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SPECTRAL ASYMPTOTICS FOR TWO-DIMENSIONAL
SCHRODINGER OPERATORS WITH STRONG MAGNETIC FIELDS*

ANH TUAN DUONGH

Abstract. In this paper we study the perturbed quadratic Hamiltonian in two-dimensional case,
P(b,w) = (Dz — by)? 4+ D2 + w?z? — Vb2 + w? + V(x,y). Here, b is the strong constant magnetic
field, w # 0 is a fixed constant, and the potential V' vanishes at infinity. For f € C§°((—o0,0);R)
and b large enough, we give a full asymptotic expansion in powers of b~1 of the trace of f(P(b,w)).
Moreover, we also obtain a Weyl formula with optimal remainder estimate of the counting function
of eigenvalues of P(b,w) as b — oo.
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1. Introduction. We consider the two-dimensional Schrédinger operator with
constant magnetic field

(11)  P(b,w) = Py(b,w) + V(z,y)
= (Dy —by)* + D2 + w?a® — V02 + w? + V(z,y), (2,y) € R,

where D, = %8,,, b is the strong constant magnetic field and w # 0 is a fixed constant.
Throughout this paper, we always assume that the electric potential V satisfies
the following hypothesis:
(H) The potential V is a real-valued smooth function, bounded with all its deriva-
tives, and tends to zero at infinity, i.e., V8,7 € N

0203V (2,)| < Cp., ¥(2,y) € R,

It is well known that the operator P(b,w) is essentially self-adjoint on C§°(R?) (see
[14, 21, 22]). For V = 0, it was shown that the spectrum of the unperturbed operator
Py(b,w) is absolutely continuous and equal to the interval [0, 00) (see [22]). Since V
tends to zero at infinity, the operator V (Py(b,w)+i)~! is compact (see [1]). According
to the Weyl theorem (see [27]), the operators P(b,w) and Py(b,w) have the same
essential spectrum, i.e., Oess(P (b, w)) = Tess(Po(b,w)) = [0, 00). Thus the spectrum of
P(b,w) in the interval (—oo, 0) is discrete.

Recently a substantial progress has been made in the analysis of the magnetic
Schrodinger operators with long-range perturbations going to 0 as |z| — 400 and the
works around the trace formulae have generated many results on the distribution of
eigenvalues near Landau levels and Weyl’s formula with sharp remainder estimate of
the counting function of eigenvalues (see [1, 5, 8, 9, 11, 14, 16, 18, 19, 23, 24, 25, 26, 29]
and the references given there).

To our best knowledge, there are only a few works concerning the model (1.1)
(see [14, 21, 22]). In [22], the authors studied a quadratic Hamiltonian without per-
turbation by using the theory of metapletic representations. In [14], the authors
investigated the absolutely continuous spectrum of P(b,w). By applying the Mourre
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theory, they proved that a part of the absolutely continuous spectrum of P(b,w) per-
sists. On the other hand, we can consider the model (1.1) as the quantum hall system
Hamiltonian with the unbounded edge potential W (x) = w?2? (see [4, 6, 20]).

In this work, we give a complete asymptotic expansion in powers of b~! of
the trace of the operators f(P(b,w)) and f(P(b,w))Fi'0(\ — P(b,w)), where f €
C5°((=00,0);R), 0 € C5°((— %, &); R) with C large enough. Here a := v/b? + w? and
F1'0(z) = £ [, e®0(t)dt. The proof is based on the effective Hamiltonian method

and the stationary techniques developed by M. Dimassi [7] (see also M. Dimassi-J.
Sjostrand [12]). More precisely, we reduce the spectral study of the operator P(b,w)
near a fixed energy z to the study of a é— pseudodifferential operator E_ (z) called
the effective Hamiltonian. Then we apply to the operator E_, (z) the time indepen-
dent approach. Furthermore, thanks to a Tauberian theorem (see [8, 28]), we deduce
Weyl’s formula with optimal remainder estimate of the counting function of isolated
eigenvalues of P(b,w) in (—oo, A], where A < 0 is a fixed constant.

The paper is organized as follows. In Section 2 we recall some notations and defi-
nitions for symbols and pseudodifferential operators. Our main results are announced
in Section 3. In Subsection 4.1, we establish and study the effective Hamiltonian.
Then we prove some trace formulae in Subsection 4.2. The proofs of our main results
are given in Section 5 and Section 6. Finally, we construct some linear canonical
transformations in Appendix A.

2. Notations and definitions. In this paper, we will use the notations in [12,
13] for symbols and h - pseudodifferential operators. Here h is the semiclassical
parameter.

DEFINITION 2.1. A function m : R?" — (0, 00) is called an order function if there
exist constants C, N such that
m(w) < C{w —w)¥m(w),

for all w,w € R?".

DEFINITION 2.2. Let m be an order function on R*™. Fork e R, 0 <1 < %, we
define the class of symbols:

SF(m, R2") = {a € C°(R>™)| V8 € N**, 305 > 0 s.t. |9%a] < cﬁh—’f—”/ﬁlm} .

If m =1 (resp. | = 0), we write SF(R*") := SF(1,R?") (resp. S*¥(m,R?") :=
Sk (m, R2").

DEFINITION 2.3. Let a(;h) € S°(m,R?") depend on h. We say that a(.;h)
admits an asymptotic expansion in powers of h, if there exists a sequence of symbols

of Slk" (m,R?"™), (a;);en, such that for any N € N, and for any 3 € N*", there exists
Cnp >0, s.t.

N

9% (a(;h) — Zhjaj)

Jj=0

< CNﬂhN-i-l—ko—”Blm.

We write a(.;h) ~ 3 hia; in SF°(m,R?").
=0
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DEFINITION 2.4. (see [2]) We denote by S°(R*™; L(L?(R™))) the set of operator-
valued functions a € C°(R*; L(L*(R™))) satisfying:
For 3 € N?", there exists Cg > 0 such that

10°a(z, &)l c(z2@ny) < Cs, Y(x,&) € R*™.

