1. Special cases.

2.1.1. The case d = 1. (ordinary orthogonality) In this case the problem becomes:
Find all polynomial sets which are OPS and which satisfy (2.2).

First, since {Pp}n>0 is OPS, then both {P,}r>0 and {@Qn }n>0 satisfy, respectively,
the following second-order recurrence relations:

Pria(z) = (z = Bnt1) Pat1(2) — 41 Pru(2), (41 #0), n>0,
Py(z) =1, Pi(z)==z— B0, (2.3)
and
Qn+2(2) = (2 = Br41)Qn+1(2) — Fn+1@n(2), (a1 #0), n >0,
Qo(z) =1, Qi(z) =2z - fo. (2.4)

Then, by virtue of the recurrence relations (1.21) and (2.4), the sequence {Pn}n>0
fulfills (2.2) if and only if

En = fns1, n >0,
Y+l = Yn+2, 7120 (2.5)
Next, from (2.3), (2.4) and after some manipulations, it is possible to show that the
sequences {Bn }n>0, {En}nzo, {¥n}n>1, and {Fn}n>1 satisfy the system (see, e.g., [4])

(n+3)Bnt1 = (n+1)Bn+ (n+2)Bnt2 —nPnr1, n>0, (2.6

260 = o + B1, (2.7)
(n+3)Fnt1 — (n+ 1)Fn = (0 + Dyns2 — (0= 1)¥nt1
+ (n+1)(Bns1 — Bn)?, n>1, (28)
31 =72 +7 + (61— Bo)?, (2.9)
MYns1(Bnst + B — 2Bn—1) = (0 + DFn(2Bns1 = Bn = Bamr),  n 21, (210)
(7 + 2)Fn 1190 + PY¥n+2Vn+1 = 2(n + 1) Yng2n, n>1. (2.11)

From this, by using (2.5), we easily obtain that
IBn = BO’ n Z 07

P,gl)sz z), n>0 <
( ) n( ) ’Yn+1=%’)’1, n > 1.

We always can choose By = 0 and ~; = 1/2; then the recurrence relation (2.3) (resp.,
(2.4)) becomes
2571‘0
Poyo(z) = 2Py () — TP”(m)’ n >0,
Py(z) =1, Pi(z)=z, ' (2.12)
respectively,
1
Qnai2(z) = 2Qny1(z) — ZQn(iU), n >0,
Qo(z) =1, Qi(z)==. (2.13)

Hence, {Pn}n>0 (resp., {Qn}n>0) is the monic Tchebychev OPS of the first (resp.,
second) kind.
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2.1.2. The case d = 2. (2-orthogonality) ‘

Now, we state and solve the similar problem with d = 2: Find all 2-OPS which
satisfy (2.2).

In this case, each {P,}n>0 and {Qn}n>0 satisfy a third-order recurrence relation
which we write, respectively,

Pri3(z) = (x — Bnt2) Prya(z) — ’771L+2Pn+1(33) - ’72+1Pn(33), (72+1 #0),

n >0,
Po(IL') =1, Pl(.’II) =z — Po, PQ(CB) = (CB - ﬁl)Pl(.’E) - ’)’%, (2.14)
and
Qnt3(2) = (= = Bnt2)Qnr2(®) = T3 42@ni1(2) = F241@Qn(2), (3341 #0),
n >0,
Q@) =1, Qi(e)=z-0 Q)= (z—-P5)Qi(z)—7}. (2.15)

First, it is easily seen that P,(Ll)(m) = Qn(z), n >0, if and only if

Br=Bnp1, 120,

"71114-1 =9pi9, n >0,

Fns1 = Tng2s 120 (2.16)
Next, by differentiating (2.14) and using the recurrences (2.14) and (2.15), we obtain

that the sequences {8,}, {Ba}, {74}, and {7%} (v = 0,1) satisfy the system, valid for
n>1[4],

(n+2)Bn — Bt = (n+1)Bps1 — (n— 1)B,, (2.17)
260 = Bo + B, (2.18)

(n+3) s — (n+ 172 = (n+Dypip — (R = Dypys
+ (n+1)(Baz1 — Bn)’, (2.19)
3 =+ 9+ (B - Bo)’, (2.20)

(n+ 4)§2+1 —(n+ 2)72 =(n+ 1)’724—2 —(n- 1)72+1
+ (0 + Do (Bas2 + Boss — 2Bn)
= (n+2)9541(2Bn+2 = Bar1 — Bn), (2.21)
470 =48 + 19 + 95 (B2 + B1 — 2B0) — 291 (262 — B — Bo),  (2.22)
i1 Tntz + (0 4+ DAt — 2(n + Diavats
= (n+2)30(20n+2 = Bat1 — En—l)
— n7n11 (Bntz + B — 2Bn-1), (2.23)
M 41Tnt3 = o (2(0 + 2)7m13 — (R + 4)F01s), (2.24)
i1 Vnt2 + W41 Vnts = Tn (2(0 4+ 2vmis — (04 3)7510)
+ 7 (2(n+ Dyge — (n+3)F041)- (2.25)



412 DOUAK AND MARONI

From this system and making use (2.16), we obtain after some calculations that

/B'I’l = 180’ n Z 0’
PO(@)=Qu(e), n>0 = {4l =1 n>1,
71(7),+1 = %71(:)’ n>1

We always can choose 8y = 0 and 7] = 3 # 0 fixed, because orthogonality is kept
through a shift. We put 7§ = 2, then the recurrence relations (2.14)~(2.15) become,
respectively,

