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THE TRACE CLASS CONJECTURE AND
THE WEYL UPPER BOUND ON
THE DISCRETE SPECTRUM OF ARITHMETIC GROUPS

LizHEN JI

1. Statement of results

1.1. In this note, we announce two results: a solution to the trace class conjec-
ture in the theory of Selberg trace formula and automorphic forms in complete
generality (Theorem 1.3.3), and the sharp upper bound given by the Weyl law
on the discrete spectrum of an arithmetic subgroup (Theorems 1.4.1 and 1.5.2).
The latter result of the Weyl upper bound implies the trace class conjecture.

1.2. Let G be a semisimple algebraic group defined over Q, and I' C G(Q) an
arithmetic subgroup. Then G = G(R) is a semisimple Lie group with finitely
many connected components and with finite center. Let K C G be a maximal
compact subgroup, and g = £+p be the Cartan decomposition of the Lie algebra
g. The Killing form is positive definite on p and negative definite on £. Define an
inner product on g that is equal to the Killing form on p and the negative of the
Killing form on €. Then this inner product defines a left G—invariant Riemannian
metric on G. An important property of this metric is that it is invariant under
the right K—multiplication.

Let X = G/K be the symmetric space associated with G. By identifying the
tangent space of X at K with p, the Killing form defines a G—-invariant metric
on X =G/K.

1.3. Denote the right regular representation of G on L?(I'\G) by R. If I'\G is
compact, then R is a direct sum of irreducible subrepresentations.

In the following, we assume that I'\G is noncompact unless otherwise speci-
fied. Then L?(T'\G) admits the following orthogonal decomposition:

L*(T\G) = Li(T\G) & LZ("\G),

where L3(T'\G) is the direct sum of irreducible subrepresentations of R and
L2(T'\G) is the orthogonal complement, which can be decomposed continuously
according to Langlands’ theory of Eisenstein series [17]. Denote the restriction
of R to the discrete subspace L%(I'\G) by Rq. A fundamental problem in the
theory of automorphic forms is to understand the irreducible subrepresentations
of Ry, and an important method for this problem is the Selberg trace formula.
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For any a € C§°(G), define an operator Rq(a) on L3(I'\G) by

Rya) = /G o(g) Ra(g)dy.

The Selberg trace formula is an equality between the spectral and geometric
expressions of the trace of R4(a). An important longstanding problem in the
theory of Selberg trace formula is the following conjecture (see [2, §4.7] [25, §4]
[29, §2.3] [30, Open problem 4] [12, p.14]).

Conjecture 1.3.1 (Trace Class Conjecture). For every a € C§°(G), the
operator Rq() on the discrete subspace LA(T\G) is of the trace class.

Let C!'(G) be Harish-Chandra’s Schwartz space of integrable rapidly decreas-
ing functions (see [30, p.34] for definition). In [22, Corollary 0.2], Miiller made
a breakthrough and proved the following.

Theorem 1.3.2. If a € CY(G) and is also K—finite, then Ry() is of the trace
class.

Our first result is the following [15, Theorem 1.1.2].

Theorem 1.3.3. For every a € C1(G), Ry(«) is of the trace class; in particular,
Conjecture 1.3.1 holds.

Miiller gave a different proof of this theorem recently [21]. If the Q rank of
G is equal to one, then Theorem 1.3.3 is due to Langlands [18].

1.4. Theorem 1.3.3 follows from polynomial upper bounds on the counting
function of the discrete spectrum of L3(I'\G). Let A be the Beltrami-Laplace
operator of G with respect to the left G—invariant metric. Then A preserves
the decomposition L*(T'\G) = L(T'\G) & L%(T'\G), and the restriction of A to
L2(I'\G) has a discrete spectrum Specg(A) = {\1, Aa,- -} (repeated with mul-
tiplicity). For any A > 0, define the counting function of the discrete spectrum
of A in L3(T'\G) by

Nd()\) = ‘{)\z € Specd(A) ‘ A < /\}’

In [2, Theorem 3], Borel & Garland proved that Ng(\) is finite for every
positive X\. Our second result is the following [15, Theorem 1.2.1].

Theorem 1.4.1. The counting function Ng(\) satisfies the Weyl upper bound,
1.€.,
2 00IT\G)

L% +1)

Ng(A
lim sup )

< _
Jm iz S (4m)

where n = dim G.
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Besides the application to the solution of the trace class conjecture above,
Theorem 1.4.1 gives a quantitative description of the distribution of the irre-
ducible subrepresentations of Rq in L3(I'\G) and is an interesting result in and
of itself.

