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RATIONAL INTERPOLATION OF FUNCTIONS ON THE UNIT CIRCLE

Xin Li

Dedicated to Dick Askey on the occasion of his sixty-fifth birthday

ABSTRACT. We establish various results on the convergence of a sequence of ra-
tional functions that interpolate a function on the unit circle. In particular, we
extend Walsh’s equi-convergence theorem and the Walsh-Sharma theorem on Lo
convergence (a special case of a theorem of Lozinski) for the interpolating rational
functions.

1. Introduction

Let T be the unit circle in the complex plane C, and let D and D denote the open
and closed unit disks, respectively. Also, let z, % = efnk 0 < Ono <Opyp < -+ <
On,n < 2w, and for a function f defined on T, let L,(f;:) € Pp, the set of polynomials
of degree at most n, such that L, (f;2nk) = f(2nk) for k=0,1,...,n. Asearly as in
1884, Méray showed that if {zn 1 : k =0,1,...,n} are the n + 1st roots of unity, i.e.,
Onk = 2km/(n+1), k =0,1,...,n, then the polynomials L,(f;-) do not necessarily
converge to f. Indeed, Méray took the function fas(z) = 1/z. So, Ln(far;2) = 27,
n=1,2,3,.... These polynomials do not approach the function fys(z) for all z € D,
as n — 00, but approach the limit zero. Méray’s example was examined later by
Walsh [24] who pointed out that the singularity of far(z) = 1/2z at z = 0 caused the
sequence {Ln(far;-)} to fail to approach fu(z) for z € D. Walsh also furnished the
following lovely companion to Méray’s example.

Walsh’s Theorem (1932, [24, Theorem 1]). Let f be continuous (or more generally
Riemann integrable) on T, and let {z, % : kK =0,1,...,n} be the n+ 1st roots of unity.
Then the sequence {L,(f;-)} converges to the limit

1 [ f@)dt
21t Jp t— 2

fo(z) =
for z € D, uniformly on any compact subset of D.

It is worthwhile to recall some steps in the historical development prior to Walsh’s
Theorem. Runge (1904, [19]) proved that if {zp% : K = 0,1,...,n} are the n + 1st
roots of unity and if f is analytic on D, then the sequence {L,(f;2)} converges to
f(z) on D. After that, Fejér (1918, [9]) showed that {L,(f;z)} converges to f(z) for
z € D if f(z) is assumed only to be continuous on D and analytic in D. See also [11].
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There were further developments after Walsh’s Theorem. When the points of inter-
polation are the roots of unity, Lozinski (1940, [15]) proved, under Fejér’s assumption,
the L, (p > 0) convergence of {L,(f;-)} on the unit circle, i.e.,

Jm [ 1f0) - LafiP lazl =0, p>o )

This result, when p = 2, was rediscovered later by Walsh and Sharma (1964, [26]).
Some more recent results on interpolation at the roots of unity can be found in the
work of Saff and Walsh [21], Cavaretta, et al. [6, 7], and Sharma and Vertesi [22].

Walsh gave an example to show that when the points of interpolation {z,x} are
not the roots of unity, {L,(f;2)} may fail to converge in D even though {z,x} are
sufficiently dense on T.

Walsh’s Example ([25, pp. 293-294]). Let 2, be the roots of

1-— n+1
( o _a:) =1, a>1.

Let fw(2) =1/(C+8), 0< B <1, where { = (1 — az)/(a — z). Then

e L (a+B)" (¢ -1)
Lnlfwi?) = 035+ COr + I+ A C = o)

which converges for z in only a part of the unit disk D.

Walsh’s example shows that the distribution of the points of interpolation {zn x}
on T should be taken into account when we study the convergence of interpolating
polynomials {L,(f;-)}. Closely related to this observation, the following result is now
well known (cf. [25, Chapter 7]).

