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FROM PERIODIC TRAVELLING WAVES TO SOLITONS OF A 2D
WATER WAVE SYSTEM*

JOSE R. QUINTERO'

Abstract. We use a variational approach to establish the existence of z-periodic travelling
waves and its interrelation with solitons for a 2D water wave system for three-dimensional water
wave dynamics in the weakly nonlinear long-wave regime. As common in many 1D water wave
models, we show that a special sequence of the z-periodic 2D travelling wave solutions parametrized
by the period k is uniformly bounded in norm and converges to a soliton in R? (solitary wave of
finite energy) in an appropriate sense, indicating that the shape of z-periodic 2D travelling waves of
period k and solitons are almost the same, as the period k is big enough.
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1. Introduction. J. Quintero in [1] showed that the evolution of three dimen-
sional long water waves with small amplitude can be reduced to studying solutions of
the 2D Boussinesq type system,

ne+ €V - (n (P2, 90)) + AD — £A2Q =0,

(1.1)
O+ —p(o—3)An+ S5 (BT + @) =0,

where ¢ is the amplitude parameter (nonlinearity coefficient), u = (ho/L)? is the
long-wave parameter (dispersion coefficient), o~! is the Bond number (associated
with the surface tension), and p = 1. The variable ® is the rescale nondimensional
velocity potential on the bottom z = 0, and the variable 7 is the rescaled free surface
elevation (see [1]). For 0 < |¢| < 1 and ¢ > %, J. Quintero proved existence of solitons
and also showed that in an appropriate scaling there are sequences of solitons that
converge as €, u — 0 to a soliton (after a translation) of the generalized Kadomtsev-
Petviashivili equation (GKP-I) equation, meaning that this system has physically
meaningful solitons (see [1]). On the other hand, J. Quintero proved the well possed-
ness for the Cauchy problem and for 0 < |¢| < 1 and o > % orbital stability of solitons
(see [3]).

The Boussinesq system considered in this paper has a close relationship with the
generalized Benney-Luke equation and the generalized Kadomtsev-Petviashivili in
the sense that the later models can be derived from the Boussinesq type system (1.1).
Regarding the generalized Kadomtsev-Petviashivili and the Benney-Luke model, A.
Pankov and K. Pfliiger in [2] and J. Quintero in [4] analyzed the limit behavior of
such z-periodic travelling solutions as the period k goes to +oo, proving, as done
for some 1D model (see [13], [14], [15] ), that the shape of the z-periodic travelling
waves (ground states) of period k and solitary ground states are almost the same
provided that the period is big enough, respectively. It is worth to mention that the
Boussinesq system (1.1) is contained in a more general class of systems known as of
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Bona-Chen-Saut systems of the form

n+V-V+e(V-(nV)+eAV -V —dAn,) =0,
(1.2)
Vi + Vi +e(3VIV]2+aAVy — dAV;) =0,

where a+b+e+d= % — o0 with a,e < 0 and b,d > 0, in the case of non zero surface
tension (see [6], [7], [8], [10])). f weset p=1,e=p,a=—§, e=5—0,b=d=0
and take V = V®, we see that the first two equations of the (1.2) system corresponds
to the Boussinesq system considered in this work. J. Bona et. al. in [8] established
rigorous convergence results in order to show that complete free-surface solutions for
the Euler equations tend to associated solutions of these systems as the amplitude
becomes small and the wavelength large, providing also a rigorous justification for
many 2D water wave systems. In the one dimensional case, Chen et. al. in [11] and
[12] established existence and orbital stability of travelling solutions for the Boussinesq
system (1.2) for 0 > 1, b =d > 0 and ae = d? in [11], and existence of travelling
solutions (1.2) for ¢ > 1, b =d > 0 in [12]. An interesting review in the case of
existence of periodic 2D travelling waves for the full Euler equations (doubly periodic
or periodic in one direction) appears in the work of M. Groves [9].

In this paper, we consider the existence of non trivial z-periodic travelling wave
of period k > 0 for the Boussinesq type system (1.1) for wave speed 0 < |¢| < 1 and
o> %, and also analyze the interrelation for the sequence of z-periodic travelling waves
of period k with solitons for this system, as k — co. We note that the assumption on
o are consistent with those used for the Boussinesq type system (1.2), where a = —%,
e=%—0<0,b=al=07 anda+b+e+d=%—o<0.

The paper is organized as follows: In section 2. fore >0, u > 0,0 > % and 0 < |¢] < 1,
we prove the existence of a xz-periodic travelling of weak solutions of period k for the
Boussinesq type system (1.1). Periodic travelling waves correspond to critical points
of the action functional J x, for which the existence of critical points U}, follows as
a consequence of the Mountain Pass Theorem without the Palais-Smale condition.
We also establish some local embedding results from the space of weak z-periodic
travelling solutions (denoted by Xj) to a L} (z-periodic of period k) type space and
the corresponding local embedding result from the space of weak travelling solutions
(denoted by X) to a LY(R?) type space. In order to achieve this goal, we build an
extension operator Ej, from the space of k periodic functions X to the soliton space
X. One of the main ingredient to establish the existence of periodic travelling waves
is to characterized “vanishing” sequences in X and X. We establish uniform bounds
for Mountain Pass minimax value Ji(c) with respect to the period k. In section
3. from results in Section 2, weak z-periodic travelling waves solution of period k
(denoted by Uy) of the generalized Boussinesq system for k > 1 are characterized as a
minimizer of the minimax value Ji(c). We see that after an appropriate translation,
there is a convergent subsequence in X of the extended sequence {Ey(Uy)}r, whose
limit Uy is a non trivial critical point of the functional J., with the property of being
a weak solution of the Boussinesq system and a minimizer for J. (a soliton or a
ground state) for the Boussinesq system (1.1). Finally, we establish the interrelation
between z-periodic weak travelling wave solutions (ground states) of period &k and
weak travelling wave solutions (solitons). In particular, we show that for a sequence
(Uk)k of k-periodic travelling waves solutions of the Boussinesq type system (1.1) with
Uy € X, that there is a non trivial soliton Uy € X of the Boussinesq type system (1.1),
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and there is a sequence (, € R?, we have that

lim [|Uy, — Uo(- — Ce) [, — 0
k—oo

2. Periodic travelling waves for 0 < |¢| < 1 and o > % In this section for
fixed k > 0, we will establish the existence of a z-periodic travelling of period k for the
Boussinesq type system (1.1) for fixed positive values of the parameters ¢ and p, for
non dimensional speed 0 < |¢|] < 1, and for the surface tension coefficient in the range
o> % We will see that periodic travelling waves are characterized as critical points
of some functional (action), for which the existence of critical follows as a consequence
of the Mountain Pass Theorem without the Palais-Smale condition and the existence
of the local compactness property Lemma (2.3) (a local compact embedding result).
Note that the parameters € and p can be scale from the equations when searching for
travelling waves solutions. In fact, we look for travelling waves of the form