If I'\G is compact, then A has only a discrete spectrum, and the count-
ing function N4(\) satisfies the Weyl law, i.e., the equality holds in Theorem
1.4.1. On the other hand, if I'\G is noncompact, it is conceivable that the Weyl
law holds whenever I' is a congruence subgroup. But it is not known even for
G = SL(2). See the next section for discussions on related questions for locally
symmetric spaces I'\ X.

1.5. The study of the discrete spectrum of I'\G is closely related to the study
of the discrete spectrum of I'\ X, and an important problem here concerns sharp
bounds on the counting function of the discrete spectrum of the locally symmet-
ric space I'\ X.

For any irreducible unitary representation o of K, there is a homogeneous
vector bundle E, on X and hence a locally homogeneous bundle E, on I'\ X.
Denote the space of L?-sections of the bundle E, by L?*(I'\X,o). The Dirich-
let quadratic form D(f) = fr\ « | v f|? defines the Laplace operator A, on
L?(T\X,o0).

The space L2(I'\ X, o) also admits an orthogonal decomposition

L*(T\X,0) = LA(T\X,0) @ L2(I'\X, o),

where A, has a discrete spectrum Specg(A,) on L3(T'\X,0) and a continuous
spectrum on L2(I'\ X, o). Denote the counting function of the discrete spectrum
Speca(Ay) of Ay by Ny o(N).

In [2, Theorem 1], Borel & Garland proved that Ng,(A) is finite for every
positive A. Suggested by the Weyl upper bound on the spectral counting function
of the cuspidal subspace L2, (I'\X,0) of L3(I'\X, o) of Donnelly [5, Theorem

cus

1.1], Borel & Garland [2, §4.7] raised the following.

Question 1.5.1. Decide whether Ng () satisfies the Weyl upper bound,

42 vl(T\X)

i : T
A—s+00 Ad/2 ¢ +1)

dim o,

where d = dim X and dim o is the dimension of the representation space of o.
Our second result is an affirmative answer to this question [16, Theorem 1.1.2].

Theorem 1.5.2. For any irreducible unitary representation o of K, the count-
ing function Ng,(\) satisfies the Weyl upper bound:

hm sup Ndvo'()\) S (47T)7d/2 /UOZ(P\X)

A—+o0 Ad/2 P(g +1)

dimo, d=dimX.
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Remark 1.5.3. We will use the proof of this theorem, but not this Weyl upper
bound, to prove Theorem 1.4.1. In other words, the bound in Theorem 1.5.2
does not imply the bound in Theorem 1.4.1 and vice versa.

For G = SL(2,R), Selberg [28, p.668] proved the Weyl upper bound for I'\ X
using the Selberg trace formula; Lax and Phillips [19, p. 205], and Colin de
Verdiére [3] gave another proof using the pseudo-Laplace operator. For the
general real rank one (G, this upper bound in Theorem 1.5.2 is due to Donnelly
[4, Theorem 1.1]. If G = SL(n,R) and I C SL(n,Z) is a congruence subgroup,
n > 3, then the above bound follows from a result of Moeglin and Waldspurger
[20] on the description of the residual discrete spectrum and the bound on the
cuspidal discrete spectrum in [5, Theorem 1.1].

There are some other partial results as well. If the I" rank of I'\ X is equal to
one, which includes the QQ rank one case, Donnelly [6, Theorem 4.11] and Lang-
lands [18] independently proved that Ng,(A) has a ploynomial upper bound.
For general I'\ X, Miiller [22, Theorem 0.1] proved that Ny ,(\) < c(1+ A\%9) for
some positive constant ¢, which implies Theorem 1.3.2 above.

Based on this bound and the work of Selberg [28, p.668], Miiller made the
following conjecture in [23, Remark 2 on p.180].

Conjecture 1.5.4. Let I' be an arithmetic subgroup as above. Then Ng,(\)
satisfies the Weyl law:

lim Ndﬁ()\) — (47T)_d/2 /UOZ(F\X)

Atoo  A4/2 F(g + 1)

In [27, Conjecture 2], Sarnak made a stronger conjecture that the counting
function for the cuspidal discrete spectrum alone satisfies the Weyl law above.
In view of the work of Efrat in [10] for arithmetic subgroups over function fields,
it is very likely that the subgroup I' should be assumed to be a congruence
subgroup in the above conjecture.

