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ON TWO-ORTHOGONAL POLYNOMIALS
RELATED TO THE BATEMAN’S Jp“FUNCTION*

YOUSSEF BEN CHEIKH! AND KHALFA DOUAK?

Abstract. The purpose of the present paper is to study the sequence of hypergeometric poly-
nomials {Bf{’ﬂ}n>0 defined by B3P (z) = 1 Fa(—n;1+ o,1+ B;z), where a, 8 ¢ —N*, which are
(with the change of notations u = @, v + u/2 = B) related to the Bateman’s function Jp'*. We
show that it constitutes a two-parameter family of 2-orthogonal classical polynomials of Laguerre
type. Among other things, we give their recurrence relation and the third order differential equation
satisfied by each polynomial. When « > 8 > —1, we obtain that these polynomials are 2-orthogonal
on the interval (0,+00) with respect to a pair of weight functions Wy g and (zWq,g)’, where Wy g
is a positive function involving the MacDonald function K, (¥ = a — ). For a suitable choice of the
parameters o and 3, we obtain that W, g is the ultra-exponential function introduced by Voronoi
and then encounter an open problem posed by Prudnikov for which we give an answer. In addition,
we obtain by means of the technique of cubic decomposition that the polynomials in question are
connected to another kind of 2-orthogonal polynomials of Hermite type.

1. Introduction and basic notations. Before introducing our problem, let us
recall the definition of the d-orthogonality. We say that the monic sequence {Pp}n>0
is d-orthogonal polynomial sequence (d-OPS) with respect to the vector of linear

functional U = *(ug, u1, - ,ua-1), if it satisfies the following orthogonality relations
[16,22]:

(1.1) (up, PnPn)=0,n>2md+v+1, m >0,

(1.2) (wv , PnPrav) #0, m >0,

for each integer v with 0 < v < d—=1 (d > 1). The functionals up,u1,... ,Ud—1
are the d first elements of the dual sequence {un}n>o associated to the sequence of
polynomials {P,}»>0 and defined by (um , Pr) = dm,n; m > 0, n > 0. In particular,
we denote by (u), := (u, ™) , n > 0, the moments of the linear functional w.

Also, we denote by P the vector space of polynomials with complex coefficients and
P’ its algebraic dual. ’

The sequences of polynomials satisfying the conditions (1.1)-(1.2) are characterized
by the fact that they satisfy a (d + 1)th order recurrence relation, that is a relation
between d + 2 consecutive polynomials [22]. Now, let us introduce the sequence of
monic polynomials {Q,}n>0 defined by Qn := (n + 1)"'D; P41, n > 0 where D,
denotes the derivative operator d/dz. We denote by {ti,}n30 its corresponding dual
sequence. If the sequence {Qn}n>o0 is also d-OPS, the sequence {P,}n>o is called
classical (in the sense of having the Hahn property [13]).

Recently, in this context, the second author introduced in [6] a one-parameter
family, denoted by {Py(.,a)}n>0, of classical 2-orthogonal polynomials of Laguerre
type. Some of their interesting properties which are analogous of those satisfied by
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the classical Laguerre polynomials as well as the connection between the two families
of polynomials are given. Furthermore, by investigating the d-orthogonal polynomials
which are at the same time Appell polynomials [7], the author introduced the classi-
cal d-orthogonal (monic) polynomials {P,},>0 which are another generalization of the
classical Hermite (monic) polynomials. These polynomials satisfy P,, = @, and are de-
fined by the generating function A(t)e®* where A(t) = exp ((o + (it + - -+ + Car1t4?),
with {4+1 # 0. In particular, when ( =0 for k =0,1,...,d (the d-symmetric case,
see below) this sequence is reduced (apart from a linear transformation) to the poly-
nomials known in the literature as the Gould-Hopper polynomials [12].

For d =1, {P,}n>0 is reduced to the classical Hermite polynomials {fIn}@o .
Ford =2, {Py}n>0 is the “ classical” 2-orthogonal sequence of Hermite type satisfying
the third-order recurrence relation (see [9,7])

Pry3(2) = 2Prya(z) — p(n +2)(n + 1) Pr(z) , n 20, (p #0),

(1.3) Po(x) =1, Pl(q;) =z, P2(1L') = g2,

In this case, {P,}n>0 is 2-orthogonal with respect to the vector functional U =
t(uo,ul).

On the other hand and in another framework, Bateman [1] introduced a set of
functions {J*"}n>0 when he was interested in constructing inverse Laplace transforms
by studying the solution of the following integral equation:

(1.4) f@ = [ " estg(t)d,

where the variable x takes positive values, and so the function g(t) is to be derived
from the values of = for £ > 0. For solving the integral equation (1.4), some methods
are developed and used by several authors (see the references in [1]). For instance,
Murphy gave a method in which zf(z) is expanded in a series of power of 1 — z~!
and g(t) in a series of polynomials of Laguerre. In order to make use of integrals
involving f(z), Bateman adopted the Murphy’s idea of using an expansion in a series
of orthogonal functions, but to apply it to f(z) instead of g(t). For this purpose, he
introduced the functions J%v and made use of the Laguerre polynomials Lg, n > 0

and the equation

(1.5) gmuTI LT (g1 = /0°° emotgu/2 T (1/2) gy,

where z7%J%"(z) is a polynomial defined as follows

(1.6) g IR (2) =kt (w,v) 1 P (051 +u, 1+ v + %u; %), n>0
with

I(1+u)(1+v+Lu)
(L.7) (1, 0) = m F(l+n+v+ 3u)

Now, we shall adopt the following notations: we put u = «, v+u/2 = 3, and denote
by B&#, n > 0, the polynomials defined as

(1.8) BB(z) = 1By (-n;1+a, 1+ B53), @,B8#-1,-2,....
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From this, it may be seen that BX® has the explicit formula

n
(1.9 B =3 () watin >0,
k=0
where
(1.10) Aom = A0 ) = —— 1) m >0,

1+ )m(1+B)m’
with (u), is Pochhammer’s symbol defined by

(1.11) (mn=£%i§2={ﬁu+ﬂ~%u+n—u,Zztz“q
According to (1.6), we have

(1.12) B2 () = ky(a, B)a—0/2 J&B=22(\/T),

where

(1.13) kn(a, B) = n!r(l +ao)l(1 +B)

L(l+n+p)

We also denote by {v,}n>0 the dual sequence associated with {B3#},50.