The Uniform Distribution Theorem. A necessary and sufficient condition for
lim Ln(fa Z) = f(z)’
n—oo

uniformly for z € D, for every f analytic on D, is that the sequence of points
{2nk :k=0,1,...,n} is uniformly distributed on T, i.e.,
1/n

= |z], 2| > 1.

n
H (2 = Znk)
k=0
Now, let us take a closer look at the points of interpolation {z,x} in Walsh’s
example, which satisfy, for |z| > 1,

n 1/n
H(z — Zn.k)
k=0

= lim
n—oo

They are not uniformly distributed unless & = co. How do we recover a function f
analytic on D if we are given the values of f at the points {zn x } as in Walsh’s example?
According to the Uniform Distribution Theorem, the interpolating polynomials do not
necessarily converge to f on D; we must use interpolating functions that are more
general than polynomials. Indeed, in Walsh’s example, we just need to use rational
functions of the form

lim
n—o0

1/n

(1 - az)"*! — (a - 2)"*!
o)t = (-0

zZ——.
(8%

lim
n—oo

.

Pn(?)

D P € Pn
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that interpolate f at {z,x : K = 0,1,...,n}. Then, by a simple transformation
z = (1-oaf)/(a—¢), Runge’s result mentioned earlier would imply that this sequence
of interpolating rational functions converges to f on D. It is the purpose of this paper
to explore this direction further and hence extend Walsh’s Theorem to interpolation
on the unit circle T by rational functions.

2. More Notation

Let ap, n=0,1,..., be given (not necessarily distinct) points in D, and let

wp(2) := H(z —ar) and wi(z):= H(l — T2).

k=0 k=0
We now define the space of rational functions for each n. Let

R :={ p(2) =pe7>n},

wy(2)

and let
Ry = {r(l/i) S 'R,n}.
Then we see that, when we restrict z to T, we have R, = {F: r € R,}. In general,

an element in R}, has the form

zp(2)
wn(2)

for some p € P,,.
Define

(o o] (o]

R=|JR. and R'=[JR;.
n=0 n=0
We will write Bp(z) = wn(2)/w}(2). From now on, we will let the points of
interpolation {2, : kK =0,1,...,n} be given as the roots of
wp(2) = wy,(2) or, equivalently, Bp(2) = 1.

It is easy to see that 2z, € T forall k =0,1,...,n and n = 1,2,... . Moreover, the
Zn, kS are distinct as implied by formula (9) to be given later. For a function f defined

on T, let R,(f;-) denote the unique rational function from R, that interpolates f at
{znk : k=0,1,...,n}. Then, it is easy to verify that

Ro(fi2) = Y Lnt)(Ba(®) )
k=0

= Br(2n k) (2 — 2np)

We will use C(T) to denote the space of functions continuous on T equipped with
the sup-norm on T. Let A(D) denote the disk algebra, that is, the set of functions
continuous on D and analytic in D.

Finally, let

n
on:=) (1—|ox]) and  dp:= min (1— |agl|).
P 0<k<n
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3. Main results

We will establish various convergence results of the sequence {R,(f;-)} according to
different assumptions on f. First, we give a simple and natural extension of Walsh’s
Theorem to rational interpolation.

Theorem 1. Assume that lim,_,o0 0 = 00. If f € C(T), then
Jim Rn(f;2) = fp(2)
for z € D, and the convergence is uniform on any compact subset of D.

We remark that the requirement limp,_, 0, = 00 is equivalent to saying lim,_,
Bp(z) =0 for z € D (see, e.g., [25, §10.1]). It is also a necessary and sufficient condi-
tion for the denseness of certain rational functions in C(T) (cf.[1, 12]); see Lemma 3
for a more precise statement.

