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COUNTEREXAMPLES TO LOCAL EXISTENCE
FOR QUASILINEAR WAVE EQUATIONS

HANS LINDBLAD

1. Introduction and the main argument

In this paper, we study quasilinear wave equations and ask how regular the
initial data must be to ensure that a local solution exists. We present counterex-
amples to local existence for typical model equations. We also give the proof in
the quasilinear case as well. The proof for the semilinear case was given in Lind-
blad [7,9]. The semilinear case counter examples are sharp, in the sense that for
initial data with slightly more regularity, a local solution exists. This was shown
recently in Klainerman-Machedon [3-5], Ponce-Sideris [11] and Lindblad-Sogge
[10] using space time estimates and generalizations of these estimates known as
Strichartz’ estimates. For quasilinear equations, however, the optimal result is
still unknown; there is a gap between the counterexamples we present here and
a recent improvement on the local existence result by Tataru[15] and Bahouri-
Chemin [1]. Consider the Cauchy problem for a quasilinear wave equation:

3
Z g7 (u,u' )0y Opsu = F(u,u'), (t,z) € Sp=[0,T) x R,

u(O,x) = f(x)7 ut(o’x) = 9(175),

where 0,0 = 9y, g, and F are smooth functions of v and its first order deriva-
tives. We also assume that {g" }f’ j=o 1S a symmetric matrix that is close to the

coefficient matrix of 0 = 07 — Z?Zl 9%

3 00 P .
‘ , m>- =1 m=-15>0
(12) 3 g —mM < 1/2, where { . , J
Pty mi* =0, if j#Ek,

so that (1.1) is hyperbolic. Let H" denote the homogeneous Sobolev space with
norm || f| gz = || |Dz|" f|lL2 where |Dg| = /—A, and set

(1.3) [Ju(t, )||3 = / (’ |Dz|7_1ut(t,x)|2 + ‘ |Dm|ﬂ/u(t,az)‘2) dz.
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Since the norms (1.3) are more or less the only norms that are preserved for the
linear wave equation Ju = 0, it is natural to look for existence in the spaces
associated with these norms. We want to find the smallest possible « such that

(1.4) (f,9) € H'(R®) x H"""(R?),
(1.5) supp f Usupp g C {z;|z| < R},

implies that we have a local distributional solution of (1.1) for some 7" > 0,
satisfying

(1.6) (u,0u) € C([0,T); HY(R®) x HY"'(R%)).

We say that w is in HY[0, T if (u, Ou) € L ([0,T7; HY(R3) x H"Y(R?), (i.e., if
the norm (1.3) is uniformly bounded on [0, 7). Similarly we say that data (f,g)
is in HY[0] if (f,g) € HY(R3) x H*"Y(R3), (i.e., if the norm (1.3) is bounded
initially when ¢ = 0).

To avoid certain peculiarities concerning non-uniqueness we also require that
u is a proper solution:

Definition 1.1. We say that u is a proper solution of (1.1) if it is a distributional
solution, and if u is the weak limit of a sequence of smooth solutions wu. to (1.1)
with data (¢ f, ¢e *g), where ¢.(x) = ¢(z/e)e™" for some function ¢ satisfying
¢ eCs, [¢dr =1.

Even if one has smooth data and hence a smooth solution there might still be
another distributional solution which satisfies initial data in the space given by
the norm (1.3). In fact, u(t,z) = v2H (t —|z|)/t satisfies Ou = u? in the sense of
distribution theory. If v < 1/2 then ||u(t, )|, — 0 when ¢t — 0 by homogeneity.
Since u(t,z) = 0 is another solution with the same data it follows that we have
non-uniqueness in the class (1.6) if v < 1/2. Definition 1.1 picks out the smooth
solution if there is one.

Our main theorem is the following:

Theorem 1.2. Consider the Cauchy problem in R'*3;
Ou= (D'u)D*“u, D= (0,1 — ),
U(O,l') = f(l’), Ut(O, l’) = g(ZL‘),

where 0 < 0 < k—4{¢ <2, ¢=0,1. Let v = k. Then there exists data (f,g)
satisfying (1.4)~(1.5), with ||f|l g+ + llgll go—1 arbitrarily small, such that (1.7)
does not have any proper solution satisfying (1.6) in Sy = [0,T) x R? for any
T >0.

(1.7)

Remark 1.3. It also follows from the proof of the theorem that either we have
non-existence of any distributional solution satisfying (1.6) or else we have non-
uniqueness in a domain of dependence in this class (see Definition 1.6 and The-
orem 1.8). Also, stronger statements hold in the different cases (see Lindblad[7-
9].) I particular if £k — ¢ = ¢ = 0 then there is no distributional solution in

L2(S7).
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Remark 1.4. By a simple scaling argument one gets a counterexample to well-
posedness, but it has lower regularity than our counterexamples: v < k — 1/2.
Indeed, if u is a solution of (1.7) which blows up when ¢t = T' then u.(t,z) =
eF=2u(t/e,z /) is a solution of the same equation with lifespan 7. = T and
e (0, )]y = e¥=2+3/2=7||u(0, )|, — 0 if v < k — 1/2. By contrast, our coun-
terexamples are designed to concentrate in one direction, close to a characteristic.