In this paper, we are interested in the sequence of polynomials { B%# }n>0. We show
that these polynomials are 2-orthogonal “classical” and constitute another family of
Laguerre type of two parameters. The paper is organized as follows. Firstly, in Section
2, we give some properties of the polynomials B*# that are analogous of the ones
satisfied by the classical Laguerre polynomials. In particular, the generating function
and the third order differential equation for the polynomials B#. In Section 3, we
establish that the sequence {B2?},,>0 as well as the derivative sequence {DmBz‘fl Inso
are 2-orthogonal. Section 4, is devoted to the study of the integral representations of
the two linear functionals vg and vy corresponding to {B**},>0 by means of weight
functions involving the MacDonald function K, (v = a—f) and generalizing the ultra-
exponential functions given in [23]. Finally, in the last section, with suitable choice of
the parameters a and 3, we establish the connection between the polynomials BYS
(of Laguerre type) and the polynomials {P,}n>0 (of Hermite type) defined by the
recurrence (1.3). This link allows us to give integral representations of the two linear
functionals uo and u; corresponding to {P,}n>0 by means of the MacDonald function
K13 plus a Stieltjes-type functions suitably chosen.

2. Some properties of the polynomials B%#. Before proceeding to give the
properties of the polynomials B2? in question, we wish to give the following known
results and recall some properties of the classical Laguerre polynomials L%, n > 0:

LEMMA 2.1. Let {Bp}n>o the sequence of polynomials defined by the generating
function

(2.1) etA(zt) = i Bn(m)g,

n=0
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where A(z) =Y 02 o anz™, an # 0. The following statements are equivalent:

(i) The polynomials B, , n > 0 , are generated by (2.1).
(4¢) The polynomials B, , n > 0 , are generated by

s t = tn
(2.2) (1-¢t)™~F (1"”_ t) = :L:B (®)n Ba(e) 7, [t <1,
where
(2.3) F(z) =) (K)nanz" ; an#0.
n=0

(i35) The sequence {Rn}n>0 defined by R,(z) = 2"B, (L) is an Appell (such poly-

T
nomials are called the reversed polynomials with reference to the original polynomials

B,,n>0).
(iv) The polynomials By, , n > 1, satisfy the differential-recurrence relation
(24) zB,(z) =nBy(z) —nByp-1(z), n > 1.

(v) The polynomials By, n > 0, possess a multiplication formula of the form

n

(2.5 Bu(an) =Y (}) " 0= 9"* Buto).

k=0

Proof.
e The equivalence (i) <= (ii) was given by Rainville [18].
o If we replace in (2.1) z by 1/z and ¢ by zt, we get

A(t)e™ =) Rn(z) ;—7:

n=0

which leads to the equivalence (i) <= (i1%).
e The equivalence (#i1) <=> (iv) is trivial.
e The equivalence (4i%) <= (v) was given by Carlitz [3]. O

Note that these polynomials are particular cases of the Brenke polynomials which
are defined by the generating function [4]

G(z,t) = B()C(at),
where B(z) = 300 bp2™; by # 0, and C(z) = Y 07 (2™ 5 ¢n # 0.

Otherwise, the Laguerre polynomials L%, n > 0, are defined as (see, e.g.,[4]):

(2.6) Le(z) = (":“) P (=51 + a;7),

where (‘5’ ) denotes the generalized binomial coefficient

ny _ F(1+IJ/)
(2.7) (y) T+ +p-v)
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They are generated by the function
oo
(2.8) (1-t) ™ e=/0=0 = 3" [a(a)en.
n=0

Their corresponding monic polynomials {2 }n>0 are defined by Le = (=1)™n!L% n >
0, and satisfy the following relations:

(2.9) DL, = (n+ IS, n >0,
(2.10) eLet =12, + (n+a+1)L2,n >0,
(2.11) Loy =Lg +(n+ 1)L, n >0,

and the second-order recurrence relation:
I8 (@) = (z—(2n+a+3)L¢u (@) - (n+1)(n+a+1)I(z), n >0,

2.12) -
Li(z) =1, LY(z)=z-(a+1).

Finally, it is well known that these polynomials L%, n > 0 are orthogonal, for a > —1,
with respect to the weight function wq(z) = z*e™% on the interval 0 < z < +o0, that
is

(2.13) /0 " Lo (5) L2 (2)wa(2)ds = T D

- Omn , m,n 2 0.

In the sequel, we return to the polynomials By # and give some of their properties
that are analogous of the above ones. Let us denote by {§,‘,”ﬁ }n>0 the sequence of
monic polynomials corresponding to {B2*#},50. By virtue of the definition of the
polynomials B3#, it is clear that the leading coefficient of the polynomial B%# is

_ (="
(2.14) ’\"_(1+a)n(1+ﬂ)n’">0'

Thus, we have the relation BX# = ,\nﬁgﬁ , n>=0.