(23) nlz,y,t) = (ﬁ) u (%ﬂct \%) , D(z,y,t) = (%) v (;”\;;t, %) ,

In other words, travelling-wave profile (u,v) should satisfy the system

(2.4) ( Av—fA2v+V (w(vE,vb)) — cug >: (0)'

u— (o — —)Au + m (0BT + oty — v 0

In order to determine the appropriate space to look for travelling waves, we find that
the energy functional € associated with this system is given by

E(u,v) = 1 |Vv|2+u2+1|Av|2+ o— =
2 Jo, 6

where Q = [—%, g} x R. So, the energy functional € is well defined if u, ug, uy, vz,

Vy, Vzz, Vzy, Uyy belong to the space Li(R?), where

1 u (V8! +v”“)] dydz,

L{(R?) = ={f: R®> = R: f € LY(Qy) and z-periodic of period k}, ||u||LZ(R2) = |lullzaco,)-

In inequalities below, C' denotes a generic constant whose value may change from

instance to instance. Hereafter p = z—; with p; being odd positive integer and

ng(pl,pQ) =1.

2.1. Preliminaries. We define the natural spaces in order to look at z-periodic
weak solution period k for the equation (2.4).

DEFINITION 2.1. Let C5.(R?) be the space of smooth functions which are x-

per
periodic with period k and have compact support in y and define

Y = {¢lo. 1 ¢ € Cpe (R}
Let Vi, denote the closure of Y, with respect to the norm given by
o1 = [ (62 + 6+ 62, + 202, + 63, dyds
k
= ||3z¢||§11(Q,€) + ||3y¢||§11(Qk)-
Note that (Vg, [.[[v)) is a Hilbert space with inner product

(u, U) = (Opu, Oy U)Hl(Rz) + (8 u, O U)Hl (R2)>
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where H}(R?) is the Hilbert space of functions u € L?(R?) such that u,, u, € L} (R?).
The space H}(R?) has the inner product given by

(0, 9)m1 (r2) = (0, 9)r2(Qu) + (020, 0:0)12(Qu) + (Oy, yP) 12(q1)-

In the case of solitons, the appropriate space, denoted by V, is defined as the closure
of C§°(R?) with respect to the norm

6y = [ 62+ 63 + 62+ 208, + 63, dy o
= (102911 F1 2y + 10y 8l 1 2

Embedding. Before we go further, we will establish a basic local embedding
defined on H}(R?) x Vj, which depends on the existence of an extension operator
from H}(R?) x Vi, to H*(R?) x V. This type of extension was proved by J. Quintero
for the Benney-Luke equation in [4] (see also A. Pankov and K. Pfliiger in [2] for the
(GKP) case). For ¢ > 2 and @ C R? and define the Banach space

MDQ): (G @ T 1614 = 19:61%, ) + 19461%0 -

Hereafter, we will use the following notation: X = H'(R?) x V, X, = H}(R?) x Vy,
and for Q C R?,

1612y = /{D2 (62 4 62+ 62, + 262, + &2, dyde.

Then we have the following embedding result

LEMMA 2.1. (J. Quintero [4]) For q > 2, we have that
1. The embeddings H*(R?) < L4(R?) and V — M@ (R?) are continuous,

2. The embeddings H'(R?) — L (R?) and V — Ml(gz (R?) are compact.
3. The embedding X — LI (R2) x M\

loc loc

where f € L] (R?), if f € L4(D) for any compact ball D € R2. Clearly, f € MDD, if

loc loc?
fus fy € LI, (R?).
In the case of the space X we have a similar result. To do this, we require the use of
a cut-off operator to extend any function in Vj to a function in V. Let x be a C°(R)
cut-off function satisfying

(R?%) is compact,

x(s) =1, [s] <k/2,
X(5) =0, [s] = (k+1)/2,
X,aX” S C(0

A. Pankov and J. Plugger considered in [2] the cut-off operator
(o)) =02 [\)z kot )] orivte) = [ wtrg)ar

Using this operator, it is possible to establish an extension operator Fj from Xj to
X.
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LEMMA 2.2.
1. Let Sk be the operator defined on Vi by

x

Sew = 9 [Pe(@u)], O w(ayy) / w(r,y) dr.

— 0o

Then Sy is a uniformly bounded (with respect k) linear operator from Vy, into
V, and Sk|g,u = u.

2. Let Fy be the operator defined on H),,.(R?) by Fy(u) = x(x)u(x,y). Then
Fy. is a uniformly bounded (with respect k) linear operator from H}(R?) into
H'(R?), and Fy|g,u = u.

3. By, = (Fx,Sk) defines a uniformly bounded (with respect k) linear operator
from Xy, into X such that Ei|q, U =U.

The first part was proved by J. Quintero in [4]. The second one is straightforward.
From this result and Lemma (2.1) we obtain the corresponding embedding in V.

LEMMA 2.3. (J. Quintero [4]) For q > 2, we have that
1. The embedding Vi, — ML(Qyg) is continuous with the embedding constants
being uniformly bounded with respect to k and the embedding Vi, — M}, .(Qk)

18 compact.
2. The embedding Xy, — L1(Qr)xMI(Qy) is continuous with the constants being
uniformly bounded with respect to k and the embedding Xy — Lj (Qk) X

Ml(gz (Qr) is compact.