Pry3(z) = 2Ppya() — aPnya(z) — 36"’07Pn($)a n 20,
Py(z)=1, Pi(z)==z, Pi(z)=2>-20q, (2.26)
and

Qn+3(z) = 2Qni2(x) — aQni1(z) = vQn(z), n >0,
Qo(z)=1, Qi(z)==z, Qaz)=2"-a. (2.27)

It is clear that {@n}n>0 is the classical 2-orthogonal polynomial sequence found in
Part I, say, the Tchebychev 2-OPS of the second kind.
Let us now introduce the generating function for the polynomials P,, n > 0.

t) =Y Pu(a)t™
n>0
By virtue of (2.26), we easily obtain
1— at? — 24t8
1—xt+ at? + 83"

Note that F(z,t) = (1 — at? — 2yt3)G(x,t) where G(z,t) = (1 — 2t + at® + yt3)~!
is the generating function of the 2-orthogonal Tchebychev polynomials of the second
kind, {@n}n>0-

Remark 2.2. The polynomials obtained here appear as particular cases of Faber
polynomials [9]. Such polynomials are defined as follows: let z and w be two complex
variables, f(z) be a mapping, and h(w) be its inverse.

W=f(z)=Z+ao+a1z_1—|-a2z‘2+...’
z=h(w) =w+by +brw™ +bw 2 +...,

F(z,t) = (2.28)

f() is a univalent mapping from a complement of a compact set onto a domain |w| > 7
(r is the smallest number such that h(w) is univalent in |w| > 7).

The Faber polynomials F,(z) of degree n, associated with f(z), are the polynomial
parts of [f(z)]". Many properties of the polynomials F,, are known. We have, for
example, the generating function

wh(w) =3 Fu(z)uw™, (2.29)

h(w) -z 5

which holds for |w| sufficiently large (depending on z). The relation (2.29) often is
taken as the definition of Faber polynomials.
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If we put t = 1/w, the above becomes
B (1/t) { 2 }‘1
1- = EF,(2)t".
th(1/t) h(1/t) nzz:o (=)

(1) It is easy to verify that the choice h(w) = (w? + 1)/2w leads to the Tchebychev
non-monic polynomials of the first kind {77 }n>o.

(2) Similarly, the choice h(w) = (w? + aw + v)/w? leads to the 2-OPS {P,}n>0
defined by the recurrence (2.26).

Indeed, in (2.29), the substitution of h(w) = (w® + aw +v)/w?, with t = 1/w,
leads to

W(1/t) z 7! i
th(l/t){l - h(l/t)} =D )",

n>0

with

h'(1/t) z 7' 1-a?—8
th(l/t){l N h(l/t)} S T_sitarop @b

Then F,(z) = Py(z), n > 0.

2.2. 2-Symmetric polynomials and cubic decomposition. Let k be an integer
with 0 <k <d. By &, k=0,1,...,d, we denote the d + 1 roots of unity, namely,

€ = exp< 2ik7r)~

d+1
Definition 2.1. The sequence {P,},>0 is called d-symmetric if it fulfills
Po(6xw) = € Pu(z), k=0,1,...,d, n>0.

When d = 1, then & = 1 and & = —1; this means that the sequence {P,},>¢ is
symmetric, that is, P,(—2) = (-=1)"P,(z), n > 0.

In order to produce the 2-OPS analogous to the Tchebychev OPS of the first kind,
we put o = 0. Hence, the 2-OPS {P,},>0 is 2-symmetric. In this case, {P,},>0 is
the “classical” 2-OPS analogous to the Tchebychev OPS of the first kind. Therefore,
they will be called the Tchebychev 2-OPS of the first kind.

When « = 0, the recurrence relation (2.26) becomes

Poy3(x) = 2Py io(x) — 3%"°yP,(z), n >0,

Py(z) =1, Pi(z)==z, Pz)=2z> (2.30)
Hence, setting
Py, (z) = Pl1(2®),
Pspia(z) = PP (2%),
Pspio(z) = 22PRlI(2%), n >0,
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Bn i7711,+1 i72+1
i=1 3y 37% except 17i = 6492 | 4 except: 179 = 343
i =2 | 3y except: 2By = 47 | 3y% except: 271 = 592 o
i =3 | 3y except: 36y = 5y 372 73

TABLE 1. Recurrence coefficients

where {P,[f]}nzo, ©=1,2,3, are the three components of {P, },>0 which are given by
the system [4]

Pﬂl( ) -y 0 =z P(z)
PL@|=|-v v = ||PP@)|, n>1,
PEL@) \=1 =7 =7/ \PP)
with P(z) = PP(z) = PPl(z) = 1 and PM(z) = 2 - 3y, PA(2) = ¢ — 44,
13] (z) =z — 5.

This natural (cubic) decomposition produces other sequences which are also
2-orthogonal. In particular, the first component {P,[Lll}nzo is a “classical” one.

It follows that each {P,[f]}nzo, (1 =1,2,3) satisfies a third-order recurrence relation
(see [4] for the formulas)

P 4(2) = (¢ = Bur2) P y(2) — 9210 PEL (2) — 192, P (@), (0,1 #0),
n >0,

Pi@)=1, Pllz)=2-'8, Pilz)=(z-8)PM(z)- (2.31)
where the recurrence coefficients ‘8,, v, 1, and ‘¥4, n > 0, are tabulated in
Table 1, and for each 7 = 1,2, 3, the sequence {P }n>0 is 2-orthogonal with respect

to Ul = t(ulll, ull) where, according to the relation (2.18) given in Part I (6]
9 ugjri-1), j=0,1,4i=1,2,3. (2.32)

u;" =03 (z'~1
The cubic decomposition of the sequence {Qn}n>0 was made in Part I [6].