2.1. The generating functions. From the Brafman identity ( see [2], p.947):
(2.15)

X in
¢ a1, 50p L\ _ 2 -n, ai,...,0p .
¢ ”Fq(1+b1,...,1+bq’ ”t) —;MPHFQ( 1+b1,...,1+bq"”)’

for p=0,g9 = 2,b; = o and b = 3, we obtain that the polynomials B¥#; n > 0 are
defined by the generating function

[ee) tn
(2.16) e'oF(1+0a,1+ 6;~at) = ) By(e)—.

n=0

Otherwise, owing to Lemma 2.1, with

(2.17) AZ) =oR(1+a, 14 85-2) = ) Ap2"
=0
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and
o0

F(z) =1F(r1+ 0,1+ B;—2) = Y (K)ntn2"™,

n=0
we also obtain another generating function for the polynomials B2#, n >0,

— ) oS @B <
1—t¢ nn n!’ ’

n=0

(218) (1-t) " 1F(kl4+a,1+5;

Now, let us introduce the hyper-Bessel function J(,,) defined as follows (see, e.g.,
[5,14])):

_ — . z d+1
»ﬁad)(z)—OFd(Hal,... +art(TD) )

where (ag) abbreviates a set of d parameters: ai, as, ..., ag.
The generating function (2.16) can be also written as

2.19 €' Ja5(3(zt 1/3 Bo"ﬁ
ﬂ

Recall that the Laguerre polynomials LY, n > 0, are also defined by the classical
generating function [15]
=1 t"

(2.20) et Jo (2Vzt) = 7;) ng(m)m ;

where J, is the Bessel function of the first kind of order v.

2.2. The third-order differential equation. Now, the use of the identity (see
[18, p.107]):

Y4
a1,...,0p H —1 Qi 1+a1,...,1+ap‘
(2.21) Dy pFq (bl, - be ‘”) 7, 5 Fq<1+b1,...,1+bq’z ,

withp=1,¢=2,a, =-n,b; =1+« and by =1+ (3, leads to

(2.22) DyBXf = M(n+1)BITA n >0,
with A\; = —1/(1+ a)(1 + ), which gives for the monic polynomials Beb:
(2.23) DB = (n+ )BT+ n > 0.

Lastly, from the differential equation satisfied by the hypergeometric ,Fy (see [18,
p.75]), we obtain, for p = 1 and ¢ = 2, that the polynomials BX#  n > 0, fulfilled the
third order differential equation

(2.24) [m(9 —n) = 0(0 + )8 + ﬂ)] BxB(z) = 0,

where 0 = x-= d . By using the formulas

2 3 2
2 4 —i-aci and 63—w3d +3m2d +:1;i

kY k 2 __ el —_
0(e") =ka™, 6" =225 To o, da3 dz " Tdz
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the above differential equation becomes
(2.25) 22Y" + B+ a+B)zY" +[(1+a)(1+8) —2]Y' +nY =0,
where Y = B2 (z).

2.3. Other properties.
i) By taking into account of the dependence on the parameters o, 8 , we obtain
the symmetry property

(2.26) BoP = B,
ii) The differential-recurrence relation (2.4), leads to
(2.27) eBetLAH = BYS 4 (4 a+)(n+B+1)BIP, n>0.
iii) From the relation (15) in [17, p.82], we obtain
(2.28) B2 =B 4 (n+ 1)(n+ B+ 1B n >0,
and by exchanging o and 8 and using the symmetry property, the above leads to
(2.29) B2 = BXP P 4+ (n+ 1)(n+a+1)BXPH  n >0,

iv) From (2.5), we have the multiplication formula

n

(2:30) Ba) =Y (}) v (-0 B
k=0
v) On the other hand, by virtue of Srivastava identity [19], we also have

n

(231) Be0) = (11 oy, 2 e gt B0 s )

vi) Finally, by virtue of the inversion formula given in ([18, p.243]), we obtain:

(2.32) g =1+ a)n(l+B)n > (-1)F (Z) By’ (z).

k=0

3. The 2-orthogonality of the sequence {B%*},5,. Following the character-
ization given in [22], to prove the 2-orthogonality of the polynomials B*#, n > 0, it
suffices to show that they satisfy a third order (standard) recurrence relation.
Indeed, since the generating function (2.16) is of type (2.1), then the polynomials
B%# 'n >0, satisfy (2.4) which by reiteration leads to the relation [18]:

a,B a,B
(3.1) 22 = cyre-m ZEE ochen,

where the operator (T'); denotes

Mr=T)(T+1)---(T+k-1); (T) = 1.
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On the other hand, using the following relations, which one can easily verify:
0=0-n)+n,
62 = (6 — n)s + (2n — 1)(6 — n) +n?,
8% = (6 —n)3 +3(n — 1)(6 — n)2 + (3n* — 3n + 1)(6 — n) + n?,

to rewrite the differential equation (2.24) under the form

[n(a +n)(B+n)—{3n2 —3n+1+(2n—1)(a+p) +aB—z}(® —n)

(3.2)
+Bn—-3+a+pB)(0—-n)+ (06— n);;]Bf{’ﬁ(w) =0,

which, combined with (3.1), leads to the following recurrence relation:

(n +a)(n + B)By’(2)
(3.3) =[3n2+ (2a+28-3)n+ (1 —a)1 - B) — 2] BX (z)
—(n-1)(Bn-3+a+8)By5% (@) + (n—1)(n—2)By5(x) , n > 3.
The initial conditions are
(3.4 ByP(z) =1, Bf*(z) = Mz +1,
B2 (z) = Aaz® + 20z + 1,

where A; and Ay are given by (1.10) for m = 1 and m = 2, respectively.

