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ON TWO-ORTHOGONAL POLYNOMIALS 
RELATED TO THE BATEMAN'S J^^-FUNCTION* 

YOUSSEF BEN CHEIKHt AND KHALFA DOUAK* 

Abstract. The purpose of the present paper is to study the sequence of hypergeometric poly- 
nomials {Bn^}n^o defined by B%'P(x) = liM-n; 1 + a, 1 + /Jjx), where a, /3 g -N* , which are 
(with the change of notations u = a, v + u/2 = /3) related to the Bateman's function J%,v. We 
show that it constitutes a two-parameter family of 2-orthogonal classical polynomials of Laguerre 
type. Among other things, we give their recurrence relation and the third order differential equation 
satisfied by each polynomial. When a ^ /3 > — 1, we obtain that these polynomials are 2-orthogonal 
on the interval (0,-|-oo) with respect to a pair of weight functions Wa>^ and (xWa^Y, where Wa>/3 
is a positive function involving the MacDonald function Ku (v = a- ft). For a suitable choice of the 
parameters a and /?, we obtain that Wa,p is the ultra-exponential function introduced by Voronoi 
and then encounter an open problem posed by Prudnikov for which we give an answer. In addition, 
we obtain by means of the technique of cubic decomposition that the polynomials in question are 
connected to another kind of 2-orthogonal polynomials of Hermite type. 

1. Introduction and basic notations. Before introducing our problem, let us 
recall the definition of the d-orthogonality. We say that the monic sequence {Pn}n^o 
is d-orthogonal polynomial sequence (d-OPS) with respect to the vector of linear 
functional U = ^(^o,^!, • • • ,Ud-i), if it satisfies the following orthogonality relations 
[16,22]: 

(1.1) (uj, , PmPn) = 0, n ^ md + v + 1, m ^ 0, 

(1.2) (Uy ,  PmPmd+v) ± 0 , m ^ 0, 

for each integer v with 0^z/^d—l(d^l). The functionals wo,wi,... ,ttd-i 
are the d first elements of the dual sequence {^n}n^o associated to the sequence of 
polynomials {Pnjn^o and defined by (izm, Pn) = 5m,n; m ^ 0, n ^ 0. In particular, 
we denote by {u)n := {u, xn) , n ^ 0, the moments of the linear functional u. 
Also, we denote by V the vector space of polynomials with complex coefficients and 
V1 its algebraic dual. 

The sequences of polynomials satisfying the conditions (1.1)-(1.2) are characterized 
by the fact that they satisfy a (d + X)th order recurrence relation, that is a relation 
between d 4- 2 consecutive polynomials [22]. Now, let us introduce the sequence of 
monic polynomials {<9n}n^o defined by Qn := (n + l)_1Da;Pn+i, n ^ 0 where Dx 

denotes the derivative operator d/dx. We denote by {un}n^Q its corresponding dual 
sequence. If the sequence {Qn}n^o is also d-OPS, the sequence {Pnjn^o is called 
classical (in the sense of having the Hahn property [13]). 

Recently, in this context, the second author introduced in [6] a one-parameter 
family, denoted by {Pn(-,«)}n^o5 of classical 2-orthogonal polynomials of Laguerre 
type.  Some of their interesting properties which are analogous of those satisfied by 
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the classical Laguerre polynomials as well as the connection between the two families 
of polynomials are given. Furthermore, by investigating the d-orthogonal polynomials 
which are at the same time Appell polynomials [7], the author introduced the classi- 
cal d-orthogonal (monic) polynomials {Pn}n^o which are another generalization of the 
classical Hermite (monic) polynomials. These polynomials satisfy Pn = Qn and are de- 
fined by the generating function A(t)ext where A(t) — exp (Co + Ci^ H 1" C/+i^+1) , 
with Cd+i 7^ 0. In particular, when £& = 0 for k — 0,1,... , d (the d-symmetric case, 
see below) this sequence is reduced (apart from a linear transformation) to the poly- 
nomials known in the literature as the Gould-Hopper polynomials [12]. 
For d — 1, {Pnjn^o is reduced to the classical Hermite polynomials {iJn}n^o • 
For d = 2, {Pn}n^o is the " classical" 2-orthogonal sequence of Hermite type satisfying 
the third-order recurrence relation (see [9,7]) 

Pn+3(x) = xPn+2{x) - p(n + 2)(n + l)Pn(a:) , n > 0, (p # 0), 

Po{x) - 1 , Pi (a?) = x , P2{x) = x2. 

In this case,   {Pn}n^o is 2-orthogonal with respect to the vector functional U = 

On the other hand and in another framework, Bateman [1] introduced a set of 
functions {J^ln^o when he was interested in constructing inverse Laplace transforms 
by studying the solution of the following integral equation: 

(1.4) f(x) = /    e-xtg(t)dt, 
Jo 

where the variable x takes positive values, and so the function g(t) is to be derived 
from the values of x for x > 0. For solving the integral equation (1.4), some methods 
are developed and used by several authors (see the references in [1]). For instance, 
Murphy gave a method in which xf(x) is expanded in a series of power of 1 — a;-1 

and g(t) in a series of polynomials of Laguerre. In order to make use of integrals 
involving /(a;), Bateman adopted the Murphy's idea of using an expansion in a series 
of orthogonal functions, but to apply it to f(x) instead of g(t). For this purpose, he 
introduced the functions J%>v and made use of the Laguerre polynomials L^, n ^ 0 
and the equation 

poo 

(1.5) x-*-1!,***/2^-1) = I     e-'H^Wdb^dt, 
Jo 

where x~~uJ%'v(x) is a polynomial defined as follows 

(1.6) x-uJ^v(x) =k-1(u,v)1F2(-n;l + u,l + v + -u;x2) , n^O 

with 

(1.7) fcn(ix,i;) =n!: 

Now, we shall adopt the following notations: we put u = a, v + u/2 = /?, and denote 
by B%>P , n ^ 0, the polynomials defined as 

(1.8) B%'0(x) = iF2 (-n; 1 + a, 1 + /?; x) ,     a, /? ^ -1, -2,... . 
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From this, it may be seen that B^ has the explicit formula 

(1.9) J5^(x) = ^(j)A^,n^0, 
k=o ^   ^ 

where 

(1.10) Xm = Am(a,/3) - \   / , m ^ 0, 
(1 + a)m(l + p)m 

with (fi)n is Pochhammer's symbol defined by 

_ r(/i 4- n) _ f /i(/x + 1)... (// + n - 1), n = 1,2,... , 
(1.11) Wn-       r(/i)       -^ n = a 

According to (1.6), we have 

(1.12) SS,/J(*) = kn(a,l3)x-a^J^-a/2(V5), 

where 

We also denote by {vn}n^o the dual sequence associated with {B^jn^o. 

