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EXISTENCE AND UNIQUENESS RESULTS FOR DIRICHLET
PROBLEM IN WEIGHTED SOBOLEV SPACES ON
UNBOUNDED DOMAINS*

SERENA BOCCIAt, MARIA SALVATO!, AND MARIA TRANSIRICOt
Abstract. In this paper we prove an existence and uniqueness theorem for the Dirichlet problem
in W52 P for second order linear elliptic equations in unbounded domains. Here the leading coefficients
are assumed to be locally VMO and satisfy a suitable condition at infinity.
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1. Introduction. Let us consider the Dirichlet problem

(L1) {u e W2P(Q)N WhP(Q)

Lu=f, feLrQ)

where Q is a sufficiently regular open subset of R" (n > 3), p €]1,400[, L is the
uniformly elliptic second order linear differential operator defined by

- 0? " 0
1.2 L=— G i — ta,
with coefficients a;; = a;; € L*(Q), 4,5 =1,...,n.

The problem (1.1) has been studied by several authors under various additional
hypotheses on the a;;’s. In particular, a relevant existence and uniqueness theorem
has been obtained in [6], [7], under the assumption that Q is bounded, a;;’s are of
class VMO and a; = a = 0. This latter condition has been removed in [15], [16].
Recently, the above results have also been extended to the case of unbounded open
sets (see [4], [5]).

More precisely, in [4], [5], assuming that  has the uniform C*!-regularity prop-
erty, the leading coeflicients satisfy similar restrictions to those in [6], [7] and the
lower-order coefficients are in suitable spaces of Morrey type, the authors obtained
certain a priori bounds for the solutions of (1.1). Using such estimates some existence
and uniqueness results are established.

The aim of this paper is to study the problem (1.1) in certain weighted Sobolev
spaces. Actually, we consider the following Dirichlet problem:

13) u € W2P(Q)N ()
Lu=f, feLr(Q)

where s € R, p €]1, +oo[, W2P(Q), VC[)/ip(Q) and LP(2) are suitable weighted Sobolev
spaces on an unbounded domain. Here, the hypotheses on the coefficients of the
operator L are similar to those required in [4], [5].
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The class of weight functions we deal with is the set of all measurable functions
m: Q — R such that

(1.4) sup m(z) < 400,
zyea  M(Y)
lz—y|<d

with d € R, . Examples of functions verifying (1.4) are:
m(z) = et m(z) = (1 +2)?), z€Q,teR

If m satisfies the condition (1.4) and k € Ny, then WXP(Q) denotes the space of
distributions u on € such that m*9“u € L?(Q) for |a| < k, equipped with the norm

(1.5) lullyry = 3 Im*0%ull .
lal<k

Moreover, I/f/’lgp(Q) denotes the closure of C°(2) in WFP(Q) and LP() stands
for Wor(Q).

We note that the weight function m?® has the role to fix the behaviour at infinity
of the functions which lie in the weighted Sobolev space and of their derivatives.

We recall that in [3] it has been proved that there is a regularization function o
verifying (1.4) too, which is equivalent to m and such that:

(1.6) sup M <400 VaeNy, vs € R.
zeQ O° (I)

Indeed, via the above condition (1.6), it has been proved that the map

(1.7) u— o’u

defines a topological isomorphism from W¥?(Q) to W*?(Q) and from I/(IJ/'IS”’(Q) to

I/f/k’p(Q). The last result allows to use, in [3], a priori no weighted estimates in [4],
[5] to obtain a priori bounds for the solutions of the weighted problem (1.3). Since
the lower terms are included in the operator L, in order to get such a priori bounds,
it was necessary to study the multiplication operator

(1.8) u € WHP(Q) — gu € LP(Q)

and find conditions on the function g which assure the boundedness or the compactness
of (1.8).

In this paper, using an existence and uniqueness result for problem (1.1) (see [5]),
the topological isomorphism (1.7) again, and an a priori estimate, obtained in [3], we
are able to establish a uniqueness and existence theorem for problem (1.3).

A similar weighted problem was studied in [1], [2], with weight functions from a
smaller class of that considered in this paper.