2.2. Existence of z-periodic travelling waves. The result is a consequence
of a variational approach applied to a suitable minimax, since solutions (u,v) of (2.4)
are critical points of the functional J. j given by

Jek = Te(u,v) + G1 k. (u, v) + Ga i (u,v) = g (u, v) + Ga k(u, v),

where the functionals Ji, G, and Ga ), are defined on the space X;, by

1 1
Ji(u,v) = / <u2 + <O’ - > |Vu|? + |Vo|? + |Av|2) dy dz,
Qn 2 6

G1,x(u,v) = —20/ uv, dy dx

k

2

— u (VP 4 0P dy da.
p+1 Qk ’ Y

Goi(u,v) =

First we have that Jx, G1 ¢, G2k, Je . € C?(Xy, R) and its derivatives in (u,v) in the
direction of (U, V) are given by

(T (u,0), (U, V) = 2/ (uU + (U - %) Vu-VU+Vo-VV + %AvAV) dx dy
k

Q
< /1,c(ua U)a (Ua V)> = _2C/ (UVI + ’UIU) dzx dy
Qk
2
(G (u, ), (U, V) = —— (W + 0l U + (p+ 1)u (0BV, + 08 V,)] da dy.

p+1 o
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As a consequence of this we conclude that

/ _ o (u— (0= 3)Au+ o (B +obth) —cv,
e =2 (" LA TR i L

meaning that critical points of the functional J. j satisfy the travelling wave equation
(2.4). Hereafter, we will say that weak solutions for (2.4) are critical points of the
functional J; . In particular, we have that

<Jé7k(u, v), (u,v)> = 2T (u,v) + 2G1 (v, v) + (p + 2)G2 1 (u, v)
(2.5) = 2J. k(u,v) + pGa i (u,v).

Thus on any critical point (u,v), we have that

(2.6) Jek(u,v) = (m> Yk (u,v),
(2.7) Jex(u,v) = — (g) Ga . (u,v),
(2.8) Yr(u,v) = — (]%2) Ga i (u,v).

One can see easily that the functionales G , and Ga i are well-defined on Xj. Note
that u,v,,v, € HYQr) C LI(Qy) for all ¢ > 2, therefore by applying Young’s
inequality to the second members of G1 i (u,v) and G (u,v) we obtain that

(2.9) |G1,e(u, )] < e /Q {u? + |va]?} dxdy < |e]]|(u,v)]1%,
k

and,

(2.10) |Ga,1o(u,0)| < C1(p)|(u, 0) |52

Now, for ¢ > 1/2 and 0 < |c| < 1 we have from inequality (2.9) that there are some
positive constants C1 (o, ¢) < Ca(0, ¢) such that

1 1
Ye(u,v) = / <u2 + (a’ — 5) |Vaul® + |[Vo|]* + 6|Av|2> dy dz + G1,x(u,v)
Qr

1 1
< [ @bt (o= 5 ) IVul (el + o+ glaol | asay
Qk
< Ca(0,0)|(u, )|,
In a similar fashion, we have that

Ye(u,v) = / <u2 + (a’ — %) |Vaul® + |[Vo|]* + %|Av|2> dy dz + G1,x(u,v)
Qr

1 1
> [ =t (o= 5 ) IVl + (= leioe + o+ ol | asay
Qr
> Ci(o,0)|(u, )%,
In other words, we have shown for ¢ > 1/2 and 0 < |¢| < 1 that

(2.11) Ci(o, 0)ll(u, )%, < Zi(u,v) < Ca(o,0)(u, )%,
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Our approach to show the existence of a non trivial critical point for J. is to
use the Mountain Pass Lemma without the Palais-Smale condition (see Willem ( [16],
Theorem 2.8), Ambrosetti et al. [17]) to build a Palais-Smale sequence for J. j for a
minimax value and use a local embedding result to obtain a critical point for J. j as
a weak limit of such Palais-Smale sequence.

THEOREM 2.4. Let X be a Hilbert space, o € C*(X,R), e € X and r > 0 such
that |le||x > r and

b= inf p(u) > p(0) > ple).

llullx=r
Then, given n € N, there is u, € X such that
(PS) o(up) = d, and ¢'(up) =0 in X/,
where

d = inf Jnax, e(y(t)), and T'={y € C([0,1],X):~7(0) =0, ~(1)=e}.

Before we go further, we establish an important result for our analysis, which is
related the characterization of “vanishing” sequences in Xj. Define the density g; on
X5 as

(2.12) 01(u,v) = u® + |Vo|?
and for 7 > 0 and ¢ € R define the rectangle

k k

Ry k(Q) = [—575] x[C=r 4l

THEOREM 2.5. Let ¢ > 2. If (un, vn)n 8 a bounded sequence in Xy and there is
a positive constant r > 0 such that

(2.13) lim sup / 01(tn,vp)dydz | =0,
n—oo CGR Rr,k(c)

then we have that

A ffoalle @iy = im flunllzoqu) = 0-

Proof. First suppose that (w,,), is a bounded sequence in H'(Qj) and assume
there is a positive constant r» > 0 such that

(2.14) lim sup/ w? dy dx = 0.
Ry 1 (€)

n—oo CER

We will see that lim, oo [|wnl[za(g,) = 0. In fact, let (w,), be a bounded sequence
in H'(Qy) satisfying the limit (2.14). Then, from the Hélder inequality and the
embedding Lemma (2.1) we have for ¢ > 2 that

||wn||qu(RT,k(C)) < ”wn”Lz(Rr,k(C))HwnH%;(lq—l)(RT,k(c)) < ”wn”Lz(Rr,k(C)))HwnH?{_ll(Qk)
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Covering @ by a countable number of rectangles such that every point in @y is
contained in at most 3 rectangles R, ;((), we obtain that

-1
”w"”%%(;)w <3 ilelllg ||wn||L2(Rr,k(C)) HwnH%(l(Qk)-

We conclude using the hypothesis and that (wy,), is a bounded sequence in H(Qy)
that

Jm {lwnllzeu) = 0-

Now suppose that (uy,v,) € Xy satisfies (2.13), then uy,, dyvp, Oyv, € HY(Qg). If wy,
is defined as either w,,, 0, v, or v, we see that w, satisfies in each case the condition
(2.14). By previous observation, we conclude for ¢ > 2 that lim, ||w,| rs(q,) = 0. In
other words, we have for ¢ > 2 that,

i fJunflze@u) = M flon v @i = 0-

d

Now, we want to verify the Mountain Pass Theorem hypotheses given in Theorem
(2.4) and to build a Palais-Smale sequence for J, j.