Our proof of Theorem 1 depends on the following result of weak-star convergence
of a sequence of discrete measures supported at the points of interpolation. Let dd,

denote the unit measure supported at the single point 2. For n =0,1,2,..., define
"L dé,
dvp =y ——=k
" ,; IB;z(zn,k)l

Theorem 2. If lim,_,, 0 = 00, then {dv,} converges in the weak-star topology to
the uniform measure on T, df/(2n). More precisely,

n 2
. f(zn,k) . 1 0
2 TGl ~ 27 Sy T @
for every f € C(T).
Note that when oy, = 0 for all n = 0,1,2,..., we have Bp(z) = 2" and 2, are

the n + 1st roots of unity, and |B;,(2)] =n+1 for z € T. So, equation (2) becomes
the well-known equality

n 2im/(n+1) 1 27 .
fm S LETT) LT ioygp
n—oo n+1 2w Jo
k=0

In general, one should compare Theorem 2 with the quadrature formulas for the
Poisson integrals as obtained recently by Bultheel et al. [3]. It is essentially (though
not exactly) equivalent to the convergence result in [3] (via suitable transformations
and modifications). We will give a proof of Theorem 2 that is independent of [3] to
indicate a different and direct approach.

Walsh’s Theorem holds for all f that are Riemann integrable on T, while in Theo-
rem 1 we only managed to obtain the case when f is assumed continuous on T. With
more restrictive conditions on the rate in which the poles are allowed to approach the
unit circle T, we do have an extension of Walsh’s theorem for all Riemann integrable
functions as follows.
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Theorem 3. Assume that
lim 0,6, = co. 3)
n—oo

If f is Riemann integrable on T, then

lim Z | SCng) _ 1 " f(e?) db 4)

n—00 B! (znk)| T or 0
and
Jim Rn(f;2) = fp(2) (5)
for z € D, and the convergence is uniform on any compact subset of D.

Condition (3) still allows o, to approach T but is more restrictive on its rate of
convergence. For example, o, = 1 — 1/n®, n = 1,2,..., with § € [0,1/2) satisfy
(3). Since 0y, > 0,0, (3) implies lim, oo 0y, = 00, Which is what we assumed in
Theorem 1. It is not clear whether (3) can be replaced by the weaker condition
limy,— o 0, = 00 in the assumption of Theorem 3.

Next, we present the Lo convergence of {R,(f;-)} for f € A(D), which generalizes
the result of Walsh and Sharma [26] and that of Lozinski [15] for p = 2 in (1).

Theorem 4. Iflim,_, o, o = 00, then

lim /T |Rn(f32) = F(2)]? |dz] =

for every f € A(D).

Similar to the polynomial case, this implies a rational version of Fejer’s result
mentioned in the Introduction.

The truths of Theorems 1 and 4 not only reveal a clear analogy between polynomial
and rational interpolations on the unit circle T, but also implicitly indicate how the
extension from polynomial cases to rational cases can be carried out. For example,
the well-known result of Walsh, the equi-convergence theorem [25, Theorem 1, p. 153],
is extended for rational interpolation in the following result.

Theorem 5. Assume that the set {ag, ai,... } has no limit point on T and its closure
cls({ag, a1,... }) does not separate the plane C. If

nll—>nolo |Bn(2)|™ = ¥(2) # constant (6)

holds locally uniformly on C\ (DU {1/ag,1/aq,... }), then
Bim [Ra(fi2) ~ra(f;2)] =0 for 9(2) <’

where f is assumed analytic for Y(2) < p (p > 1) and r,(f; 2) is the least-square
approzimation to f out of R, i.e.,

15 =tz = min [ 176) = r(a)Plasl
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This result is analogous to one proved by Saff and Sharma in [20] for a different
rational system in which poles are the roots of 2™ —r™ = 0 for some r > 1 (and so the
poles are not from a single sequence as we have assumed in this paper).