The recurrence relation (3.3) was also obtained by Rainville from a pure recurrence
relation satisfied by the Bateman functions J*? (see [17,18]).

It is readily seen that the above recurrence relation may be rewritten in the monic
form as

35) Bie) = (o - Brs2) B (@) = ansa B (@) B (@), n 20,
ByP(w)=1, B{P(z) =3 - fo, By’ (x) = (z — B1) B’ (2) — e,
where

Bn = Bn(a,B) =302+ (2a+268+3)n+(1+a)(1+8), n >0,
(3.6) an =an(a,8) =nBn+a+pB)n+a)(n+p),n>1,
Yo ="(,B8) =nmn+1)(n+a)n+a+1)(n+p)(n+p+1),n 21

Then, taking into account of the identity (2.23), the above recurrence relation (3.5)
leads to

Q2L (@) = (2 = Brs2) Q2o (@) — Gns2Qfi (2) = Fn11Q3P (), n 20,
Q) =1, QP(2) =z - fo, Q37 (2) = (v — B)QT’ (&) — &1,
where Q%8 = (n +1)"'D, B2, = B3t1P+1  n >0, and
(3.8)
Brn=Pula+1,8+1)=302+12a+28+Tn+(2+a)2+8),n >0,
dn=0n(a+1,8+1)=n@Bn+a+B+2)(n+a+l)(n+B+1),n21,
Fn = mla+1,8+1) =n(n+1)(n+a+l)(n+a+2)(n+p+1)(n+B+2), n > 1.

(3.7)
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Therefore, we obtain that the sequence of derivatives {Q%*},>0 also satisfies a stan-
dard third-order recurrence relation. Thus {B%#},50 and {Q%#},>0 are simulta-
neously 2-orthogonal, that is {B2#},50 is classical. In this case, the polynomials

B""B , n >0, will be called the two-parameter famlly of 2-orthogonal polynomials of
Laguerre type. Recall that the polynomials {Py(.;@)}n>0 , studied in [6], constitutes
a one-parameter family of 2-orthogonal polynomials of Laguerre type of other kind.
Finally, by differentiating (3.5) and making use of (3.7), we obtain after the shift
n—n—2

BB =Bt1At1 4 (n 4+ 1)(2n + 3+ a + B)BITAT!

3.9
39 +nn+1)n+a+1)n+4+1)BXEAH >,

with B*# = B*f = 0.
This relation is the analogous of the relation (2.11) satisfied by the Laguerre polyno-
mials .

REMARK. If we put

Br=PBap1 +0n, n 0,
~ n
(3.10) Gn = —Ons1pn, n 21 (pn#0),

~ n
Yn = 2’)’n+1€na n>1 (en #0),

then, it follows from the formulas (3.6) and (3.8) that d,, p, and €, are given by

(3.11)
h=—2n+3+a+p),n=0, pn:3n+2+a+ﬂ

—_ > 1 and =1 >1.
mt+3t+atrp T M= L2

Recall that the two sequences of 2-OPS of Hermite type [7,8] {P,}n>0 and the one-
parameter family of Laguerre type [6] {Pn(.;@)}nz0 are obtained by solving a non-
linear system satisfied by the recurrence coefficients. In such cases, we have obtained
the two sets of solutions: 6, =0, n >0, p, =1, n > land 5n =1, n > 1, give the
2-OPS of Hermite type, anddn— -1,n2>0, pn—l n>land ¢,=1,n>1,
give the 2-OPS of Laguerre type with one parameter.

4. Integral representations. We denote by V = *(vo,v1), respectively, V =
t(%,?fl), the vector functional with respect to which {B,O{’B }n>0, respec-
tively, {Q%®}n>0 are 2-orthogonal. Following the characterization given in [10], since

{B8},,5 is classical 2-OPS, then the vector functional V satisfy the ( distributional)
equation

(4.1) (®V) + ¥V =0,

where ® and ¥ are two 2 x 2 matrices defined as

_ [ du(z) dr2(x) _ 0 1
(42) (@) = (¢21($) ¢22(x)) , o) = (wx) c)
with degds; < 1, (4,5) # (2,1), deggor < 2 and ¢, ¢ are given by Y(z) =
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2v7 1B""ﬁ(x) Aa(z +A7Y), ¢ = =297 a1 = —Asay, where
ar=1+a)1+8)B+a+8), 1 =21+a)(1+6)(2+a)(2+p8),
M=-1/1+a)(1+8), ha=1/1+a)(1+6)2+ )2+ B).

Moreover, the derivativg sequence {Qg*ﬁ}n>o is 2-OPS with respect to the vector

2;121((:2)(;1?1 ®V, thatis, V = ®V. Thus, U = ¢11(2)vo+ ¢12(z)v1 and U3 = ¢oy (z)ve +

Recall that for a linear functional v and a polynomial h the left-multiplication hu is
defined by (hu, f) = (u, hf) for all polynomial f and the derivative u' of u is defined

by (W', f) = = (u, f').

Now, to determine the explicit expression of the polynomials ¢;; we write
$11(z) = aj; @ + afy,

$12(2) = ajpx + afy,

$22(%) = agyT + a3y,

$21(z) = a310? + ay T + af,.

(4.3)

Firstly, we write (3.9) as
B2 = QP+ (n+1)(2n+3+a+B8)Qnf +n(n+1)(n+a+1)(n+B+1)Q5%, n > 0.

