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ON MULTIPLICATORS IN HOLDER SPACES
WITH NONHOMOGENEOUS METRIC*

O. LADYZHENSKAYA?

Abstract. We give a criterion when function 7 : E™ — C is a multiplicator in
Holder spaces with nonhomogeneous metrics. This criterion is applied to nonstation-
ary system of hydrodynamical type.

I know two criterions when function m : E™ — C' is a multiplicator in the space
LY(E™). The first of them goes back to Marcinkievicz (see [1] — [3]). It has found
numerous applications to the study of elliptic equations and systems. But it is not
applicable to parabolic equations. Even for (£, A) = %%g arising for heat equation
this criterion does not fulfilled. For this /i the criterion given by Lizorkin and Stein
([4], [5]) can be used. As it was shown in [6] the later can be also applied to functions
m which we have got solving the Cauchy problem for the system

(1) 8tUj - Djk,lmagk:r,mul + a’tjq = fja .7 = 1:273a

divu=0

with coefficients D m fixed at a point (z,t). System (1) is a linearization (up to
lower nonsignificant terms) of the Modified Navier-Stokes system (see [7], [8], etc)
0D(e)

2 Vo — div 22E) _ -
(2) 8w +v - Vv — div e €=€(U)+Vp g, divv=0,

where D : M3%% — E} = [0, 00) is a smooth convex function of the symmetric tensors
€ = (i) and &(v) = Vv + (V)T (here Vv is the gradient of v with respect to the
space variables z = (21,22, 13) € E®).

In (2) velocity field v and pressure p are unknown functions and in (1) their
variations v and ¢ are the functions under consideration. At first, we reduce the

nonhomogeneous initial data 'vi =1 to the data

3) v‘t=0 =0

and‘study the Cauchy problem (1), (3), supposing that f(z,0) = 0. After that we
put u, ¢ and f equal to zero for (z,t) € E* x E = (—00,0) and pass to their Fourier
images 4, ¢ and f. For them we get the system

(4) X+ A (&) +i&a=f;, §=1,2,3, &g =0,

where Aj;;(§) = Djkimékém- The variables & = (£,&:,&3) are dual to variables
(z1,%2,23) and X is dual to t. The conditions which are usually put on D (see [7]—[9],
etc) generate for Dj ;m the restrictions

(5) vo|#|* < Djkim stk sam < tols|?,
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where vy and o are positive constants, s is arbitrary symmetric tensor and |s¢|?> =
2 Hjk i
gk

The relations

(6) Dijkim = Dijim = Drjmi = Djk,mi = Dim,ji

are also fulfilled. According to (5) and (6) matrixes A(§) = (A;i(§)) are symmetric
and they satisfy the inequalities

A (Emim > volélInf?

for arbitrary vectors &, n € E®.

System (4) is uniquely solvable for all real £ and A except the axis A (i.e. when
& =0 and ) is arbitrary). The principal matrix B(£, \) of the system (4) satisfies the
inequalities

(7) | det B(¢, M) > vl (I€]* + [A]%)

with a positive constant v, and arbitrary (¢, ) € E*. The solution 4, § of (4) has the
form

) 1 2 ; .
(€, N) = mgcﬂc(& Nfe€,N), =123

3
16N = s 2 Coel& V(e
k=1

det B(&,A) &=

The functions Cjg, j < 4 have the structure

(81) Cik (& A) = Clkim (& Néiém
where Cji i are 2-homogeneous polynomials in the following sense:
(82) Cjkim (a€,a*X) = a®Cjrm (€, A)
Functions Cyj, are 5-homogeneous polynomials, i.e.

(83) Cur(ag,a®X) = a®Cux (€, N).
For f satisfying the condition

(91) divf=0

functions f = F(f) satisfy the relations

(92) & fe(€,)) =0,

and C4;, have the following structure

(93) Cur(&,N) = Cakimn (&, N)Eémén

with 2-homogeneous polynomials Cyg imn. Besides (7), function det B has the prop-
erties

(101) det B(€7 A) = bkl (‘57 )‘)gké‘l
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and
(102) bri(ag,a’) = a’bri (&, ).
It is not difficult to calculate that the fractions

Cij (& N&iém

j =1,2
(1]‘1) detB(g, A) b ]7 k?l?m b 73?
and also the fractions
C4k(€>A)£l
11 = > kl=1,2
( 2) detB(é.’ A)’ b b 73)

(when Cyy have the form (93)) satisfy the conditions of Theorem 2 which we formulate
and prove below. Thus, they are multiplicators in the Holder space H("7/2)(Q7) with
parabolic metric

p((@,t), (', t) = | = | + |t = ¢'|'/?