In the assumption of Theorem 5, the required range of z implied by (6) can be
made smaller. We have used the stronger assumption for simplicity. When {an}32,
is cyclic, i.e.,

Qkmtr = O, r=0,1,....m-1, k=12,...,
for some m > 1, then (6) is satisfied as

m-—1 —a 1/m
lim |Bn(2)|Y/™ = k
n—o0

We refer to Walsh’s discussion in [25, §§9.4, 9.5, in particular, p. 236] for more proper-
ties of ¥(z). Here we only mention the following fact that will be needed in our proof:
The locus ¥(p1) := {2z : ¥(2) = p1} is rectifiable and, for 1 < p; < p, ¥(p1), lies in
{z : 9(2) < p} and is exterior to T.

Note that for f analytic on D, the least square approximation to f out of P, is the
same as the nth Taylor polynomial of f about z = 0. As all our theorems imply the
corresponding known results for polynomial interpolation, Theorem 5 will be given
the following form when we let o, =0 for all n =0,1,2,....

Corollary 6. If f is analytic for |z] < p (p > 1), then
Jim [Ln(fi2) = sa(fi2)| =0 for |e] </*

where Ln(f;2) is the polynomial interpolating f at the n + 1st roots of unity, and
sn(f;2) is the Taylor polynomial of degree n of f about z = 0.

This is the celebrated Walsh’s equi-convergence theorem mentioned above. This
theorem has been much extended in recent years; for the latest results, see [4, 5, 17, 18]
and the bibliographies therein.

4. Auxiliary results

We collect some known results and prove some new ones that are needed in the proofs
of the theorems.

Lemma 1. Fork=0,1,...,n, we have zp B} (2n,k) = | By, (2n.k)|-

Proof. A straightforward calculation (cf. (i) of [14, Lemma 1]) shows that

an(z) _|B.(z)) forall z€T.
Letting z = 2p i, yields the desued equality. O
Lemma 2. Forn=0,1,2,..., we have

1 - |Bn(0)|2
Z *|By, (zn Ol [1-B.(O
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Proof. Let fr(2) :==1— B,(0)By,(2). Then fr € R, and
f(znk) =1 — Bp(0)Bp(2n,k) = 1 — Bn(0), k=0,1,...,n
So, by the uniqueness of the interpolating rational function,

Bn(0))(Bn(2) - 1)
B! (Zn k)(z — Zn k) '

fr(z) = Ralfr )—Z“

Hence, we have the identity

\i 1 — B,(0)B,(2)
£~ B}, (2n, k)(z — k) (L= Bu(0)(Ba(z) = 1)

Letting z = 0 gives us

En: 1 _1-|Bn(0)f
zn kB (2nk) |1— B(0)[*’

k=0

which, by Lemma 1, is the identity we need to verify. O
Lemma 3. The linear span of RUR* is dense in C(T) if and only iflimy, 00 05 = 00
Proof. This follows from an application of a result in [1, Addendum A, §2, p. 244]. It

can be proved by the same method. O
Lemma 4. For k = 0,1,...,n — 1, there exist numbers &k, (x € (On k,0nk+1) Such
that
27
On k1 — Onp = A (7)
and

219, (Ck) (On o1 — Ck)
Y (Sk)

where v, (0) is defined as a continuous function satisfying

B () = ® g ¢ o,2n]

®)

21 — (On,k+1 — Onk) | By (2n,k)| =

It turns out that, such a function =, is uniquely determined (up to an additional
constant) and continuously differentiable on [0, 27]. Indeed, we have (see, for example,

[13])

’ R N Iakl = 1-7‘13
70) = 1By = 3 LIl = ©

£ |et — ay|? 0s(0 — wg) + 13

where ay, = rpe™* with r, > 0, k =0,1,.... From (9), we can estimate v’ as follows:

7'(6) = |Bp(e”)| 2 E e Z(l—rk) = 2on (10)
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Proof of Lemma 4. Note that vn(0n k+1) — Yn(0nk) = 2m. Now, by the mean value
theorem, we can write, for some & € (On,k, On k+1)s

21 = Y (On,k41) — Yn(Onk) = Yo (€k) On fr1 = On k),
which, by (9), implies (7).