Next, applying the functional vy, respectively, v; to the last relation we, respectively,

obtain R
<’l70, Bg’ﬂ> =1,

(%0, BEPY =2(5 + a + f),

(3o, BY?) =6(a+3)(8+3),

(o, B3P) =0, n >3,
respectively,

(@, By?) =0,

(&, B) =1,

(@, B¥PY = 3(T+a+B),

(W1, BEPY = 12(a + 4)(B + 4),

(%,,B3PY=0,n>4

By using the same technique as in [6], Section 4, we obtain after some calculatlons
two linear systems, easy to solve, in which the unknowns are the coefficients a .. Thus,

we get
‘111— /\1,‘111—O
1 _
012:‘112—0’
1 2 _ 0 _
(4.4) a1 = —A2, a3 =ay =0,

1 _ -1 0 _
(122 - —A2A1 9 a22 - 0.
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Consequently, we have

(4.5) ®(z) = (:f\\;i _Az(j\;lx) , ¥(@) = (/\z(w —(I)- ATH —/\12a1> '

We obtain that the linear functionals vy and v; satisfy, in P/, the following system:

v = /\1 (x'UO)Ia
P

zvg)' + (zv1) = (M2 + L)vo + Maqvy =0,

which gives

(@) {x%g (a+ 8~ 1)avh ~ (@~ afvo = 0,

1+ a)(1+ B)vr = —(zv0)',

that is, each of the functionals vy and v; satisfies a second order (distributional)
differential equation.

Now, we are ready to look for integral representations of the linear functionals vg
and v; with respect to which {Eﬁ" }n>0 is 2-OPS. Since v; depends on vy, it suffices to
find integral representation of vy to obtain a v; one. Thus, the problem is to determine
a weight function W, g such that, for all polynomial f € P, we have

(4.8) (vo , f /f(x)Wa,ﬂ z)dz

where we suppose that the function W, g is regular as far as it is necessary and the
path C consists of a part of the complex plane. However, here we only consider the
representations in terms of integrals evaluated along an interval (a,b) of the real axis
with —c0o € a < b < +o.

We have the following result:

THEOREM 4.1. When a > 8 > —1 and (a,b) = (0, +0), the pair of functionals
vp and vy have the integral representations

(4.9) (vo / f(@)We,p(x)dz,

(4.10) (v1 , 1) =/\1/0 f@)( a:Wa,ﬂ(w))

where the weight function W, g is given by

(4.11) Wes(@) = c—CLOTL SN

LI+ aT(1+5)

with K, is the MacDonald function (modified Bessel function of the third kind) and
the parameter Ay = —1/(1+ a)(1 + B).

Proof. From (4.7) - (4.8), by integration by parts two times it follows that
b
/a [BW! 5(2) — (@ + B — DaW.,5(x) — (z — aB)Wap(2)} f(z)de

+ 2 Was (2) ' (2) = {£* Wi 5(2) = (@ + B + 1)z Wa p(2) } () ]=o.
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If the following condition holds:

(412)  SWap(@)f () = {2*Wa5(0) = (@ + 8+ 1)aWe,5(2)} ()]
then, we obtain that the function W, g satisfies the second-order differential equation
(4.13) xQWg,ﬁ(x) —(a+p8- l)mWZ,,ﬁ(m) - (:z: — aP)We 5(z) = nN(z),

where 7 is an arbitrary constant and N is a function representing the null functional
over the interval (a,b)

b
=0,
a

b
/ z"N(z)dz =0, n > 0.
a

In the sequel, we choose 7 = 0. Hence (4.13) leads to the Bessel differential equation
(4.14) Wy 5(z) — (@ + B — 1)aW, 4(z) — (z — af)Wa,p(z) = 0.

Under the transformation s = 2/, v = a— f, and setting Wy g(z) = z(@t8)/2W(s),
the last equation becomes

(4.15) W' (s) + sW'(s) — (s* +v*)W(s) =0

which is a modified Bessel equation.

A solution of (4.14) is to be found satisfying the condition (4.12). One of the solutions
of the last equation is the function K, known as a modified Bessel function of the
third kind; or also a Macdonald’s function. Thus, by choosing (a,b) = (0, +00), a
solution of Eq. (4.15) can be taken as

(4.16) W(s) = AKq—p(s),

where A = A(a, B) is the normalization constant which we determine below.
Then, a solution of (4.14) is given by

(4.17) Wap(z) = Az K,_5(2V/7).

The function K, (z), for arbitrary order v, is an analytic function of the complex
variable z for z # 0, and is an even entire analytic function of v for each z # 0, that
is, K_, = K,,. It satisfies some simple recurrence relations, see, e.g., [15]

(4.18) —2K,(2) = Ky—1(2) + Ku+1(2),

(4.19) 227 K, (2) = K,_1(2) — K, 41(2).
One evident reason of the choice of the Macdonald’s function as solution of the
equation (4.15) is that, for z > 0 and v > 0, the function K, is a positive function

which decreases monotonically as £ — oco.
The asymptotic behavior of K,,, as £ — 00, is given by

(4.20) K,,(a:)~,/27r—xe‘” , as x — o0.

For small z, we have the asymptotic formula.

K,(z) ~2""'T(w) 2™ ,v#0 , as z— 0,

(4.21) 2
Ko(x)rvlog; , a8 ¢z — 0.
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Also, we have

271 / —zt (42 v—1/2
4.22 K,(z e (¢t dt, Rz >0and Rv > -1/2,
42) K@= [ ey /
and
wr 1 oo
(4.23) Ky(z)= —(U+—2)a:"’/ ——E)—S@)—l—dt , z>0and Rv > —-1/2.
VT o (2+1)""2

Finally, we terminate these properties of the function K, by the following formula:
(4.24)

o0

/ t”K,,(ct)dt=2“‘1c‘(”+1)F(1+’;+V)I‘(1+g_y), R(1+p+0) >0, Re>0.
0

In particular, for ¢ =1 and g = n € N, we obtain the moments of the function K, .