Acknowledgment. We wish to thank the referee for his useful comments.
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2. Notation and function spaces. Let G be any Lebesgue measurable subset
of R" and (G) be the collection of all Lebesgue measurable subsets of G. For
F € 3(G), let | F| denote the Lebesgue measure of F' and  (F) the class of restrictions
to F of functions ¢ € C°(R") with F Nsupp ¢ C F. Moreover, if X (F) is a space of
functions defined on F, we denote by Xj,.(F) the class of all functions g : F' — R
such that ¢ g € X(F) for any ¢ € @ (F). Finally, for any z € R" and r € R, we put
B(z,r)={yeR" : |y—z| <r}, B, = B(0,r) and F(x,r) = FNB(x,r). Now let us
recall the definitions of the function spaces in which the coefficients of the operator
will be chosen. If Q has the property

(2.1) |z, r)| > Ar"® VeeQ, Vrelol]

where A is a positive constant independent of x and r, then it is possible to consider
the space BMO(Q2,7) (1 € R,) of functions g € Llloc(Q) such that

9lBMmoQ,r) = sup ]L lg —]L gl < +o0,
IGQ] Q(z,r) Q(z,r)

relo,T

]ﬁ 9= |ﬂ<x,r>|*1/ 0.
Q(z,r) Q(z,r)

When g € BMO(Q) = BMO(,74), with

where

= eR, : LA
TATSIPATE R S T Q@ A
r€]0,7]
we say that g € VMO(Q) if [g]pamoa,r) — 0 for 7 — 07,
For t € [1, 400 and A € [0, n[, we denote by M**(£2) the set of all functions g in

Lt () such that

loc

(2.2) gl aren ) = sup. r Mgl Lty < +00,
relo,

zEQ

endowed with the norm defined by (2.2). Then we define M**() as the closure of
L>(Q) in M* Q) and ME*(Q) as the closure of C2°(2) in M**(Q). In particular,
we put M*(Q) = MB0(Q), M'(Q) = M"9(Q) and ML(Q) = ME2(Q).

A more detailed account of properties of the above defined function spaces can
be found in [11], [12] and [13].

3. Weight functions and weighted spaces. Let Q be an open subset of R”
and let d € R,. We are going to introduce a class of weight functions defined on €.
Indeed, denoted by G4(f2) the set of all measurable functions m :  — R, such that

m(z)

sup ———= < 400,

x,yeN m(y)
|le—yl<d

then it is easy to verify that m € G4(2) if and only if there exists v € R such that

(3.1) v~ m(y) < m(x) < ym(y) Vye, VreQ(yd)),
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where v € R is independent of z and y.
Observe that from (3.1) it follows

(3.2) m, m~! € LS (Q).
Now we define the class of weight functions in the following way:
G = J Ga®).
deRy
Examples of functions in G(2) are:
m(z) =™, m(z) = (1 +2]?), zeQ, teR
We can easily verify that if m € G(Q2) then :

m® € G(Q), Vs € R.

Note that if m € G(2) and Q has s the cone property, then it can be found a
regularization function o € G(Q) N C°° () which is equivalent to m and such that

(3.3) |0%0(z)| < cao(z) VYo e, Vae Ny,

where ¢, is independent of = (see Lemma 3.2 in [3]).
Some further interesting properties of the above defined weight functions can be
found in [3].

Let m be a function of class G(2). If k € Ny, 1 < p < +o0 and s € R, consider
the space WFP(Q) of distributions u on Q such that m*9%u € LP(Q) for |a| < k,
equipped with the norm

(3.4) lall oy = 32 Im*0%ulloey.

|l <k

Moreover, denote by I/f/ ®P(Q) the closure of C°(R) in W5P(Q) and put
WP(Q) = LP(Q). A more detailed account of properties of the above defined spaces
can be found, for instance, in [14].

Now we consider the following condition:
(ho) © has the cone property, p €]1, +oc[, s € R, k, ¢ are numbers such that:

keN, t>p, tz%, t>p ifp:%, g€ MY(Q).
From Theorem 3.1 of [9] we have the following.

THEOREM 3.1. If the assumption (ho) holds, then for any u € WFP(Q) we have
gu € LE(Q) and

(3.5) lgullzzi) < cllgllar@llullysr g
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with ¢ depending only on Q,n,k,p and t.

From now on, we will focus our attention on weight functions m in G(2) such
that:

(3.6) lim m(x) = +o00
|z|—+o0
or
(3.7) lim m(z)=0.
|z|—+o0

Without loss of generality, we can assume that only (3.6) holds. In fact, if the
assumption (3.6) doesn’t hold and then (3.7) holds we could give again the same

proofs choosing like ¢ the regularization function of the function %
4. Tools. Let fix a cutoff function f € C° (KQ such that
(4.1) 0<f<1, f@t)=1iftel0,1], f(t)=0 if t e [2,+o0].