To verify (8), let
9(0) = _'Yn(on,k+1) + ’Yn(a) + (on,k+1 - 0)'7;1(9)

Then,

9(Onk+1) — 9(Onk) = 27 — (Onkt1 — on,k)lB;z(zn,kN
and ’

9'(8) = 7, (0)(0n,k+1 — 0).

Then, by the generalized Cauchy mean value theorem, there exists a number (; €
(On,k» On k+1) such that

9(Onk+1) —9(6nk) _ g'(Sk)
'Yn(an,k+1) - 7n(9n,k) ’Y;z.(gk) )

Now, equation (8) follows. O
Lemma 5. For (,z € C, we have
/
i an(z)’ ifz=i,
Bn(2) _ ) Br(2) ¢
oo Bulog)(z—ay)(1-Cay) |1 Bo(QBn(2)  iherwise.
1-(z
Proof. First, assume ¢ € D. Then, note that
1 — Bn(¢)Bn(2)
1-Cz
is the rational function from R, that interpolates f:(2) = 1/(1 — {2) at z =
0, 01, - .. ,0n. Thus, by Lagrange’s interpolation formula, we have
1- CZ k=0 B:z(leyk)(z - ak)(]' - Cak)

Observe that both sides of (11) are rational functions of the same type in z and, after
taking the complex conjugate of both sides in (11), in {. So, in general, the equality
in (11) holds as long as ¢z # 1.

Finally, the case when z = 1/ can be handled by first taking the limit as z — 1/¢
in (11) and then write ¢ as 1/Z. a

We will need the system of functions from R given by

V1= |an|?
en(2) = _zj%Bn(z% n=0,1,2,....
This system was probably introduced (with a constant multiplier of modulus 1) first by
Takenaka in [23] and Malmquist in [16]. See also [8] and [25, p. 224]. It is orthogonal
with respect to the uniform measure df/(2) on the unit circle T (with z = e¥). We

collect some properties of {¢,} in the following lemma.
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Lemma 6. (i) Forn=0,1,..., {pr(2)}i=o C Rn and, j,k=0,1,2,...,

- i £k,
27 ). g PR 2] = {‘1) Ty (12)
(ii) (Christoffel-Darboux formula for {¢n}) For all {,z € C, we have
S Balien(s) = L= DnB), (13)
k=0 -Cz

Proof. A proof of equation (12) can be found in [25, p. 227]. The identity (13) is well
known in the literature (see [8]). It is a special case of the more general Christoffel-
Darboux formula established for rational functions orthogonal on the unit circle. See,
for example, (2]. O

Our next result is interesting in its own right. It generalizes a relation first observed
by Walsh and Sharma [26, Formula (16)] on polynomials.

Lemma 7. Forp,q=0,1,...,n, we have
2 Jp z—Znp 2~ 2ng |B’ (znp)ls P=4q

I(p,q) := % Bn(2) - (B”(z)_1> |dzl.

Z = Znp z — z’n.,q

Proof. Let

We claim that

. n Bn(zn p)
I p, q - ’ - Y ) — . 14
0:9) = 2077 D B oy — )1 gy "

Assuming the truth of (14), we see that Lemma 5 implies I(p,q) = 0 when p # q,
and Lemmas 1 and 5 infer that I(p,q) = |B}(znp)|- Therefore, the lemra follows
from (14).
Now, let us verify (14). We need the orthonormal basis {¢x}}_, in R, introduced
above. Since
Bn(z) -1 Bn(z) -1

’
Z = Zn,p 2= Zn,q

€ Rna

we can write

-—-——-—Bn(z) -1 = Zakgok(z) and ﬂgzl-‘-—l = Z bk‘Pk(z)

Z— Znp P

for some {ax}?_, and {bk}k _o- Then, for p,q =0,1,...,n, by (12) in Lemma 6, we
have I(p,q) = 3" p_o akbi. Now,