In this paper, we are interested in the sequence of polynomials {B%'P}n^o. We show 
that these polynomials are 2-orthogonal "classical" and constitute another family of 
Laguerre type of two parameters. The paper is organized as follows. Firstly, in Section 
2, we give some properties of the polynomials B^ that are analogous of the ones 
satisfied by the classical Laguerre polynomials. In particular, the generating function 
and the third order differential equation for the polynomials B%'0. In Section 3, we 
establish that the sequence {B%^}n^o as well as the derivative sequence {DxBn+i}n^o 
are 2-orthogonal. Section 4, is devoted to the study of the integral representations of 
the two linear functionals VQ and vi corresponding to {Bn'^ln^o by means of weight 
functions involving the MacDonald function Kv{u = a — f5) and generalizing the ultra- 
exponential functions given in [23]. Finally, in the last section, with suitable choice of 
the parameters a and /?, we establish the connection between the polynomials B*^ 
(of Laguerre type) and the polynomials {Pn}n^o (of Hermite type) defined by the 
recurrence (1.3). This link allows us to give integral representations of the two linear 
functionals ^o and Ui corresponding to {Pnjn^o by means of the MacDonald function 
Ki/z plus a Stieltjes-type functions suitably chosen. 

2. Some properties of the polynomials B^. Before proceeding to give the 
properties of the polynomials B^ in question, we wish to give the following known 
results and recall some properties of the classical Laguerre polynomials L^, n ^ 0: 

LEMMA 2.1. Let {i?n}n^o the sequence of polynomials defined by the generating 
function 

(2.1) e'AOct) = X>n(aO^, 
n=0 
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where A(z) = ]C^Lo an^n » an ^ 0. The following statements are equivalent: 
(i) The polynomials Bni n ^ 0 , are generated by (2.1). 
(ii) The polynomials Bn, n ^ 0 , are generated by 

f   rt   \        ^ tn 

(2.2) (l-t)-"F   ^)   =Y/(K)nBn(x)t-,    |t|<l, 
^ ^ n=0 

where 
oo 

(2.3) F(z) = Y/MnanZn    ;    an / 0. 
n=0 

(m) The sequence {i?n}n^o defined by Rn(x) = xnBn (^) is an Appell (such poly- 
nomials are called the reversed polynomials with reference to the original polynomials 
Bn,n^ 0). 

(iv) The polynomials Bn, n ^ 1, satisfy the differential-recurrence relation 

(2.4) %Bn(x)  - nBn(%) - nBn-i{x), n ^ 1. 

(v) The polynomials Bn, n ^ 0 , possess a multiplication formula of the form 

(2.5) Bn(xy) = J2 (l) yk(l-y)n-kBk(x). 

Proo/. 
• The equivalence (z) ^=^ (zi) was given by Rainville [18]. 
• If we replace in (2.1) x by 1/x and £ by xt, we get 

A(t)e*i = YtRn(x)-i 
n=0 

which leads to the equivalence (i) <=^ (in). 
• The equivalence (in) <=> (iv) is trivial. 
• The equivalence (iii) <=> (v) was given by Carlitz [3]. □ 

Note that these polynomials are particular cases of the Brenke polynomials which 
are defined by the generating function [4] 

G(x,t)=B(t)C(xt), 

where B(z) = £~ 0 bnz
n ]b0^0, and C(z) = ^=0 cnz

n ; cn ± 0. 

Otherwise, the Laguerre polynomials LJJ, n ^ 0, are defined as (see, e.g.,[4]): 

(2.6) L«(a:)=(n + a)iF1(-n;l + a;a:), 

where (     ] denotes the generalized binomial coefficient 

(2.T) .'^-       r'1^' i/y    r(n-i/)r(n-/x -1/)' 
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They are generated by the function 
oo 

(2.8) (i - tp-V^/a-*) = J2 K(x)tn. 

Their corresponding monic polynomials {Lfyn^o are defined by L% = (—l)nn!L^, n ^ 
0, and satisfy the following relations: 

(2.9) DxL*+1 = (n + l)LZ+1,nZ0, 

(2.10) xL%+1=LZ+1 + (n + a + l)L%,n>0, 

(2.11) L«+1 = LSI + (n + 1)L*+1, n ^ 0, 

and the second-order recurrence relation: 

(2 12)    Z"+2ix) = (x-(2n + a + 3))%+iO»0 - (» + !)(» + « + l)£nO»0 ' " > 0' 
L%(x) = l,-    L?(x)=x-(a + i). 

Finally, it is well known that these polynomials L°, n ^ 0 are orthogonal, for a > — 1, 
with respect to the weight function wa(x) = xae~x on the interval 0 ^ x < +oo, that 
is 

(2.13) f" L^(x)L^(x)wa(x)dx = r(n + ? + 1)<5m,n , m,n > 0. 

In the sequel, we return to the polynomials Bn and give some of their properties 
that are analogous of the above ones. Let us denote by {B^jn^o the sequence of 
monic polynomials corresponding to {B^}^,^. By virtue of the definition of the 
polynomials B^, it is clear that the leading coefficient of the polynomial B^ is 

(2-14) A- = n+„\ (\+fi\   >n>0' 

Thus, we have the relation B^ = XnB^0 , n ^ 0. 