3. A differential-recurrence relation and a third-order
differential equation

We start by proving that the sequence {P,},>o defined by the generating function
(2.28) satisfies a first-order differential-recurrence relation. Next, when a = 0, we give
a third-order differential equation for the polynomials P,, n > 0.

Proposition 3.1. The polynomial sequence {P,}n>0 satisfies the differential-recurr-
ence relation

¢(2)Ppp1(z) = (n + 1) A1 (2) Pota(z) + [nAa(2) + Bi(z)] Pa(z)
+ [(n = 1)A3(2) + B2(2)] Pa-1(z) + [(n — 2) As(z) + Bs(x)] Pa—2(z)
+ [(n = 8)As(2) + By(2)] Pa-3(2) + (n — 4)As(2) Paa(z), n >0, (3.1)
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where ¢(z) = (dayz + o® + 9y2)(4ya® + o?z? — 18ayz — 40> — 274%) and Ai(z),
1<1i <6, Bj(z), 1 <j <4, are polynomials of degree at most equal to 3 (see the
equalities (3.12), (3.13) below). We have put P_,(z) =0, n > 1.

Proof. From the generating function (2.28), we obtain by differentiating F'(z,t) with
respect to t and z, respectively,

(2783 + at? = 1) (v + at? — zt + 1) 0, F (x, 1)
= [a'yt4 — dyzt® + (9y - ax)t2 +4at — z| F(z,t) (3.2)
(vt + at® — 2t + 1) 0, F (z,t) = tF(z,1) (3.3)

where 8, = 8/0z and 8, = 0/0t.
From these, it follows that

[a'yt4 — dyzt® + (97 — az)t® + dat — 2] 0, F (z,t) = (2vt* + ot® — t)0: F(x,t). (3.4)
Next, multiplying (3.3) by —at and adding to (3.4), we obtain
[(47z + @®)t® — 9yt® — Bat + 2] 9, F(x,t) = —(29t* + at® — )0, F(z, t)
+ at?F(z,t). (3.5)
Now multiplying (3.5) by —v and (3.3) by 4yz + o? and adding, we obtain
[ - (4ayz + @ + 99?)* + (4v2° + o®z — 3a)t — (3yz + *) | 0. F (z,t)
= —y(27t* + at® — )8, F(z,t) + [o1t® — (472 + o) t] F(z,1). (3.6)
Likewise, multiplying (3.6) by 7t and (3.3) by 4ayz +a? + 972, we obtain by addition
[(47%2% + 5a2yz + 62y + o)t — (daya® + (o + 129°)z + a?y)t
+ (dayz + a® + 99%) 8. F (x, 1)
= 2 (27155 + at* — t?)0,F(z,1)
+ [ay?® — v (4yz + 2)t? + (dayz + o + 97%)t] F(z, ). (3.7)
Thus, (3.6) and (3.7) form the system
mu(ac)tQBwF(a:, t) + mi2(z)t0, F(z,t) = ni(z, t),
mo1(x)t20, F(x,t) + maa(2)t0, F(z,t) = na(z,t) (3.8
where
mi1(z) = doyz + 992 + a2, mis(z) = —4yz? — o’z + 3a,
ma1(z) = 4v22% + 502yz + 60 + a, maa(z) = —dayz® — (a® +129%)z — oy,
and
ni(z,t) = —(3vz + )0 F(z, t) + v(27t* + at® — )9, F (z, t)
+ [— oyt + (dyz + o*)t] F(x,1),
na(z,t) = —(4ayz + o + 99?)0, F(z, ) — v (29t° + at* — £2)9,F (z, t)
+ [e7*? — y(4yz + @)t + (davz + o® + 992)t] F(x, 1).
Let A(z) be the determinant of the above system and §(z) the polynomial given by
§(z) = 4vx® + o’2® — 18ayx — 4a® — 2742
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We have A(x) = mq1(x)maz(z) — mo1(z)miz(z) = v(4yz + ?)d(z).
Hence, the system (3.8) allows us to express t20, F(z,t) and t8, F (z, t), respectively,
as

A(2)t20, F (z,t) = [as(:c)t5 + aq(2)t* + az(z)t® + az(z)t* + al(x)t] O F (z,t)

+ [bg(x)t3 + by (2)t2 + bl(:c)t] F(z,t) — av8(2)0: F(z,t) (3.9)

where
a1(z) = day?z® +v(® + 129%)z + o472,
az(z) = 4v%2% + o4z — 3a°,
as(z) = —402722? — ay(a® + 127°)z — o342,
ag(z) = —12av%2% — 37%(a® + 842)z + o273,
as(z) = —8v*z? — 20%y3x + 6ar?,
bi(z) = 127322 — 190242z — ay(4a + 2742),
bo(z) = —167323 — 40%4222 + 2403z + 40342,
b3(z) = day®z? + a3y2x — 3243,

and

A(2)t0,F(z,t) = [e5(z)t® + ca(@)t* + c3(2)t® + ca(@)t® + c1(x)t] 9 F(z, 1)
+ [ds(z)t® + da(2)t? + d1(x)t] F(z, t) 4+ 37°6(z) 0 F(z,t) (3.10)
where
c1(x) = 49322 + 5a%y%z + ay(a® + 677),
ca(z) = 4av’z + (@ + 9°),
es(z) = —4ay’z? — 5042z — a?y(a® + 642),

ca(z) = —8y42? — 14a%~y%z — 3ay%(a® + 797),

cs(z) = —8ay'z — 29°(a® + 9?),

dy(z) = —167°2° — 80*7%2” — a(0® — 487%)z + 37%(40° + 277%),
da(z) = —12av%2% — 372 (a® + 129%)z — 30245,

ds(2) = 40”7’z + ar?(a® + 99%).