= Bu( _ (1 = Bn(2))pw(2)
—2ﬁ/——z—n;90()|d2| Pyl 5

1 Ba(2)(1 -7, pZ)
_ er(aj)
B J;O By () (1 = Znpay)’
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by the residue theorem. Similarly,

= _ i Pr(a)

24 Bl(og) (1~ Zngog)’

Hence,

I(p,q) = ZZ - pr(yy) S pr(e,;)

k=0 ]1—0 (a.h)(l Zn,pQj; §2=0 B, (O‘jz)(l — Znq®;)

_ 2: _ 1

— er(a,)er(ey,)
§1,j2=0 Br(a,) B () (1 — 2np05,) (1 — Zngrjy) = Z " ”
- zn: 1 1- Bn(an)Bn(%)
j1,j2=0 B‘:Z(ajl )B;L(ajz)(l - znypa_jl)(l - majz) 1 —aj0,
by (13) in Lemma 6. So,
= 1 1
I(p,q) =
j1§—0 B; (ajl )B, (ajz)(l -

2n,p0%; ) (1 — Zn g0, ) 1 a0
B e D el
j1=0 B; (O‘Jl)(l Zn,p0;) \ ; By (aj,)(1 = a5, ;)

ja=0 Zn,g@jp) (1 —

Now, note that

> - —na > )
— — n, pr— )
= Balas)(1 = Zngoy,)(1 — ajra,) ! = Brles)(2n,g — @5,)(1 = aj705;)

which, by using Lemma 5 with 2 = z, 4 and ¢ = ¢, is equal to

1 — Bn(e,)Bn(2n,) _

2 — Zn 3y
" 1-Tgzmg 1 -T2,
Thus,
L 1 2
I(p,) =) =— d

§1=0 By () (1 = 2n,p@5;) 1 — Wi 2ng

Bn(zn’p)
= Zn.q% 7 ’
n,4<Nn,p ‘FZO B:,,(aj)(zn,p —_ a])(]‘ - Zn,qaj)

which is (14). This completes the proof.
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5. Proofs of the main theorems

We prove Theorem 2 first since our proof of Theorem 1 is based on it.

Proof of Theorem 2. We first claim that

. 1
tim [ dv, = o [r r(2) |dz| (15)

n—oo T

for every 7 € R UR*. This is a consequence of the following identity.

f(eng) 1
Z < TBL(zn )] 27(1— Ba(0)) /Tf (2) ldz] (16)
for every f € Rn. Indeed, for f € R, we have f(z) = Rn(f;2). So, by Lemma 1,

f(O) — Rn(f, 0) — Z f(zn,k)(l B, (0)) Z f(z'n k)(l - n(o)) .
k=0

Zn, kB (2n,k) —~  |Bp(zn)l
This, on writing f(0) = [} f(2)|dz|, implies equation (16). Since R, C Rpt1, We let
n — oo in (16) to obtain (15) for r € R by using the fact that limp_,00 Br(0) = 0.

Next, by taking the complex conjugate of both sides of (15), we see that (15) holds
for f € R}, as well.

Now, from Lemma 2, it follows that
_ 1-|Bn(0)]? 2 2
dv, < < )
/ T M= B.OF = T=[Ba(0)] = 1- ol
forn =0,1,2,.... Thus {dv,} is compact in the weak-star topology. Let dv be any
weak-star limit of {dv,} and

hm f dv, = / f dv,

nEI‘
for every f € C(T). In view of (15), this means

1
/rrdl/—%/rr(z) |dz|

for every r € RUR*. Since, by Lemma 3, the linear span of RUR* is dense in C(T),
then dv(0) = df/(2w). Therefore, the whole sequence converges to df/(2). O