2.1. The generating functions. From the Brafman identity ( see [2], p.947): 
(2.15) 

tF(      oi,...,Op \ _y^^      - (-n, ai,...,ap \ 
6 v^yi + h,... ,1 + 6,'    xt   -LniP+i^y 1 + 6!,...,1 + 6,'^' 

x ^ n=0 x *        / 

for p = 0, q — 2,6i = a and 62 = /?, we obtain that the polynomials B^ ; n ^ 0 are 
defined by the generating function 

(2.16) 6*0^2(1 + a, 1 + P\ -xt) = J] B^ix)1-. 
n=0 

Otherwise, owing to Lemma 2.1, with 
00 

(2.17) A(z) = 0F2(l + a,l + i3;-z) = J£\nz
n 

n=0 
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and 

F(z) = iFs («; 1 + a, 1 + 0; -z) = J2(K)n\nz
n, 

n=0 

we also obtain another generating function for the polynomials B^ , n ^ 0, 

(2.18) (l_t)-1F2(Ac;l + a,l + ^;-T^7)   = ^ («)nB^(a:)^ ,    |t| < 1. 

Now, let us introduce the hyper-Bessel function J(ad) defined as follows (see, e.g., 
[5,14]): 

where (ad) abbreviates a set of d parameters: ai, 0^2, • • • , ^d- 
The generating function (2.16) can be also written as 

(2.19) e'jQl/S(3(a:t)1/3) = £ K'^)^- 

Recall that the Laguerre polynomials L^, n ^ 0, are also defined by the classical 
generating function [15] 

00        1 tn 

(2.20) e*Ja(2v^) = ^ (rT^L"(x)^ ' 

where J^ is the Bessel function of the first kind of order v. 

2.2. The third-order differential equation. Now, the use of the identity (see 
[18, p.107]): 

f92n n     F  (a^--- '"P.^ -ULi^l   p  (l + ai,--- >1 + aP.x\ (2.21) V^^y^^ >x)-Y[*=!ibjr*«\<l + bli...,l + b)l >X) 

with p = 1, q = 2, ai = —n, &i = 1 + a and 62 = 1 + 0, leads to 

(2.22) £>*££+! = Ax (n + 1)^+1^+1, n ^ 0, 

with Ai = -1/(1 + a)(l + ^), which gives for the monic polynomials B^: 

(2.23) DxBZ+i = (n + l)B«+1^1, n ^ 0. 

Lastly, from the differential equation satisfied by the hypergeometric pFq (see [18, 
p.75]), we obtain, for p - 1 and q = 2, that the polynomials B^ , n ^ 0, fulfilled the 
third order differential equation 

(2.24) [a;(0 - n) - 9(9 + a)(0 + pj\ B^(x)  = 0, 

where 9 = x-^. By using the formulas 

5 ^ / 5 

tfta;*) = A;a:\ ^ = a;2-^+a;— and    d3 = x3-^+ 3x2—^ + x—, v    ' da;2        ax dxA ax-1        ax 
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the above differential equation becomes 

(2.25) x2Ym + (3 + a + P)xY" + [(1 + a)(l + /?) - x\Y' + nY = 0, 

where Y = B^(x). 

2.3. Other properties. 
i) By taking into account of the dependence on the parameters a, ft , we obtain 

the symmetry property 

(2.26) BZ>0 = Bfra. 

ii) The differential-recurrence relation (2.4), leads to 

(2.27) xBZ+1>0+1 = $%$! + (n + a + l)(n + 0 + 1)^ , n ^ 0. 

iii) From the relation (15) in [17, p.82], we obtain 

(2.28) B^ = BSI'*
3
 + (n + l)(n + /3 + 1)J^1." , n > 0, 

and by exchanging a and /? and using the symmetry property, the above leads to 

(2.29) B^ = B^1 + (n + l)(n + a + l)^'^1 , n ^ 0. 

iv) From (2.5), we have the multiplication formula 

(2.30) B^(xy) = fl h) yk(l-y)n-kBa
k>
0(x). 

k=0   ^    ^ 

v) On the other hand, by virtue of Srivastava identity [19], we also have 

(2.31) I&to) . ^ t ^-y'L-timUx). 

vi) Finally, by virtue of the inversion formula given in ([18, p.243]), we obtain: 

(2.32) *» = (! + a)n(l + /?)„ j^i-lf (l) B^(x). 
A;=0 

3. The 2-orthogonality of the sequence {B^^}n^o. Following the character- 
ization given in [22], to prove the 2-orthogonality of the polynomials B^ , n ^ 0, it 
suffices to show that they satisfy a third order (standard) recurrence relation. 
Indeed, since the generating function (2.16) is of type (2.1), then the polynomials 
B%>P, n ^ 0 , satisfy (2.4) which by reiteration leads to the relation [18]: 

(n — A;)! n! 

where the operator (7% denotes 

(r)fc = (T)(T + l)...(T + fc-l);    (r)o  =  1. 
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On the other hand, using the following relations, which one can easily verify: 

'0 = {6 - n) + n, 

<  e2 = (0 - n)2 + (2n - 1)(0 - n) + n2, 

J3 = (0 - njs + 3(n - 1)(0 - n)2 + (3n2 - 3n + l)(l9 - n) + n3, 

to rewrite the differential equation (2.24) under the form 

n{a + n)(/3 + n)-{3n2 - 3n + 1 + (2n - l)(a + ^S) + a^ - x}(e - n) 

+ (3n - 3 + a + P){p - n)2 + (6- n)3^B^{x) = 0, 

which, combined with (3.1), leads to the following recurrence relation: 

(n + aXn + zWV) 
(3.3)       = [3n2 + (2a + 2/3 - 3)n + (1 - a) (1 - 0) - x] B^ (x) 

- (n - 1)(3n - 3 + a + 0)B^2{x) + (n - l)(n - 2)B^3(x) , n > 3. 

The initial conditions are 

Boa,^) = l)^(a:)=A1x + l> 

J32
a'/?(rr)=A2a:2+2A1a: + l, 

where Ai and A2 are given by (1.10) for m — 1 and m — 2, respectively. 