We will use the standard Weyl quantization of symbols. More precisely, if a(z, £),
(z,€) € R*™, is a symbol in SF(m,R?") (resp. S°(R?"; L(L?(R™)))), then a“(z, hD,)
is the operator defined by

0" (2, hDy)u(x) eh =8 q(TEY ey (y)ayae,

n n

for u € S(R™) (resp. u € S(R"; L*(R™))). Sometimes, we write Op¥(a) instead of
a”(xz,hD,.). For the theory of h— pseudodifferential operators with operator-valued
symbols, we refer to [2, 3, 15].

Let g(a) be a function depending on a large parameter «. We say that g has a
complete asymptotic expansion in powers of a1, and we write

oo

g(a) ~ cha_j, as a — 00,
3=0

if and only if, for all N € N,

N
i _ I AN —
ahﬂrréo [g(a) cha }a =0.
j=0
We write g(a) = O(a™°) if for all N € N, g(a) = Oy (a™N).
3. Main results. In this section, we state our main results:

THEOREM 3.1. Let f € C§°((—o0,0); R) and assume that V satisfies the assump-
tion (H). Then, the following full expansion holds:

(3.1) tr(f(P(b,w))) NbZBj(f)b_j, as b — oo.
§=0
Moreover,
(3.2) =5 //f z? +V ,y))dxdy,
(3.3) 87rw/ 2V(=,y)+ 0V (w )] f (2 —l—V(g,y))dacdy.

THEOREM 3.2. Fiz A < 0. In addition to the assumption (H) suppose that
Vay(2? + V(£,wy)) # 0 on the surface

{(z.) € B 2? + V(S wy) = AL
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Then, there exist o > 0 small enough and C > 0 large enough such that, for f €
Ce(A=0,A+0);R) and § € C3°((— &, &) R), there exist functions Cj () € C(R),
VM, N € N, we have

(8.4) tr(F(PO,w)F0(r— P(b,w)) = b (icj )7 +O(
§=0

uniformly in T € R. Here (1) = (14 7%)2,

dS;
(35)  Colr) = — f(1)(0) / N
2m {(e)er2| 224V (2 wy) =2} [Vay (@2 + V(5 wy))]

and Sy is the surface measure on {(x,y) € R?| 2® + V (£, wy) = A}.

THEOREM 3.3. Fiz A <0, and let No(X\) be the number of eigenvalues of P(b,w)
in (—oo, A] counted with their multiplicities. Under the assumptions of Theorem 3.2,
we have

(3.6) Na(\) = b(MO + O(b—l)), as b — oo,

where

(3.7) // dzdy.
"~ 2mw e pery) B2V (Z,y) <A}

REMARK 3.4. Since a = v/b? + w2, and w # 0 is fixed, it follows that

Nicj )b~ and b~ 1~Zd
j=1

j=1

Thus, we only need to prove that the left hand sides of (3.1), (3.4) and (3.6) have
asymptotic expansions in powers of o?

Outline of the proof. Using linear changes of variables, we prove in Appendix
A that the operator P(b,w) is unitarily equivalent to the operator P(a) := Py(a) +
V¥(a), where Py(a) == a(D2 + %) + 2% — v and V¥ (av) 1= Vw( Dy+Lta 9D, +
by,

By constructing a suitable Grushin problem (see Lemma 4.3) we reduce the spec-
tral study of (P(a) — z) for z € (a,a) C (—00,0) to the study of a 1 _ pseudodiffer-
ential operator Ey_(z) called effective Hamiltonian. Here we notice that, in our case
(w # 0), the effective Hamiltonian is no longer a bounded operator from L?(R) to
L?(R), because of the presence of the edge potential W (z) = w?z? (see Lemma 4.3).
This is the main difference from the work of M. Dimassi [8] where w is assumed to be
equal to zero. To overcome this difficulty, we show that if f € C§°((—o0,0);R), we
have tr(f(P(a))) = tr(f(P(a))x®) +O(a~°) for some compactly supported function
X (see formula (4.47)). Thus, by using the Helffer-Sjostrand formula, we prove that
(see formula (4.47))

(38)  a(f(Pe)") =t~ - / 0.f(2)B 1 (2) 0. B4 ()" L(d>)).
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Here, f € C§°(C) is an almost analytic extension of f. Then, we only need to study
E_,(2) in the right hand side of (3.8) on the support of x. Next, by applying the
1 — pseudodifferential calculus, modulo O(a™°) we can replace E_(2) in (3.8) by a

bounded operator E(z) (see Proposition 4.7) such that
(3.9)  tr(f(P(a))x™ *tr - —/8 f(z VL0 E(2)x wL(dz)) +O0(a™™).

Moreover, we show that E(z) has a complete asymptotic expansion in powers of é
(see Proposition 4.5). Then by applying the time independent method used by M.
Dimassi [7] (see also [12]), we prove Theorem 3.1 and Theorem 3.2.

By combining Theorems 3.1 and 3.2 with Tauberian arguments, we obtain the
proof of Theorem 3.3.

4. The effective Hamiltonian and trace formulae. In this section, we con-
struct the effective Hamiltonian E_(z) and we give a trace formula linking the
operators P(a) and E_ 4 (z). Without loss of generality we may assume that w = 1.

4.1. The effective Hamiltonian. Let g be a positive function satisfying
g(a) = 00 as a — 0. Set

(4.1) Qq :={z € C|Rez < 2a — g(a)}.

12
We denote by ¢(y) := m~ie~ T the normalized eigenfunction of the one-dimensional
harmonic operator corresponding to the ground state energy E = 1 (i.e., (Df/ +
y?)d(y) = ¢(y) and ||@] 2r) = 1). The following lemma is well known:

LEMMA 4.1. The following statements hold:

i) ¢ is an even function.
ii) <D’y“¢(y),yl¢(y)> =0, when k +1 is an odd number.

iii) [|¢" (W) 2@) = lyeW)72) = 3-

We now consider the following operators
R_ : L*(R) — L?*(R?), R+ L2 (R2 — LQ(R)
u(z) = u(z)d(y) = Jo(a,y)o(y)dy
II:= R_Ry :L*R? — L*(R?),

o(z,y) o / ol, ()t (y).

From the definition of R_ and R, we have

Ry R_u(z) = Ry (u(2)p(y)) = / w(@)d(y)d(y)dy = u(x).

