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ON HEEGAARD DIAGRAMS
FENG Luo

1. Introduction

Given a compact orientable surface ¥, of genus g, a marking m = Ufﬁf’mi

is a disjoint union of 3g — 3 pairwise non-parallel, essential unoriented simple
loops in ¥,. In [HT], Hatcher and Thurston introduced two elementary moves
on markings and showed that any two markings are related by a finite sequence
of these moves. The type I (resp. type II) move on m produces a new marking
m' = U;’iﬁm; L =my, j #iand m; N'm; consists of one point (resp.
two points of different intersection signs) as in Figure 1. Suppose m,n are two
markings. We say that marking n contains a wave with respect to m, if there is
an arc « in n so that a Nm = aN'm; = da for some i and « approaches its end
points from the same side of m; (see [VKF]). The goal of the paper is to show
the following theorem.
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Theorem. If m and n are two markings on ¥4, then there is a marking m’
obtained from m by a finite sequence of type II moves and isotopies so that n
contains no waves with respect to m’. Furthermore, the new marking can be
found algorithmically.

Given a marking m in X4, let H(m) be the handlebody with boundary X,
obtained by attaching (thickened) 2-discs to X, along m;’s and then attaching
3-balls. We say that two markings m, m’ are equivalent (or determining the same
handlebody structure) if the identity map from 0H (m) to 0H(m') extends to a
homeomorphism from H (m) to H(m'). Here is another way of characterizing the
equivalence. Let D(m) be the set of essential simple loops in ¥, which bound
discs in H(m). Then m and m’ are equivalent if and only if D(m) = D(m/)
which is the same as: m; € D(m'), and m/ € D(m) for all i. It follows that if
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m’ is related to m by an elementary move of type II and an isotopy, denoted
by m ~jy; m’, then D(m) = D(m’). One consequence of the theorem is the
following.

Corollary 1. If m,n are two markings which determine the same handlebody
structure, then they are related by a finite sequence of type II moves.

This is an analogy with the fact that any two ideal triangulations of a compact
non-closed surface are related by two elementary moves (one of them is the
diagonal switch). See Thurston [Thl], Harer [Har|, Hatcher [Hat], and Mosher
[Mo].

Given a simple loop s, let Dy be a Dehn twist on s.

Corollary 2. If{sy,...,si} is a collection of disjoint pairwise non-isotopic sim-
ple loops in the boundary of a handlebody V' so that the composition Dg}...Dgk,

ai...ap, # 0, of Dehn twists extends to a homeomorphism of the handlebody, then
each s; s null homotopic in V.

In [CG], Casson and Gordon introduced the Heegaard diagram as a pair of
markings and established a nice criterion (the rectangle condition) on Heegaard
diagrams so that the Heegaard splitting is irreducible. Hempel [He] has made
more detailed study of 3-manifolds from the Heegaard diagram and the curve
complex point of view. As a consequence of the theorem and corollary 1, one
concludes that any 3-manifold has a special Heegaard diagram (n,m) so that n
contains no waves. It is natural to ask if one can strengthen the result so that
m contains no waves as well.

The organization of the paper is as follows. In section 2, we recall some
basic notions. We prove the theorem in section 3. In section 4, we derive the
corollaries and discuss some open questions.

2. Preliminaries

We work in the piecewise linear category. The interior and the boundary of
a manifold M will be denoted by int(M) and OM respectively. Given a finite
set X, | X| denotes the number of elements in X. A regular neighborhood of a
submanifold ¢ is denoted by N(c). Regular neighborhoods are always assumed
to be small.

Let X, , be a compact orientable surface of genus g with r» boundary com-
ponents. A curve system in X, , is a finite disjoint union of essential arcs and
essential, non-boundary parallel simple loops. If ¢ and ¢’ are two isotopic sub-
manifolds, we denote them by ¢ 2 ¢/. The geometric intersection number I(c,c’)
between two submanifolds ¢ and ¢’ is defined to be min{|s N s’| : s = ¢ and
s =}

If a, b are submanifolds intersecting transversely, a wave for a with respect to
bis an arc « in a so that aNb = aNb; = da where b; is a component of b and «
approaches its end points from the same side of b;. The set of all waves for a with
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respect b is denoted by Wav(a|b). We use W (a|b) to denote min{| Wav(a'|0')| :
a' = a,b/ =2 b}. Note that if |[a Nb| = I(a,b), then W(a|b) = | Wav(a|b)|.
The following result is well known (see [Hatl]). See Figure 2.

