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MIXED MOTIVES AND ALGEBRAIC CYCLES, I

MASAKI HANAMURA

The idea of motives goes back to A. Grothendieck (cf. [KI] [Ma]). As
he worked on the Weil conjecture on the zeta function of a variety X over
a finite field k£, he was in need of studying the actions of the Frobenius
maps on the /-adic etale cohomologies H*(X ®y k, Q) for different ¢; to
prove the conjecture one must show that the characteristic polynomial is a
Q-polynomial independent of ¢, and its eigenvalues have expected absolute
values. He postulated certain conjectures on algebraic cycle classes, called
the standard conjectures, and observed that they imply the Weil conjecture.

The standard conjectures are concerned not only with £-adic cohomology,
but with any other Weil cohomology (such as Betti or de Rham cohomol-
ogy) as well, and the consequences are further-reaching. They indicate the
existence of the theory of (pure Grothendieck) motives : there is a semi-
simple abelian category of Grothendieck motives M (k) (where k is any
ground field) satisfying the properties:

(1) To a smooth projective variety X over k, its motive h(X), an object
of M(k), is associated; h(X) is contravariantly functorial in X.

(2) Any Weil cohomology H* (which is a contravariant functor from the
category of smooth projective varieties to the category of graded vector
spaces) factors through M(k). The resulting functor (called the realization
functor) from M(k) to the space of graded vector spaces, is exact and
faithful.

Morally, the vector space H*(X) together with its functorial behavior is
ruled by the motive h(X). The functor A is the universal Weil cohomology
taking values in a semi-simple abelian category.

In view of the discovery of mixed Hodge structures by Deligne — the
theory of weights for Betti cohomology [De 2|, one may naturally suspect
the existence of the category of mixed motives — motives with weights,
which contains the “motives” of quasi-projective singular varieties. This
abelian category is no longer semi-simple, which makes it all the more
interesting, because extension groups are non-trivial. The significance of
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such a category was made clear by the conjecture that these extension
groups should be related to Chow groups and higher K-groups of varieties,
[Be], [De]; see also [Ja].

The purpose of this note is to outline the construction of the triangulated
category D(k) of mixed motives (over a field k) which has the expected
properties. Such a construction was made possible incorporating the theory
of higher Chow groups due to S. Bloch. We perceive a mixed motive as
a diagram built up of smooth projective varieties and correspondences (in
the sense of higher Chow groups) between them. The full account of the
materials here will appear elsewhere.

We would like to warmly thank S. Bloch for his collaboration on this
project. For other approaches to categorical constructions, see [Le 2].

1. Preliminaries

Higher Chow groups [Bl 1]. Throughout this paper k is a fixed ground
field.

Let 0" = A} with coordinates (x1,---,2,). Faces of 00" are inter-
sections of codimension one faces, and the latter are divisors of the form

Z;l = {x; = a} where a = 0 or 1. A face of dimension m is canonically
isomorphic to O0™. Let ¥,, be the permutation group of the set {1,--- ,n}
acting on (I by permutations of the coordinates.

Let X be an equi-dimensional variety (or a scheme) over a field k. Let
Z"(X,n) be the Q-vector space of Q-cycles z of codimension r on X x [I"
such that

(i) each irreducible component of z meets each face X x (0" properly,
and

(ii) z is alternating with respect to ¥,,, namely, for any o € X, o(z) =
sgn(o)z. The inclusions of codimension one faces 0; 4 : DZ;l — 0" induce
the map

0="> (1)t Z'(X,n) - Z"(X,n — 1)

(namely, O sends alternating cycles to alternating ones) and (Z7(X,-),0)
is a homology complex. We call this the cycle complex (of codimension r)
of X. By definition the (rational) higher Chow groups are the homology
groups of this complex:

CH"(X,n) = H,2"(X, ).

Note CH"(X,0) = CH"(X), the rational Chow group of X.
In [Bl-Le], considering Z- cycles on X x " which are “normalized”, in
place of Q-cycles, integral higher Chow group is defined, and denoted by
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CH"(X,n). In this paper we only consider rational cycle complexes and
rational Chow groups. Rational Chow groups are isomorphic to Adams
graded pieces of K-groups of X.

Theorem 1.1 [Bl 2] [Le 1]. There is a canonical isomorphism
CH™(X,n) = K" (X)q

where K| (X) is the K-group of the exact category of coherent sheaves on
X, K/ (X)o=K,(X)®Q, and K" (X)q is the r-th Adams eigenspace.

Grothendieck’s construction [Ma]. For an equi-dimensional smooth pro-
jective variety X over k, let C"(X) be the Q-vector space of Q-algebraic
cycles of codimension r on X modulo an adequate equivalence relation. An
element of C*(X x Y) is called a C-correspondence from X to Y. The
composition of correspondences is the map

CdimX+a(X x Y) ® CdimY+b(Y % Z) N CdimX+a+b(X % Z)
which sends u ® v to

vou = (Pxz)«(Pxy U - Py 7v).