Now, by multiplying the equality (3.10) by ¢, using (3.9) and (3.10) again, we obtain
after some calculations

&(2)0.F (z,t) = A(z,t)0: F (z,t) + Bz, t)F(x,t) (3.11)

where

$(z) = (davz +a® + 992)d(z), Alz,t) =Y A (2)t", B(z,t) =Y B,(a)t",
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with
A1 (z) = 160722 + 47(203 + 99%)2® + 2(a® + )z — 2ay(a® + 99?),
Ay(z) = —160°2x? — 8ay(a® + 647z — (@ + 3v%)(a® + 9?),
As(z) = 16072z — day (203 + 137 z? — (@ + 972 (e® + 492))z

+a?y(e® +99%),
Ag(z) = 3207323 — 72v% 2% 4 20%4(30 + 237%)z + a(e® + T9%)(@® + 9?),
As(z) = 480243 2% 4+ 12042 (20 + 117z + 37(a® + 29%) (0 + 99?),
Ag(z) = 3207 z® + 8v*(20® + 99*)z + 22242 (a® + 942), (3.12)
and
Bi(z) = —640°22? — day(8® + 637%)x — (o + 99°) (40 + 274?),
Bo(z) = 16027%2% + 4oy (2a® — 154%)2? + (af - v (4702 + 21672))9:
- 802’7(0;’ + 972))
Bs(z) = 6407’ 7® + 1642 (20 + 99%)2? + 4a®y(a® + 69%)z — 32y (a® + 947),
By(z) = —16a%v%z? — 40v%(203 + 9z — o®y(a® + 99?). (3.13)
Hence, on substituting the series expansion for F'(z,t) into (3.11), we find the relation

(3.1). O

In the particular case when a = 0, the differential-recurrence relation (3.1) becomes

(5° = F7) Praa@) = (14 D2°Pra(@) = o+ 9)Poto)
—v(n+5)zPy_1(x) — 2y(n — 4)2> P, _o(x)

+ 272(11 —3)zP,_3(z) + 27v*(n — 4)xP,_4(x), n >0.

Using the recurrence relation (2.30), the above equation becomes

(4~ ) Poaa(®) = (14 DPrsale) = Jo(n+ DPa(o)

1
- 572(11 + 1)P,—3(z), n >3,

with the initial conditions Pj(z) = Py(z) = 1, Py(z) = 2Pi(z) = 2=z, Pj(z) =
3P,(z) = 3z Note that, by differentiating this equation, we obtain the relation
(3.10) given in Part I.

Proposition 3.2. Let {P,},>0 be a 2-symmetric sequence of 2-orthogonal polyno-
mials. If {Pp}n>0 is 2-classical, then each polynomial P, satisfies a third-order dif-
ferential equation of the form

(anz® — b)) PY' (%) + cpz® Pl (z) + dpzPl(z) — enPo(z) =0, n >0, (3.14)
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where
ap = ('ﬂn - 1)(7-9n+1 - 1), n>1 (ao = 0),
T
bn = m—)h [(n + 3)1971 - (n + 2)]
X [(n+4)n41 — (n+3)][(n+5)n42— (n+4)], n>1 (b =0),

Cpn = 197,,19”4.1 —-1- (n — 3)(1971 — 1)(19n+1 — 1), n Z 1 (co = 0),
d, = nﬂn-l—l - (TL - l)ﬁn(20n+1 - 1), n>1 (do = 0),
en = np41, n >0,

with ¥, = (n+ 2)75(nY3,1)", n> 1.
Proof. From the hypothesis, the sequence {P,},>¢ satisfies the recurrence
Pry3(z) = 2Paya(z) = vpy Palz), 020,
Py(z) =1, Pi(z)=2, Ps(z)=2? (3.15)
and the sequence {Qn }n>0, defined by Qn(z) = P, ;(z)/(n+ 1), also satisfies
Qn+3(z) = 2Qnia(z) — 311 Qn(z), n >0,
Qo(z) =1, Qi(z)==z, Q(z)=z> (3.16)

where 7p = ~2ayp 100, n > 1.
First, by differentiating (3.15) and using (3.16), we obtain, after changing n to n+1

Pn+3(x) = Qn+3(x) - kn+1Qn(x)a n > 0,
Po(:l)) = Qo(:l:) =1, Pl(.’B) = Ql(l‘) =z, PQ(JI) = QQ(.’B) = 1)2 (317)

where kn = (n+2)30 =170, =m0 (¥ — 1), n > L.
By differentiating (3.17), we get

(n + 3)Qn+2(x) = Q;;+3(~'17) - kn+1Q;1(x)a n > 0.
From this and using the derivative of (3.16), we obtain
(n+ 2)@n+2(2) = 2Qn12(%) = ln1@p(z), n 20, (3.18)

where I, = kn + 33 = 735751 ((n+3)0 — (0 +2)), n > 1.
Next, differentiating (3.18), we get