Now, we are ready to determine the constant A. Indeed, the normalization condi-
tion

o0
(vo,1) = / We p(z)de =1,
0

leads to
(4.25) A / g @tPPK, 5(2V7)ds =

0
Under the transformation ¢t = y/z with ¢ = 2, we obtain from the formula (4.24) that

o0 oo
/ g@tB2K, 5 (2/7)dz =2 / totOHIK, s(2t)dt = %F(l +a)T(1 + B).
0 0
Whence (4.25) gives
2

FTl+aT(1+08)"

Hence, the weight function Wy g is given by (4.11).
Now, it remains to verify that the condition (4.12) holds.
Since Wy 3 = Wa,a, in all the sequel we put a > 8.
Next, from (4.11) and making use of the asymptotic formula (4.20), we get as
T — 00,

(4.26) A=

TWa () ~ 4)\ g2ot2043)/4=2V7 __,

T*Wa,p() ~ —\/2—7?/\ g(at28+7)/4e=2VE __, (),

Otherwise, by differentiating W, g and making use of the formulas (4.18)-(4.19), we
get
WL 5(@) = ABe@HP=DR K, _5(2v/F) — M@ tP-D12K, g1 (2/7).

Then,
2W, 5(x) = Mz TP K, 5(2/z) — A @TFHI2K, 5 1 (2V/3).

It is easy to verify that W, 5(z) — 0, asz — co.
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Finally, at the origin, using (4.20), we obtain:
e When a #
TWa () ~ AT(a = B)zP+t — 0 if §> -1,
& Wap(2) ~ Al(a = B)2?> — 0 if > -2,
and
2w! A s+l _ A B+2 :
T W, (2) = 5,61?‘(a — Bzt — 51‘(04 -B-12ft? — 0 if8>-1.
e When a = 3, we have
Wa,o(z) = Az* Ko (2VT),
so that, taking into account of (4.21), we get

TWy o(T) ~ —gw"“"l logz — 0 ifa> -1,

A
2 Wea(@) ~ —ix"‘“ logz — 0 ifa> -2,

and
W), o(z) = Aaz®T Ko (2v/7) — Aez® T’ K, (2vz) — 0 ifa > —3/2.

We will now proceed to look for integral representation for the functional v;. From
(4.6), we have

(v1, £) = M {(zv0)’, f) = =M1 (mvo, f') = =M1 (vo, zf') = =\ /000 tWo () f' (z)de.

Integration by parts gives

o0

/ " W () (@) = 2Wa p(2) f(2)]° / (Wayp(2))'f ().
0 0
Since W, 5(x) f(z)]go =0, then

(v, f) =\ /000 (xWa,g(w))lf(x)dz.

Thus, we have the following trivial result:
COROLLARY 4.1. The moments of the functionals vy and vi are given by

0
and
(4.28) (v1),, = =An(v), = —n(l+a)p(1+B)n, n 20,

where (vg),, := (vo,z™) , n > 0, respectively, (v1), = (v1,2") , n > 0, denote the
moments of the functional vy, respectively, v;.
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REMARK. It is clear that the weight function W, g is positive on the interval
0 € £ < 0. Then, the linear functional vy is positive definite. Thus, there exists a
sequence of monic polynomials {17,;’"5}@0 orthogonal (in the ordinary sense) on the
interval 0 £ z < co with respect to the weight function W, g, that is to say,

R -
/ V&P (2) V2P ()W, p(z)de = kpbmm, m, n >0,
0

where k,, # 0 is the normalization coefficient given by
(e 9]
(429) o = (o0, (F207) = [ (728(0) Wapla)da
0

If we denote by {wn}n>0 the dual sequence associated to the polynomials {V.2F} 50,
it is clear that the first (canonical) functional wg = vg, so that w, = k; 11775""’ wo =
k7 VB yy , n 2 0.

Now, writing the recurrence relation for the sequence {V,*# }n>o0 as

(4.30) V(@) = (= Car)) VA (@) = 001 V2P (2); 2 0, (00 #0, n > 1),
"}()a,ﬁ(m) =1, Vla’ﬁ(z) =z — (o

With the aid of the formulas
o0
G = k! / 2(V8(2))* Wa g(@)dz , n 3 0,
0

and -
o =kt [ VST @ Wap@)ds , 1 >0,
0

we can compute the following first coefficients:

=05 =1+a)l+0),
¢ _ 1402402+ B)(A+a+p)
T (1+a)(1+8)B+a+p)’

a=a=1+a)1+B)B+a+p).

Also, upon writing
V""ﬁ (z) = Z Cn, mBa'ﬁ(w) n>
m=0

it is simple to verify that ¢, , =1,n > 0and c,o=0,n > 1.
For example, we obtain

Vs (e) = By (o) = 1,

Vi (@) = B (2) =z ~ o,
22+ a)(2+0) Be

V5P(e) = B3 @) - S p b

B (z).

PRrROBLEM. Find all the properties satisfied by the polynomials V"‘*ﬁ ,n > 0. For
instance, the recurrence relation, the differential equation, the generating functlon,
the connection between {V,*F},50 and {B2*},>0,--. -
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Particular cases.

(1) Forf=0anda=k, k€N (or a =0, 8 =k because W, g = Ws,,), We obtain
that

(4.31) Weo(z) = 2o Ke (2v/F) = -6e(),

where &, k£ = 0,1,..., are the ultra-exponential weight functions introduced by
Voronoi [23] and defined as

(4.32) & (z) = r(i—\f;-)"’“'k /100 e 2VE (2 1)V >0 (k=0,1,...).
In this case, the moments of vg are
(vo),, = /0°° "Wy o(z)dz = (n—-}-,;{ﬂ,
so that -
/0 2p(z)de = (n+k)n!,n>0,k=0,1,....