LEMMA 2.6. Let 0 <|c| <1 and o > 1/2,
1. there exists p > 0 small enough such that b(c) == infy,y,. —p Jek(2) > 0.
2. there is e € Xy with ||e||x, > p such that J. x(e) <O0.
3. If d(c) is defined as

dle) = inf max Jox(y(8). T = {7 € C(0.1.%0)] 7(0) = 0. 7(1) =},

then d(c) > b(c) and there is a sequence (Up)n € Xj such that

Jc,k:(Un) — d7 é)k(U’ﬂ) — 0 n DC;C

Proof. From inequalities (2.9), (2.10), and (2.11), we have for any (u,v) € X
that

Jen(u,v) 2 Ci(0,¢) | (u, 0)|IF, — Cr(p)ll(, v) 15}
> (Ci(0,0) = CL@)lI(w, )%, ) Il (w, )%, -

Then for p > 0 small enough such that
(2.15) Ci(o,¢) = Ci(p)p” > 0,
we conclude for ||(u,v)||x, = p that
Jer(u,0) > (Ci(o,¢) = Ci(p)pP) p* := 6 > 0.
In particular, we also have that

(2.16) b(c) = inf J.r(z) >6>0.

llzllxc, =p
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Now, it is not hard to prove that there exist ug, vg € C§°(Qy) such that Ga (ug, vo) <
0. Then for any t € R we have that

Jc7k(tuO, tvo) = t2jk(u0, Uo) + t2G1)c(u0, ’Uo) + tp+2G27k;(u0, ’UQ)
= ¢2 [Jk(uo, 1)0) + GI,C(UJO; 1)0) + thgyk(uO, vo)] .
As a consequence of this, we have that

lim J.  (tuo, tvg) = —00,
t—o0

and so, there is tg > 0 such that e = to(ug,vo) € Xy, satisfies that to||(uo,v0)|x, =
llellx, > p and that J(e) < J(0) = 0. The third part follows by applying Theorem
(2.4). O

THEOREM 2.7. For 0 < |¢|] < 1, 0 > 1/2 and k > 0, problem (2.4) has a
nontrivial solution in Xy,.

Proof. Let (un,v,) € Xk be the sequence given by previous Lemma. First note
that d(c) > b(c) > § from (2.16). Using the definition of J; ; and (2.5) we have that

+2 1
Ek(unavn) = (pT> Jc,k(unuvn) - 5 <Jé1k(unavn)7 (unavn)> .

But from (2.11) we conclude for n large enough that

p+2

cmmmm%%masza%mmg( ;

)w@+u+m%mnuw

Then we have shown that (uy,,v,), is a bounded sequence in X;. We claim that

n—oo CER

0 = lim sup/ 01 (U, vp) dzdy > 0.
Ry 1(C)

If we suppose that

lim sup/ 01(Un,vy) dzdy = 0.
Ry x(¢)

n—oo CER

Then from Theorem (2.5) we conclude for ¢ > 2 that

A {[unflze@u =0, Hm flonlyca @i = 0.

Now, we have from (2.16) and (2.10) that

0 <6< d(c) = Joi(ttn, vn) — % (T 1ty 0n), (tmy 0)) + 0(1)

b
2

< C) [lunlaigp) + 10alBia g, + o)
< o(1),

GQ,k(Una Un) + 0(1)
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but this is a contradiction. Thus, there is a subsequence of (uy, v, )n, denoted the
same, and a sequence (, € R

6*
/ Ql(unuvn)dxdy > —.
R1t(Cn) 2

Now we define the sequence

(ﬂ‘na 17n)(<1, CQ) = (unvvn)(clv G+ Cn)

For this sequence we also have that
| (@ns Do)l = [[(wn, vn)llxys ek (ln, On) — d, Jé,k(ﬂm{)n) —0 in X'

So, we also have the existence of a subsequence of (@y,, Up,)n, denoted the same, and
some (u,v) € Xj, we have that

(Un, Tn) = (u,v), asn — oo (weakly in Xy).

From Lemma (2.3), we have the embedding X — L} (Qg) X Mfgg(@k) is locally

loc
compact for ¢ > 2. Then the weakly convergent sequence (iy,, Uy, ), in Xi has a subse-

quence (denoted the same) than converges strongly to (u,v)in L} (Qr) % M;Zg(@k)
On the other hand, for ¢ = 2 and using inequality (2.11), we have that

*

. . )
Ca(o,¢)|(u,v)|, > / o1(u,v) drdy = lim 01(iin, 50) dady > 5.
R1,1(0) =% J Ry 1(0)

So, form previous fact we conclude that (u,v) # 0. Moreover, if Z = (U, V) € (C§°)?,
then for K = suppZ we have that

<3§€(u7v)7Z> = Q/K <uU—|— (a’ — %) Vu-VU + Vv -VV 4+ %AvAV) dz dy

=2 lim (ﬂnU + <0 — %) Vi, - VU 4+ Vi, - VV 4 éAfDnAV> dx dy
K

n— o0

= lim (J4(tin,on), Z)

n—oo
(Ghx(u,v), Z)y = —20/ (uVe + v.U) dedy = —2¢ le (inVz + (On)U) dxdy
= lim <G'/1,k(’1]7“1~1n)7Z>.
n—oo

Now noting that the sequences ((9;0,,)P™") ~and (i, (9;0,)P),, are bounded in L*(Q),
then (taking a subsequence, if necessary), we have that

(8i'[)n>p+1 - (aiv)erl and ﬂn(azﬁn)p - u(aﬂ))p in L2(Qk>
As a consequence of this, we have that
/K ((Bn)2T! + (0p)2™) U d dy — /K (vt + 0P U dw dy,

/ U, ((6n)gvx + (f)n)gVy) drdy — / i (va’VgC + vﬁVy) dx dy.
K K
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In other words, we have shown that
<G’2)k(u, v), (U, V)> = nhﬁrr;o <G’2)k(&n,f}n), Z> ,
and also that
(e

C

), Z) = lim (J (@, 5,), Z) = 0.

n—oo

Let Z € X. By density, there is Zj € (C§°)? such that Z — Z in Xi. Then

’<Jé1k(u,v),Z>’ < ’< éﬁk(u,v),Z — Zk>} + }<Jé1k(u,v),Zk>’
< ek (w0 12 = Ziclle, + [(Te i (u,0), Zi)| -

Thus we have already established that J!, (u,v) = 0. In other words, (u,v) is a
nontrivial solution for problem (2.4). O

Now, we present a variational characterization of the critical value d(c). To do
so, we want to characterize z-periodic travelling waves solutions of (2.4) through a
minimization problem. We must note that critical points U € Xj, for J. satisfies
that J. . (U)(V) = 0 for any V' € Xy. So, we need to look for critical point in the
Nehari manifold defined by

Nep ={U € Xy, : Ap(U) =0},
where
Ap(U) = J. 1, (U)(U) =25, (U) + (p + 2)G2,, (V).
Our interest for k£ > 0 is to establish the existence of Uy € N, i, such that
(2.17) Jex(Uo) = nf{J. k(U) : U € Ne i} := Jr(c).