and any v € (0,1). The norm in H/2(Qr), Qr = E® x (0,T), is determined by
the equality

‘ulH(‘v,v/2) (QT) = sup |ul + (u)gTﬁ/?)
Qr

where the second term is called Holder constant and has the form

(v/2) — sup |u(m, t) - ’LL(:Z)I, t/)l
' @), ¢) € @r P (@8, @)

P ((=,1), (', ) <1

So, with the help of Theorem 2 we get the statement
THEOREM 1. For solutions u, q of the Cauchy problem (1), (3) with f € L*(Qr)N
HO/2)(Q7) the following estimates

(u)

(121) 19¢u, 64w, Ovu, ull L2(@r) < Cllfllz2(@r)

and

(12,) (B2.w)5"? < CONNGT

hold. If, additionally, f satisfy (91) and f(z,0) =0, then
(v:7/2) (v/2)

(125) (Va)g '™ < C{Hgyt

is also true.

Basing on this theorem the theorem on unique solvability of the Cauchy prob-
lem for system (1) in space W2''(Qr) N H2H1+7/2(Qr) for u and space L2(Qr) N
H"/2(Qr) for Vq is proved by known methods. Let us. point out that in the
work [6] of G. Seregin and myself the estimate (12;) in the space L7(Qr) with
arbitrary v € (1,00) is proved. To do this we have convinced that the functions
£2(det B(&,0))71Chk(E,N), j,k = 1,2,3, satisfy Lizorkin-Stein criterion and hence
they are multiplicators in the spaces LY(E*), v € (1,00). In [6] we have proved also
the estimate (123) (but not (123)). We did this by special technique developed for the
study of parabolic systems (see Campanato [10] and others). Here inequalities (12y),
k = 2,3, are proved with the help of following criterion.
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THEOREM 2. Let i1 be a bounded function of variables £ = (¢',&,) € E™, ¢ =
(&1,-.. ,&n—1) satisfying inequalities

(13) ljllwswy <w Vi€Z={...,-1,0,1,...},

with a p < oo and s > n/2. In (13) m;(€) = Mm(2¢, 2j/“§n) with a € (0,1] and
w={¢ | § < p() <4} where p(§) = [€'] + |&al* and [¢'] = Z |€k]. Such 1 is a
multiplicator in Hélder spaces H*)(E™), v € (0,1), i.e.

(14) (mxu) 2™ < Oy, @ m)u(u) ™

where m = F~1(h) and u is an arbitrary function from Ci(E™).
Here we have used the notations

|u(e’, 2n) — u(y’, yn)|

(15) (u)g,;o‘") = sup
@, 2n), W, yn) €E*  PTE@Y)
plz—y) <1

and m = F~1(m) is the inverse Fourier image of m.
Above we have used this theorem for & = 1/2 and 0-homogeneous functions, so -
that for them () = m(€) and we have examine (13) only for function m(§) itself.
We proof Theorem 2 following to the same plan that was applied by Hérmander
for the proof of Theorem 7.9.6 from [3], but we work with other auxiliary functions.
Thus, we take a smooth function 9 : E} — [0,1] which is equal 1 on the interval
[0,1] and zero on [2,00) and the function ¢ : E} — [0,1] determining by equality
w(p) = ¥(p) — ¥(2p), p € EL. The later is equal zero on the sets [0, ] and [2,00).
Let us introduce also the functions ¢; : EL — [0, 1] by equalities ;(p) = ¢(Z&). It is
easy to see that
! )
(161) > wilp)=1,  pe(0,00).

j=—o0

Now, using ¢ and ¢;, we determine the functions a and aj : E™ — [0,1] in the
following way:

(162) $=wpop, e (&) =)
$i=wiop, e $;(€)=y¢;(p() =
e o 88) = o5, ) = 85 5.
The equality (16,) generate the following
(6, Y H©=1 cem\p)
According to (164), k . 4 we represent @(€) = F(u)(€) as the sum 4(€) =

> u;(€) where u;(€) = é)qﬁj( Let #; be the inverse Fourier transform of ¢;, i.e.
J
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¢;=F" 1((}5}). Then using a change of variables we get

5i@) = B = [ R, ae

= o(n=Diti/e / 2 e M+ o G Y = 2NV (9T g! 930 g,

(17)

where ¢(z) = F-1(§)(z) = [ €% (¢)

Let us introduce a smooth functlon 9 : EY — [0,1], which is equal to 1 for
p € [%,2], to zero for p € [0, 5] and p > 4, and the functlon x : E™ — [0,1] determined
by equahtles x(&) = 8(p(€)), £ € E™. Tt is clear that $(6) = B(6)x(€) and ¢] ¢ =

3 (O, 555-) and therefore

a;(¢) = ()¢](£)—u(£)¢(23 2J/o,) (; 2§7a>=ﬁj(€>x(§—;’2§7a)-

Let

(184) V=m*u.