Note that, these functions are also linked with another set of functions denoted by
&(x, k), k=1,2,..., and defined as follows [23]

T*(s) =/ z* Y (z, k)dz, Rs >0, k=1,2,...,
0

or by inversion

1 c+zooFk()
&(z, k) = 2_7rz/ T ——=ds, ¢,z,Rs > 0.

e When k = 1, then £(z,1) = ™7, so that the corresponding orthogonal polynomials

are the Laguerre Ln ,n > 0.
e When k = 2, we obtain that £(z,2) = &(z) = Wo,0(z), where

(4.33) Woo(z) = 2Ko(2vZ) = / o8 zt\/—)dt

In this case, we have

(4.34) (vo),, = 2/ z"Ko(2v/z)dz = (n!)*>, n > 0.
0

Thus, we encounter the open problem posed by Prudnikov (see [20, pp.239-241]) in the
Seventh Spanish Symposium on Orthogonal Polynomials and their Applications (VII
SPOA) (Granada, September 23-27, 1991). This problem has been recently studied
by Van Assche and Yakubovich [21]. Hence the two papers bring, independently, an
answer to that open problem.

(2) For 8 =a, we have

(435)  Waa(e) = Ao*Ko(2v/3) = fﬁ 0 cosgt\/‘ %) g
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and
(4.36) (v0),, = /OOO T"Weol(z)dz = ((1+ a)n)2 , n>0.

In particular, when o = 0, we meet again

Woo(z) = 2Ko (2V/x).

(3) For = a+1/2, we have
22a+1

(4.37) Weat1/2(2) = T(2+ 2a)

xa+1/4K1/2 (2\/5) .

But, from the formula

T 1d\» _
Kn—1/2(2)=\/;zn 1/2(-—-——) e *, n=0,12,...,

zdz

we obtain K /5(z) = \/3271/2¢7*, then

2a+1
VR o

(4.38) Wa,at1/2(2) = @120

5. The relation between the 2-OPSs of Hermite type and Laguerre
type. It is well known that the Hermite and Laguerre polynomials are related by

Hon(z) = Tt (a?),

(5.1) R .
Hypnii(z) = L2 (2?).

In this section, we are concerned in the connection between the sequences {Pp,}n>0

defined by the recurrence (1.3) and {Bg’ﬁ }n>0 and in the integral representations of
the pair of linear functionals ug, u; with respect to which {P,}n>0 is 2-orthogonal.
These polynomials satisfy the 2-symmetric property, that is

j2m
73

P,(wz) = w"P,(z), n >0, where w=e
Consequently, we obtain the following cubic decomposition of the sequence {Py}n>0
[9):
Py, (z) = Py(z?),
(5.2)  Pappr(z) =2"PT(z®), n 20, 7=0,1,2,<= { Psup1(z) = 2P, (z*),
| Pspio(z) = 22 P2(2?),
where the sequences {P] },>0 (7 =0, 1,2) are the cubic components of { P, }n30. For

each 7, the corresponding component is also 2-orthogonal with respect to the pair of
linear functionals uf,u] (see [9]), with

(5.3) o= (w,"’) Cr=0,1,2,
Uy =03 (fb' Ur+3)
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where the operator o3 is defined by
og: P—P
f(@) — f(2?).
By transposition, we define to3 : P’ — P’ by
(tos(u), f) =(u, o3f) , Vue P', VfeP.
Therefore, from now on, we set toz = 3.

Each éequence {P}nz0 (1 =0,1,2) satisfy a third order recurrence relation
(5.4)
Pl 3(z) = (z = Bl40)Plis() —of o Priy () =i Pr(2),  (vhey #0,n20),
{PoT(w) =1, P@=z-06 , P(z)=(-B)F(z)-of.
In this case, the coefficients 8], , o], and 7], , n > 0, are given as follows (see [9]
for the formulas).
e For 7 =0:
B2 =p(2Tn® +9n+2), n >0,
a® =3p%(3n)(3n — 1)’(3n —2), n > 1,
10 =p2Bn+3)3n+2)(3n+1)(3n)(3n —1)(3n —2), n > 1.
eForrT=1:
B =p(Bn+1)(3n)*(3n —1), n >0,
ol =3p2(3n +1)(3n)’(3n - 1), n > 1,
7 =p3(Bn+4)(3n+3)B3n+2)(3n+1)(3n)(3n — 1), n > 1.
e For 7 = 2:
B2 = p(27n? + 451 + 20) , n > 0,
a2 =3p*(3n+2)(3n +1)%(3n), n > 1,
12 =p(3n+5)3n+4)(3n +3)(3n+2)(3n+1)(3n), n > 1.

From the above formulas, with p = 1/9, we obtain that

that is to say,

~_2 _1
P, (z)=Bp,% 3 (w3),
Pynis(2) = 2By 53 (23),

=12 4
P3n+2(.’L’) = .'17237%’3 (iL‘ )

From (5.3), the functionals uj, u] (7 =0, 1,2) are given by
eu)=a3(ug),  uf =os(us),
eul =o3(zur), ul = oz(zus),
o u} = o3(z?uz), u? = o3(z?us).
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The functionals u,, 0 < 7 < 5 are the first five elements of the dual sequence as-
sociated to the sequence of polynomials {P,}n>0, where u,, 2 < 7 < 5 can only be
expressed in terms of ug and u;.