One of the main ingredients is the variational characterization of Ji(c) and d(c) given
by the following result.

LEMMA 2.8. For 0 < |¢| < 1 and o > %, we have that

2% pt+2
a(e) = 8i(c) = (7]9) T(e)"
(p+2)7
where Ji(c) and Ti(c) are defined as

J(c) = inf { <p$) Se(U) s Ap(U) =0, U # 0}
Tk(c) = 1nf{2k(U) : GQ(U) =1, Ue DCk}

Moreover, we have that
(2.18) Jr(c) = inf { <p_%) Se(U) : Ap(U) <0, U # 0} .

Proof. We first note that from Theorem (2.7), we have that d(c) is a critical
value and that there is in X; a non trivial critical point for J.j;, meaning that
{U € Xj, : A,(U) = 0} is not an empty set. Moreover , we also have that

Ju(c) = inf {J.1(U) : Ax(U) = 0, U # 0} < d(c).
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Now, from (2.11) we show that Jj exists and is positive. Now we will establish that
o2
» p+2
Jr(c) = <7pw> Ti(e) .
(p+2)
Let U € X \ {0} be such that Ag(U) = 0. Then we have that G2 ,(U) < 0 and
+2 +2 +2
2u@) == (*52) Gast0) = (737 tGan@)] = (P12 sai)
1

Now we consider W = (é) s Thus, by definition we have that

G2,k (U)
Ti(e) < Sp(W) = |G2,:(U)|> s S (U)
< <p;2) (2075
()T () () e

meaning that

<(2Ppp+2> Ti(0) % < o).

Now, suppose that U # 0 is such that G2 ;(U) = 1. Now, for a # 0 we have that
Ay(aU) = a® (28, (U) + (p +2)aP Ga 1, (U)) -

So, taking a such 2X5(U) + (p + 2)aP G (U) = 0, we have that Ag(aU) = 0. In this
case, we have that
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and so
(%) Tr(0) 5 = gu(c) < d(c).
(p+2)»

Finally, we will see that d(c¢) < Ji(c). From Lemma (2.6), we have the existence of
e € Xy, such that J.(e) < 0. Moreover, G2 i(e) < 0. Now, we can choose ¢y > 0 such
that G2 ,(—toe) = 1. In fact, this follows by noting that p = z—; with p; and py being
odd positive integers, and that Gy j(—tge) = —th °Ga(e) = 1, which means that
to = (—Gzﬁk(e))_ﬁ > 0. Now, we define a continuous function 7o : [0,1] — X as
Yo(t) = —%U, where U = —tge. Note that 7(0) = 0 and (1) = e. By the definition
of d(c), we conclude that

d(c) < Jer(0(t)) < Jor(=sU) = ,
(C)_tgl[% & (0( ))—s?ﬂo?fo) #(=sU) sén[(j‘?fo)g(s)

where g(s) = 2 (u,v) — sPT2. A simple computation shows that g has a unique

critical point sg satisfying
2
sh=—— | Zx(U).
1= (25) )

Moreover,

sg[lo%fo)g(s) = 9(s0) = 55(Z(U) = s7) = <(2ppp+2> (Sh(0) 7

Then we have shown that

(2.19) d(c) < (2—]9) (Se(U) 5
(p+2) 7

On the other hand, it is not difficult to prove that d(c) is independent of e. Let
Uy € X be such that G2 ;(U1) = 1. Then we know that

Jex(—tUy) = 12 [Sx(Uy) — tPGa 1 (U1)] = —00, ast — oo.

This guarantees the existence of Uy = —t1e; € X, with e; satisfying the requirements
of Lemma (2.6). Using this fact and (2.19), we conclude that

d(c) < (%) (S(U)
(p+2)7

This implies that

and so,
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We will prove the last part. Let U # 0 in X}, be such that Ay (U) < 0. Then, we have
that G2 ,(U) < 0. Define a € [0,1) by

O‘p:‘(piz) ((;Ek%)

Then a direct computation shows that Ag(aU) = 0. So, we conclude that

042]9

p+2

Se(U) < L5 (0).

inf{Ji(U) : Ax(U) =0} < Jep(aU) = p+2

Thus we obtain the first inequality,

inf{Jk(U):Ak(U)_O}ginf{(]%> Se(U) : Ax(U) <0, U;AO}.

Now take U € Xj, such that A(U) = 0. Then J,(U) = (ﬁ) Yr(U). As a conse-

quence of this,
inf {Jo(U) : Ax(U) = 0} > inf { (%) Se(U): AR(U) <0, U+ 0} .
p
Thus we obtain the conclusion. O

Now, we will see how a compactness property is used to prove the existence of a
minimizer for Ji(c). We set the density

1 1
o(u,v) = u® + (0 - 5) |Vul|? + |Vo|? + 6|A’U|2 — 2cuvg,

(2.20) = (u—cvg)* + (0 - %) |Vau|? + (1 — )2 + ’US + é|Av|2.

LEMMA 2.9. Let {U,}n be a minimizing sequence for Ji(c). If there exists a
sequence of points ¢, € R such that for any € > 0 there exists | > 0 such that

(2.21) <p) / o(Up)dzdy > Ji(c) —e, forallneN
p+2 R,k (Cn)

then, there exists a subsequence of {Upn}n (denoted the same) and a minimizer Up i

for 3x(c) such that the translated sequence U,, = U, (- + (0,¢,)) converges strongly to
UO,k m Xk.