LEMMA 4.2. There exists ag > 0 large enough such that, for o > ayg, and z € Q,
the operator

(I —IP(a)(I —1) — 2z : (I —I)L*(R?) — (I — I)L?*(R?)
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is invertible. In addition, there exists C' > 0 such that

C
4.2 R(2)|| £ — uniformly in z € Qg,
(4.2) [R(2)|l a() formly

where R(z) = ((1 — ) P(a)(I —II) — z) - L2(R?) o LR,

Proof. In the following, we denote by o(A) (resp. p(A)) the spectrum (resp.

resolvent set) of the operator A. It is clear that o((I — II)Py(a)(I — II)) = [2ax, +0)
(see [17, Proposition 6.9]). Hence, for z € Q,, we have

(43) dist (2, o(I=T) Po() (1—T1)) ) (I ~Th)u] < [[[(1=T1) Py @) (T—~TD)—2)(I~TD)u}

On the other hand, for z € Q,, one has g(a) < dist(z,a(([ — I0) Py(a) (I — H)))
Thus,

(4.4) g(@)|I(I = Myul| < |[(I = M) Py(a)(I ~TI) — 2)(I ~ Mu].

Moreover, since V' is bounded simultaneously with all its derivatives, it follows from
the Calderén-Vaillancourt theorem (see [12, Theorem 7.11]) that there exists C; > 0
such that

V¥ (@)(I = Mul| < Ci[[(I = Mul.

Combining this with (4.4), we have

(4.5) (9(c) = O[T = Mul| < [[[(I = M) P(a)(I = T0) = 2](I — M)ul|

uniformly in z € Q,, which yields (4.2). We recall that lim g(a) = 4o0. O
a— 00

Next, we construct a Grushin problem for the perturbed Hamiltonian:

P(2) = <P(O‘) —F R-) . D x LA(R) — L2(R?) x L*(R),
R, 0
where D is the domain of P(a).

LEMMA 4.3. For a large enough, the operator P(z) is uniformly invertible for
z € Qu. The inverse of P(z) is holomorphic in z and given by

E(z)  Ey(2)
(4.6) E(z) = <E_ ) E_++(Z)) :
where
(4.7) E_(2)=2z—2> - R V¥a)R_ — Rya(2)[V¥(a),I|R_,

with a(z) = (I + [II, V¥(a)|R(2)) . Moreover,

(4.8) E(z) = R(z)a(z) ; E-(2) = Rya(z),
(4.9) Ei(z) = R- — R(2)a(2)[V¥(a),]R_.

Here [A, B] = AB — BA is the commutator of A and B.
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Proof. We claim that [V (), ] = O(a~'/?) in £L(L?*(R?)). Indeed, the natural
restriction of II on L?(R,) is the projection onto the eigenspace associated to the
eigenvalue 1 of the operator D? +y* : L*(R) — L*(R). Let f € C§°((0,2);R),
f(y) =1 for y near 1. Then one has IT = f(Df/ +12).

According to [12, Theorem 8.7], II is a pseudodifferential operator whose symbol
belongs to SO((y)~ > (n) ">, R*). By using the pseudodifferential calculus, it follows
that [V*(«), ] has an asymptotic expansion of the form

N+1

27), VN €N,

w Y w b 1 w _ _
(4.10) \% (a),n]zzaj (=2, =Da)b (y, Dy)a™ % + Ol

where a;,b; € S°(R?). Consequently, one has

(4.11) V¥ (), T = O(—

\/a), in L(L*(R?)),

which yields the claim.
Next we construct an approximate inverse of P(z) as follows:

£(z) = @f) i glvwm)R-) |

A straightforward computation gives
(4.12)

s\ (P(a)—z R_\ (R(z) R_ (A A
P)ER) = ( Ry 0 ) (R+ 2—a2—RyV¥(@)R-) ~ \As Ay)

with

A4 = R+R_ = IL2(]R)5

As =0 (here we used Ry (I —II) = Ry — RyR_R. =0),

Ay = (P(a) —2)R_ + R_(z — 2> — R,V (a)R_),

Ay = (P(a) — 2)R(z2) + R_R,.
Using the fact that Py(a) commutes with IT and IIR(z) = 0, one has (P(a)—z)R(z) =
I -1+ TIV¥(a)R(z). Thus,

A =T -1+ IV @)R(z) + I = I + [II, V¥(a)] R(2).

On the other hand, since (a(D; +y?)—a)R_ =0and V¥ (a)R- —R_R V" (a)R_ =
[V* (), I R_, it follows that Ay = [V*(«),II]R_. Consequently,

Ay A\ 1
(A3 A4)—IQ+O(E)7

where I is the identity matrix from L?(R?) x L?(R) to L?(R?) x L%(R) . Therefore,

for « large enough, (Al
Az

. .. ( . @—1 _ (a%z) a(z)[‘;;((g)),H]R)

ﬁQ) is uniformly invertible for z € 2, and
4
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where a(z) = (I + [IL, V*(a)]R(2)) " .
Hence, for a large enough, P(z) is uniformly invertible for z € Q, with inverse
E(z) = £(2)&1(2). Using the explicit expressions of £(z) and &£;(z), we obtain (4.6). 0

REMARK 4.4. The following standard properties are well known ( see [8, 10, 13,
16])

i) zeo( P () <:>0€0'(E_())

i) (z — (a)) E(z )+E+(»)Z)( +(2)) T E-(2), for z € p(P(a)).

i) (E_,(2))7! :*RJF(Z* P(a)'R_, for z € p(P(a)).
i) 0.5, (2) = B_()E, (2).

We denote h = a~ !, which plays the role of semiclassical parameter. From now
on, we write P(h) (resp. V*(hz)) instead of P(a) (resp. V¥(a)). The symbol of
V“’(h ) is denoted by V(h%). In the next proposition, we obtain the main properties
of E_4(z).

PROPOSITION 4.5. Let Q be a bounded open set in C (independent of h). Then
for h € (0, ho) (ho > 0 small enough), the following assertions hold:

i)
(4.14) E_y(2) - (z — 2 VU((1— k) th)) € OpY (S~ (R?)).

ii) For 1 € C§°(R), the symbol of the operator 1(x) (E_+(z) —(z— $2)) has a
complete asymptotic expansion in powers of h in S°(R?). More precisely, there exists

a(x, & z;h) ~ Y aj(x, & 2)h? in S°(R?) such that

j=0
(4.15) (@) (B4 (2) = (= = 2%)) = a" (2, hD,, 25 ),
with
(4.16)
ao(w,€,2) = ao(,€) = —h(2)V (,€),
(4.17)

a1($,§, Z) = a’l(x7§) = —iiﬁ(x) (8§V($a€) + 6.52‘/(3075))+%ax¢(x)aﬁv(xv§)

Proof. 1) According to Lemma 4.3, one has
(4.18) E_i(2)— (z —a%) = =R V*(h?)R_ — Rya(2)[V¥(h?),TR_.