On the other hand, if we take into account the dependence on the parameters o
and S, and put vo = vo(a, ), v1 = v1(a, 8), we have

etora=-4, f=-1: B=u(-f,-3), ¥ =u(-}-3),
clora=t, f=-L:ub=w(},-3), ul=u(,-})
cora=d, p=}: w=w(l), wt=u(}).
For example, the integral representations of the linear functionals ug , u? are
oo
(5.5) W 5= [ reW_y s@us,
0 9 [ /
(56) (ul ) f) = —5 o f(x)(a:W_%,_%(a:)) d(l:,
where
\/?? -
(5.7) W_y,_2(2) = —= 27K 3(2V/3).

5.1. Integral representation of the functionals uy and u; corresponding
to {Pr}n>o. Recall that {P},>o is an Appell polynomials sequence if and only if
P} 1(z) = (n+1)P,(z). Such a character is translated in P’ by the fact that the dual
sequence {un}n>0 satisfy

(5.8) Dup,=-(n+1Dupy1 <= up= n >0,

n
(_1') Dnuo
n!
which is another characteristic of Appell sequences and which gives all the elements
of the dual sequence {un}n>o in terms of the successive derivatives of the (canonical)
linear functional up. Then, we have u; = —uy. Consequently, it suffices to determine
an integral representation of ug to obtain the u; one.

This is given in the following theorem:

THEOREM 5.1. The two linear functionals ug and uy have the integral representa-
tions

o0

(59) (o, ) = / U(z)f(@)de,
(5.10) (uy, f / U'(z) f(z)dz,
where the weight function U is given by
(5.11)
U(z) = iﬁwl/zKl/3(2m3/2) + 3771:1:1/26"’ cos(\/?—)a:) + 3z ® sin(\/gw) , T € Ry,
with

2734 23374
(5.12) m = {6F(2/3 -T(1/3)} and m = - - 15I'(2/3)}.
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Proof. To prove this result, we use the same technique explained in [8]. We obtained

in the above subsection the representation of the form u = o3 (uo):

~+o00
(5.13) (). f) = [ Y@W_y @i, feP,
—00
where W_%’_g is given by (5.7) and Y is the Heaviside function defined as
| 1, ife>0,
(5.14) Y(z) = rest
0, otherwise.
We now look for a weight function I such that
+oo
(5.15) (uo, f) = U(z)f(z)dz.
—00
From which, we have, in particular
+o0 1 +00
(516)  (uo,mf)= | U@)f(a")do =7 / 22U ?) f () da.
—o0 —0o0
Consequently, since (g3(uo), f) = (uo,03f), from (5.13) and (5.16), it follows that
+o0 1 [t
(5.17) Y(@)W_1 _3(2)f(z)de = = / &3 (2113) f () da.
—oo 373 3 oo
Whence,
(5.18) 357 UE ) ~ Y (@W_y _3 () = N(a),

where N is a representation of the null functional. Here, we may take A in the form
(5.19) N(z) = mMNi(z) + naNa(z)

with , for example,

Ni(z) = Y(z):z:'lﬂe'f”l/3 cos (v/3z'/3),

Na(z) = Y(z)e™™" sin (V3z'/3),

and 71,72 two constants which we determine below.
Then, by virtue of (5.18) and changing the independent variable z by z3, we have

(5.20)

(5.21) U(z) = 3zz{Y(z)W_%,_§(Z3) +mNi(2®) + 772/\/2(-’173)}~

The 2-symmetric character of the functional ug leads necessarily to (ug), = 1, (uo); =
(uo)y =0, ie.,

522 +00Vu )d 1: V=01
(5.22) (uon—/_ww @ir=q " VT,

+o0
It is easily seen that the first condition U(z)dz =1 is fulfilled for any values of

— 00
the constants 71, 72. The other two conditions, obtained for » = 1 and v = 2, allow
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us to determine the constants 7, 72. This is the reason of the choice of the function
N in the form (5.19).
Indeed, from (5.22), we have the system

{771111 + nelio = —Hi,

(5.23)
mlor +n2lae = —Ho,

where

—-3—3

oo (o)
Ly :/ 2N, (z%)dz, v,p=1,2and H, =/ e PPW_1 _a(2¥)dz, v =1,2.
0 0
First, we have

1 oo
H, = g/o 113"/3W_%,_%(a:)dx

which, under the transformation ¢ = 1/z and by virtue of (4.24), leads to

1 v+2 v+1
= P K, 5(2t)dt = r r
H, 71'\/_/ 1/3( ) o \/— ( ) ( 3 )
Therefore 1 1
H, = r2/3 d H,=—=-I'(1/3).
! 27r\/§(/)an 2 6%\/3(/)
On the other hand, according to the two formulas [11]
+o0o T
/ zP~1e™%% cos(mz)dz = __(p) cos(p&/)2 ,
0 (a? +m?)”
+00 :
/ zP~le™ % sin(maz)dz = _—F(p) 51n(p0/)2 ,
: (@ + m2)?

where p,a,m > 0; sinf = m/r, cosf = a/r, 0 < 0 < 7/2; r = (a® + m?)*/2, we
obtain that

Iy = —V2r27633/2) [, = —27433/2 [, = —5v272783%/2 and Ip = —2733%2.
Thus, the system (5.23) gives Any; = Hol1o — Hilo» and Any = Hily) — Ha Iy,

where A = I11Iss — In1I15 = 3*47%y/27. Thus (5.12) and (5.11) follow immediately.
We will now proceed to look for the representations of the functionals u;.
At first, from (5.8), we have u; = —ug. Then,

(5.24)  (ur, f) = (uo, f ] U@) f (@)de = U) ()] / U () f (z)de.
Since U(z)f(z)]q =0, we obtain
(5.25) un, ) = - /0 U (2)f (z)d.

|
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