Then we can define a sequence of functions ((x),cn by
o(x)

IfQr={x e : o(x) <k}, we easily have, for every k € N, that
(4.3) 0<( <1, Ck=10n§k, CkZOOnQ\QQk, Ck ng’o(ﬁ)

Now we can show that suitably combining the functions (; and o, we can deter-
mine a sequence of functions (1), <y, whose elements play a fundamental role in the

sequel.
Let us define, for every k € N,

(4.4) ne(x) = 2k G (x) + (1 — G(x))o(x), z e

Simple calculations show that

(45) O’(l‘) < T]k(IL'), ifx e ﬁgk
(4.6) ne(z) < (1+ cp)o(x), if z € Qo
(4.7) o(x) = nr(x), if x € Q\ Qa,

where ¢, € R, depends only on k.
So for any k € N, it holds that

(4.8) o~ N
and

(4.9) ot~ VseR
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Moreover, for every k € N the following estimates about derivatives hold

<@> (z) = (M) (z) =0, if € Q

Nk Mk
<(7:7Lk)x> (@) < (%) (), ifz€Q\ Qe
<(777k7]):~x> (2) < e <‘734;#> (), if z € Q\ Q,

and, more generally,

(4.10) (M) () <ecs sup (U—x> (x) Va € )

Mk zeQ\Q, VO
2
Nk )zx 0, + 00z
(4.11) <%) () <eq esgtzl\pQ <xT> (x) Vo € Q
i k

with ¢1, c2, c3 and ¢4 independent of k.

5. A uniqueness result. Assume that ) is an unbounded open subset of
R" n > 3, with the uniform C!-regularity property. Moreover, let p €11, 00|
and s € R. Consider in Q the differential operator

1 Lo S g2 N
oy MZ:laJ@xi@ijr;a 8Ii+a

with the following conditions on the coefficients:

Aij = Gj; € LOO(Q) mVMOlOC(Q)’ Lwi=1,...,n,

(h1) Jv>0 : Z aij & & > v|¢)? ae in Q, VEeR",
ij=1
there exist functions e;;, 4,7 =1,...,n, g and p € R} such that

ey =e€; € L), i,j=1,...,n,
(€ij)an € MS"H(Q), witht €]2,n], i,j,h=1,...,n,
n

Zeij&ﬁj > plg]? ae in Q, VEe R,
(h2) i.j=1 _
geL>®(Q), go= essﬂinfg >0, g¢ge€LipQ),

n
A Zl lleij = g aijllz=@\s,) =0,
©,J)=
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aiEMﬁl(Q), 1=1,...,n,
(hs) a=d +b,d € M2(Q),be L*(Q), by :essQinfb> 0,

ag = ess infa > 0,
Q
where

ty >n if p<n, tiy=p if p>n,

te >n/2 if p<n/2, to=p if p>n/2.

Observe that under assumptions (h1) - (hs), the operator L : W2:P(Q) — LP(Q)
is bounded from Theorem 3.1.

Adding the following assumption on the weight function

(ha) lim sup ot Tow _ 0,
k—+o0 O\ Qe oz

we can prove our uniqueness theorem.
THEOREM 5.1. Assume (hy) — (ha) true. Then the problem

w e W2P(Q)N Wh(Q)
(5.2)
Lu=0

has only the zero solution.

Proof. From Theorem 4.3 of [5] and from the bounded inverse theorem (see
Theorem 3.8 of [10]), there exists ¢; € R such that

(5.3) ||u||W2,p(Q) < Cl||Lu||Lp(Q) Yu € W2’p(Q)ﬂ Wl’p(Q) .