Here pxy, for example, is the projection X x Y x Z — X x Y.

By definition, the category C M (k) of C-motives has objects of the form
(X, P)(r) where r € Z, X is a not necessarily connected smooth projective
variety, and P = (P;) € ©;CY™ ¥ (X; x X;) where X = [[X;, X; equi-
dimensional, dim X; # dim X if ¢ # j, and PoP = P. The homomorphism
group is given by

Hom (X, P)(r), (Y, Q)(s)) = @ QoC™ X ™77 (X; x Y)oP, ;

1

the composition is induced from the composition of correspondences.

The object (X, P)(r) is the image of the endomorphism of X (r) given
by P.

When C* is the rational Chow group (resp. algebraic cycles modulo nu-
merical equivalence), the resulting category we denote by C'H M (k) and call
the category of Chow motives (resp. M(k), the category of Grothendieck
motives ).
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§2. The category D(k)

We will define the three triangulated categories D(k), Dgnite(k), and
D int(k). The category D(k) is called the triangulated category of mixed
motives. We first construct the category Dapite(k) of finite diagrams and
the larger category Dine(k) of (possibly) infinite diagrams. Then we con-
struct D(k) as an intermediate triangulated category:

Dﬁnite(k) — D(k) — Dinf(k).

(2.1). In this section, unless otherwise stated, X,Y,--- will denote irre-
ducible smooth projective varieties over k. We consider formal symbols of

the form
D Xalra)
acl

where X, is a smooth projective variety, I an index set (possibly infinite)
and r, € Z. We call such a symbol infinite (resp. finite) if I is infinite
(resp. finite). We write 0 for the corresponding symbol when I is an empty
set.

Define dual of a finite symbol by:

(@Xa(ra))v = ®Xo(dim X, — 14).
Tensor product of two (possibly infinite) symbols is defined by
(®Xa(ra)) @ (BXg (rar)) = B(Xa x X0)(ra + 140 3
and, when the first object is finite, inner Hom by
Hom(6Xo(ra), ©Xg (ra)) = (8Xa(ra))” @ (8X7, (rar)).
Define the cycle complex of a formal symbol by
Z9(®Xa(ra),") = B2 (Xa, ).

This is a homological complex, but often regarded as a cohomological com-
plex in the obvious manner. (If C, is a homological complex, C* = C_, is
the corresponding cohomological complex.) Note there is a partially defined
map

Z°(Hom(X1(r1), X2(r2)), -) ® Z°(Hom(X>(r2), X3(r3)), -)

—— — Z%Hom (X1 (r1), X3(r3)), )
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given by the composition of correspondences
u® v vou = P13, [(X1 X v) - (u x X3)].
We also define,

Z0(Hom(® X (ra), ®X5(rs)), )
= [T B 2° (Hom(Xa(ra), X5(rs)), ).
a g

It consists of elements (f,3) satisfying the condition that for each «, there
are only a finite number of 3’s such that f,s is non-zero. If @, is a fi-
nite direct sum, this coincides with the cycle complex of Hom(®X,(ry),
®Xg3(rg)); but in general it is not the cycle complex of the object Hom(—,
—). Partly to avoid confusions, we will denote the same complex by
Z%(Hom(® Xu(ra), ®Xs(rs))® (cohomological notation). There is a par-
tially defined map:

2°(Hom(®Xa(ra), X5 (ry))* © Z°(Hom(®X, (1), ©Xp(r5))°*

—— — Z°(Hom(6X4(ra), ®Xs(rs))°

given by
(gof)aﬁ = ngﬁofory-
¥

(Note this is a finite sum.)

Definition 2.2. An object of Dine(k) (resp. Dinite(k) ) is a set of data —
called an infinite diagram (resp. finite diagram )

K = (K™) = (K™ /")

where

(i) For each integer m, K™ = ®qcr(m)Xa(ra), a possibly infinite formal
symbol (resp. finite symbol). We require: For all but finitely many m’s,
Km=0

(ii) For (m,n) with m < n, given f™" = (fi3") € 2°(Hom(K™, K™),
n —m — 1), which are subject to the condition: For m < n, one has

(_1)nafm,n+ Z fé,nofm,i :07 )

m<é<n
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On the left side the compositions of the correspondences are required
to be defined. Note that the condition in the case n = m + 1 reads:
afm,m—l—l =0.

The object with all K™ = 0 is denoted by 0. The object with K° = pt,
K™ =0 for m # 0 is denoted by Q.

Let the Tate objects be Q(r) := (pt(r) placed in degree —2r) for r € Z.