Conjecture 1.5.4 seems to be very difficult and is only known in the following
cases:

(1) G = SL(2), I a congruence subgroup (Selberg [28, p.668], Hejhal [13],
and Huxley [14]).

(2) G = SO(n,1), X the real hyperbolic space, I' a congruence subgroup
(Reznikov [24]).

(3) G = Ry,/SL(2), I a congruence subgroup of the Hilbert modular group,
where Ry /q is the functor of the restriction of the ground field and k is
a totally real number field (Efrat [8] [9]).

In all the cases above, the Weyl law is proved in two steps:
(1) Use the Selberg trace formula to get the Weyl-Selberg law:
—a/2 VOl X)

4 +1)

Nd,U()‘) + Nc,U(A) ~ (47T) dimo )\d/2’
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where N, () is the counting function of the continuous spectrum and

is given by an integral of the determinant of the scattering matrices.
(2) Study the scattering matrices and show that the term N, ,(\) from the

continuous spectrum is of smaller order than A\%2 as A\ — +oc.

In our proof of Theorem 1.5.2, we obtain an analogue of the Weyl-Selberg
law (Theorems 2.3.2 and 2.4.1).

2. Outline of the proofs

2.1. Theorem 1.3.3 follows from Theorem 1.4.1 by a now standard argument.
The difficulty in proving Theorems 1.4.1 and 1.5.2 is the presence of a contin-
uous spectrum of the Laplace operator and the fact that many eigenvalues are
embedded in the continuous spectrum.

The basic idea of the proofs is to remove the continuous spectrum of the
Laplace operator to get a pseudo—Laplace operator, which has only a discrete
spectrum. We show that the counting function of the spectrum of the pseudo—
Laplace operator satisfies the Weyl law.

Then the problem is to understand the relation between the discrete spectrum
of the Laplace operator and the spectrum of the pseudo-Laplace operator. It is
in this step that we make essential use of Langlands’ theory of Eisenstein series
in [17].

2.2. Theorem 1.3.3 follows from Theorem 1.4.1 in two steps (see [15, §7]):

(1) If « € CZ"(G) or a € C(G), then Ry(c) is a Hilbert-Schmidt operator.
(2) For any a € C}(G), there exist 3 € C}(G) and u,v € C3"(G) such that
a = 3% u+ ax*xv, and hence

Ri(a) = Ra(B)Ra(p) + Ra(a)Ra(v).

Step 1 follows from the definition of the Hilbert—Schmidt norm and Theorem
1.4.1, and Step 2 is given in [30, Lemma 4.5] and follows from the existence of a
good parametrix of powers of A.

Theorem 1.4.1 depends on the proof of Theorem 1.5.2. We sketch the proofs
of Theorem 1.5.2 in §2.3 and Theorem 1.4.1 in §2.4.

2.3. As mentioned earlier, the proof of Theorem 1.5.2 goes in two steps: (1)
Show that the pseudo-Laplacian Az, of L?(I'\ X, o) satisfies the Weyl law. (2)
Bound the eigenvalues of the Laplace operator A, in terms of the eigenvalues of
the pseudo-Laplace operator Az ,.

First we define the pseudo-Laplace operator Az ,. Let H'(I'\X, o) be the
space of sections f of E, over I'\X such that fF\X IfI>+ | fI?> < +oo. Let
T be a large enough truncation parameter. Define H:(I'\X, o) C HY(T'\ X, 0)
to be the subspace of functions whose constant terms vanish above the height
T along every proper rational parabolic subgroup of G. Then the Dirichlet
quadratic form D(f) = fr\ « |V f|? defines a self-adjoint operator on the closure

of HL.(I'\X, o) in L*(I'\ X, o). This self-adjoint operator is the pseudo-Laplace
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operator associated with the height 7" and denoted by A7 . Intuitively speaking,
Ar , is obtained from A, by truncating off the constant terms above the height
T. (see [16, §3] for a precise definition of the pseudo—Laplace operator).

The pseudo—Laplace operator was first introduced by Lax and Phillips [19,
p.206] and Colin de Verdiére [3] for I'\X = I'\SL(2,R)/SO(2,R). It was gen-
eralized to other spaces I'\X by Miiller [22]. An important property of the
pseudo-Laplacian operator A7, is that it has only a discrete spectrum.