We first demonstrate that E_ (2) — (2 — 22) is an h- pseudodifferential operator with
bounded symbol. To do this we use the Beal’s characterization of h— pseudodifferen-
tial operators (see [12, Chapter 8] or [13, Chapter 8]).

Let I(x,€) be a linear form on R? and let [ (2, hD,) be the corresponding h—
pseudodifferential operator. Using the fact that Ry, R_ commute with [*(z,hD,)
and that Vw(h%) is an h— pseudodifferential operator in « whose symbol is bounded
operator in y, we obtain

[1“(2,hDy), Ry V' (h#)R_] = Ry 1" (2, hD,), V" (h#)|R_
(4.19) =0O(h),
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where in the last equality, we have used |Ry || = O(1) and ||R_|| = O(1).
Similarly, for N € N and linear forms l1(z, &), ..., In (z,£) on R2, we also obtain

(4.20) (1Y (2, hDy), [...[1% (x,hDy), RV (h2)R_]..]] = O(hN).

According to [12, Proposition 8.3], R. V¥ (h2)R_ is an h- pseudodifferential operator
with bounded symbol.

Using the same arguments, we also obtain that the operator
Ria(2)[V¥(h2),IJR_ is an h— pseudodifferential operator with bounded sym-
bol. Therefore, E_(z) — (2 — 2?) is an h- pseudodifferential operator with bounded
symbol denoted by a(z,§, z; h).

Now we will prove that a(x, &, z; h) has an asymptotic expansion like (4.34). First,
we consider the operator

R,V (h?)R_: L*(R) — L*(R).

Recall that V(h2) = V(

3 han + (1 — h2)2z, hé + h2 (1 — h2)2y). Applying Taylor’s
formula to V (hz) at X := ((

— hQ)%:L', h&), we get
V(h¥) = V(X)+ [0V (X + 82V (X)(1 = h?) by bt
1 1 1
(421)  + 3[RV )R+ BVX)(1 — h)Ey)? + 202,V (X)n(L = )y |+ .
+ O x (1 = n2)3y) )%,
where 0; is the partial derivative with respect to the jth-variable, j = 1,2, and Oy x
depends on N, X.
Notice that
Ry |08V (X)n*y' | (2., Doy DY) R-u(w)
(4.22) = OBV (1 = h®) 22, hDy )u(@) (1" y')" (y, Dy)$(y), $(y))-
A simple computation shows that

min(k,l)

(4.23) (*y) " (4. Dy)oly) = > Ciéyl‘jé"“‘j’(y),

Jj=0

where qf)(k*j)( ) is the derivative of order k — j of @(y). When k+1 is an odd number,
)

it follows from Lemma 4.1 that (¢(*~9) (y), "7 ¢(y)) = 0 for all 0 < j < min(k,1).
Therefore, for k + 1 odd,
(4.24) (") (4. Dy)o(y), $(y)) = 0, for all 0 < j < min(k, 1).

Since ¢/ (y) = —y¢(y), one has (1Y) (y, Dy)d(y) = 36(y) +y¢'(y) = 50(y) — > d(y).

Combining this with Lemma 4.1, we obtain

(4.25) ((ny)*“(y, Dy)o(y), ¢(y)) = 0.
Putting together (4.21), (4.22), (4.24) and (4.25), we get VN € N,

1 1

(4.26) R V¥ (h?) Zr — %22, hD,)h + O(hNTY),
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where r; € SO(R?). In particular, ro((1 — h?)2z,€) = V((1 — h?)2z,£) and r((1 —
B2)Ea,€) = 1 (BV((1 - h2)3a,6) + BV((1 - h?)a,g)).

Next we study the operator Rya(z)[V*(h2),II]R_. From the definition of a(z)
(see Lemma 4.3), one has

Rya(2)[V*(h?),I|R_
= Ry (I+ [ILV"(h?)]R(2)) " [V (h7), T R

(427) =Ry S (—L/(IL VP (hD)IR()Y V" (h}), IR

j=>0
(428) = ReVU(hh) MR-+ Re Y (=1 (IL V' (RE)RE)V [V (h), R
(429) = Re 3 (- (IL V(ARG V" (1), TR,

where we have used RyII = R, and IIR_ = R_ to deduce Ry[V*(hz),IJR_ = 0.
We write

-1

R(z) = ((I =M (D2 4y = 1) + 22 + VORH(I - T) — 2) (1~ 1)

(430) = h((L ~I(D} 442~ 1) + ha® + AV*(h3)](1 ~1TT) ~ hz)il(I —m
(4.31) = hH [T +h(I -T)(V¥(h%) - z)(I — 1) H, ] -1
(432) =H Y (-1)[I - (V' (h#) — 2)Hy P (I — TR,

j=>0

-1
where H; = ((I — ) (D} +y* — 1+ ha?)(I — H)) (I —1I) is a bounded operator
since (I —II)((D? + y? — 1)+ ha?)(I — ) > (I —II). Moreover, if we consider H; as
an operator from L?(R,) to L*(R,) and x as a parameter, we have

| Hillzz2r,)) < C

for some constant C' independent of both x and h. Since 0, H1 = —H;(2hx)H;, there
also exists Cq7 > 0 such that

10:H1ll £ (L2 (r,)) < Ch-
Similarly, we can show that
107 Hill (2w, )) < Cs

for all § € N and Cj is also independent of z. Combining this with the fact that
H; does not depend on the dual variable £ of x, we conclude that H; is an h—
pseudodifferential operator in the x-variable whose symbol is bounded operator in
the y-variable.