One can extend the definition of the cycle complex to objects of D in¢(k)
so that there is a complex

z O(K ) )

associated to any object K.
Before doing this, we need some preparations. For f € Z"(X x Y, /),
consider the partially defined map (of graded vector spaces)

foi Z2M(X,) == = 240, fu2) =pyu(f - (2 X Y)).

There is a quasi-isomorphic subcomplex of Z7 (X, -) on which f, is defined.
In fact, the following holds. For each smooth projective variety X there is
a collection of distinguished subcomplexes of Z"(X,-) satisfying:

(i) For a distinguished subcomplex Z” (X, -)’, the inclusion into Z7 (X, -)
is a quasi-isomorphism;

(ii) For any cycle f € Z"(X x Y, {), there is a distinguished subcom-
plex Z"(X,-)" on which f, is defined and induces a map f, : Z"(X,-) —
ZTH(Y, -+ 0);

(iii) The intersection of a finite collection of distinguished subcomplexes
is again distinguished.

Note also that one has

(Of) = Dofu 4+ (—1) 1 f,00

on Z"(X,-).

To construct Z°(K,-), for each m and a € I(m), take a distinguished
subcomplex Z%(X,(r,),-)’ so that each fo" induces the map f1')", :
Z%(Xo(ra), ) — Z°%Xgs(rs), ). We then let

ZO(Kma )= @QZO(XQ(Ta), )
and we have fm™n, : Z0(K™.)Y — Z%K", -+ (n —m — 1)). This is

possible since there are only finitely many (’s with non-zero f;nﬁ” We
define Z°(K,-) to be the complex (K, d) with

K' =@ 2K, 5 - i),

Jzi
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and

d' = ((=1Y0;+ Y ).

J j<t

The condition (2.2), (ii) implies that this is a complex. The result is unique
up to canonical quasi-isomorphism.

Let (K, f) and (L, g) be objects in D ,¢(k). The function cycle complex
Z9%(Hom(K, L))* is defined as follows. Let Z°(Hom(K™, L™'),-)" be dis-
tinguished subcomplexes such that

For u € Z°(Hom(K™,L™),-) , uof™™ is defined and
€ Z°(Hom(K°'L'™),-)'; similarly for g™ ™ ou.
The cohomological complex to be defined has the group of N-cochains

2Hom(K. D) = @ Z°(Hom(K™,L™),p)

—m—+m’—p=N

The differential of this complex, which we denote by D, is the sum of the
three kinds of maps:

(_1)p+m'+n+1(ofn,m) . ZO(HO_m(Km,Lm/),p)/ N

Z%(Hom (K™, L™ ),p+n—m — 1Y,
(_1)m’+n'(gm',n' o) : ZO(I‘IO_HI(Km,Lm,),p)/ N
Z0Hom(K™, L™ ),p+n’ —m' —1),

and / )
(_1)m o - ZO(HO_HI(Km,Lm )7 _)/ _

ZO(Hom(K™,L™), - —1).

One verifies that this is a complex; it is unique up to canonical quasi-
isomorphism.
Given three objects K, L and M, the partially defined composition map

Z%(Hom(K, L))* ® Z°(Hom(L, M))* — — — Z°(Hom(K, M))*®

U ® v — vou; (vou)™" = g v ou™t

LEZ

is associative and satisfies the Leibniz formula

D(vou) = Dvou + (—1)98 o Du,
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where deg v is the total degree of v in the cohomological complex. One can
show that there is a quasi-isomorphic subcomplex, unique up to canonical
quasi-isomorphism, of the tensor product

2°(Hom(K, L))* ® Z°(Hom(L, M))*

on which the composition u ® v +— vou € Z°(Hom(K, M))*® is defined.
By definition

Homp, ) (K, L) = H°Z°(Hom(K, L))°.

The composition of morphisms is induced from the composition of the
function complexes. A morphism v : K — L is represented by u™" &
Z%(Hom(K™, L™),n — m)" (for a choice of a collection of distinguished
subcomplexes) subject to the condition

(_1)naum,n - Z(_l)m+€u€,nofm,€ + Z(_l)f—l-ngﬁ,noum,é = 0.

It defines the zero morphism if there exist U™" € Z°(Hom(K™, L"™),n —
m + 1)" such that

™ = (_1)naUm,n + Z(_l)erZUﬁ,nofm,Z + Z(_1)5+ng€,noUm,€.

Proposition 2.3.

(1) The category D int(k) is an additive category.

(2) The association K +— Z9(K,-) is a functor D¢(k) — D(Q), the
latter the unbounded derived category of Q-vector spaces.

(3) There is a contravariant functor

h : ( smooth proj./k ) — D int(k)

which assigns a smooth projective variety X to the diagram (X placed in
degree 0).
All the statements are valid if D ine(k) is replaced with Dgnite (k).