Proof. Note that any {Up,}, minimizing sequence for Ji(c) is bounded in Xy.
Define the shifted sequence U, (¢) = U,(¢ + (0,¢,)). Then {U,}, is also a bounded
minimizing for Ji(c) in Xj. Thus there exists Uy = (uk,vr) € Xk and a subse-

quence of U, (denoted the same) that converges to Uy weakly in X, and strongly in
L (Qr) x ML _(Qr) for ¢ > 2 . We also have that,

Ae(Un) = Ap(Up) =0, Jer(Upn) = Jor(Up) = Jilc), and

p+2

(2.22) (L> /RM(O) o(U,) ddy > 31 (c) — €.
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Now for w,, = t,, or w, = 0;0,, we can take [ > 0 such that for n sufficiently large

/ |wn|2dxdy2/ |wn|2d3:dy—E
R,k (0) Qk 2

where U,, = (tin,Up). Since we have that the local embedding X C L} (Qg) X

loc
M{ (Q) is compact for ¢ > 2, then we have strong convergence of w, to wy in

L?(Qy), where wy, = ug, or wy = O;vy. In fact,

/ |wk|2dxdy§1iminf/ |wy, | da dy

n—oo

:/ wp|? da dy + &
Ry 1 (0) 2

< / |w|? da dy + <
k

< liminf/ |w|? da dy + <
Rix(0) 2

2

Consequently,

/ |wg|? da dy = lirninf/ lw,,|? dz dy.
n—00
k Qr

Now, using that (@, @y, )y is bounded in Xy C L4(Qk) x M%4(Qk), that @, — ug and
that 9;0,, — d;vr in L?(Qy) for i = 1,2, we conclude that

/ (Up, — ug)(0; (U, — vk))p'H dx dy = o(1), / (U, — ug) (O (0, — vg)) dx dy = o(1).

k k

In other words, for 7 = 1,2 we have that Gi)k(Un — Upx) = o(1). Moreover, a direct
computation shows that

Gik(Un —Ug) = Gix(Un) — Gix(Upg) + o(1).

But this implies that G; x(Upx) = limy—eo le(Un) On the other hand, from the
weak convergence on Xj gives us that

Sk (Un) = Sk (Un — Uo k) + Za(Uok) + o(1).
Since we have that

0= Ae(U,) = Au(Uo ) + 2 lim S5 (Un — Uo i),

we conclude that Ag(Upk) < 0. So, we have that Ji(c) < Jex(Uok) due to the
characterization of the J(c). Moreover, we have that

Jee(Uok) = Ji(c) = Jei(Un) + o(1)
=S (Un — Uo k) + Sk (Uo k) + Gai(Uo k) + o(1)
> Jex(Uo k) + o(1).

Note that this also proves that the subsequence (U,,), converges to Uy, in Xj, since
we already have that Ag(Up ) = 0. In fact, suppose that Ag(Up k) < 0. Then we can
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choose o € (0,1) such that Ax(alUp k) = o? (25, (Uo k) + o (p+ 2) G2 (Up k) = 0.
Thus we conclude that

Jr(c) < Jex(alp ) = a? (I%) e (Uok) < (Z%) Yk (Uo k) = Jr(c).

This finishes the proof of this Lemma, since Ji(c) = (ﬁ) X(Uo,k) and A (Up ) = 0,

meaning that Up j is a minimizer for Ji(c) = Jex(Uo k). O

Now we are in position to prove one of the main results in this sec-
tion. We will see that the strong convergence is a consequence of the Lions’s
Concentration-Compactness Principle ([5]) applied to the nonnegative measure pu, =

(#) o(Uy) dV, with density o defined by (2.20).

PROPOSITION 2.10. Let 0 < |¢| <1, 0> % and k > 1.

1. The family (Jr(c))k>1 is bounded below and above for positive constants in-
dependent of k.

2. If {Uyn}n be a minimizing sequence for Ji(c). Then there exist a sequence
of points ¢, € R and a a subsequence of {Up}n (denoted the same) and a
minimizer Uy i for 31.(c) such that the translated sequence U, = Uy (-+(0,¢,))
converges strongly to Uy, in Xy.

Proof. 1.- The first observation is that there are positive constants C; = C;(o, ¢)
for ¢ = 1,2 such that

(2.23) CilU|R, < Zk(U) < Co|U|%,, for any U € Xj.
Moreover, from (2.10) we have that
Gok(U)] < C(p)|IU|KE?,  for any U € Xg.

Let {Vi}r € Xk be a family such that J. (Vi) = Jr(c) with Ag(V;) = 0. Then we
have that,

2C 2
(Z95) 1k, = (525 ) 50 = G2 ()] < COITAIE

which implies that

20 2/p
Vill%, > (7> ;
Wl =G a0w)

and so for the first inequality we conclude that

Ir(c) = (Z%) S (Vi) > Cs(c, 0, p).

On the other hand, for k > 1 we can choose ¢ € (C§°(Q1))? having G2 1(¢) < 0.
Since, supp ¢ C @1 C Qk, we can define a periodic extension of ¢ as follows

(Pk(«f,y) = w(x,y), (Iay) € Q1,
@k(xvy) 0, (Iay) € Qk\Ql
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We can take o € R in such a way that e = aqpy, satisfies that ey, € Xy and Ag(e) = 0.
Then, this allows us to conclude that

Jr(c) < Jex(ex) = Ji(er) = My.
This means that there are positive constants Cy, Cs (independent of k) such that
(2.24) Cy < Ji(c) <Cs, forany k> 1.

In particular, this allows to shows that Ji(c) > 0 for any k > 1.

2.- Let k > 1 be fixed and suppose that {U,}, is a minimizing sequence for Ji(c).
Then we have that || U, ||x, is a bounded sequence from bound (2.23), that Ag(U,) =0
and

(2.25)  lim J.4x(Uy,) = lim <p) Sk (Up) = — lim (g)Gg,k(Un)zgk(c).

Using the variational characterization of Jj and the Concentration-Compactness Prin-
ciple by P. Lion in [5], we have that the sequence of measure (u,), satisfies either
Vanishing, Dichotomy or Compactness. Note that Lemma (2.5) implies that we do
not have Vanishing.
We now claim that Dichotomy is not possible. In fact, assume that for some A €
(0,Jx(c)) there are a sequence of positive number (r,,), tending to co and a sequence
(Cn)n C R with the following property: there are nonnegative measures pu), u2 such
that

L0 < g, + p < pas

2. Supp(ﬂ%) c an,k(Cn)v Supp(ﬂ%) - Qk \R2rn,k(Cn)7

3. timsup, e (1A= fo, dithl + (00(0) = X) = [, du2]) =0,
Take a fixed ¢ € C§°(R,R") such that supp(¢) C [—2,2] and ¢ = 1 in [—-1,1], and
define

bn(y) = ¢ (y — Cn) » An) = Rar, k(Co) \ Rry 6 (Cn)-

Tn

Due to the nature of the space Xy in the second component, we define the following
non-standard splitting of U,, = (up,v,):

U}L = UpPn, u% = un(l - ¢n)u ’Uyll = (Un - an)¢nu U721 = (Un - an)(l - (bn) + an,

where a,, is given by

),
Ay = ————— v, dx dy.
VOl(An) A(n)