Making use of the symbolic calculus of pseudodifferential operators with operator-
valued symbols (see [2]), and using (4.10), (4.29) and (4.32), we deduce that, VN € N,

N
(4.33) Rya(2)[V"(h%), MR- = Y7 (0.6, zha®; (1 = 1) 20)ha ™ £ O(h™2 +2),
j=0
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where 7; € S9(R?).
As a consequence of (4.26) and (4.33), the operator E_ (z) — (z —22 =V ((1-
h?)zz, th)) is an h— pseudodifferential operator with symbol belonging to S—!(R?).

ii) It follows from (4.26) and (4.33) that the symbol a(z, &, z; h) of E_4 (2)—(z—a?)
can be written as follows:
(4.34) a(z, &,z h) ~ Zaj:nf,zh %

j>0

where a;(z,&,2z;h) is of the form r;(z, &, z; ha?; (1 — hQ)%x) with r; € S°(R?). In
particular, ag(z,&,z;h) = V((1 — h2)%x,h§), a1 (z,&,z;h) = 0 and as(x, &, 2z;h) =
L(O3V((1 = h2)Ea,€) + O2V((1 - B2 Ew,€) ).

Now we prove (4.15). Let ¢ € C§°(R), we claim that the symbol a(z, &, z; h) of

the operator ¥ (x)(E_,(z) — (z — #2)) has an asymptotic expansion in powers of h2
in SY(R?)

(4.35) a(z, &, z; h) Zaj x,&,2) %.
j>0
Indeed, let ¢ € C5°(R) such that ¢ = 1 on the support of ¢. We set V(hz) :=
d(x)V (h#) and R(z;h?) = ((IfH)[hfl(ijerQ—1)+x21/~;(x)+f/w(h%)](l—ﬂ)—
~1
z) (I —T1I). Applying the h— pseudodifferential calculus, one obtains
(4.36)
a”(x,hDy,z; h)
= w(m)( —R.VU(h¥)R_ — Ry (I +[IL, V" (h
+ O(h™).

=

NR(z 1)~V (h), TR )

We apply Taylor’s formula to V(h%) at (h%n +x, hé + h%(l — hQ)%y) and obtain
N

(437) V() =3 Vihbn b B (1= ) Ry )h? + OV,
7=0

where V; € S°(R?) and 1; € C5°(R). We next use the same arguments as (4.21),

(4.26) where V (h?) is replaced by the right hand side of (4.37). Then we obtain, for
all N € N,

N
(4.38) —R.V"(h#)R_ =Y ¥ (2, hDy)h? + O(hN*1),
7=0
where v; € S°(R?) is independent of h. In particular,
(139) v0(z,€) = D@V (@) 0(2,) =~ (W) (. 0) + R @)V (. 6))).
As (4.32) it is easy to see that

(4.40)  R(zh2)=H > (-1 () (z)a? + V*¥(h?) — 2)Hy ) (I — Rt
>0
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where Hy = ((I—II)(D2+y?—1)(I —II))~}(I —II). The operator H, is independent
of both x and h. Then making use of the symbolic calculus of pseudodifferential
operators with operator-valued symbols, we obtain for all N € N,

—Ry (I + I,V (h?)]R(z; h2)) "MV (h?), T R
N

(4.41) =" (e,hD,, 2)h3 2+ O(R T
7=0

),

where 9; € S°(R?) is also independent of h. Thus, (4.35) follows from (4.36), (4.38)
and (4.41).

Put J(hz) := Ry (I + [IL, V¥ (h2)]R(z; hz)) " [V*¥(h2),II]R_. We construct the
following bounded operator, X : L2(R?) — L%(R?), Su(z,y) = u(z, —y). Obviously,
one has X2 = I,%* = X. The following lemma shows that J(h2) = J(fh%) which
completes the proof of (4.15):

LEMMA 4.6. The following assertions hold:

i) SV¥(h2)E = V¥ (—hz).

i) [%,11] = 0.
iii) Ry¥ =Ry and XR_ = R_.
iv) SR(z;h?)% = R(z;—h?).

Proof. i) Let a(x,y,&,n) € S°(R*) arbitrarily. By a change of variables, one has

Ya¥ (ac Y, Dy, Dy)Su(z, y)

ei(z—a")+(~y—y")n) ($+x —y+y JEmu(z!, —y')d' dy' dédn

(2 //// (et (Hz 7y v L& = (e’ y")da' dy ddn’
7T
(I _yaD a_D) ($ y)

Applying this to V(hz), we obtain SV*(hz)¥ = V¥ (—hz).
ii) By using the definition of ¥ and II, one has

[Z, Ou(z,y) = SMu(x,y) — Tu(z, —y)
(4.42) - / ua )B(E)dtd(—y) — / u(er, —1)b(0)dt(y)
(4.43) - / (ulir, 1) — u(zr, ) S(E)dE ().

However, since the integrand in the right hand side of (4.43) is an odd function with
respect to t, we obtain [¥, IJu(z,y) = 0 for all u € L?(R?). Therefore, [, 1] = 0.
iii) The same arguments give (iii).
iv) The assertion (iv) is an easy consequence of (i) and (ii). O
0

4.2. Trace formulae. Assume that the hypotheses in Theorem 3.1 hold and let
a < @ < 0 such that suppf C (a,a). Then we can find an almost analytic extension f
of f satlsfymg f € CO (), f|R = f,0.f(2) = O(]Imz|*), where Q := (a, a)+i(—1,1)
and 0, = (&C +ig: ) for z = x + iy (see [12]). Notice that we can take f Wlth
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support in an arbitrarily small neighbourhood of the support of f. Since the potential
V' vanishes at infinity, one has that

(4.44) Slaa] = {(ac,f) € R?| 22 + V(z,€) € [a, a]}

is a compact set in R2. B
Next we are going to prove that f(P(h)) is of trace class and give a priori estimate

of tr(f(P(h))) :

PROPOSITION 4.7. The operator f(P(h)) is of trace class. Moreover, for all
functions x € C§°(R%;R) such that x = 1 near Yla,a), we have
(4.45)

i (F(P(h)) = tr (—% / azﬂz)<E<z>>-lazé<z>L<dz>xw<x7mm) + O(h).

Here, f is an almost analytic extension of f and E(z) = z — x%(x) + () (E_4 (2) —
(z —a?)) for some ¢ € C5°(R; [0, 1]) such that y(z)x(x,8) = x(,), ¥(x,§) € R?.