Remark 2.3.1. The fact that the pseudo—Laplace operator has only a discrete
spectrum can be explained as follows. In [11], Gelfand and Piatetski-Shapiro
show that the Laplace operator has only a discrete spectrum on the cuspidal sub-
space L2, .(T\X, o) of L?(I'\ X, o), which is defined as the subspace of functions
whose constant terms along every proper rational parabolic subgroup vanish
identically. This means that the presence of the continuous spectrum comes
from the constant terms. On the other hand, the decomposition principle in [7,
Proposition 2.1] says that the continuous spectrum as a set does not change un-
der compact perturbations. This implies that on the subspace of functions whose

constant terms vanish in a neighborhood of infinity, the spectrum is discrete.

Using the precise reduction theory and the heat kernel method, we prove the
following Weyl law for Arp , [16].

Theorem 2.3.2. Let Ny () be the counting function of the spectrum of Arp .

Then
lim Nr.s(X) _ (47r)_d/2 UOl((iF\X)
Ao+too  A4/2 r'(4+1)

where d = dim '\ X .

dim o,

To understand the relation between the spectra of A, and Ar,, we need
to decompose L*(I'\X, o) and L3(T'\X,0) according to association classes of
rational parabolic subgroups of G.

Two rational parabolic subgroups of G are defined to be associated if their
split components in the Langlands decomposition are conjugate under G. For
each association class C of rational parabolic subgroups, there is a subspace
Li(T\X, o) of L*>(I'\X, o). Briefly speaking, this subspace is spanned by func-
tions having only nonzero constant terms along parabolic subgroups in C.

When C = {G}, L2(T'\X, ) is the cuspidal subspace L?,,(I'\X, o), i.e., the
subspace spanned by functions whose constant terms vanish along every proper
rational parabolic subgroup. The cuspidal subspace L2, (I'\X, o) is contained
in LZ(I'\X,0) (see Remark 2.3.1 above), and its orthogonal complement in
L3(T\ X, o) is called the residual discrete subspace and denoted by L2, (T'\ X, o),
which is spanned by residues of Eisenstein series.

Every cuspidal eigenfunction of A, in L2, (I'\X,0) is clearly also an eigen-

function of the pseudo-Laplacian A7 ,, because truncating the constant terms
has no effect on cuspidal functions. The problem is to understand the relation
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between the residual discrete spectrum of A, and the corresponding part of the
spectrum of A .

The residual subspace L?

2.s(I\X, o) can be decomposed as follows:

L2(T\X,0) = > LiT\X,0)nLZ(T\X,0),
c#{G}

where C is over association classes of proper parabolic subgroups. Define
LZ’C(F\X, o) = LZ(T\X,0) N L3(T'\X,0). Our basic results concerning the
relation between the spectra of A, and Ar, are as follows:

(1) When C is of rank one, i.e., the subgroups in C are of rank one, the
eigenvalues of A, in Li,c(F\X ,0) can be uniformly approximated by the
eigenvalues of Ar, on the corresponding subspace except for a subset
of smaller order.

(2) When C is of rank greater than one, the discrete spectrum in
LE,C (T\ X, o) is of smaller order than A%/, i.e., the Weyl law of I'\ X.

More precisely, for each association class C of rank one, let Py, --- ,P,, be
representatives of I'-conjugacy classes in C. For each Py, let P, = N;A;M;
be the Langlands decomposition of P;. Define K; = K N M;. Then K; is a
maximal compact subgroup of M;. The restriction of the representation o to Kj;
is denoted by ;. Denote the spectral counting function of L2, (T';\M;/K;, ;)
by Neus,io;(A). Denote the counting function of the (discrete) spectrum in
L3 c(T\X,0) by Naco(A). The decomposition of L*(I'\ X, o) according to the
association classes also induces a decomposition of the pseudo—Laplace operator
Ar .. Denote the counting function of Az, on the subspace associated with C

by Nrc.o(A). Then we have the following bounds from [16].

Proposition 2.3.3. Assume C is an association class of rank 1. Let |p| be the
norm of the half sum of positive roots of the parabolic subgroups in C. Then

m

Nac.o(N) < NreoA+1017) + D Newsio, (V).

i=1

By Donnelly’s result in [5, Theorem 1.1] (or Theorem 1.5.2, since every cusp-
idal eigenfunction of A, is also an eigenfunction of Ar ), the second term is of
smaller order than A%/? since dim T';\M;/K; < dimT'\ X.