As established in [4], we have the following properties for this non-standard splitting
of U,,
Se(Un) = Sk(UL) + 2k (U2) 4 o(1),
G2,6(Un) = G2,(Uy) + G (U7) + o(1),
Ak (Un) = A (U} + Ak (U2) + o(1).
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Let Ay = Ap(U}) and A\, 2 = Ax(U2). Suppose for example that lim \,; > 0.
n— oo
Then we have that lim A, > < 0. So, for n large enough we have that A, 2 < 0. Thus,
n—oo

we can define 0 < o, 2 < 1 as the solution of Ak(an,gUfl) = 0. In other words, a2 is
the solution of the equation

255(U2) + (p + 2)ad ,G2x(U2) = 0.
Then from previous observation, we have that

> / p(UY) AV + o 355 (0 2U2) + 6
RTn k(Cn)

2/ dpl dV + o (p+2>3k() s

Qk p

2/ dundV+<p+2)Jk(c)+6n.
& p

Taking limit as n — 0o, we obtain the contradiction
Je(c) > X+ Ti(c).

Now, we can assume for ¢ = 1,2 that hm )\n i = 0. So, without loss of generality, we
may take U, # 0 for n € N. As above for i = 1,2 we define

L 25(Uy)
(Pt 2)Gak(U))

meaning that A, (U!) = 0, and so
Se(Un) = a3 8k(a0 1 Up) + 0, 55005 5 UR) + 6y
+2
> (0% +a )(pp )Jm + 6.

Since lim «,; =1 for i = 1,2, then we reach the contradiction Ji(c) > 2Jx(c), after
n—oo

taking the corresponding limit. In other words, we have ruled out Dichotomy. So, we
have the Compactness property: there exists a sequence of points (,, € R such that
for any € > 0 there exists [ > 0 such that

)
— o(Uy)dxdy > Ji(c) — e, foralln e N.
<p+2 Ry, (Cn)

Thus, as a consequence of Lemma (2.9), we get the desired conclusion. O

3. Interrelation between z-periodic travelling waves of period k£ and
solitons. From Theorem (2.7) or Theorem (2.10) we know the existence weak pe-
riodic travelling waves solution Uy of the generalized Boussinesq system for &k > 1,
characterized as a minimizer for Ji(c) and also Uy, is a critical point of the functional
Je,. We will see, after an appropriate translation, that there is a convergent sub-
sequence in X of the extended sequence {EyUy}k, whose limit Uy is a critical point
of the functional J., with the property of being a weak solution of the Boussinesq
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system and a minimizer for J. (a soliton (ground state) for the Boussinesq system).
So, it is important in our analysis to recall that existence of solitary waves (solitions)
was done by J. Quintero [1]. We want to point out that the proof of this result used
the Mountain Pass Theorem. One of the main steps was to characterize the vanishing
sequences.

THEOREM 3.1. For0<c<1 and o > % , there exists a non trivial Uy € X such
that

2% pt2
Jo(Uo) = <7p;ﬂ»2> T(c) 7 =3(c),
(p+2)7
where J(c) and Y(c) are defined as

J(¢) = inf{J.(u) : A(U) =0, U € X\ {0}}, A(U) = (J'(U),U)
Y(e) = mnf{X(U) : Go(U) =1, U € X},

with J. =7+ G1 + G2, ¥ =7+ G1 and the functionals I, G1 and G2 are defined on
X by

1 1
I(u,v) = / <u2 + (O’ - 2> |Vul? + |Vol? + 6|Av|2) dy dx,
R2

G1(u,v) = —20/ uv, dy dx
R2
2

Go(u,v) = ——
2( ) p—|—1 R2

u (Pt + 05“) dy dz.

From the same arguments used for the periodic space Xj in (2.11), we have the
estimate

(3.26) Ci(o,0)|U]% < B(U) < Ca(o, ) U5
Moreover, for Q C R? we have a similar estimate
(3.27) C1(0,9)Ul%q) < E(U) < C2(0,0)|IU|I3(q):

where the integrals involved are taken on the set Q.
We observe that the key to establish the convergence of the sequence { Ex Uy} is to
prove the following result,

THEOREM 3.2. Let R, (C) be a closed square centered at the point ( € R? of side
r and let Uy = (uk,vr) € Xi be a sequence of x-periodic functions of period k such
that || Ugllx, < C. If there exists r > 0 such that

lim sup/ 01(Uk)dxdy | =0.
k— oo CER2 R (C)

Then, for any q > 2 we have that [|O;uk|lLeq,) — 0 and [Jvkllnw (g, — 0, for
i=1,2.

The proof of this results is similar to the proof of Theorem (2.5). From this result, we
are able to characterize the behavior of any bounded sequence {U} }, satisfying that
Je 1 (Uk) = 0.

THEOREM 3.3. Let Uy € Xy be a sequence of x-periodic functions of period k
such that ||Ux||x, < C and J; ;(Uy) = 0. then either
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1. limk_mo HU;Cka = 0, or
2. there are positive constants v, 1, and a sequence Cx € R? such that, along a
subsequence

lim / 01(Ug)dxdy | > n.
oo \JRr(Gh)

Proof. Note that J., (Ux)(Ux) = 25x(Uk) + (p + 2) G2, (Ux) = 0. Then, from
estimates (2.10) and (2.24) we conclude for Uy, = (uy,vy) that

101, < O "Sa(U) < Cs (190l 0, + lonlBi, s ) -

In case (2) does not hold, then from previous result we conclude that the right hand
side tends to zero, which implies that condition (1) holds. O

Now, we have the main result in this section,

THEOREM 3.4. Let Uy € X be a minimizer for Ji(c). Then there exists a
sequence (, € R? and a function Uy € X such that ExUi(- + () converges weakly
to Uy along a subsequence. Moreover, Uy is a montrivial solution of the Boussinesq
system, a minimizer for J, and

lim [|Ux — Uo(- = Ck)|lxx,, = 0.
k—o0
Proof. By bounds (2.23) and (2.24) Proposition (2.10) we have for constants
C1,C5,Cy, C5 independent of k that
Cil|Uklx, < Zk(Uk) < Co||Uklly, and 0 < Cy < Jox(Ui) < Cs.
Recall that we have J. (Ux) = (ﬁ) Yk (Uyk), so we can conclude for constants Cg, C7
independent of k that
(3.28) 0 < Cs(p) < |Ukllx,, < Cr(p),

implying that condition (1) in Theorem (3.3) does not hold. In other words, there ex-
ists a sequence (i € R? such that the shifted sequence Uy, = Uy (-+(x), for appropriate
choice of 7,7 > 0, satisfies