Proof. Suppose that x € C5°(R?%;R), x = 1 near Ya,a)- Then we can choose a

function V € S°(R?) such that

e V(z,y) = V(z,y) outside a small neighbourhood of Yla,a];

e y = 1 on the support of (‘7 V),

o |z —22 — V(1 —h2)2z,y)| > eo(x)? for all (x,y) € R?, z € Q and h small

enough.

Indeed, let U be a neighbourhood of ¥4 5) such that ¥, 57 C U and x = 1 on U. Now
for (z,y) € R?\ U, one has either 22 + V(x,y) < a or 22 + V(x,y) > a. However,

since 2 + V(x,y) is a continuous function and  lim  V(z,y) = 0, one obtains
[(z,y)| =00

22 4+ V(z,y) > a for all (z,y) € R?\ U. From this, there also exists € > 0 such that
224+ V(z,y) > @+ ¢ (or in other words V(z,y) > a+ ¢ — 2?) for all (x,y) € R\ U.

Hence, it suffices to choose V such that V (z,y) > a+¢ — a2 for (z,y) € Yq,a) and
V(x,y) = V(x,y) for (x,y) € R\ U. Then we obtain V(z,y) > a+¢c — 22 for (z,y) €
R2 and supp(V —V) C U. In particular, V((1—h2)2z,y) > a+e—(1—h%)z? > a+e—x>
uniformly for (z,y) € R? and h small. This shows that |z —22 — V((1—h2)zz,y)| > ¢
for (x,) € R%. Combining this with the fact that V vanishes at infinity, one obtains
that there exists g > 0 such that |z — 22 — V((1—h2) 2z, y)| > eo(z)? for (z,y) € R2.
The we have constructed the function V satisfying the above conditions.

Set E_,(z) = E_(2) + V¥((1 — h¥)=2z,hD,) — V*((1 — h?)2x,hD,). Then
the principal symbol of the symbol of E_(z) is z — 2% — V((1 — h2)%:c, &) satisfying
|z — 22 — V((1 — h2)2z,€)| > eo(x)? uniformly in z € Q and (z,€) € R2. Therefore,
for h small enough, the symbol of E_(z) is elliptic and then E_, (2) is invertible.
Moreover, z — E_ (z)~! is holomorphic on Q.

Applying the so-called Helffer-Sjétrand formula and Remark 4.4, one has

2)(z — P(h) "' L(d2)
(= B() + By (2)(B-i.(2)) 7 E-(2)) L(d2)

0:f(2) By (2)(B—1.(2) " E-(2)L(dz).
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Here we have employed the fact that £(z) is analytic to get =% [0, f(2)E(2)L(dz) =
0.
On the other hand, the following decomposition

E_i(2) ' =E1(2) '+ By (2) TN (E-1(2) = B4 (2))E-+ ()"

yields

Qi
n
g
Ny

&
+
—

N
SN~—

R
+
X
I

-

R
O
=

IS8

N
SN~—

N
g
N
=
+
—
N
S~—
B
+
&
|
AR
el
|
+
—
N
S~—
\
™
+
—
N
S~—
S~—
B
+
—
N
S~—
L
R
O
=
Q
N
S~—

()B4 (2) (B () — By (2) By ()" E_(2)L(d2).

N
g
N
=
+

— e — —
S
g
O
=
+
O
B
+
&
L
=
O
=
ISH
&

N= N =Ny

In the last equality, we have employed the analyticity of E,(2)E_4(2)"'E_(2) on
the support of f to deduce L [0, f(2)E4(2)E—4(2) *E_(2)L(dz) = 0.
By the construction of E_(z), the support of symbol of E_ (z) — E_i(z) is

compact. Hence, E_, (z) — E_(2) is a trace operator (see [12, 28]). Thus, f(P(h))
is of trace class. Furthermore, making use of the cyclicity of the trace, one has

w(f(P() = tr( - = / 0-F() B+ (2) " (Bs(2) = B4 (2) B4 ()04 (2) L(d=)).

Now, by choosing h small enough, we have y = 1 near support of V((1 — h2)2z, ) —
V((1 — h?)2z,€) which is the symbol of (E_4(2) — E_4(2)). It follows from [12,
Proposition 9.5] that

(4.46) IF(P(A) (1 = X* (@, AD:)[ler = O(h).
Consequently,

(4.47)
tr(f(P(h))) = tr(f(P(h))X" (2, hDy)) + O(h>)
=tr( - 1 /5zf(z)E_+(z)_18ZE_+(Z)Xw(ac, hD.)L(d2)) + O(h™).

™

Let ¢ be in C§°(R; [0, 1]) such that ¢ (z)x(z, &) = x(z,§). If we consider the function
1 as a constant function with respect to &, then supp(1 — ) Nsuppy = (). Let us put

(4.48) B(z) = 2 — a*(x) + (@) (B (=) — (2 — 7).

According to [7, Lemma 1.1], there exists € > 0 such that
e E(z)~! exists and is holomorphic on {z € Q| |Imz| # 0}, where Q := (a,a) +
i(—e€),
o |E(2)7 Y = O(|Imz|!) for z € Q, [Imz| # 0.
Choosing f with support in Q, we get E(z)! exists and is holomorphic on {z €

suppf| [Imz| # 0}.
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It follows from the resolvent identity that

E_+(2) (2) 7
=E_4(2)7" ~(Z) E_y(2))E(2)""

(
= E_1(2)7 1 (1 = 9(@))2® + (¥(2) = D(E-+(2) = (= = 2®)) E(2) "

Following the proof of [12, Proposition 8.6], we obtain for z € suppf, Imz # 0, that
E(z2)7! is an h—pseudodifferential operator with symbol e(z, &, z; h) satisfying, for all
B eN?,

9Pel < C 1, ——
|0”e| < Cp max( ]

Moreover 9, f(z) = O(|Imz|>), then we obtain the symbol of |Imz|~1d, f(z)E(z)"!
belongs to S°(R?). Since supp(1 — ) Nsuppx = 0, it follows that

(@ (@) = 1)z + (1= (@) (B-+(2) = (= 2°)) [Imz| "' 0. fE(2) T 0 B— 4 (2)X" [lex = O(R™).
From this and the fact that ||[E_ (2)~!|| = ||[Ry (2 — P(h))"'R_|| = (@), we get