The recurrence relation (3.3) was also obtained by Rainville from a pure recurrence 
relation satisfied by the Bateman functions J%v (see [17,18]). 
It is readily seen that the above recurrence relation may be rewritten in the monic 
form as 

BZf3{x) = {x- l3n+2)B^2(x) - an+2B^1(x) - Tn+i^z), n > 0, 

B^(x) = 1, B^ix) =x-0o, B^(x) = (x- 0i)B^{x) - «!, 
(3.5) 

where 

pn = /3n(a, 0) = 3n2 + (2a + 2p + 3)n + (1 + a)(l + P), n ^ 0, 

(3.6)        an = a:n(a,/3) = n(3n + a +/3){n + a)(n + /?), n ^ 1, 

7n = 7n(a, /?) = n(n + l)(n + a)(n + a + l)(n + /?)(n + /? + 1), n ^ 1. 

Then, taking into account of the identity (2.23), the above recurrence relation (3.5) 
leads to 

^•^(a;) = 1, Q^(x) =x-po, Qt'0(x) = (x- foCft'^x) - au 

where Q^ = (n + l)-1/?*^ = 5°+1^+1 , n ^ 0, and 
(3.8) 

/?„ = ^(a + l,/3 + 1) = 3n2 + (2a + 2/9 + 7)n + (2 + a)(2 + /3), n ^ 0, 

an = o„(a + 1,/? + 1) = n(3n + a + 0 + 2)(n + a + l)(n + /3 + 1), n > 1, 

7„ = 7n(a + 1,^ + 1) = n(n+l)(n+a+l)(n+a+2)(n+/3+l)(n+/3+2), n ^ 1. 
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Therefore, we obtain that the sequence of derivatives {Q%(3}n^o also satisfies a stan- 
dard third-order recurrence relation. Thus {^n,/3}n^o and {Qn^}n^o are simulta- 
neously 2-orthogonal, that is {B^}n^o is classical. In this case, the polynomials 
B%>P , n ^ 0, will be called the two-parameter family of 2-orthogonal polynomials of 
Laguerre type. Recall that the polynomials {i:>n(-;^)}n^o , studied in [6], constitutes 
a one-parameter family of 2-orthogonal polynomials of Laguerre type of other kind. 
Finally, by differentiating (3.5) and making use of (3.7), we obtain after the shift 
n —> n — 2 

B?" =£«+W + (n + l)(2n + 3 + a + 0)B^+1 

+ n(n + l)(n + a + l)(n + i9 + l)S^/9+1,n^0, 

with BZf = B«f = 0. 
This relation is the analogous of the relation (2.11) satisfied by the Laguerre polyno- 
mials . 

REMARK. If we put 

J3n = fin+x + Sn , n ^ 0, 
Tl 

(3.10) 5n = ——an+lpn , Th ^ 1      (pn 7^ 0), 

7n =  -TTTn+l^n , n ^ 1     (en ^ 0), 
n + z 

then, it follows from the formulas (3.6) and (3.8) that Sn, pn and en are given by 
(3.11) 

8n = -(2n + 3 + a + i8),n^0,     Pn= «—T^"^ T^ ' n ^ ! and sn = l, n^l. 
Sn + 6 + a + p 

Recall that the two sequences of 2-OPS of Hermite type [7,8] {Pn}n^o and the one- 
parameter family of Laguerre type [6] {-Pn(-;aO}n^o are obtained by solving a non- 
linear system satisfied by the recurrence coefficients. In such cases, we have obtained 
the two sets of solutions: <Jn = 0,n^0,/9n = l,n^l and en = 1, n ^ 1, give the 
2-OPS of Hermite type, and 5n — — l,n^0,pn = l,n^l and sn = 1, n ^ 1, 
give the 2-OPS of Laguerre type with one parameter. 

4. Integral representations. We denote by V = t(vo,vi), respectively, V = 

^(^05^1)5 the vector functional with respect to which {B^}n^o, respec- 
tively, {Qn,f3}n^o are 2-orthogonal. Following the characterization given in [10], since 
{B%^}n^>o is classical 2-OPS, then the vector functional V satisfy the ( distributional) 
equation 

(4.1) ($V)/4-*V = 0, 

where $ and * are two 2x2 matrices defined as 

(4.2) *(*)=fJu-Sa:!   tfl)    >   *(*)=(\rC\   I \<l>2l(x)    022 0*0/ V^0*0    C 

with deg^ij  ^ 1,   (ij) ^ (2,1),  deg^i  ^ 2 and ^,   C are given by   %p(x) 
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2j-1B^(x) = X2(x + Af1), C = -27r1«i - -Aaai, where 

<xi = (1 + a)(l + ^)(3 + a + p), 71 = 2(1 + a)(l + /3)(2 + a)(2 + /?), 

Ai = -1/(1 + a)(l + 0), A2 = 1/(1 + a)(l + /3)(2 + a)(2 + /3). 

Moreover, the derivative sequence {Q%^}n^o is 2-OPS with respect to the vector 

functional *V, that is, V = *V. Thus, VQ = (l>ii(x)vo + (l>i2(x)vi and vi = ^21(^)^0 + 
022 (a?) vi. 
Recall that for a linear functional u and a polynomial h the left-multiplication hu is 
defined by (ftw, /) = {u, hf) for all polynomial / and the derivative uf of u is defined 
by <«',/> = -(«,/'>. 

Now, to determine the explicit expression of the polynomials faj we write 

0ii (x) =ai1a; + a?1, 

0i2 (re) = a}2a: 4- a°2, 

(/,22 (x) = a\2x + a\2, 

021 (a) = a^i^2 + ^i^ + a2i- 

Firstly, we write (3.9) as 

BS'0 - Q^ + (n + l)(2n + 3 + a+/3)Q^f1+n(n-f-l)(n + a + l)(n + /3 + l)Q^2 , " ^ 0. 

Next, applying the functional So, respectively, v\ to the last relation we, respectively, 
obtain 

(tJb,Boa,/J> = l. 