/ on(0) ddy > .
R.(0)

Clearly, Uy is also a minimizer for J;, which means that

(329)  Ju(Ok)(6) = B3 (Uk)(6) + G (Ur)(6) = 0, for all ¢ € Xy

Now, we observe that the sequence {Ekﬁk}k C X is bounded since
IEUkllxc < D3| Ukllx,

Then there exists a subsequence of {Ekl}k}k (denoted the same) and Uy € X such
that

EpU, — Uy (weakly in X).
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Using the uniform estimate (3.28) and that the embedding X < L} (R?) x M;Zg(R%

is compact for ¢ > 2 (see Lemma (2.1)), we are able to see that Uy # 0. In fact,

we can assume that {EUy}) converges strongly to Up in LY (Q) x M (Q). So, for

loc loc
g = 2 we have from (3.27) that

o1(Uo)dudy = Im [ o1(h)dudy > >
k—00 2

Ca (0, )| Uol|%(r, (o) Z/
R-(0)

R,(0)

In order to see that Uy is a weak nontrivial solution of the Boussinesq system (1.1),
we will show that

Jo(Uo)(¢) = X' (Uo) () + G5 .(Up)(¢) = 0 for all ¢ € X.

If we consider ¢ € C§°(R?), then for sufficiently large k we have that supp ¢ = Q C Q.
So, ¢ can be considered as an element of either Vy or H}, for k large just by defining

its periodic extension. Now, for Uy = (i, 7) and ¢ = (z,w) € (C5°(R?))? with
supp ¢ C Qk, we have that

E/(Ekﬁk) (¢) = R2 Frukz + (0 - %) (0 Frtinze + Oy Frlinzy) + (02 SkUkwe + Oy Sklrwy)
+%A5k{;kAw — 2040, — Clpwy dx dy
+%Mkm — 20,k — cliw, dx dy

1
= / Ukz + (O‘ — 5) (Ozlinze + Oylinzy) + (OxVpwe + OyUrwy)
Qk

—|—%A17kAw — 2020 — clpwy da dy

which clearly implies that ¥} (Uy) (¢) — %'(Uo) (¢), since for k large enough ¢ can be
considered in the space Xj. On the other hand, we know that

{(05)" "Y1 and {an (9,5)" }r
are bounded in L7+t (Qr). This fact allows us to conclude that

I2,k(0k)(¢) = GY(ExUsk)(¢) = G5(Uo)(¢).

As a consequence of this, we have that

Je(Uo)(¢)

' (Uo)(¢) + G o(Uo)()
= lim (2;(@)(@ + G’z,k(ﬁk)(@)
= lim J, (Uk)(¢) = 0.

In other words, Uy is a weak nontrivial solution of the Boussinesq system (1.1). Finally
we want to show that J.(Up) = J(c¢) = {U € X'\ {0} : A(U) = 0} and that ||Uy —
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Uo|lx, — 0 as k — oo. First note that by a density argument for given W € X such
that A(W) = 0, there exists a sequence Wy, € (C§°(Qx))? such that

Wi —W|x =0, ask— oo.

By the assumption on W, it follows that G3(W) < 0. By continuity of functional G,

we have for k large enough that G2(W}) < 0. Moreover, for ¢ = — (ﬁ) 52((‘%1)), we

have that t; € (0,1) and that A(t;Wj;) = 0. Note that the continuity of functionals
¥ and Gg, and that A(W) = 0 imply that

2\ D(W) )”p ( ( 2 ) (W) )1/1’
th=—-(——= = (-(—— =1, k — oo.
‘ ( (p+2) G2(Wi) p+2) G(W) wETE
On the other hand, Zy = ;W) — W in X. Then from the continuity of the functional

Je, we conclude that J.(Zx) — J.(W), as k — oo. Thus given € > 0, there exists k.
such that for k > k.

Je(Zk) < J. (W) + ¢,

which implies that limsup Ji(c) < J(W) 4+ € for any W € X with A(W) = 0, and for
any € > 0. Moreover,

lim sup Jx(c) < J(c).

Now, we have to recall that

Ji(c) = Jei(Uy) = (Z%> S (Ux) = (Z%)

Note that for a given bounded domain Q C R?, we have that Q C Q3 for k large
enough, and so,

[ e@azdy.

k

Ji(c) = Jer(Uy) > (L> /Q o(U3) da: dy.

p+2
Taking liminf we get that

.. p . 5 p
liminf Jx(c) > (m) hmmf/Qg(Uk)dxdy > <m) /QQ(UO),

due to the local compactness result. In other words, we have shown that

liminf gy (c) > (pi2> /R o(Up) = <pf'5) (o),

since  is arbitrary. But, A(Up) = 0 since Uy is a non trivial weak solution of the
Boussinesq system ((1.1). Then,

liminf gy (c) > <p$) /R o(Us) = (p%) S(Us) > 9(0).

In other words,

lim () = 3(c) = (Z%) S(U0) = JL(Uh).
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which is equivalent to say that Uy is a ground state. Note that we also proved that
lim X (U3,) = 2(Up).
It remains to prove that

lim ||[Uy — Uo(- — G)|lx, = 0.
k—oo

To see this, let Wy, € (C5°(Qy))? such that Wy — Up in X. Then a direct computation
shows that

lim ||Uy — Uo(- — G)llx, = lim |Ux — Upllx, =0 < lim ||Up — Wi|x, = 0.
k—oo k— oo k—oo
Now,

Sk(U — Wi) = Sk(Uk) + Sk (Wi) — 254 (Uk) (Wi
= Lk (Uk) + e(Wi) — S, (U)(Uo) — St (Ur) (W, — Up).

Since W), converges strongly to Up in X and ||Ug||x, is bounded, we conclude that
|4 (U)W = Uo)| < C(e)|Ukll, Wk = Uollx = o(1).

But we proved that 3 (U )(Up) — 4. (Uo)(Ug) = 251 (Up). So, taking limit as k — oo
and using the estimate (2.23),

10k — Wi, ~ Sk — W) = o(1).
As desired,

Uk — Uo(- = Ck)llx,, = 0.

lim
k— o0
O
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