(n+1)Qn42(7) = 2Qn42(2) — ln1Qr(2), n20. (3.19)
Further, from (3.1), (3.15), and (3.16), after changing n to n + 1, we obtain
2Qn+3(2) = ln42Qn+1(2) = Pot3(z) = Yai2Prsr, 120 (3.20)
Multiplying (3.16) by z and using (3.20), we have
72+2Pn+1(17) = ln42Qn+1(%) — kn412Qn(z), n 20, (3.21)
and by changing n to n + 1, we get
Yot3Pnt2(2) = lnt3Qny2(2) — kny22Qnii(z), n>0. (3:22)

Now, differentiating the above, we obtain
Int3@n42(z) = [(n+2)7045 + knt2] Qui1(z) + kn22Qpyy(z), n>0. (3.23)
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Multiply (3.23) by ln+2, use (3.21) and its derivative to get

lpaal
n 2;,2Y0n+370 ma2(2) = OngoPay1(z) + (20n119n42 — Ont1 — Iny2)a Py (2)
n+2 'n+3
+ (941 — 1) (Ot — 1)2?Pl 1 (z), n>0. (3.24)
We let
lntilngo
Cn = , n=>0,
(n+ D)vp 17042

On =20p0n41 — 9 —Vng1, n2>1 (50 = 0),
o= =1)Wn+1—1), n>1 (G =0).
Then, the relation (3.24) can be written as
1@ y2(2) = Cug13° Py () + 6n12P) 41 (2) + Ong2Poga(z), n >0, (3.25)
which gives upon differentiation
O‘n+1QZ+2($) = Cn+1-"v2 1lzl—/|-1($) + (6nt1 + 24n+1)wp1/zl+1(x)
+ (Ony1 + 29n_|_2)P,'l+1(:C), n > 0. (3.26)
Now, from (3.19) and using the relations (3.25) and (3.26), we easily obtain

(Gn+12® — (0 + 1) Hng10m41) Ploy (2) + (6pg1 — (0 — 1)Cng1)2 Pl (2)

+ (In42 — N0n41)TPp 11 (%) — (R + 1)Iny2Pry1(z) =0, n >0.
After some simplifications and by changing n to n — 1, the third-order differential

equation (3.14) follows immediately. O

APPLICATION. The above result for the Tchebychev 2-orthogonal polynomials
{Pn}n>0 defined by the recurrence (2.30) is adapted to our situation. We obtain
the third-order differential equation satisfied by each polynomial P,, n =0,1,...,

4(z® — 1)PY (z) + 182%P)! (x)
—(3n% +3n — 10)zP.(z) — n*(n + 3)P.(z) =0, n >0. (3.27)
Indeed, in this case, we have 73, ; =v=4/27,n > 1,7 =3v,3%,, =v,n >0, and
¥ = (n+2)/n, n > 1; thus the coefficients an, by, cn, dn, and e, are given by
4

an=m, n>1 (ap=0),
n_;(%}-ﬁ, n>1 (b =0),
c":Jnl—?l-—l—)’ n>1(co =0),
dn=—%f’%ﬂ, 1 (do = 0),
—M n > 0.

€n = ntl
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4. The integral representations

As in Part I, we are concerned in this section with the problem of the integral represen-
tation of each of the linear functionals ug, u; where U = *(ug,u;) is the 2-dimensional
functional with respect to which the 2-symmetric sequence {P,},>o defined by (2.30)
is 2-orthogonal.

The main result here is

Theorem 4.1. The two linear functionals, uy and u, associated with the 2-classical
sequence { Py }n>0 defined by (2.30), have the integral representations
“+co

<U0, f) = 5 Uo(fl,’)f(i?)dx, f € Pa (41)
+o00
(w, fy= | Ti(2)f(e)de—((6,f), feP, (4.2)
respectively, where the weight functions Uy and Uy are given by
Uo(a) = 20 (21 - ) (1- o) (1= VI= )P 4 (14 V=)
+3e77Y (z) [A\1v/z cos(v/3z) + Aez? sin(v/3z)], (4.3)

Ui(z) = 9\/_ ((1—x)){2:c2(1—x3)_1/2[(1_m>1/3+<1+\/1_:”x§)1/3]
N R

+ 9Y(1:)e_””{ [)\11:”1/2 (3:4 - 2x3 -z + ) A2 V322 (z* - 1)] cos(V3z)

+ [ — V3212 (2® —1) + Aoz (2* - 32° — 2 + 2)] sin(V/3z)
(4.4)

0 #fz<0,

; and A1, X2, and ( are constants which we determine
1 ifx>0

where Y (z) = {

below.

In this section, we apply the method similar to that used in Section 4 of [6].
According to [4, 5], the 2-dimensional functional i/ is characterized by the fact that
it satisfies a vector distributional equation of the form

U + D(®U) = 0
where the 2x 2 matrices ¥, ® are defined by (see [4, Section 6] for the explicit formulas)

w=(2 &) =4 48).

with
«
#(z) = _’y$+ 3, qﬁé(m) = -2z — 5,
2 a? o T 2a:3
0 o« g = 1@, 2% g
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In the rest of this section, we put & = 0 and y = 4/27. Hence {P, },>0 is reducible
to 2-symmetric 2-OPS, and the above distributional system satisfied by ¢ becomes

ol )G o) ()= (0)

3ug — 2zu) —ug =0,
3z%uf — 2u} + 3zup = 0. (4.5)

From this, the linear functionals ug and u; satisfy the second-order differential equa-
tions

which gives

(z® — Vuf + ngug + gwuo =0, (4.6)
z(z® — Duf + (g:c?’ + 1)u'1 + z%u; =0, (4.7)

respectively, with
uy = —3(z® — 1ufy — 3z%uy. (4.8)

As in Part I, in order to find integral representations of the functionals ug and u;,
we also will make use of the operator o3 and proceed as follows.

