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CRITICAL LENGTH FOR A QUENCHING PROBLEM WITH NONLOCAL
SINGULARITY

Go-Jien Chen and Jong-Shenq Guo

ABSTRACT. We study an initial-boundary-value problem for a nonlocal semilin-
ear heat equation. By studying the existence and nonexistence of its stationary
solutions, we obtain the critical length(s) of the original parabolic equation. Some
peculiar features of critical lengths are different from the classical results, due to
the nonlocal singularity.

1. Introduction

In this paper, we study the following initial-boundary-value problem for the nonlocal
semilinear heat equation

Wy = wyy + ||lw(-,8)]|(1 - w)™P, O<y<a, s>0, (1.1)
with zero Dirichlet boundary condition and with the initial condition
w(y’ 0) = wO(y), 0<y<a,

where a > 0,9 >0, 3> 0, 0 <wp(y) <1 for y € [0,a], and the norm || - || is defined
by

o9 1= | (v, 5)ldy.

Note that by the standard parabolic theory, there exists a unique classical solution
for a small time interval for the above initial-boundary-value problem. The solution
w of (1.1) is said to be quenching if the maximum of w(-, s) reaches 1 in some finite
time. In this case, the equation becomes singular. It is well known that the stationary
solutions of (1.1) play an important role in studying the quenching problem. According
to the classical concept, a number a* is called a critical length for (1.1) if there are
stationary solutions when a < a* and no stationary solutions when a > a* (cf. [1]).
Our main purpose is to study the critical length(s) of this nonlocal problem.

First, we make the following transformation. Set

u(z, t) = w(y, s), y=ar, s=a’t.
Then equation (1.1) becomes
Ut = Ugg + €llu(-, 1)]|2(1 —u) P, 0O<z<l, t>0, (1.2)
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where
1
e=a?*,  |u(-t) = /0 lu(z, £)|dz.

The quenching problem for the equation (1.2) was studied by Deng [2] for the case
B =1 and ¢ > 0, and by Levine [3] for the case 3 > 0 and ¢ = 0.

Therefore, the main subject of this paper is to study the existence and nonexistence
of stationary solutions of (1.2). We are concerned with the nonnegative classical
solution of the following problem:

v +e|v)i(1-v)P =0, 0<z<l, (S)
v(0) = (1) =0,

where ||[v]| = fol v(z)dx. Note that v = 0 is always a solution of (S). By the maximum
principle, any nontrivial nonnegative solution of (S) must be positive in (0, 1). In the
sequel, when we refer to a solution, we will mean a nontrivial positive solution.

When 3 = 1, it was claimed in [2] that there is a unique positive solution of (S) for
each given € > 0, if ¢ > 2. But there is a gap in the proof of this result for ¢ > 2.
Therefore, the case ¢ > 2 is still open. See the detailed explanations in Section 3
below.

In this paper, we shall restrict our attention to the case where # < 1. We summarize
the main results of this paper as follows.

1. Suppose that 8 = 1. Then the following hold:

(a) For ¢ = 1, there are no positive stationary solutions if € > 12; and there is
exactly one positive stationary solution if £ < 12.

(b) If 1 < g < 2+ 262, then there is exactly one positive stationary solution for
€ > 0. (Here 6 is a positive constant defined in Lemma 3.2 below.)

2. Suppose that 0 < 8 < 1. Then the following hold:
(a) For ¢ = 1, there are no positive stationary solutions if ¢ > 12 or 0 < ¢ <

4(1-pB)(8+B)/(1 +B)?, and there is exactly one positive stationary solution if
41-P)B+B)/1+p)* <e<12.

(b) For 1 < g < 2, there is exactly one positive stationary solution if & > 23-9(1 — 3)
(8+ B)/(1 + B)?, and there are no positive stationary solutions if 0 < ¢ < 23-9(1 — )

3+ 6)/(1+B)>

The stability analysis for the above stationary solutions follows the same line as
in [2] and [3], so that some quenching criteria and/or global existence results can be
readily given (cf. [2] and [3]).