Lemma 1. Giwen ay,a2,a3 € Z>q so that ai + az + a3 is even, there exists a
curve system c unique up to isotopy in Xo 3 so that |cNb;| = a; where 0% 3 =
by U by U bs. Furthermore, W(c|0%93) = 0 if and only if a; + a; > ay for
iFJFkF

FIGURE 2

We say that two disjoint O-spheres in S! are wnlinked if they bound two
disjoint intervals. As a consequence of lemma 1, we have the following result.

Lemma 2.

(a) If a,b are curve systems in 311 so that Ob = (), then W (alb) = 0.

(b) If a is an essential arc in Xo 4 with a € Wav(a|0Xo4) and b is a curve
system with Ob =0 and I(a,b) > 0, then W (a|b) > 0.

(c) If a, b are essential arcs intersecting transversely in ¥o3 so that Oa,
0b lie in the same boundary component of ¥ 3 and are unlinked in the
component, then Wav(a|b) # 0.

FIGURE 3

Indeed, to see part (a), we may assume that |a Nb| = I(a,b) after an iso-
topy. Now the result follows from lemma 1 by cutting the surface open along b.
Parts (b) and (c) follow from the Jordan curve theorem and the outer most arc
argument. See Figure 3.

3. Proof of the theorem

We prove the theorem by induction on the complexity (W (n|m),I(n,m)) in
the lexicographic order.

Suppose that W(n|m) > 0. We isotopy m,n so that |mNn| = I(m,n) and if
m; = nj, then m; C int(N(n)), n; C int(N(m)). Let 3,— int(N(m)) = U2, *P;
where P; = ¥y 3. By the choice of N(n) and N(m), each intersection n N P; is
a curve system in P;. Take a wave e € Wav(n|m), say, e C ny and de C m;.
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We first note that N(m;) intersects two distinct 3-holed spheres, say P; and Ps.
Indeed, if otherwise, say, N (m1) C Py, then N(mq)UP; = X1 7 and ny N¥q 1
is a curve system in X; ;. Let e* be the component of n; N3, ; which contains
the wave e. Then |e* N my| = I(e*,my) but W(e*|m;) > 0. This contradicts
lemma 2(a).

Now let ¥94 = Py UN(mq) U P, with e C P, UN(my), and let e* be the
component of the curve system n N X, 4 which contains the wave e as in Figure

m

(9
FIGURE 4

There are four cases we need to consider: case 1, e* = n; and |e* Nmy| = 2;
case 2, [e* N'my| > 2; case 3, |[e* N'my| = 2 and Je* does not lie in a boundary
component of ¥ 4; case 4, [e* Nmy| =2 and de* lies in a boundary component
of ¥p 4. See Figure 4.

Case 1. e* = n; and |e* N'my| = 2. Then n; intersects my at two points of
different signs and n; Nm; = 0 for i > 2. Let m{ = ny and m}, = m;, i > 2.
Then m’ = Um/, is obtained from m by a type II move.

We claim that W(n|m') < W(n|m). Take b € Wav(n|m'). If bN o4 = 0,
then b € Wav(n|m). If bN o4 # 0 and b C m; for ¢ > 2, then bNmy #
(due to bNm = (). Thus by lemma 2(b) applied to b Xy 4 and my in g 4, we
conclude that b contains a wave b’ € Wav(n|m) so that 9’ C m;. This produces
an injective map from Wav(n|m') to Wav(n|m) whose image misses the wave e.
Thus W (n|m') < W(n|m). Note that we also have W (m/|n) < W(m|n) in this
case (see remark at the end of the proof).

Case 2. |e*Nmy| > 3. Take three intersection points x,y, z in e*MNm; so that

x,y (and y, z) are adjacent intersection points in e*. Then the arcs zy and yz
(in €*) are in Wav(n|m) as in Figure 5(a).

m,

P § b
@ (b) © (d) ®
FIGURE 5
Let zx be the arc in m; so that y ¢ zx. Let m| = zy Uyz U zzx and
m} = m; for i > 2. Then m’ = Um), is obtained from m by a type II move