(4.49) tr(—%/5zf(z)(E_+(z)’1—E(z)’l)azE_+(z)X““(ac,th.)L(dz)) — O(h™).
Thus, (4.47) and (4.49) imply

(4.50)
tr(f(P(R) = —_/a F)E() 0B ()" (2. hD,)L(d2) ) + O(h)

= ——/a F) () 0. B)x" (2. hDL)L(dz) ) + O™

In the last equality of (4.50), we have used 0,FE_i(z)x“(x,hD,) =
0.E(2)x"¥(x,hD,) + O(h>) which follows from the fact that v (x)x(x,&) = 1. This
ends the proof of Proposition 4.7. O

By combining the arguments in the proof of Proposition 4.7 and the techniques
in [12, Chapter 12] (see also [7]), one obtains the following result:

LEMMA 4.8. Under assumptions of Theorem 3.1, we have

tr(f(P(R)F;0(r = P(R)))
4.51
oy (- —/a FEF 07 = 2)(E() " 0. E(:)L(d=)x") + O(h™),

where x, E(z) are constructed in the proposition 4.7

We recall that z — ¢ (x)(2? + V(x,€)) is the principal symbol of the symbol of
E(z). Tt is a linear function with respect to z. Furthermore, V tends to zero at
infinity. Then for z in some compact set of (—o0,0) and |(z, )| large enough, |z —
Y(x)(z? + V(x,€))| > const > 0. Thus, the following proposition is a consequence of
[7, Lemma 1.2] (see also [12, Chapter 8]):
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PROPOSITION 4.9. Let f be as in Proposition 4.7. Let ay(x,&;h) be the symbol
of the operator

(4.52) - __/a F(2)B(2)"10. B(2)L(dz).

Then there exists a sequence of symbols (cj(x,&))jen in S°(R?) such that

(4.53) (x,&h) Zc] x, &)l

Moreover,

(4.54) co(z,€) = f(W(@)(2® + V(z,9))),

(4.55) c1(z,€) = —ar (2, ) ' (P(x)(2* + V(x,€))).

Here ai(x,€) is given in Proposition 4.5.

5. Proofs of Theorem 3.1 and Theorem 3.2. We start by proving Theorem
3.1. Tt results from Propositions 4.7 and 4.9 that for all N € N,

(5.1) Ztr (2, hDy)x" (2, hDy))h? + O+,

Since the support of y is compact, one has (see [28, Proposition II-56] )

(5.2) tr(c? (2, hD,)X" (2, hD,)) = ﬁ / / 3 (2, €)x(, €)dade.
Thus, for all N € N
(5.3) w(f(P(R) = > A; (DR + O,

where A;(f) = 5= [[ ¢;(z,&)x(x, §)dxdE.
Remark that ¢ = 1 on suppy, and x = 1 on the set {(z,&) € R?| 22 + V(z,€) €
suppf}. Therefore, co(x,€)x(x,§) = f(2? + V(z,€)) and

(5.4) Ao(f) = % //f (2° + V(z,€)) dudé.

On the other hand ¢/ (z)x(z, & ) =0 for all (x,&) € R2. Consequently, ¢ (z,&)x(z,§) =
102V (2,6) + %V (2,8))f (2* + V(2,€)) and

65) 4l =g [[ @V +BVE@O) £ @+ V(@.0) dode,

Theorem 3.1 is proved.
The following corollary is a simple consequence of Theorem 3.1. We recall that
w=1.
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COROLLARY 5.1. Let A be a negative real number. Let Ny(\) be the number of
eigenvalues below A of P(h). Assume that the hypotheses in Theorem 8.1 hold and
that

(5.6) Vol ({(:c,y) e R? 2?4+ V(z,y) = )\}) =0.
Then,
(5.7) lim hN,(\) = Mo,
h—0
where
1
(5.8) My=— // dxdy.
21 JJ{(@m)€R?| 224V (2,) <N}

Proof. Tt is clear that the operator P(h) is bounded from below. Then there
exists M > 0 such that P(h) > —2L. For ¢ > 0 small enough such that A +& < 0, we
put I(£e) = [-M F e, A £ ¢]. Let us choose fr. € C(R;0,1]), where f1. =1 on
I(+5), f+e = 0 outside I(4+¢) and f_. = 1 on I(—¢), f_. = 0 outside I(—5). It is
easy to see that

(5.9) Foe(P(h)) < 1 arn (P(h)) < Fre(P(R)).

Here 1;_y,y is the characteristic function of the interval [-M, \] and A > B < A-B
is a positive operator.
From Theorem 3.1, one has

tim bt (o (P()) = 5 [ [ el 4 V(@ 9))dody

and

h—0

. - 1 )
lim htr(f,e(P(h))) = // Foe(@? + V(z,y))dzdy.
Combining this with (5.9), one gets
5:10) 5 [[ 1oV @ )dndy < Jim b < o [[ Fela+V 0. 0)) o
2T h—0 27
On the other hand
] (f1eta® + iz = 1 s @ + Vo)) dody
< [[tnnsala® + Vedudy + [ [ 1@ + Vo p)dody
— [ trae® + Vi g)dody = Vol({(2.9) € B2 o 4 Viwg) = A)) =0,

Here we used the fact that z? + V(x,y) > M for all (x,y) € R? to deduce
S Yon—ean(2® + V(x,y))dedy = 0. Similarly, one also obtains

‘ // (f“(gc2 +V(,y) = Lomn(@® + Ve, y))) dmd?/‘ =%o.
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Now let € tend to zero in (5.10) one obtains (5.7). O

REMARK 5.2. It follows from the corollary 5.1 that Nj()) %(MO + o(1)).
Naturally we want to give a more precise estimate for the term o(1). The optimal
estimate is actually given in Theorem 3.3.

Now, we are going to prove Theorem 3.2. We choose x in Lemma 4.8 such that
{(2,6) e R?| 22+ V(x,€) < X+ 09 < 0} is a subset of suppy, for some op > 0, and
choose ¥ € C§°(R; [0, 1]), ¥ (x)x(z,&) = x(x,&). Then, for 7 < XA + ¢, we have

(5.11) P(@) (@2 +V(x, ) =12 + V(&) =1

On the other hand, under the hypotheses of Theorem 3.2, there exists 0 < o < oy,
such that
(5.12)

Vaee(@® +V(x,€) #0for all (z,8) € {(z,£) € R*| N —0 <2® +V(z,8) < A\ +0}.