(a) We start by determining the weight function V representing the functional uE)l] =

o3(up), that is,

(%W&ﬂ=LV@NMM,feP

We show that the function V satisfies a Gaussian hypergeometric equation.

(b) We first give an integral representation of the functional u([f] = o3(zu1). We obtain,

by means of (4.8), a weight function in terms of V and V’. Next, by determining
the other functionals ug’] in terms of u([)ll and u([)zl, we easily obtain their integral

representations.
(c) Finally, we return to the functionals ug, u1 and give the proof of Theorem 4.1.

4.1. The determination of the weight function V. From the equation (4.6), we
can write

3 1
D[D($3 - 1)’LLO - szuo] - ~2-:cu0 =0. (49)
Left-multiplying the last equation by 2, it follows that
11 9
2/,3 _ (s A _
D[D(:c (z® = uo) ( 5T 4x)u0] + (2:c 2)u0 =0. (4.10)

From this, by applying o3 and using the properties (1.16)—(1.18), we obtain that

D[D(mz(x - 1)os(uo)) — (ng - 2x)03(u0)] + (%w - 3)03(%) =0. (4.11)
1] _

Now, to determine an integral representation of the functional ug" = o3(uo), consider

<w%>=Lvmﬂwm,feﬂ
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The problem is to find the weight function V such that the following two conditions
on V hold (see conditions (4.5),(4.6), Part I):

[z - V@) @) - {2 - V@) - G - 2V (@)} /@) =0, feP,
(4.12)

(2 — 1)V (@) + z(7m 2)V'(2) + ( - —)V(m) M@  (413)

where ) is an arbitrary constant and g is a function representing the null form, i.e.,
Je9(z)z"dz =0, n > 0.
In the sequel, we let A = 0; then (4.13) becomes

22(z — 1)V (z) + x(gw ~2)V/(@) + (-g—x - g)V(m) ~o0. (4.14)

For solving this equation, we first let V(z) = z#Z(z). Hence, by substituting in (4.14),
we obtain

X(z - 1)2"(z) + m[(?,u + g)x -2u - 2] Z'(z)

+ [(u(u—1)+gu+g>m— (;H-%) (,u+§)]Z(m) =0. (4.15)
For pu = —1/3, the above becomes |
v(1-2)2"(z) + (5 - 52)2'@) - £ 2(2) =0,

which is a hypergeometric equation with general solution given by (see, e.g., [10])

Z(.’Z:) = Clzl(x) + C’QZQ(IL')

where
27 4
Zy1(z) = 2F1< )=21/3(1 1/2(1-!-\/__—) 1/3
36’3’
1
Zz(m)—w'1/32F1(3 2 ;,x) =2_1/3m‘1/3(1—x)’1/2(1+\/1-—m)1/3,

and C;, Cy are two constants which will be determined below.
Then the general solution of the equation (4.14) may be written as

21/3 -1/3 1/3 2 1/3,~2/3 —\1/3
14++v1-— —_—(1++V1 . 4.16
The two constants C; and Cs, of course, depend on the choice of the path C and the
normalization condition

V(z) =

ug], 1) = /V(w)dm =1
Choose C = ]0, 1], so that the condition (4.12) holds if and only if
C,—-27%3Cy =0. (4.17)
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Indeed, by differentiating (4 16) we obtain
V'(z) = ——Clac 4/3(1 — )" 1/2(1 + \/—) 1/3
- %C’gx_‘r’/?’(l —z)"Y2(1+ M)W

+ 2728073 (1 — ) 3/2 (1+v1- :c)_l/3
+ 27430023 (1 — £)~%/? (1+v1- :c)l/3

-2/3 B
42 g Cie™ (1 —2) 1+ VI =7) 4/
-4/3 B
_2 3 C’ga:_2/3(l—a:)_1(l—l-\/1—x) 2

Now, it is easy to verify that
*(z—1)V(z) -0  whenz — 1" and z — 0%,

%sz(ac) —2%(z—1)V'(z) -0  when z — 0%,

and
%xQV(a:) —z2(z - 1)V'(z) — %{ -27%3C, +27%%C,}  whenz — 17.

Then the condition (4.12) holds if and only if (4.17) holds.
Consequently (4.16) becomes

V(a:)=21/301(1—x)—1/2{x—1/3(1+m)—1/3 _2/3(1+\/—_—)1/3}
= 23051 - ) (1-VI=E) P+ (14 VITE) ), 0<a <L
(4.18)

Now we determine the constant C; by using the normalization condition
fo z)dx = 1.
Indeed from (4.18) we have

2—2/3 1/3 1 .—2/3
21/301{ \/Tx( -V1i-z) " dz+ Y per-

(1+v1= :c)l/sdx} -1
or
230+ =1
where
1 -2/3 13 £-2/3 1,
Jy = 1—-+v1-— d d -
1 /0 m( Vi—z)/'"dz and Jo= _.__1_36(1—1-\/1 )

Using the transformation £ = /1 — z, the two integrals J1 and J can be written as

1
J1= 2/ (148)72/3(1 —¢)~3dt
0

and

1 0
J = 2/ (L+1)731 —t)"%34t = 2/ (L+1¢)72/3(1 —t)~Y/34t.
0

-1
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Then

1
47
Ji+ J =2/ 14+¢)723(1 — )" VPagt = —.
1 2 _1( ) ( ) \/g

It follows that C; = ;/C By substituting this in (4.18), we obtain

V(z) = %—fx‘zm(l—x)-l/?{(l—«—l— YWt (1+vi—a)Y?), o<z<1.
(4.19)

It is clear that V' > 0 on ]0, 1[, and then the linear functional u([)ll is positive definite.