and an isotopy. We claim that W (n|m') < W(n|m). To see this, we choose a
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marking m” = m’ so that [m” Nn| = I(m”,n) as follows. Let m; = m; for
i >2and m{ =2’y Uy'2' Uz/a’ where 'y’ Uy'z is a parallel copy of zy U yz
(z'y Uy'z € ON(m})) and 2’2’ is a slight translation of zx along m; as in
Figure 5(c). Now take b € Wav(n|m'). If bN X4 = 0, then b € Wav(n|m). If
bN X4 # 0 and 9b C m; for i > 2 (see Figure 5(d)), then bNmy # 0 (due to
bNm/ = 0). Thus, by lemma 2(b) applied to bN3g 4 and my in Xg 4, we conclude
that b contains a wave b’ in Wav(n|m) so that 9b" C m;y. Finally, if 9b C m/,
then 0b C 2'z’. Let P be the 3-holed sphere in ¥y 4 obtained by cutting g 4
open along m/ so that b C P, and let b = mq NP — 2'z’. Both b and b are waves
for OP. If bNb = (), then b € Wav(n|m). If b b # O (see Figure 5(¢)), then by
lemma 2(c), b contains a wave b’ € Wav(n|m) with 9b' C m;. Since the waves
xzy and yz in Wav(n|m) are eliminated, we have W(n|m”) < W(n|m). Note
that we have W (m’|n) < W (m|n) in this case.

my

(b) ©

FIGURE 6

Case 3. |e* N'my| = 2 and Oe* lies in two boundary components, as in Figure
6. Let P, be the 3-holed sphere in ¥ 4 bounded by m, so that P, C P;y. Let o
be an essential arc in P with end points de so that int(«) Ne* = () as in Figure
6(b) (there are two choices of such arcs up to isotopy). Let m}j = e U o and
m} = m; for i > 2. Then the marking m’ = Um)/, is obtained from m by a type
IT move. We claim that W(n|m') < W(n|m). To see this we take m” = m’ as
follows m/ = m; for i > 2 and m/ is as in Figure 6(c) so that m{ Nm/} = « and
my Ne* = de. Take b € Wav(n|m”). If bN g4 = 0, then b € Wav(n|m). If
bN g4 # 0 and 9b C m; for i > 2 as in Figure 6(d), then b intersects m; since b
is disjoint from m{. Thus by lemma 2(b) applied to bN X 4 and m; in ¢ 4, we
conclude that b contains a wave b’ € Wav(n|m) so that 0b" C my. If 0b C m7,
then 0b is in . We consider the three-holed sphere P bounded by m/ so that
b C P. Then by lemma 2(c) applied to b and m; N P in P, since bNmy # 0, we
conclude that b contains a wave b’ € Wav(n|m) with o' C m;.

Case 4. |e* Nm1| = 2 and de* lies in a boundary component by of ¥ 4. The
end points of e* decomposes by into two arcs. One of the arc, denoted by «,
makes the simple loop e* U a non-boundary parallel in ¥y 4. Let mj = e* U«
and m; = m,; for ¢ > 2. Then the marking m’ = Um] is obtained from m
by an isotopy and a type II move. We claim that W(n|m') < W(n|m) and
I(n,m}) < I(n,ms)—2 where ms is the component of m isotopic to the boundary
component by.
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FIGURE 7

To see the claim, take b € Wav(n|m’). If b 2o 4 = 0, then b € Wav(n|m). If
bN X4 # 0 and 9b C m; for i > 2, then bNmy # 0 (due to bNm} = (). By
lemma 2(b) applied to b ¥y 4 and m; in 3¢ 4, b contains a wave b’ € Wav(n|m)
with 0" C my (see Figure 7(c)). Finally, if 0b C m/, then 9b C a. Now if
bNmy = 0, then b gives rise to a wave b’ in Wav(n|m) so that b C b and
b CbUN(ms). If bN'my # () and b # e*, by lemma 2(c) (applied to the three-
holed sphere P bounded by m/ which contains b), we conclude that b contains
a wave b’ € Wav(n|m) with 0" C my. Thus, W(n|m') < W(n|m). The second
statement I(n,m}) < I(n,msq) — 2 follows from the construction.

Since the intersection number I(n,m) may increase during this process, the
complexity is not reduced. However, the wave e* gives rise to a wave e’ for m’
with de’ C mqy and e* C e’. We shall proceed at this new wave €’ instead of any
other waves in n. If any of the previous three cases occur for €', the complexity
is reduced and we finish the proof by induction. Therefore, it remains to show
that case 4 cannot occur indefinitely. To prove this, let us exam the change in
the N-tuple of non-negative even integers (I(n,mq),...,I(n,my)) = (a1, ...,an),
where N = 3g — 3. The algorithm states that at the first step, we replace one
coordinate of the N-tuple (aq,...,an), say ai,, by agi), where 0 < agi) <a; —2
(1)