Proof of Theorem 1. Let f € C(T). By using Lemma 1, we can write

Ru(f32) =Zf(2n,k)(Bn(Z) D _ - ))Zznkf(zn k1
k=0

7(2n,k) (2 — Zn,k) Znk — 2 | By, (2n,k) '

For each fixed z € D, we have lim,,_,o Bn(2) = 0 and that

tf(t)
t—=z
is continuous for ¢ € [0,27]. So, using Theorem 2, we obtain
Jlim R (f;2) = 2ﬂ/ 210, - lat / 1) St

which is fp(2). O
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Proof of Theorem 3. We show that

8w
= |Bp(#n.k)|ondn

Dividing both sides of (8) by 27|B],(2n,k)|, we have

_ 0n,k+1 - en,k
| B, (2n,k)] 2

011. Jk+1 —

_ 17" (k) (B 1 — Ck)l.

‘ EAC S 27T |By, (2n,1) 1Y (Ck)

Now, note that

Z - 2r;| sin(Cy — wj)|

2rj cos(Ce — wj) + 72

(Ck)
’Yn(Ck) n

P

Jj=0
with

= L j=0,1
c;-—1—2rjas(§k—wj)+rJ2_’ 7=01,...,n.
NOte that’ Cj > O’ ] =0)1,...,n, a.nd, fOI’OST’< 1’
2r(sin(@)]  _ _or

oef0,2n] 1 — 2rcos(d) +r2  1—r2’
So, we have

M| o
7n ((k)

On the other hand, by (7) in Lemma 4 and (10), we have

27‘_7' < 2
0<j<n 1- r 8n

27 2 b

0 — (Gl <0 —Onil = _ <
I n,k+1 Ckl —l n,k+1 n,kl IB:-L(eZ&)I = %Un

Using (19) and (20) in (18), we obtain (17).
To prove (4), we use (17) and compare the sum

f(z'n. k)
Z < | By, (z0,0)]
with

1~
2 > F(E® ) On ka1 — Onk)s
k=0

(17)

(18)

(19)

(20)
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a Riemann sum of f on T. We have, with M} denoting a upper bound of f on T, by
using (17) and Lemma 2,

f(z'n, k) 00,k
(zn k)l 2,”_ E :f(eo )(97& k+1 — 'n,k)
Z _ Ongetr —Onk
< k—olf(z'n k)‘ |B, (zn, )l o0

8m My (1 — |Bn(0)[?)
= Mf Z IBQ(Zn k)lan - Uan(ll - Bn(0)|2) ’

which goes to the limit zero by the assumption (3). This proves (4).
The proof of (5) is obtained from (4) in the same way as that of Theorem 1 is
obtained from Theorem 2. a

Proof of Theorem 4. Since f € A(D), by Mergelyan’s theorem ([10, Theorem 1, p. 97]),
there exists a sequence of polynomials (the arithmetic means of the partial sums of
the Taylor series of f about z = 0) that converges uniformly to f on D. By using
the argument in [1, Addendum A, pp. 243-246], we can see that each monomial z*
(k > 0) can be approximated by rational functions from R as closely as we please.
Therefore, for € > 0, there exists a function r € R such that

max |f(2) — r(2)| <e.
z€D
Note that R,(r;2) = r(z) for all n large enough. Now we have, for n large enough,

[ 1Ralti2) - F)Pdz| = / |Ra(f —752) +7(2) — f(2)|dz]
T T

< 2{ [ 1Bas =izt + [ 1) - f(z)l2ldz|}
<2 [ |Ra(f = ri2)Plds| + dre”
T

The integral in the last expression can be expanded as

3" eng) = r(zn) [T —ena)] [ 2= 1 (BBI-T) )
T

p,g=0 B} (2np) B} (2n,q) 2= Znp 2= Zngq

which, according to Lemma, 7, is equal to

i 27| f (2nk) — "'(zn,k)|2 )