Then for its Fourier image U we have

(185) () = mE)a) = >_m()u;(€) = Y 0;(6)
J j

where 3;(€) = ;(€)1;(€) and 7 (€) = MEx (5, 353)-
Let us show that F~*(7;) have the uniformly (with respect to j) bounded norms
in I'. For this purpose we remark that

”F_lﬁl/j”Ll(En) = /E dz

[

where M;(n) = (277, 27/*na)x(n) = 172 (n)x(n)-
In virtue of well known inequalities, for any M;

[esaents i

/e""ym(zjn’,2"/“nn)x(n)d17‘i= 1~ Mj 2

— n
(19) |F~ M| gmy < Cn, s)IMllwsgny, s> 5

The right hand side of (19) is uniformly bounded due to our condition (13) and our
choice of x. Thus we have

(20) |F~Yivsllze < cop for any j € Z
Due to (17) we have
uj(z) = F(a;) = F~ (ad;)
(21,) T U F7(¢;) = ux ¢; = 2n=itile / u(z — y)$(2y, 2972y, ) dy' dyy,

= [ (ue' = Zoon = ) - ul)) (21



470 0. LADYZHENSKAYA

Here we have used ¢(0) = 0 = J ¢(2)dz. Analogously we get

1

(215) g uj(z) = Zj/ (u(a:' — %,wn - 2J/a) — u(:v))@zk¢( Yz, k<n
and
(213) Op, uj(z) = 27/0‘/ (u(x' - %,xn - 2?%) - u(m))@zn #(2)dz.

The following inequalities we deduce from (21;):

(221) xseupn uj(z)] < (u)ren /(Iz | |2n| o)

=al(y,a)2™ 7(u)(”’c’”,

Sup |0, ()] < (u)1oV2I57 / (] + 2a])1020 8(2) d2
(222) z€EE

= ey, @) 20797 (w) (o)
for k < n and

sup |9, u;(2)] < (u)(MeM2/am9 /(Iz'l +12n|%)710z, ¢(2)|dz
(223) zEE™

= cs(y, @) 20/ 37 (u) (e,

These inequalities and estimate (20) we use to evaluate functions v;:
(231) vj (SC) = F_l(f)j) = F_I(Tﬁjﬁj) =mj *xu; = /u](.’IJ - y)m](y)dy

where m; = F~ (1) and 7 is determined after (185). Namely

(232) sup |v; ()| < |Im;]|z sup |u; ()] < copes (u) N2V = 42797,
(233)  sup |05, v;(2)| < [lmyll 1 sup |8s,u;(@)] < coper(u) M2~ = dy2i=97,
T T

(234) sup|0s,v;(@)] < lIm;llz1 sup |8a, u;()] < copes(u) "M/ @9 = dy23/ =37,

Now we estimate |v(z) — v(y)| for all z, y from E™ for which p(z —y) = |z’ — ¢'| +
|Zrn, — yn|* < 1, in the following way:

lv(z) = v(y |<Z|vjx)—vj <Y D =S+ 8,
jzno i<no
where ng = —log, p(z — y). For evaluation of S; we use (235)

Sl < 2sup I'U | < 2d1 27 Al
J

JjZno Jj2no
(oo}
1
=212 ) o =ey,027 = ap’(z - ).
k=0
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For evaluation of Sy we use (233) and (234):

n—1
Sy < Z (Z |z —yk|sup|6wkv] (@) + |zn — yn|SUP|8xn”J( |)
]<no k=1
<Y <d2|93/ — 4|27 + dgla, - yn|2j/a_ﬂ)
Jj<no
(9] 1 1
o 1—7) no(1 —————
< d2|.’E y'|2( v)no Z SEI=7) + d3|$n Yn |2 ol/e=1) Z ok(1/a—7)

= ez’ —y'|p" Nz — y) +e3|zn — yalp? V(2 — ) < (e2 + ea)p"(ﬂ6 )
Thus we have convinced that
[v(z) —v(y)| < (e1+e2+e3)p”(z —y).

So Theorem 2 is proved.
Remark. Theorem 2 is also true if we choose

n
) ::jz:lgklak7 ay =:1a ap € (071]
k=1

Remark. In Theorem 2 instead of the condition (13) we can take the condition
(*) |F~" Ml (pny < 1, forall j € Z

where M; are determined just before the inequality (19). In fact, as it is seen from
the proof of Theorem 2, the condition (13) was used only for to get the estimate (¥*)
(See (19) and (20)).
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