Proposition 2.3.3 is proved as follows: For every rank one cuspidal Eisenstein
series, using the positivity of the residue of rank one scattering matrices, we
can construct an eigenfunction of the pseudo-Laplace operator Az, for all the
poles of the Eisenstein series in the right half plane except for at most one; and
this eigenvalue of A, lies in a |p|?*-neighborhood of the corresponding residual
eigenvalue of A, (see [16, §5]).
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Proposition 2.3.4. If C is of rank greater than 1, then as A — +oo,
Nac.o(\) = o(A¥?).

Proposition 2.3.4 basically follows from Proposition 2.3.3 (or Theorem 2.3.2
to be more precise), the fact that the determinants of the scattering matrices are
meromorphic functions of finite order [22, Theorem 5.10], and the factorization
of higher rank scattering matrices into rank one scattering matrices of some
groups of smaller dimension than G (see [16, §2.7]). This factorization plays an
important role in the meromorphic continuation of Eisenstein series in [17] [12].

Together with Theorem 2.3.2 and the fact observed above that every cuspidal
eigenfunction of A, is also an eigenfunction of Ar ., Propositions 2.3.3 and 2.3.4
prove Theorem 1.5.2.

2.4. Theorem 1.4.1 is proved similarly as Theorem 1.5.2. But we need some
auxiliary spaces in order to bound the error terms which arise in approximating
the discrete spectrum of the Laplace operator by the spectrum of the pseudo—
Laplace operator.

We can also define the pseudo—Laplace operator At for the Laplace operator
A on L?(T'\G) and prove that Ar satisfies the Weyl law [15].

Theorem 2.4.1. Let Np(\) be the counting function of the spectrum of the
pseudo-Laplacian Ar of T\G. Then

. Nr(\)
1 — (4 vorz =)
Jm ez = () TZ+1)

where n = dim '\ G.

As in the proof of Theorem 1.5.2, the problem is to relate the residual discrete
spectrum of the Laplacian A to the corresponding part of the spectrum of the
pseudo—Laplacian Arp. For this purpose, we use the right K—action on I'\G to
reduce it to the case of I'\ X above. Since the Riemannian metric of I'\G is right
K-invariant, we can decompose both A and A7 according to this action of K.
More precisely,

LY(I\G) = Z (dim o) L3(I'\ X, o),

where K is the set of irreducible unitary representations of K, and for any
association class C of proper rational parabolic subgroups,

LIT\G) = > (dimo)LZ(T\X,0),
UGX

and hence

Nyc(A) =) (dimo)Ngc o (N),
UER
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where Ny c(A) is the counting function of the discrete spectrum in L3 (I\G). If
C is of rank one, then Proposition 2.3.3 shows that

m

Nac(X) < (dime)(Nreo(A+101*) + Y Neusio, (V)
aek i=1

(2.4.2) = Nre(A+1pl*) + ) dime Y Newsio, (A
oceK 1=1

Then the problem is to show that the second term is of smaller order than A\™/2.
Since o; is the restriction of the representation o of K to the proper subgroup
K;, o; is not irreducible in general, and hence this second term in Equation
(2.4.2) can not be bounded by the counting function of the cuspidal discrete
spectrum of L?(T;\M;):

Ncus,i()‘> = Z (dlm 6)NCUS7i,5()‘)'
SeEK;

To overcome this problem, we introduce K—principal bundles I';\ B; over the
boundary spaces I';\ M; / K; and prove that the pseudo—Laplace operator of I';\ B;
also satisfies the Weyl law. In particular, the counting function of the cuspidal
discrete spectrum of L?(T;\ B;) satisfies the upper bound given by the Weyl law.
Since

L2, (T\B:) = Y (dim o) L2, (T:\M;/K;, ;)

UEK

and dimI';\ B; < dim '\ G, we can show that the second term in Equation (2.4.2)
is of smaller order than \"/2.

We also need these K-principal bundles I';\B; to establish the analogous
bound in Proposition 2.3.4 that the counting function of the discrete spectrum
of L2(T'\G) is of smaller order than \"/2? when C is of rank greater than 1. For
details, see [15].
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