It follows that the principal symbol of E(z), z — ¢(z)(z2 + V(z,£)), is strictly micro-
hyperbolic (in the sense of [7]) in (A — o, A +0). Let f € C§°((A — o, A+ 0);R), we
apply [7, Theorem 1.8] to obtain: For M > 1, uniformly in 7 € (A — o, A + o)

(5.13)

1 7 —1 1 - j—1 M
(= ¢ [0.F@F 0 - DEE) 0EELEN") = 3 Gt + o),

where C} is a smooth function. In particular,

. ds
8(0 - '
o (D )/{(:C,S)E]Rzlw(x)(w2+V(w7€))=T} Vg (0 (@)@ + V(2 £)))|

Combining this with (5.11), one has

CO(T)

1 s
L t(n)000) / - |
2 {(@.6)€R?| 224V (2,6)=r} [Va,e(@? +V(2,6))|

Let us denote by p;(h),j = 1,...,mq the eigenvalues of P(h) in (A — o, A 4+ ¢). Then
there exists a positive constant g such that O<min |7 — pi(h)| > eo(r) for all T €
SJxmo

R\ (A — 0, A+ o). From the spectral theorem and Theorem 3.1, we have

0(%) = t(f(P() = 3 £y ()

Since F710 € S(R) (F~! is the classical inverse Fourier transformation), we get, for
all N > 1,

tr(J(P()F, o — P(1))) = Z f(uj(h))%]-‘—le(%j(h))
(5.14) = ()N
=o(3m )mm |

=o(r "),
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uniformly in 7 € R\ (A= 0, \+0). Therefore, it results from (4.51), (5.13) and (5.14)
that, uniformly in 7 € R,

tr(f(P(h))]-"h_l@(Tf ) iq )b~ 1+O(hM/<> )
j=0

This ends the proof of Theorem 3.2.

6. Proof of Theorem 3.3. In this section, we give the proof of Theorem 3.3
which is based on Theorems 3.1, 3.2 and some Tauberian arguments.
Let o be given in (5.12). Choosing f; € C§°((—oo, A — ¢/2);[0,1]) and f2 €
C((A — o, A + 0);]0,1]) such that f; + fo = 1 on [-M,\ + o/2], where M >
sup |V (z,y)|. Let po(h) < pi(h) < ... be the eigenvalues of P(h) in (—o0,0).
(z,y)ER?
Then,

6.1)  NaN) = > (it L)) =D filui(m)+ D falpi(h)

g (h)<AX wj (h) iy (M) <A

It follows from Theorem 3.1 that

©2) Y Al() = 6 P0) = 5 [[ A6+ Vi )dzdy + OQ)

w5 (h)

Set

(6.3) M(r,h)= Y falu;(h)

mj(h)<T

Replacing 6 by 6 x 0 if necessary, for C' > 0 large enough, we can choose a function
0eCe((—3, %) R) such that:
e 4(0
o F~ 19 > O on R,
o F7 19> ¢y on [—&1,¢€1] for some small constants £¢, 1.
Since M (7, h) is monotone with respect to 7, we use the Tauberian arguments
(see [28, Theorem V-13]) to obtain the following result:

\_/

ProposITION 6.1. Uniformly in h small and A € R one has
A ~ ~
(6.4) M\ R) = / ( fa P F; 00— B() )dr + O,
where 0 is constructed as above.

Applying Proposition 6.1 and Theorem 3.2, we get

(6.5) M\ ) =h~! /A Co(r)dr + O(1),

where

66/0 ydr = /A —f() / dS
' Ao 21 ((e)er?| 224V (ay)=r} [Vay(@® +V(z,9)
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The condition (5.12) allows us to apply the coarea formula (see, e.g., [28, Lemma
V-9])

ds-
fQ(T)/ 2
{(@,9)eR?| 224V (z,y)=r} | Va,y(T? + V(2,9))]

= 87(// fa(z? + V(x, y))dacdy)7 Vr e (A—oa,A).
{(@,y)eR?| z2+V (z,y) <7}

Thus,

A
1
/ Co(rT)dr = — // fg(ac2 + V(z,y))dzdy.
—o0 27 J J{(2.)eR?| a2 +V (@) <A}

Finally, one obtains from (6.2), (6.3) and (6.5)

=) (1 £2)(a + V(. )dody + O1)
g {(@,y)€R?| 22+ V (z,y) <A}

- / / dedy + O(1).
21h J ) (@ yer?) a2 v @<y

Theorem 3.3 is now proved.

Ni(N)

A. Appendix. Let a € S°(m,R*). Suppose that x : R* — R?* is a linear
canonical transformation. According to [12, Theorem Ay, Chapter 7], there exists an
associated unitary operator U,; such that U_1a*U, = (a o k)¥.

As mentioned in the last of section 3, we construct some linear canonical transfor-
mations to prove the unitary equivalence of P(b,w) = (D, — by)? + DZ — V% 4+ w? +
w?a2? + V(z,y) and P(a) = a(D2 + ) — o + 2% + Vw( Dy + -=x,9D, + bo‘?y)

Let p(x,y,6,m) = (€ — by)? +n? — a + w?2? + V(:E y) Wthh is the symbol of

P(b,w), we construct the following linear canonical transformations kg, k1, K2:
The first one is

1 1
Ro : (Zayafan) = (1’+ gﬂver 5575,77)

Then the new symbol is given by p1(z,v,£,m) = po ko(z,y,&,n) = (by)? +1? — a +
W @ +gn)? + V(@ + gy + 5.
The second one is given by

w?b w?b
ke (@,y,6m) = (2,9, =~y — —5-x).
The new Symb01 is pQ(Zayafan) =p1o ’il(xayagan) = (by)2 + %22772 —a+ %lﬁ +
2 2
V(&x+ 31, &2y + 36).

The last one is constructed as follows

a Ja wh b
K2 ! (Iay7§an) = (EI, Tya 367 ﬁn)v
then the new symbol is p(x,y, &,n) = peoka(z,y,&, 1) = a(n? )fa+x2+V(L77+
by L€+ bo‘t/fy). Therefore, P(b,w) = p“(z,y, Dy, D,) is unitarily equivalent to
P(a) = p*(z,y, Dz, Dy).
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