(t;o,B1
a,/3) = 2(5 + a + /3), 

(^o,52
a''3)=6(a + 3)(/3 + 3), 

respectively, 

(t;i,Soa'/J> = 0, 

<«! , B^) = 1, 

<t;1,J§2
a''J)=3(7 + a + /8), 

(v1,J3^) = 12(a + 4)(/3 + 4), 

(tri>Jg^> = 0,n>4. 

By using the same technique as in [6], Section 4, we obtain after some calculations, 
two linear systems, easy to solve, in which the unknowns are the coefficients a^-. Thus, 
we get 

aii = -Ai , a?i = 0, 

(4.4) a^i = -A2 , aii = a^ = 0 , 

^22 = —^2^1     )  a22 = 0- 
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Consequently, we have 

(4.5)    «.) - (:£ _^Klx), *(,) - (A2(x •,_,, _iai). 
We obtain that the linear functionals VQ and vi satisfy, in V', the following system: 

(4.6) N=Ai(x«o)', 
[ Xi(xvoy + (xvi)' - (Xix + l)vo + XiaiVi — 0, 

which gives 

f a;2< - (a + /3 - l)a«/0 - (a; - ap)vo = 0, 

l(l + a)(l + ^i=-(^o)', 

that is, each of the functionals VQ and vi satisfies a second order (distributional) 
differential equation. 

Now, we are ready to look for integral representations of the linear functionals -UQ 

and vi with respect to which {B% }n^o is 2-OPS. Since vi depends on VQ, it suffices to 
find integral representation of VQ to obtain a vi one. Thus, the problem is to determine 
a weight function Wai/j such that, for all polynomial / G V, we have 

(4.8) (vo , /) = [ f{x)Wa,e{x)dx, 
Jc 

where we suppose that the function Wa,/3 is regular as far as it is necessary and the 
path C consists of a part of the complex plane. However, here we only consider the 
representations in terms of integrals evaluated along an interval (a, b) of the real axis 
with  -oo ^ a < b ^ +00. 

We have the following result: 

THEOREM 4.1. When a ^ (3 > — 1 and (a, b) = (0, +00), the pair of functionals 
VQ and vi have the integral representations 

rOO 

(4.9) (vo , /) = /     f{x)Wail3(z)dx, 
Jo 
poo 

(4.10) (v1,f) = \1        f(x)(xWaA^)tdx, 
Jo to 

where the weight function Waj/? is given by 

with Kv is the MacDonald function (modified Bessel function of the third kind) and 
the parameter Ai = —1/(1 + a)(l + /?). 

Proof. From (4.7) - (4.8), by integration by parts two times it follows that 

nb 

J a 

+ x2Wa,f,(x)f'(x) - {x2Wat0(x) - (a + (3 + l)xWa^x)}f(x) 
b 

= 0. 



652 Y. BEN CHEIKH AND K. DOUAK 

If the following condition holds: 

(4.12) x2Wa,0(x)f(x) - {x2W'ay0(x) - (a + /? + l)xWa,(,(x)}f(xj\* = 0, 

then, we obtain that the function Wa,/? satisfies the second-order differential equation 

(4.13) x2H£]/?(z) - (a + /J - 1)^^(3:) - {x - a^Wa^x) = nM{x), 

where r) is an arbitrary constant and M is a function representing the null functional 
over the interval (a, b) 

rb 
xnN(x)dx = 0,00. i J a 

In the sequel, we choose r] = 0. Hence (4.13) leads to the Bessel differential equation 

(4.14) JW^pix) - (a + (3 - l)xWa9fi(x) - {x - aflWaA*) = 0- 

Under the transformation s = 2y/x, v = a-/3, and setting >Va,/?(^) = x(a+W2W(s), 
the last equation becomes 

(4.15) 82W"(8) + sW(s) - (s2 + v2)W(s) = 0 

which is a modified Bessel equation. 
A solution of (4.14) is to be found satisfying the condition (4.12). One of the solutions 
of the last equation is the function Ku known as a modified Bessel function of the 
third kind; or also a Macdonald's function. Thus, by choosing (a, b) = (0,+oo), a 
solution of Eq. (4.15) can be taken as 

(4.16) W(s) = \Ka-P(s), 

where A = A (a, 0) is the normalization constant which we determine below. 
Then, a solution of (4.14) is given by 

(4.17) Wa./jfr) = Xx^^/2Ka-f3(2V^). 

The function Kv{z), for arbitrary order z/, is an analytic function of the complex 
variable z for z ^ 0, and is an even entire analytic function of v for each z ^ 0, that 
is, K-v — Kv. It satisfies some simple recurrence relations, see, e.g., [15] 

(4.18) -^K{z) = #„_!(*) + #„+!(*), 

(4.19) ^vz^K^z) = Ky-^z) - K„+1(z). 

One evident reason of the choice of the Macdonald's function as solution of the 
equation (4.15) is that, for x > 0 and v ^ 0, the function Ku is a positive function 
which decreases monotonically as x —> oo. 
The asymptotic behavior of Ku, as x —> oo, is given by 

(4.20) Kl/(x) ~ Anre~x   '   as   x —^ 00* 

For small x, we have the asymptotic formula 

K^x) ~ 2z/-1r(z/) x'v , i/ ^ 0    ,    as   x —> 0, 
(4.21) 2 

KQ{X) rsj log -    ,    as   x —> 0. 
x 
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Also, we have 

(4.22)      Ku(z) =   2 "^  zv r e-zt(t2 - l)" 1/2dt , $lz > 0 and fti/ > -1/2, 2^V5F  ^ 

and 

(4.23)       if^x) = 2,/r(l/+ ^ x-v f"      cos^)   ^t, x > 0 and Si/ > -1/2. 

Finally, we terminate these properties of the function K^ by the following formula: 
(4.24) 

In particular, for c = 1 and /i = n € N, we obtain the moments of the function Ku. 