4.2. The representations of the functionals ug], i = 2,3, and ul ,1=1,2,3.
We now are looking for an integral representation of each of the linear functionals u[ il
1 =2,3 and ull], i =1,2,3, where Ul = ¢(y, E], uj ), Ul =ty ([)2], [12]), and UB! =
t(ug‘o’],u[f’]) are the 2-dimensional functionals with respect to which the components
{Py]}nzo, {P,[f]}nzo, and {Pr[t3]}n20, are 2-orthogonal, respectively.

From (2.18), when d = 2, we have

[4

u; = o3(z~

1u3j+i~—1)7 .7 = 07 ]-7 1= ]-a 273
This leads to

u([)” _ (o8 (uo) UE] _ (os(zur) and %3] _ (o8 (x2uz)
ul oa(us) )’ \uf? o3(zug) )’ ul?! o3(z?us) )’
The representation of the linear functional u[ll is given in the above subsection. To

find an integral representation of each of the functionals ul? ], we proceed as follows.

3
[l (1] (2]

in terms of ug" and u

— We determine a weight function representing the linear functional ugl in terms

of V and V.

- With the aid of the representations of uE] and u([f],
sentations of the other functionals.

Indeed, by virtue of the relation (1.8), we have, for d = 2,

— We give explicit expressions of the functionals u;

we obtain the integral repre-

TUn = Un—1 + Bnlin + Ypi1Uni1 + Vog1Unsz, 720, (u_y=0).
In this case, B, =0, 70,1 =a=0,n>0,and 7 = 37,73, = v (=4/27), n > 1.
Whence, the above becomes
YUpt2 = TUR — Up—1, N >1,
3yug = zug.
From this, we can successively express u,, for any integer n > 3, in terms of ug and
ug:
o for n = 0: uy = 371y Lzuy,
e for n =1: uz =y~ }(zu; — up),
o for n = 2: ug =y Haup — u1) = =371y 2(3yuy — 22uyg),
o for n = 3: us = v~ H(zuz — uz) = 3~y 2(3z%u; — dzug).
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Therefore, by applying the operator o3 and taking into account of (4.8), we obtain,
respectively,

o = 0yun) =57yl (420
uf = o(us) = v {ul? — o)}, (4.21)
u? = o3(zug) = =372 3yufd — zul}, (4.22)
u[13] = o3(z%us) = 3—1’)72{335“52] - 495“([)1]}- (4.23)
First, according to the relation (4.8), we easily obtain
uf) = o3(zur) = ~9(2(z - Vup’)’ +3(3z — 1)uf’. (4.24)

To determine the integral representation of the functional u([f]

((z(z - DullY, f(2)) = —(2(z — 1), f(z)) = - /0 1 z(z — )V (z)f'(z)dz.
Integration by parts gives
((z(z - D), f(@)) = [2(1 — )V (2) f(2)]; + /0 1 (z(z — 1)V (2)) f(z)dz
Since [z(1 — z)V(z)f(x)], =0, we get
(@@ - uf), f2)) = / (ol - DV (@) f@)d.

Now, from (4.24), we have
W, 1) = =9((z(z — )ull)’, £) + 3((3z — D)ul], f)

= —9/0 (z(z — )V () f(z)de + 3/0 3z — 1)V (z) f(z)dz

, we first need

1
= [ P @i, e,
0
where
U (z) = =3(3z — 2)V(z) — 9z(z — 1)V'(=). (4.25)
Or, differentiating (4.19) and substituting into the last equation, we obtain

U(EZ](QC) {x+x1/3ﬁ——i[(1+\/—)1/3 (1_\/1———)1/3] }V( ).

Thus, it is simple to see that U(g2] (z) > 0 for z €]0,1]. Then the linear functional u?l
is positive definite.
Finally, by means of (4.20)—(4.23) and using (4.25), one easily finds from (4.21)

vi(z) = - 2723%{(9z - 5)V(z) + 9z(z — )V'(z) }.

Remember that U(gll =V, hence we obtain the pair of the weight functions U[ I and

(1] (11

Ulm representing, respectively, the two functionals ug " and uy

From (4.22), we obtain
UPl(z) = 27434 { (152 - 8)V(z) + 12z(z — 1)V'(z) ).
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This equation with (4.25) gives the pair of weight functions for the two functionals

ul? and uf?!| respectivel
1 o » respectively.
From (4.20) and (4.23), we obtain

U (z) = 272322V (2),
UPl(z) = 27433 {2(272 — 14)V(z) + 272%(z — DV'(z) }.

Since V(z) > 0 for z € ]0, 1], then U(gs] (z) > 0, so that the linear functional ug"] is also
positive definite.

Again, as in Part I, we observe that the three linear functionals u([)l], uBQ}, and u{f’]
are also positive definite. According to this result and those found in [6,7], we can
formulate the following conjecture in the case of a 2-symmetric “classical” sequence:

If the linear functional uE] is positive definite, then the linear functionals

(3]
0

u([)z} and uy" are also positive definite.