We make some remarks on the critical length(s) of the equation (1.1). From the
above results, we see that there is a unique critical length for the case 8 = 1 and
1<g<2+262 and the case 0 < 8 < 1 and 1 < ¢ < 2. The critical length is either
finite or infinite. Notice that in the case 0 < 8 < 1 and 1 < ¢ < 2, the critical length
has the reverse meaning, namely, there are stationary solutions when a > a* and no
stationary solutions when a < a*. Furthermore, for the case 0 < < 1 and ¢ = 1,
there are two critical lengths. There is a unique stationary solution when the length a
is between these two critical values. This peculiar feature is different from the classical
results due to the nonlocal singularity.
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We organize this paper as follows. In Section 2, we give some preliminaries which
will be used later. In Section 3, the case 8 = 1 is studied. In Section 4, the case
0 < B < 1 is treated for the range 1 < ¢ < 2.

2. Preliminaries
Let v(z) be a nontrivial nonnegative classical solution of
v et -v)F =0, O<z<]l, (2.1)

with v(0) = v(1) = 0, for certain choices of €, g, 8, with e > 0, ¢ > 0, and 8 > 0.
Then by the strong maximum principle, we have v(z) > 0 and so v" < 0 on (0,1).
Thus v has exactly one maximum in (0, 1), say at . Let

[ —m(-s) ifp=1,
Fi(s)= {(ﬁ_l)—l(l—s)l_ﬁ ifB#1,
and

(2.2)

- K 1
Gi(p) = /0 —mdﬂ

where g = v(£) < 1. Then it follows from [2] that ¢ = 1/2, and G;(u) can be
represented as

Cr(k) = Ve/2 || v |2 (2:3)

In order to derive a relation between ¢ and p which is independent of ||v||, we borrow
an idea from Deng [2], and let

v=[[a-veNds o) = (1= o(aw)”
Then g satisfies
g —2¢|v|7g"BD2=0, 0<y<Y,
90)=g(Y)=1, Y=1-|v].
Setting z = y/Y and h(z) = 1— g(y), we obtain
hee +2¢ |0 |0 (1= v [)2(1—R)"FFD2 =0,  0<z<1,
h(0) =h(1) =0.
Define

_ —h’l(l—s) lfﬂ=1,
Falo) = {2(/3 — 1)1 (1-8)AP2 if g A1,

and

(2.4)

A
, 1
G2(N) = / —————dn
o VF2(X) - Fz(n)
where A = mazo<,<1h(2). Note that A = 2u—p? with g = maxo<gy<1 v(z). By similar
reasoning, we obtain

Ga(N) = Ve || v |72 (1~ | v ). (2.5)
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Then it follows from (2.3) and (2.5) that
_ \/5@1(#) - éz(/\)

v ll= V3Gr () (2.6)
Substituting (2.6) into (2.3), we obtain
e =Kq(p) (2.7)
where
v ) = 2 [ V2G|
Rq(w) =2 ( N (A)) . (2:8)

Conversely, for a fixed 3 > 0, a given p € (0,1),and a g > 0, let € = Kq(u). We define
v(z) implicitly by
T dn = 2G1 ()

o VF(u) —-Fn)
for 0 <z <1/2, and v(x) = v(1 — z) if 1/2 < 2 < 1. Then, by reasoning similar to
the above, it is easy to show that v(z) is a solution of (S).

Therefore, studying the existence of stationary solutions is equivalent to studying
the behavior of the function K, in (0,1). First, the following lemma shows that the
function K, is well-defined in (O 1). Since the proof can be found in [2], we omit it.

Lemma 2.1. v2G1(u) — Go(A) > 0 for i € (0,1).