for some i; # ig. Let the new N-tuple be (agl), ...,ag\})). Now we replace a;,
by al(f) where 0 < agf) < ag) — 2 for some iy # i1. Suppose in the k-th step
we obtain the N-tuple (agk) ag\l,c)) where 0 < agle < ag:) — 2. Then in
the (k 4+ 1)—th step, we replace agj) by agfﬂ) where 0 < al(-]:H) < al(-]:il -2
for some 11 # ir. We claim that after at most 1/2(XY ;a;+ max(ay,...,an))
steps, the N-tuple is the zero vector (0, ...,0). Indeed, first of all 0 < az(»k) <

max(aq,...,an) — 2 for all k and i by the construction. Furthermore,
20" = 28l — o) 4+ af Y

<N P oM atk) —2

1= Tk+1 ik

=2 4ol e -2

g eeeey

Now consider the sum of all these inequalities from 0 to k — 1. We obtain,

Eﬁilagk) <N a; + al™ — 2k

1= ik

<N a; + max(ay, ...,an) — 2k — 2.
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Thus the conclusion follows. This shows that after max (aq, ..., ay) steps, the
complexity is reduced. The proof of the theorem is complete by induction. [

Remarks. 1. In cases 3 and 4, it can be shown using lemma 2 that we have the
following estimate of the number of waves: W (m/|n) < 2W (m|n) + 1. However,
this estimate is not good enough to eliminate all waves Wav(n|m) and Wav(m|n)
using the type II moves. (The estimate W (m/|n) < 2W (m|n) will work).

2. H. Masur ([Ma], lemma 1.1) showed that given an essential simple loop
¢, then ¢ € D(m) if and only if for each m’ with D(m') = D(m), either ¢ is in
D(m) or Wav(c|m’) # 0. This also follows from the proof above.

4. Proof of the corollaries and some questions
The proof of the corollaries is based on the following simple lemma.

Lemma 3. Suppose c is an essential simple loop in 3, which is null homotopic
in the handlebody H(m) associated to a marking m and Wav(c|m) = 0. Then ¢
18 1sotopic to a component of m.

Proof. Since Wav(c|m) = @, there are no bi-gons in ¢cUm. Thus, |ecNm| = I(c,m).
We claim that |[cnm| = 0. If not, consider the intersections of the meridian discs
bounded by ¢ and m in the handlebody. The outer most arc of the intersection
in the disc bounded by ¢ gives rise to a wave in Wav(c|m) which contradicts
the assumption. Now the only essential simple loop which is disjoint from m is
isotopic to the components of m. Thus the result follows. O

Corollary 1 follows directly from lemma 3 and the theorem since if two mark-
ings n, m are equivalent and Wav(n|m) = ), then n = m.

Proof of Corollary 2. By extending the set of simple loops {si,...,sx} to a
marking n and using the theorem, we construct a marking m which determines
the handlebody V so that Wav(s;|m) = () for each i. We claim that each s; is
isotopic to a component of m. To see this, consider the image of m under the
composition f = Dgl...Dgk. By the definition of the Dehn twist, the marking
f(m) has no waves with respect to m. But f(m) is equivalent to m by the
assumption on f. Thus by lemma 3, we conclude that f(m) is isotopic to m.
This is possible only if each s; is isotopic to a component of m. O

Given a compact orientable 3-manifold M, a Heegaard splitting is a triple
(F, V1, Vs) where F' is an embedded orientable surface of genus ¢ in M and V;
and V5 are two handlebodies in M so that Vi NV, = F and V; U Vo = M.
Two Heegaard splittings (F, Vi, Vo) and (F',V{,VJ) of M are equivalent if there
is an orientation preserving homeomorphism h : M — M so that h(V;) =
V! (i = 1,2). One translates the above setup into 2-dimensional setting as
follows. Let ¢ : ¥, — F be a homeomorphism. Then the two handlebodies
Vi and V, are homeomorphic to H(m') and H(m?) for some markings m' and
m? on X, by homeomorphisms H(m') — V; which extends ¢ in the boundary
(i=1,2). Thus a Heegaard splitting of a 3-manifold can be described as a pair of
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markings (m',m?) on ¥,. Now let ¢’ : ¥, — F’ be a homeomorphism for the
Heegaard surface F” and let (n',n?) be a pair of markings on X, corresponding
to the Heegaard splitting (F’,V{,Vy). Then the equivalence relation between
(F,V1,V2) and (F',V/,Vy) states that there is a self-homeomorphism f of 3,
(f = ¢r71he) so that D(f(m?)) = D(n?) (i = 1,2). This motivates the following
definition.