Fix u € W2P(Q)N I/f/ip(ﬂ) Since nju € W2P(Q)N I/f/l’p(ﬂ) vk € N (see Lemma 3.4
of [3]), from (5.3) then there exists c; € R, independent of u and k, such that

(5.4) |77 ullwzr @) < col|[L(ngw)l|Le(o)-
For simplicity, in the sequel, we will write n; = 7. Since
n
Ln*u) =n°Lu— s Z Qij ((3 - 1)7757277@77%“ + "7571771'7,15” +
ij=1

n
(5.5) + 2775177xiuxj>+52ai775177xiu,

=1
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from (5.4) and (5.5) we have:

n
|17° ullwer o) < c3 (||77$ Lullzey + Y (1072 Nasnay ull ooy +
ij=1
+ 117 s ull o) + 177 0t [ o))+
n
(5.6) + Z ||ai778_177x7,u||LP(Q)) )
=1

where c3 € R, is independent of u and k. From Theorem 3.1 with s = 0 and from
(4.10) we get:

(5.7) llain™ e, u

O s
|LP(Q) < c4 SUp — ||ai||M‘1(Q)||77 U||W1vp(9)’
O\Q, O

where ¢4 is independent of u and k.
Thus, by (4.10), (4.11), (5.6) and (5.7), with easy computations, we obtain the

bound:

s s O’% + 00z
(5.8) In° ullw2r @) < 5 |lIn° Lullro) + | sup ——5—

Q\Q o
O s
+ sup — | |[n° ullw2r() |,
Q g

k

where c5 is independent of u and k.
By hypothesis (h4), there exists kg € N such that:

2
1

(5.9) < sup LZM + sup %>§ —.
O\ Qg o N, T 2¢5

Now, if we denote with n the function 7y,, from (5.8) and (5.9) we can deduce
that:

(5.10) [1° ullw2r@) < colln® LullLe(o) ,

and then, using (4.9), from (5.10) we obtain that:

(5.11) [l 20y < erl Ll 220 -
with c¢g, ¢7 independent of u, and then the claimed result. O

6. Existence results. The aim of this section is to establish some existence
results concerning the problem (1.3). We start with a lemma which we will need in
the proof of our main existence result.

LEMMA 6.1. Let

n 82
Lo = — ji————
0 Z aj@xié)xj

ij=1
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and assume that (hy),(he),(hs) hold. Then the Dirichlet problem

ue W2P(Q) N WP (Q)

(6.1)
Lou+cu=f, fe€LE(Q)
where
(6.2) cflJr‘fserl Za”ffml a;+52a” ,

7,j=1
is uniquely solvable.
Proof. Note that u is a solution of the problem (6.1) if and only if w = c®u is a
solution of the problem

w e W2P(Q)N Wh(Q)

(6.3) n
Z (07" W)z, +cofw=f, feLi(Q).

Since, for any i,5 € {1,...,n}

82
8xi8xj

—s —s —s—1 —5—
(07°W) = 0 Wa0, — 250 * ogwe, + s(s+ 1o 5 20y, 0,,w +
—s—1
— so Oy, W,

then (6.3) is equivalent to the problem

w e W2P(Q)N WP(Q)

(6.4) n
Low + E Wy, +aw =0’ f
i=1
where:
n
Oz,
az—2sg aij , 1=1,...,n,
j=1
x T xTr;T
a=c—s(s+1) g ai;——=+s g aqj——
7,j=1 7,j=1

By Theorem 4.3 of [5], (1.6) of [11] and (3.3), we obtain that (6.4) is uniquely solvable
and then the problem (6.1) is uniquely solvable too. O

THEOREM 6.2. Suppose that conditions (h1) — (hg) hold. Then the problem

ue W2P(Q)n Wwhe(Q)
(6.5)
Lu=f, feLyQ)
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is uniquely solvable.

Proof. For each 7 € [0,1] put
L,=7L+(1—-71)(Lo+c¢),

where c¢ is the function defined by (6.2). The operator

7€ (0,1 — L, € BW2P(Q)N WEP(Q), LY(Q))

is clearly continuous. By Theorem 5.2 of [3] and Theorem 5.1 we can say that the
operator L. has closed range and null kernel. Now, by Lemma 4.1 of [5], there exists
a positive real number cg such that

(6.6) ||u||WS2"’(Q) < col|LrullLr(a)

Yu € W2P(Q)N WiP(Q), Vrelo,1].

Using Lemma 6.1, the problem

ue W2(Q) N Whe(Q)
(6.7)
Lou+cu=f, fe€Lb(Q)

is uniquely solvable.

Therefore, this latter result and the estimate (6.6) allow to use the method of
continuity along a parameter (see, e.g., Theorem 5.2 of [8]) in order to prove that the
problem

ue W2P(Q)N Whr(Q)
(6.8)

Lu=f, [feLY(Q)

is likewise uniquely solvable. The proof is now complete. O
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