Since G (1) > 0 for p € (0,1), this implies that K,(u) > 0 for x € (0, 1). To
investigate the behavior of K,(u) on (0, 1), we use the transformation

oo { FmO-p =1,
0—0(u)—{[(1_ w11 fo<p<i,

and let G1(8) = G1(n), G2(0) = Ga()\), and K, () = Ky(u). Note that p € (0,1) if
and only if § € (0,00) and 6(u) is increasing in u for any ,3 € (0,1].
For convenience, we also define

A(6) = / o do,
0
0
B(6) = / €2’ do,
0
0
A,(6) = / 1+ 0) 2 do,
0
By(6) = /9(1+a2)i—‘—“%da.
0
When = 1, we have
G1(6) = 2¢=%° A(0), (2.9)

Ga(0) = 2v2¢727 B(9), (2.10)
K,(6) = 8¢~ A+2(9) [A(6) — e~ B(6)] % (2.11)
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For 0 < 8 < 1, we have

2 ?11
Gl(e) = \/—'—(1 + 02)2 A1 A+(0)a (2'12)
Ga(0) = \/I?u +62)7650 B (0). (2.13)
8 (1+6)F[4,(0)"
K, (6) = 1= ( )7 +E ) . (2.14)
BlAL(6) - (1+6%)7TBL(9)
We will investigate the function Ky(6) in the following sections.
3. The case f=1
First, we recall from [2] that
lim K,(0)=0 forg>0 (3.1)
0—o00
and
oo forg>1,
glir(r)l+ Kq0)=<¢ 12 forg=1, (3.2)
0 forg<l.

Using (2.9) and (2.10), the following lemma follows from Lemma 2.1 directly.
Lemma 3.1. A(6) — e~ B(8) > 0 on (0,00).
The following lemma can be found in [3].
Lemma 3.2. There is a 6y € (0,00) such that
1>20eA@B)  for6 € (0,60),
1< 20 A®B)  for 6 € (8o,00).
By (2.11), the derivative K}(6) can be calculated as
K1(8) = 8[A(6) — e B(0)] "V AT (9)e" Iy () (3.3)
where
J4(8) = 2+ 9)(A(8) — e~ B(9)) — 46¢=%" 42(6) + 22 — @) A(B)B(D). (3:4)

Note that by (3.3), the sign of K;(6) is the same as J4(0). Now, we will determine
the sign of Jy(0) in the following. leferentla,tmg Jg(6) in (3.4), we get

J3(0) = —20J4(8) — 49e=7" A(0)(A(0) — e~ *B(9)) + 2¢=% B(0)h1(0) (3.5)
where
ha(6) = (2 — q)B[1 — 20" A(9)] — g~ A(B). (3.6)
Lemma 3.3. For 1 < q <2, we have
hi(8) <0  for 6 € (0,00).
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Proof. Since
1(6) = —20h1(9) — 40e™" A(B)(2 — 9) +2(1 - g),

we obtain

[¢”R1(6)] = [-46e% A(6)(2 — q) +2(1 — g)]¢*".
For 1 < g < 2, we know that e’ hy () is a strictly decreasing function. Since

. 92 _
Jim o”hi(6) =0,
the lemma follows. O
We are ready to prove a part of the conjecture in [2] as follows.

Theorem 3.4. Suppose that 8 = 1. Then the following hold:

1. For q = 1, there are no positive stationary solutions if € > 12, and there is
ezactly one positive stationary solution if e < 12.
2. If 1 < q <2, then there is exactly one positive stationary solution for € > 0.

Proof. By (3.5) and Lemma, 3.3, we have
[¢7°74(8)]" = [—46e=%" A(6)(A(6) — e~ B(6)) + 26~ B(6)h1(8)]e”” < 0.
This implies that eequ(b?) is a strictly decreasing function in (0,00) for 1 < g < 2.
Since limg_,o+ €?” J,(8) = 0, we have
Jq(6) <0, for f € (0,00) and 1 < g < 2. 3.7
Hence the theorem follows from (3.1), (3.2), and (3.7). O

In [2], the author claimed that there is exactly one positive solution for ¢ > 0,
q > 2. Indeed, the proof of this case is not complete since the limit lim,_,;~ J;(u) is
—oo instead of 4-co as stated in the proof of Lemma 3.3 in [2]. From [2], we have