Now, we are ready to determine the constant A. Indeed, the normalization condi- 
tion 

poo 

(vo,l)= /    Wa,0(x)dx = l, 
Jo 

leads to 
poo 

(4.25) A /    x^f3)/2Ka.f3(2^)dx = 1. 
./o 

Under the transformation t = y^ with c = 2, we obtain from the formula (4.24) that 
poo /»oo 1 

/    x(a+M2Ka-p(2v^)dx = 2 /    ta+0+1Ka^0(2t)dt = Jr(l + a)r(l + /?). 
JO Jo 2 . 

Whence (4.25) gives 

(426) A=r(i + a)2r(i + /3)- 
Hence, the weight function Wa,/? is given by (4.11). 
Now, it remains to verify that the condition (4.12) holds. 
Since Wa,f3 = VV^^, in all the sequel we put a ^ /?. 

Next, from (4.11) and making use of the asymptotic formula (4.20), we get, as 
x —¥ oo, 

xWajix) ~ ^Aa;(
2tt+2'3+3)/4e-2^ —> 0, 

x^W^x) ~ ^Xx^+W+^e-2^ —»• 0. 

Otherwise, by differentiating >Vaj/3 and making use of the formulas (4.18)-(4.19), we 
get 

Then, 

x2Wa^x) = \l3xl"+W2Ka-0{2VE) - Xx^+^Ka-^^). 

It is easy to verify that x2W,
a p(x) —> 0 ,     as # —> oo. 
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Finally, at the origin, using (4.20), we obtain: 

• When a ^ (5 

xWai0{x) ~ XTicL - P)*?*1  —>0   if/?>-l, 

x2Wa^{x)~\T(a-(3)x(3+2 —^0   if^>-2, 

and 

*2w«Ax) = ^r(a - ^+1 - ^r(a - ^ - i)^2 —* 0 if/? > -i. 
• When a = (}, we have 

Wa,a(a;) = Aa;aiiro(2^), 

so that, taking into account of (4.21), we get 

xyVa>a{x) ~ -^xa+1 logx —^0   if a > -1, 

x2>V0>a(a;) ~ -^a;a+2logx —► 0   if a > -2, 

and 

a:2W4ia(a?) - Aaa:a+1i^o(2v/^) - Aaa;a+2ifi (2>/5) —> 0    if a > -3/2. 

We will now proceed to look for integral representation for the functional V\. From 
(4.6), we have 

/•OO 

<vi,/) = Ai^o)',/) = -Ai^o,/') - -Ax^o^/') = -Ai /    x)NOL^{x)f,{x)dx. 
Jo 

Integration by parts gives 

/     xW^{x)f'{x)dx - xW^{x)f(x)}™ - /     {xWajix))'f{x)dx. 
Jo Jo 

Since xWQl(3(x)f(x)\™ = 0, then 

/•OO 

(viJ)'=Xi /     (a;>Va^(x))7(^)da?- 

D 

Thus, we have the following trivial result: 

COROLLARY 4.1.    The moments of the functionals VQ and vi are given by 
rOO 

(4.27) Mn = /    xnWa,0(x)dx = (1 + a)n(l + /?)n , n ^ 0, 
JO 

(4.28) (t;i)n = -Ain(t;o)n = -Ain(l + a)n(l + P)n , n ^ 0, 

wftere (^o)n := (^o,^71) , n ^ 0, respectively, (vi)n := (i;i,xn) , n ^ 0, rfeno^e tte 
moments of the functional VQ, respectively, vi. 
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REMARK. It is clear that the weight function Wa,/3 is positive on the interval 
0 ^ x < oo. Then, the linear functional vo is positive definite. Thus, there exists a 
sequence of monic polynomials {V£^}n^o orthogonal (in the ordinary sense) on the 
interval 0 ^ x < oo with respect to the weight function Wai/j, that is to say, 

/•OO 

/    V£0(x)V£>0(x)Wa,0(x)dx = knS^n , m, n ^ 0, 

where A:n 7^ 0 is the normalization coefficient given by 

/ \      r00 

(4.29) kn = («»,, (C^)2) = ^    (^(sJj'Wa.^a;)^. 

If we denote by {wn}n^o the dual sequence associated to the polynomials {V^^}n^o, 
it is clear that the first (canonical) functional WQ = VQ, so that wn = A;"1^'^^ = 

Now, writing the recurrence relation for the sequence {V£,/3}n^o as 

(4 30)      ^(a:) = ^ ~ Cn+1^^(a:) " «»+^n ^(*); « ^ 0, (Qn # 0, n > 1), 
^'^(x) = 1 , V^ix) =x-<;0. 

With the aid of the formulas 

(n = k-1 /    x{V^(x)yWa,p(x)dx , n £ 0, 

and 
/•OO 

ftn-i = fc-1 /    arV;fl[''J(ar)i^(a:)Wa,/j(a:)d!r , n > 0, 

we can compute the following first coefficients: 

Co=A) = (l + a)(l + /3), 

2(2 + a)(2 + ig)(4 + a + /3) 
" (l + a)(l + /3)(3 + a + /J) ' 

ei=ai = (l + a)(l + )8)(3 + a + j9). 

Also, upon writing 
n 

V^(x) = J2 Cn,mB^(x), n > 0, 
m=0 

it is simple to verify that cn,n = 1, n ^ 0 and cn^ = 0, n > 1. 
For example, we obtain 

V0
a>*{x)=Bg>P(x) = l9 

V1
a>0(x)=Bf'*{x)=x-l3oi 

V°>0(x) = B°>0(x) - 2{2,+a){2+J)B?*{x). 2    w        2    w (3 + a + (3)       l    K J 

PROBLEM. Find all the properties satisfied by the polynomials V£^ , n ^ 0. For 
instance, the recurrence relation, the differential equation, the generating function, 
the connection between {V£'(3}n^ and {Bn'^ln^o, • • • • 
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Particular cases. 

(1) For (3 = 0 and a = k, keN(oTa = 0,P = k because Wa,0 = W0,a), we obtain 
that 

(4.31) Wk,o(x) = ^xk^Kk(2V^) = ^&(x), 

where & ,  k = 0,1,..., are the ultra-exponential weight functions introduced by 
Voronoi [23] and defined as 

(4.32) &(*) = r^    xk ]~ e-2^(i2 - I)""172 dt, x > 0    (fc = 0,1,...). 