It can also be shown that on the category D in¢(k) there is the operation
of tensor product; the category Dapite(k) has tensor product, dual, and
inner Hom.

There is a natural structure of triangulated category on Di,¢(k) (resp.
Drinite(k)). For example, the translation functor K +— K[1] is defined as
follows. On objects (K[1])™ = K™ and (f[1])™" = —fmTLn+l For a
morphism v : K — L represented by (u"™), u[l] : K[1] — L[1] is to be
represented by (u[1])™" = ymTintl,

Let K be an object of Diu¢(k), and p : K — K a projector. It can be
shown that the image of p exists in D u¢(k); denote it by [K, p|]. Even if K
is in Dapite(k), [K, p] may not be in Dapite(k). Now we may give

m,n
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Definition 2.4. Let D(k) be the full subcategory of Dins(k) consisting of
objects of the form [K,p| with K an object of Danite(k) and p a projector.
This is a triangulated subcategory.

The category D(k) is closed under the operations of duals, tensor prod-
ucts, and inner Hom’s.

The category of Chow motives is fully embedded in D(k): in fact let the
functor be:

(X, P)(r) > [(X)(r), P]

where the right hand side is the image of the projector P : h(X)(r) —
h(X)(r). The object h(X)(r) is h(X) ® Q(r) by definition, or equivalently,
the object “X(r) in degree —2r”. This correspondence of objects preserves
the homomorphism groups.

Theorem 2.5. There is a fully faithful functor CHM(k) — D(k).

The following summarizes the main properties on D(k) which can be
shown without assuming any conjectures. The property (1) has been ex-
plained; (3) is clear from the definitions and Theorem (1.1).

Theorem 2.6. The triangulated category D(k) has the following proper-
ties:

(1) D(k) has duals, tensor product, inner Hom'’s, the unit object Q, and
the Tate objects Q(r);

(2) (ch(k) =0) The contravariant functor h : (smooth proj./k) — D(k)
extends to the category of quasi-projective varieties; to each quasi-projective
X there is associated its (cohomological) motive h(X), an object of D(k);

(3) If X is smooth and projective, one has
Homp 1) (Q, A(X)(r)[2r — m]) = K (X) ® Q.
Here the right side is an Adams-graded piece of the K-group of X.

§3. The motivic t-structure

We consider the following “standard” conjectures on cycle classes in
a Weil cohomology, and on the Chow groups and K-groups of smooth
projective varieties.

(1) Grothendieck’s standard conjectures [Kl]. These are conjectures
on the Q-vector space of cycle classes in Weil cohomologies. We do not
state the individual conjectures here. We only note: (1-1) is one of the
conjectures, and (1-2) is a consequence of the conjectures.

(1-1) Homological equivalence (with respect to a Weil cohomology) co-
incides with numerical equivalence for algebraic cycles.

(1-2) The category M(k) of Grothendieck motives is semi-simple and
abelian.
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(2) The filtration conjecture by Murre [Mu]. Let X be an irreducible
smooth projective variety over a field k, and 7* (i = 0,1,---,2dim X) be
the Kunneth components of the diagonal (for a Weil cohomology).

(A) The {n%} lifts to an orthogonal set of projectors {II'} in C H4mX
(X x X) such that > IT° = Ay.

(B) The correspondences 1271 ... TI24mX act as zero on CH"(X).

(C) For each v > 0, let FYCH"(X) = KerlI? N KerI> 1N ... N
Kerll2r=¥*1 Then FYCH"(X) is independent of the liftings II".

(D) FICH"(X) = CH"(X)hom, where the latter is the subspace of
classes of cycles homologically equivalent to zero ( for a Weil cohomology).

(3) Vanishing/Injectivity conjectures. Let (X, P) be an object on
CHM(k). One may speak of cohomological degrees with respect to a Weil
cohomology.

a) (Vanishing) Suppose (X, P) is of cohomological degrees > 2r — n if
n > 0 and > 2r if n = 0. Then one has

P,CH"(X,n) =0,

b) (Injectivity) If (X, P) is of pure cohomological degree 2r, then the
cycle class map
P.CH"(X) — H*"(X)

is injective.
Remark. In the case P = Ax the former conjecture is nothing but the

vanishing conjecture of Soule-Beilinson. In the case P = II?", the latter
conjecture is equivalent to Murre’s conjecture (D).

Theorem 3.1. Assume the three conjectures (1) - (3) above. Then there
is a t-structure on D(k) which is compatible with H* ( = any of the de
Rham, etale or Betti cohomology).

As a consequence, there is a particular abelian subcategory of D(k)— the
heart of the t-structure. (For generalities on t-structure, see [BBD].) We
propose this to be the abelian category of mixed motives.
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