) = (VEG) ~ 57=) 6 1, 58)

’ _ _ 1 _ 1 G(/J')
2(p) = f(N)[ Ja(p) + _2\/}7,—@ (G(/»‘) \/m) + 4(F(N))3/2] : (3.9)
Substituting f(u) = e, F(p) =62, G(u) = 2= A(0) into (3.9), we obtain
2 (w) = (1 - %0-2> e (1 — 20e=9 A(9)) + (1 + %0—2) 61 A(6). (3.10)
By (3.10), we compute
i Jj(u) = Jim, <1 - %e-?) e (1 — 200" A(9)) + (1 + %0-2> 0-14(6). (3.11)

Using integration by parts, we obtain

32

1 1 1
+/ eazdo._e<_+l+§+_5+...>, (3.12)
0

1
A(6) =" (%e—l + ie-a + 29-5 + %0-7 + 105, 4+ )

2 4 8 16
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Substituting (3.12) into (3.11), we conclude that
9
lim Jy(p) = lim e (—9‘6 - =678 —. > = —00.
u—1- f—o0 2

Because lim,_,;- J;(1) = —oo, the proof of Lemma 3.3 in [2] is not correct. Accord-
ingly the proof of Theorem 3.4 in (2] is also not complete. Therefore, the case ¢ > 2
is still open. Here we will prove that there is exactly one positive stationary solution
for the case 2 < g < 2 + 263 where 6 is the constant given in Lemma 3.2.

Theorem 3.5. Suppose that B=1. If2 < q < 2+ 262, then for every e > 0, there is
ezactly one positive stationary solution.

Proof. By (3.6) and Lemma 3.2, we have
hi(6) <0 ifg>2andfe (0,00].
Hence, by (3.5), we obtain

Jq(0) <0 if ¢ > 2 and 6 € (0, 6. (3.13)
We want to claim that
J,(6) <0 if2<g<2+262 and 0 € (6p, 0). (3.14)
From (3.6), the definition of h(6), we have
Ry (0) = —26hy () + ha(6) (3.15)
where
ha(6) = 2(2 — g) (1 — 20e=%* A(6)) — 2. (3.16)
From (3.16), we compute
2(0) = —26h2(6) — 4£(6) (3.17)
where
FO)=0—(g—2)e " A(6). (3.18)

By (3.18), we have
F(6) =1-(g—2)(1— 20" A(9)),
S0
f(® >0  for 0 € (6p,0) and g > 2.
Since
1= 200e=% A(6o),
we have
1
f(6o) =00 — (¢ — 2)59‘0~
If 2 < g < 2+ 262, then f(6p) > 0 and so
f(6)>0  for 6 € (6, ). (3.19)
Now, suppose that 2 < g < 2 + 262. Substituting (3.19) into (3.17), we get
(e”ha(8)) <0  for 6 € (p,00).
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Since % hy(6g) = —2e% < 0, it follows that
ha(6) <0  for 6 € (6p,00). (3.20)
Substituting (3.20) into (3.15), we obtain
(Rr1(6))' <0 for 6 € (6, 0).
Since €% hy(6p) = —qA(6p) < 0, this implies that
h1(0) <0  for 6 € (6y,0). (3.21)
Substituting (3.21) into (3.5), we have
(€% 7,(8)) <0 for 6 € (80,00).
Then, using the fact that % Jq(6o) < 0, (3.14) follows. Therefore, the theorem follows
from (3.13) and (3.14) directly. O
4. Thecase 0< (<1
First, from (2.14) and I’Hépital’s rule, we obtain
2°79(1 - B)(3+B)*

elilgo Kq0) = EYE forg>0 (4.1)
and
oo forg>1,
ol—i>%1+ K,0) =14 12 forg=1, (4.2)

0 forO0<g<1.
Substituting (2.12) and (2.13) into Lemma 2.1, we obtain
Lemma 4.1. A, (0) — (1 +62)71B,(6) > 0 for 6 € (0,00).
Also, from [3], we have

Lemma 4.2. There is a 61 € (0,00) such that

1> ?0(1 +92)3_A+(0) for 0 € (0,6,),

1< é-_l———l-O(l FOFTAL(B)  forb € (61,00).