In this case, the moments of ^o are 

(n + k)\n\ 
(t;o)n= /     xnWk^x)dx = 

Jo 

so that 

/    xn€k(x)dx = (n + fc)!n!, n ^ 0, & = 0,1,... . 
./o 

Note that, these functions are also linked with another set of functions denoted by 
€(x, k), k = 1,2,..., and defined as follows [23] 

/»oo 

r*(s)= /    rr'-^foAOds, 3*5 >0, A; = 1,2,... , 

or by inversion 
1       rc+ioo Yk(s) 

£(x, k) = — —j^-ds , c, x, 3fc> > 0. 

• When A; = 1, then f (a;, 1) = e-31, so that the corresponding orthogonal polynomials 
are the Laguerre Ln , n ^ 0. 
• When & = 2, we obtain that £(#, 2) = £o(#) = >VO,O(^)J where 

(4.33) W0,o(x) = 2^o (2VS) = 2 f" ^j^D-dt ,x>0. 
Jo      Vt +1 

In this case, we have 

(4.34) ^o)n - 2 /    xnKo(2^)dx = (nl)2 , n ^ 0. 

Thus, we encounter the open problem posed by Prudnikov (see [20, pp.239-241]) in the 
Seventh Spanish Symposium on Orthogonal Polynomials and their Applications (VII 
SPOA) (Granada, September 23-27, 1991). This problem has been recently studied 
by Van Assche and Yakubovich [21]. Hence the two papers bring, independently, an 
answer to that open problem. 

(2) For ft = a, we have 

(4.35) Wa,a(3) = ^aK0 {2y/x) = p^^" J" ^f^^ '  X > 0 
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and 

(4.36) (vo)n = /    xnWa,a(x)dx = ((1 + a)n)   , n ^ 0. 
Jo 

In particular, when a = 0, we meet again 

(3) For p = a + 1/2, we have 

(4.37) >Vaia+1/2(x) = ^Lf^^1^2^' 

But, from the formula 

^IflW-^"'(-ii)%-,-o,i,J  

we obtain Kx^z) = yf^z'^^e'*, then 

(4-38) W,,^!^^) = ^^^e-2^. 

5.    The relation between the 2-OPSs of Hermite type and Laguerre 
type. It is well known that the Hermite and Laguerre polynomials are related by 

H2n(x)=L-Hx2), 

In this section, we are concerned in the connection between the sequences {Pn}n^o 
defined by the recurrence (1.3) and {JB^WO and in the integral representations of 
the pair of linear functionals ^o, ui with respect to which {Pn}n^o is 2-orthogonal. 
These polynomials satisfy the 2-symmetric property, that is 

• 2TT 

Pn((jjx) = u>nPn(x), n ^ 0, where u = e1^. 

Consequently, we obtain the following cubic decomposition of the sequence {Pn}n^o 
[9]: 

(5.2)      Psn+Ax) = xTp^x*), n > 0 , r = 0,1,2, 
f    P3»(aO = W), 

lP3n+2(a:)=a;
2p2(x3)) 

where the sequences {P^}n>o (T = 0,1,2) are the cubic components of {P„}„^o- For 
each r, the corresponding component is also 2-orthogonal with respect to the pair of 
linear functionals UQ,UI (see [9]), with 

(5.3) U=«(^) iT = 0ili2i 
[u{ =(Js{X Ur+s) 
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where the operator 03 is defined by 

os :   V—>V 

f(x) —>. f(x3). 

By transposition, we define V3 :   V —> V by 

<*<*(«) ,/) = («, os/> , VU € V , V/ € V. 

Therefore, from now on, we set V3 = as. 

Each sequence {Pn}n>o (r = 0,1,2) satisfy a third order recurrence relation 
(5.4) 

f Pn+sW = (* - PTn+2)PTn+2{x) ' a^P^^x) - Yn+lP^),      {Yn+l ^ 0, n ^ 0), 

{PoT(x) = l    ,    P1
T(x)=x-0T

o    ,    PZ(x) = (x-(3l)P{(x)-al. 

In this case, the coefficients /?£ , Q:^+1 and 7^+1 , n ^ 0, are given as follows (see [9] 
for the formulas). 

• For r = 0: 

/3° = p(27n2 + 9n + 2) , n ^ 0, 

«« = 3p2{3n)(3n - l)2(3n - 2), n ^ 1, 

7° = ^(Sn + 3)(3n + 2)(3n + l)(3n)(3n - l)(3n - 2), n > 1. 

• For r = 1: 

/Ji = ^(Sn + l)(3n)2(3n - 1), n ^ 0, 

o^ = Sp^Sn + l)(3n)2(3n - 1), n ^ 1, 

7i = p3(3n + 4J(3n + 3)(3n + 2)(3n + l)(3n)(3n - 1), n > 1. 

• For r = 2: 

$ = p(27n2 + 45n + 20) , n ^ 0, 

a2 = 3p2(3n + 2)(3n + l)2(3n), n > 1, 

72 = p3(3n + 5)(3n + 4)(3n + 3)(3n + 2)(3n + i)(3n), n > 1. 

From the above formulas, with p = 1/9, we obtain that 

P° = Bn1'1' , Pi = Bnh* and   P2 = 5|'f, 

that is to say, 

P3n(x) = p-f'-^(x3), 

P3„+1(:C) = a;B~^l(a;
3), 

iW2(a;) = a;2Pl'f(a;3). 

From (5.3), the functionals UQ , uj (r = 0,1,2) are given by 

• vk = o$(xui),       U\=<%{XU4), 
• ul = (T3(X2U2),       «i =a3(x2U5). 
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The functionals uT , 0 ^ r ^ 5 are the first five elements of the dual sequence as- 
sociated to the sequence of polynomials {Pnjn^o, where uT, 2 ^ r ^ 5 can only be 
expressed in terms of ^o and ui. 