2 B Gz
Now, combining the above estimates and using Lemma 2, we have
4me?(1 — | B,(0)[?) 12ne?

) — F(2)2 ey
[ 1Rats32) = p(a) Pl < TEZEAR o dne <

Thus, by letting n — oo, we obtain
0< limsup/ |Rn(f;2) — f(2)|? |dz| < 127e?.
n—o00 T

This implies the desired result. O
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Proof of Theorem 5. By Hermite’s formula, for each n =1,2,...,

1 [ F(Q)(Bn(¢) — Bn(2))
R.(f;2) = — d 21
Vo= ), B - -2 % e
for all z € Int(y), the interior of v where v is a Jordan curve in {z : ¥(2) < p} that
surrounds {2n,0,2n,1,---,2n,n} € T. On the other hand, by [25, Lemmas I and II

on p. 225, Theorem 2 on p. 227], the least square approximation ry(f; z) is the same

as the rational function from R, that interpolates f at ag,as, ..., an. (For repeated
points, r,, interpolates f and its derivatives.) Again, by Hermite’s formula,
1 [ f(Q)(Bn({) = Bn(2))
r(f;2) = — d¢, z € Int(v), 22
32) = g [ T = Belly ) (22)

where 1 is as in (21). Therefore, by (21) and (22), we obtain, for z € Int(y),

L [ F(O(Bn(S) — Bn(2)) d¢
Rn(f;2) —rma(fi2) = — .
Ga =l = 0 70 B0 - DBO
Assume 1 < p; < p2 < p. Let 4(r) = {z : 9(2) = r}, 7 > 1. (For the properties
of ¥(r), see the remarks after the statement of Theorem 5 in Section 3.) Then, for
z € Int(v(p1)) and € € (0, p — 1), when n is large enough, we have

Bn(f;2) — 1 (f; 2)] < - T2%¢enten) [ (1 ((p2 + €)™ + (o1 + €)") (v(p2))

2m  dist(y(p1), ¥(p2))((p2 — )" — 1)(p2 — &)™

where [(y(p2)) denotes the length of v(ps) and dist(y(p1),v(p2)) is the distance be-
tween y(p1) and y(p2). It follows that

limsup max_|Rn(f;2) — ra(f; 2)[/" < —.

n—oo 2€7(p1) P2

Letting p3 /" p first and then letting p; / p yield
limsup max |R,(f;2) — rn(f; 2)|¥/™ < l (23)
n—oo 2€7(p) 14
Now, from the fact that
Rn(f52) —rn(f;2)
By (2)

is analytic in C\ D (including c0), by using the maximum modulus principle, we have

Rn(f52) —ra(f;2) Ru(f;2) = ra(f;2)
By.(2) Bn(2)

< max
z€v(p1)

max
2€v(p2)

Thus, for 1 < p1 < pa,

1/n

Rn(f;2) = ma(f; 2)
Bp(2)
— lmsup max [En(fid) =rafi2)"
n—oo 2€7(p2) P2
Rn(f;2) = rn(f; 2)
B, (?)
— limsup max Fn(f32) —rn(f;z)ll/",
n—oo 2€7(p1) pP1

limsup max
n—oo 2€7v(p2)

1/n

< max
z€7(p1)
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and so,

limsup max |Rn(f;2) — ra(f32) /"

n—oo Z2ZE€Y

<= p2 = lim sup ma,x IRn(f,Z) —T‘n(f,z)il/n
P1 n—oo z€Y(p

This and (23) imply that, for 1 < p. < p,

limsup max2 IR (f; 2) — rn(f; 2)|M/™
n— ev(p

< p, limsup ma.x IRn(f,Z) —ra(f; 2) 1™

n—oo ZE

< plimsup max IRn(f, 2) —ra(f;2)|V"

n—oo

which implies that R, (f; z) —rx(f; 2) converges to the limit zero locally and uniformly
in Int(y(p?)) at a geometric rate. This finishes the proof of Theorem 5. O
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