By (2.14), the derivative K;(6) can be calculated as

v _ A= 87) 44(6) o
M0=" [A+<e>—<1+e2)v%f3+(e>] 0
where
7 = 2+ 0) (4+0) - 1+ 0971 8,0) - L @+ )0z 0)
+ 22Dy 02)B—0A+<0)B+<e) (43)

1-—
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From (4.3), we compute

T(0) = —g=500 +62)~1J,(0) -2 (A+(0) - +02)B_B+(9)) (1 +6%) 5T h(6)
+ 1—_—ﬂ(1 + 62D B, (6)h7 (6) (4.4)
where
h(6) = 1 +5 SAL0) 001+ 6%)3, (4.5)
50 =@~ 00 (1- 00+ 97T4.0)) -+ OFTAO). (19

Lemma 4.3. The function h(6) > 0 for 6 € (0,0).

Proof. Since h'(0) = 28.(1+ 62 ¥7F > 0and limg_,o+ h(#) = 0, the lemma follows.
-8 -

We are ready to state and prove the following main theorem of this section.

Theorem 4.4. Suppose that 0 < 3 < 1. Then the following hold:

1 For ¢ = 1, there are mo positive stationary solutions if € = 12 or
0<e<4(1-p8)3+8)/(1+pB)?, and there is ezactly one stationary solution if
4(1-0) B+8)/(1+p)* <e<12.

2. For 1 < q < 2, there is ezactly ome positive stationary solution if
e>2%"71-p8) 3+ ,3) /(1L + B)2, and there are no positive stationary solutions

if0<e <2591 - )3 +6)/(1+p)>
Proof. From (4.6), we compute
(4 (O = ~1250 + )1 0) - 22 Do+ oy a,02-0)

+ 2(1 q) +26%(1+6%)71.
If ¢ = 2, then we have

2

(510) =~ 12500+ 8 0) ~ 7

This implies that

4+ h O] = |-

Since
Jim, (14 6%) P31 (6) =

we have (1 + 62)T-8h} () < 0 for 8 € (0,00), and so hy () < 0 for 8 € (0,0).
If ¢ = 1, then we have

(hF(O)) = -1—_2-—ﬁ0(1 +62)~1hF(6) — 20(1 + 62) 7T h(6).

By Lemma 4.3, we also conclude that A (8) < 0 for 8 € (0, 00).
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Therefore, by (4.4), we obtain

Ji0) <0 and  Jo(0) <0  for 8 € (0,00). 4.7
By (4.6) and Lemma 4.2, we have
hRf(@) <0 ifg<2andéEef,o). (4.8)
It follows from (4.8), Lemma 4.3, and (4.4) that
Jg(0) <0  ifg<2and@e[f;,00). (4.9)
We rewrite Jg(0) in (4.3) as
Jq(8) = aJ4(6) (4.10)
where
Jo(6) = (1 + 2) (40~ 1 +6975 B, (0)) (1 A+ 19(1 +02)F 1A+(0))

1+ﬂ

—0(1+6%)7TAL(6)

[3 814 0?)5 B, () -

A+(0)] (4.11)

From (4.10), we know that the sign of J,(6) is the same as J, (0). Therefore, by (4.9),
we have

Jg(0) <0  ifg<2and@ € [f,00). (4.12)
If 6 € (0,6,), then by (4.11) we know that J,(6) is a strictly decreasing function in g.
Thus we have
Jy(0) < J1(d) <0 if¢>1and € (0,6:). (4.13)
Therefore, by (4.7), (4.10), (4.12) and (4.13), we have
Jg(0) <0 forfe€ (0,00) and 1 < g<2.
Recall (4.1) and (4.2). Hence the theorem is proved. O
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