On the other hand, if we take into account the dependence on the parameters a 
and /3, and put VQ = vo(a,/3), vi = vi(a,0), we have 

• fora = -|,  /3 = -|: ^8 = ^o(-|,-|) , ^=^i(-|,-|), 
• fora = |,     /3 = -|: t4 = t;o(|,-|),      tii=vi(|,-|), 
• fora = |,     /?=!:     tx§ = t;o(|,|),        ti? = t;i(|,|). 

For example, the integral representations of the linear functionals u® , u® are 

nOO 

(5.5) («§,/> = y     /(^W.^.^^dar, 

(5.6) («? >f) = ~2j     /(^(^-J.-jW)^' 

where 

(5-7) W-^-f^) = V X~
1/2K

IM
2
J*)- 

5.1.  Integral representation of the functionals UQ and wi corresponding 
to {-Pnln^o* Recall that {P}n^o is an Appell polynomials sequence if and only if 
Pri+i(x) — (n + l)-Pn(^)- Such a character is translated in V by the fact that the dual 
sequence {^n}n^o satisfy 

(-l)n 

(5.8) Dun = -(n + l)tin+i     ^^     ^n = -—r-DnUQ    n ^ 0, 
n! 

which is another characteristic of Appell sequences and which gives all the elements 
of the dual sequence {un}n^o in terms of the successive derivatives of the (canonical) 
linear functional ^o- Then, we have ui — —U'Q. Consequently, it suffices to determine 
an integral representation of UQ to obtain the ui one. 

This is given in the following theorem: 

THEOREM 5.1. The two linear functionals UQ andui have the integral representa- 
tions 

(5.9) (uoJ)= /    U(x)f(x)dx, 
Jo 

poo 

(5.10) (uuf) = -        U\x)j{x)dx, 
Jo 

where the weight function U is given by 
(5.11) 

U{x) = — xll2Kin{2xi/'1) +2,rhx
1l2e-xcos{Vix) + ZT]2X

2e'1 sm{Vzx) , x € 1+, 
TT 

with 

27o-4                                                          23^~4 

(5.12)     7?! = —_{6r(2/3) - r(l/3)} and   m = {4r(l/3) - 15r(2/3)}. 
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Proof. To prove this result, we use the same technique explained in [8]. We obtained 
in the above subsection the representation of the form ?/{] = 03(^0): 

/+00 

Y{x)W_h_i{x)f{x)dx , feV, 
-OO 

where W_i_2 is given by (5.7) and Y is the Heaviside function defined as 

I 0 ,    otherwise. 

We now look for a weight function U such that 

/+00 

U(x)f(x)dx. 
-OO 

From which, we have, in particular 

/+00 -1      /»+oo 

U(x)f(x3)dx = i /     x-2'zU{xl'3)f{x)dx. 
-OO "  J — OO 

Consequently, since (as(uo),f) = (uo,o$f), from (5.13) and (5.16), it follows that 

/+OO -1      /»+oo 

Y(x)W_h_i(x)f(x)dx = i /     x-2'3U{x1/3)f{x)dx. 
-00 ^ J—00 

Whence, 

(5.18) i^-2/3^1/3) -Y{x)W_i_^{x) =N{x), 

where J\f is a representation of the null functional. Here, we may take M in the form 

(5.19) M{x) = ruNiix) + r?2Ar2(a;) 

with , for example, 

20) M(x) = ^(a;)^-1/^-173 cos (VSx1^), 

Ar2(x) = Y(x)e-x1'* sin (x/Sx1/3), 

and 771,7/2 two constants which we determine below. 
Then, by virtue of (5.18) and changing the independent variable x by a;3, we have 

(5.21) U{x) = 3a;2{y(x)W_j,_|(a?3) +7y1M(^3) + ^^(x3)}. 

The 2-symmetric character of the functional TXO leads necessarily to (1*0)0 ~ -'■' (^0)1 = 
(7x0)2 = 0> i-6^ 

(5.22) (uo),= /     xvU(x)dx=       ' 
y-oo [0,    i/ = l,2. 

/-foo 
U{x)dx — 1  is fulfilled for any values of 

-00 
the constants 771, 772- The other two conditions, obtained for v = 1 and z/ = 2, allow 
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us to determine the constants r/i, 772. This is the reason of the choice of the function 
AT in the form (5.19). 
Indeed, from (5.22), we have the system 

(5.23) Uhi+mh^-Hu 
[Vihi +rj2h2 = -H2, 

where 
poo poo 

hv. = /    x^N^dx, v,n= 1,2 and   Hu = /    xu+2W_ii_2(x3)dx, 1/= 1,2. 
Jo Jo 3'   3 

First, we have 

3 70 3'   3 

which, under the transformation £ = y/x and by virtue of (4.24), leads to 

Therefore 

S, = ^(2/3) and   ^ = ^(1/3). 

On the other hand, according to the two formulas [11] 

/     xp~1e~ax cos(mx)dx = — 
^o (a 

/ 
Jo 

T(p) cos(p(9) 

(a2 + m2) 
p/2' 

+V^-sin(m^^   rWain^ 

where  p,a,m > 0; sin^ = ra/r, cos^ = a/r, 0 < 6 < 7r/2; r = (a2 +ra2)1/2, we 
obtain that 

In = -V2^2-633/2,   J12 - -2-433/2,   I21 - -5V2^2-833/2  and  /22 = ~2-333/2. 

Thus, the system (5.23) gives   A771 = #2/12 - #1/22     and     A772 = ^1^21 - #2^11, 

where    A = /ii/22 - /2i/i2 = 344-6v/27r. Thus (5.12) and (5.11) follow immediately. 
We will now proceed to look for the representations of the functionals ui. 
At first, from (5.8), we have Ui = -U'Q. Then, 

/»oo poo 

(5.24) (ui,/) = (uo,f') = /    U(x)f'(x)dx = U{x)f{x)]~ - /    U,(x)f(x)dx. 
Jo Jo 

Since U(x)f(x)]<^ = 0, we obtain 
poo 

(5.25) (uij)=- /    U,(x)f(x)dx. 
Jo 

U 
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