Definition.
(a) Two Heegaard diagrams (m!, m?) an nl 2) are related by an elemen-
tary move if either m! ~; nl m? =n? or m' =n', and m? ~;; n?.
(b) Two Heegaard diagrams (m!,m?) and (n!, 2) are homeomorphic (resp.

isotopic) if there is a homeomorphism h (resp. isotopy) of the surface so
that h(m') = n*, i=1,2 (h may not preserve the order of the indices of

(c) Two Heegaard diagrams are equivalent if they are related by a finite
sequence of elementary moves and a homeomorphism.

One obvious question is whether there is an algorithm to decide if two Hee-
gaard diagrams are equivalent. Solutions of this question has applications to
the homeomorphism problem for irreducible non-Haken 3-manifolds in view of
the work of Rubinstein and Scharlemann ([RS]) on the stabilization problem for
Heegaard splittings.

Given a marking m and a simple loop ¢, there is an algorithm to decide if
¢ € D(m) (Whitehead [Wh], see also [ER]). Thus, given two Heegaard diagrams,
there is an algorithm to decide if they are related by elementary moves. On
the other hand, given a marking m on ¥,, Dehn-Thurston’s theory gives a
parametrization of the space of isotopy classes of curve systems CS(X,) on X
using the marking ([De], [FLP], [Th]). Thus each Heegaard diagram (m!, m?)
has a Dehn-Thurston coordinate (a1,t1, ..., agg—3, t3g—3) where a; = I(m?,m})
and t; is the twisting number of m? at m}. As a consequence, there is an
algorithm to check if two Heegaard diagrams are homeomorphic. Also Dehn-
Thurston theory gives an efficient way to list all isotopy classes of Heegaard
diagrams.

Acknowledgments

I would like to thank M. Scharlemann for pointing out a case missed in my
earlier argument, and Y.-Q. Wu for many discussions.

References

[CG] A. Casson and C. Gordon, Manifolds with irreducible Heegaard splittings of arbitrarily
high genus, preprint.

[De] M. Dehn, Papers on group theory and topology (1987), Springer-Verlag, Berlin-New
York.

[ER] R. Eduardo and C. Rourke, Heegaard diagrams and homotopy 3-spheres, Topology
27 (1988), 137-143.



[FLP]
[HT]
[Har]
[Hat]
[Hat1]

[He]
[Ma]

[Mo]
[RS]
[Th]
[Th1]

[VKF]

[Wh

ON HEEGAARD DIAGRAMS 373

A. Fathi, F. Laudenbach, and V. Poenaru, Travauzr de Thurston sur les surfaces,
Astérisque 66-67; Société Mathématique de France (1979).

A. Hatcher and W. Thurston, A presentation for the mapping class group of a closed
orientable surface, Topology 19 (1980), 221-237.

J. Harer, The cohomology of the moduli space of curves, Theory of moduli, (Monteca-
tini Terme, 1985), 138—221, Lecture Notes in Math, 1377, Springer, Berlin-New York,
1988.

A. Hatcher, On triangulations of surfaces, Topology Appl. 40 (1991), 189-194.

, Measured lamination spaces for surfaces, from the topological viewpoint,
Topology Appl. 30 (1988), 63-88.

J. Hempel, 3-manifolds from curve complex point of view, in preparation.

H. Masur, Measured foliations and handlebodies, Ergodic Theory Dynam. Systems 6
(1986), 99-116.

L. Mosher, Tiling the projective foliation space of a punctured surface, Trans. Amer.
Math. Soc. 306 (1988), 1-70.

H. Rubinstein and M. Scharlemann, Comparing Heegaard splittings of non-Haken
3-manifolds, Topology 35 (1996), 1005-1026.

W. Thurston, On the geometry and dynamics of diffeomorphisms of surfaces, Bull.
Amer. Math. Soc. 19 (1988), 417-438.

, Geometry and topology of 3-manifolds, Princeton University Press (to ap-

pear).

I. Volodin, V. Kuznetsov, and A. Fomenko, The problem of discriminating algorith-
mically the standard three-dimensional sphere, Russian Math. Surveys 29 (1974),
71-172.

J. Whitehead, On certain sets of elements in a free group, Proc. London Math. Soc.
41 (1936), 48-56.

DEPARTMENT OF MATHEMATICS, RUTGERS UNIVERSITY, NEW BRUNSWICK, NJ 08903
E-mail address: fluo@math.rutgers.edu