4.3. The integral representation of ug and u;. Proof of Theorem 4.1. Finally,
we return to the initial problem for determining an integral representation of the
functional ug, and, by virtue of (4.8), we deduce an integral representation of the
functional u;. First consider

(uo, f) = /_oo Uo(z)f(z)dz, feP.

‘We have

o0

au),f) = [ Y (@l -a)V(e)f(@)ds, feP.

—o0

In particular, since (uo, o3f) = (o3(uo), f), we have
/00 Uo(z) f(z®)dx = /oo Y(z(1 - 2))V(z)f(z)dz, fe€P,
which also can be written
/_ 0; {Y(ac(l —2))V(z) - %Uo(acl/3)x‘2/3} fl@)dz =0, feP.
Hence Y (z(1—2))V (z) — Up(2'/3) /322/3 is a function representing the null functional.
Then
Y (e - 2)V(@) - 32700 = gs(2) +aga(z)  (426)

where g; and g2 are two functions which represent the null functional, that is,

o) o0
/ z"g1(z)dz =0 and / z"ga(z)dz =0, n>0.

—0o0

For example, we can take the two functions g; and g as follows:
g1(z) = Y(z)z~ 2" cos (V3z'/3) and gs(z) = Y(z)e="" sin (V3z'/3).
Now, by changing z to 23 in (4.26), we find
Uo(z) = 32*{Y (2(1 - 2))V(2®) — Migr(2®) — Aaga(®) }. (4.27)
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Because the functional ug is 2-symmetric, we necessarily have (ug)o = 1, (ug)1 =
(wo)2 =0, i.e.,

0 1, v=0
= v d — ’ ’
(UO)U /;oox UO(:B) :B {0, V= 1,2-

The first condition is fulfilled for any values of the constants A1, A2. The other two
conditions, obtained for v = 1 and v = 2, allow us to determine the constants A1, Az,
from the system

Ml + Aoly2 = —Ki,
Aloy + Aolog = —Ko (4.28)

where
oo 1
L, = / 29, (2%)dz, v,p=1,2, and K, = / T2V (2%)dz, v=1,2.
0 0

First, using (4.19) and the transformation t = v/1 — z, we easily can calculate K} and
K,

1/t 1 2/3
and

1t 1 1/3
ko= [(oviee= 32 ["a-erelas g s a - e = 20

Secondly, according to the two formulas [8]

T'(p) cos(ph)
(a2 +m2 )p/ 27
['(p) sin(p)
(a2 + m2)p/2

o0
/ zP~1e™% cos(maz)dz =
0
/ zP~le™ sin(maz)dz =
0
where p, a, m > 0, sinf = m/r, cos§ =a/r,0< 0 <7/2, 17 = (a®4+m?)'/2, we obtain
that
Iy = —V272758%/2, L1y = —27*3%/2,
Iy = —5v2m2783%/2, Iy = —27%3%/2,

Thus, the system (4.28) gives A\ = Koo — K11y and Ay = K151 — Koliy where
A = I111sg — I 12 = 344-6\/2r.
It follows that

1 /226 o8 o 12 _
)‘1=_\/;3—2‘{2/ -9 /3} and )\2=;3_2{5X21/3_2 1/3}.

T
Whence, from (4.27), we obtain that
TR, pue AL ——m\1/3
Uo(w)=%_§Y(w(l—x))( @) "+ 1+ VI-o)

Vier=
+3e7%Y (z) [Alﬁcos(\/g:c) + Aoz sin(\/gx)] .
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We now look for the representation of the functional u;. At first, from (4.8), we have

up = —3(z% — 1)uf — 3z2u.
Then, using (4.27), we can write

(u1, £) = 3(uo, ((z* — 1)f(2))") — 3(uo, 2* f(x))

- 3/j° Us(z)[(2® - 1) f(2)]'dz — 3/_00 Uo ()22 f (x)dz (4.20)
=hLh+1+1Is
with

1 !
L= 9/ ?V(z%)[(z® - 1)f(z)] dz,

L=9 / 2 g1 (2%) + doga(@®)] [(a° — 1) f ()] de,
I; = —3/_ 22 Up(x) f () dz.

Hence, by integration by parts

I = [92°(z® — 1)V(a:3)f(:c)

/ @ - 1) [2?V(e®)]' f(z)da.
Now, from (4.19), we have

22V (2®) = -‘/—3(1 -2 (1- V1-23)P 4 (1+ /1 —23)1/3]. (4.30)
Then [922V (z3)(1-2%) f ()]} = 21/3—35/2 f(0). Now, by differentiating (4.30) and using
(4.19), we obtain

I = 2332

= (0) f/ {s* -2 H[(1- VIi=a®)? + (1+vVT1=0%)}]
- %[(1-¢1— )7 = 14+ V1=2%)"] }i(@)de.
Next, it is simple to see that

I = 9/00 e"““'{ [)\150‘1/2 (z4 - %za —z+ ) Ao V322 (a: - 1)] cos(\/—ac)
+ [ — V322 (2% — 1) 4+ Moz(zt — 22 —z + 2)] sin(\/§x)} f(z)dz

and

Y

=~ 01 2?(1— 2%)~1/2 [(1-v1- )1/3 +(1++1 )1/ 1 f(z)dz
- 9/000 z2e™* [Ma'/? cos(v/3z) + Apa? sin(v/3z)] f(z)dz.
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Whence, from (4.29), we easily obtain
W)= [ ti@f@)da - 6.5

where ¢ = 275/33%/27=1 and the weight function U, is given by (4.4).

=
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