Remark 1.5. In Klainerman-Machedon[3-5] it was proved that for semilinear
wave equations satisfying the “null condition” one can in fact get local existence
for data having the regularity predicted by the scaling argument. Although the
nonlinearities in our theorem have a special form the same result should hold
for any quadratic form in the derivatives of u that does not satisfy the “null
condition”.

Now, there is a unique way to write (1.7) in the form (1.1). In the semilinear
case, k — £ < 1, the equation is already in this form with ¢?* = m/* where m7*
is given by (1.2). In the quasilinear case, k — ¢ = 2,

3 3
Z G (t,2)0,:0p = 020 — Z 351- —v(t, 2)(0g0 — Dp1)?, where v = Dw.

i,7=0 i=0

We now define the notion of a domain of dependence.

Definition 1.6. Assume that Q@ C R, x R? is an open set equipped with a
Lorentzian metric g;r € C(Q) such that inverse g’* satisfies (1.2). Then € is
said to be a domain of dependence for the metric g;; if the closure of the causal
past Ay o of each point (t',2) €  is contained in 2. Here Ay . is defined to
be all points in €2 that can be joined to (¢',z’) by a Lipschitz continuous curve
(t,xz(t)) € Q, t < t/, satisfying

> dx® dx? 0
1.8 (2)—— —— >0, t) =t,
(18) Z 9 @) = z(¢)
4,7=0
almost everywhere. Since a solution u to (1.1) gives rise to a unique metric g ;i
we say that Q is a domain of dependence for the solution u if it is a domain of
dependence for g;y.

The importance of the concept of domain of dependence is Huygens principle
which says that changing the initial data outside the intersection of the domain
of dependence with the inital plane ¢ = 0 should not change the solution in
the domain of dependence, or in other words; information should not travel
faster than the speed of light. This is true for smooth solutions. We also have
uniqueness and continuous dependence of data for smooth solutions in a domain
of dependence. Hence if there is a smooth solution in a domain of dependence
it is unique within the class of proper solutions.
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Lemma 1.7. Suppose u € C°°(Q) is a solution to (1.7) in a domain of depen-
dence Q with initial data (f,g) on Qo = {z; (0,z) € Q}. In the quasilinear case,
k—€ =2, assume also that || D'ul|pe(q) < 0. Suppose that u. € C*>°(St), where
St =[0,T) x R3, are solutions of (1.7) with data (f-,g.) where (f-,g:) — (f,9)
in C°(Qo). Then ue. — wu in C*°(Q N Sy). Here C*(0) denotes the set
of smooth function on O with the usual topology defined by the semi-norms
Pa, i (f) = sup,cp |0“f(z)|, for K a compact subset of O.

The proof of Lemma 1.7 is standard so we postpone it to an appendix. It is
essential that 2 is a domain of dependence for Lemma 1.7 to be true; one needs
exactly this in order to be able to use the energy method to get estimates.

Theorem 1.8. There is an open set Q C Ry x R? and a solution u € C*(Q)

of

Ou = (D*u)DF*u, D = (0,1 — 0y), 0<(<k—-(<2 (=0,1,
such that Q is a domain of dependence for u and writing
(1.9) QO ={x; (t,z) € Q},

we have that 08y is smooth,

(1.10) 3 /Q(aﬁu(t,x))de {<OO’ when =0,

|BI<k. 8ol <1 oo,  when t>0,
where 3 = (B, ..., 33) and 0° = 8?0 . ~8f33. In fact;
(1.11) / (D’“—fu(t,x))Qd;p =00, t>0.
Q4

Furthermore, in the quasilinear case, k — ¢ = 2, we can pick u with HDZUHLOO(Q)
arbitrarily small.

Proof of Theorem 1.2. By Theorem 1.8 we get a solution w in a domain of
dependence ) with initial data w(0,z) € H*() and w,(0,7) € H*~1(Q). We
can extend these to f € H*(R3) and g € H*~1(R?), see Stein [14]. If there exist
a proper solution u of (1.7) in Sp = [0,T] x R? with these data, it follows from
Definition 1.1 and Lemma 1.7 that u is equal to w in St N 2, contradicting

(1.6). O

Let us now briefly describe how to construct the solution v and the domain
of dependence € in Theorem 1.8 . First we find a solution u(t,z) = uy(t,z!),
depending only on one space variable ' € R, that develops a certain singularity
for t > 0 along a non timelike curve 2! = u(t), (i.e., Q' = {(t,z!); 2! > p(t)}
is a domain of dependence). Then we will find a domain of dependence Q2 C
0! x R? for uy (¢, 2') such that the solution is in H*()) and such that the curve
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xt = p(t), 22 = 23 = 0, lies on 0N, which ensures that the solution is not in
HF(€y) for t > 0. This means that Q contains the causal past, for the metric
given by wuq, of the above curve for small ¢.

The equation Ou = D% D*~%u, becomes

(1.12) Dy D_uy 4+ D% uy D *uy =0, where Dy = 8,1 + 0;.

This equation can be solved by integrating along characteristics. By choosing
particular initial data

(1.13) D_uy(0,21) = BB (z1), Dy (0,2') =0,

1

x
1
(1.14) where y(z') = / —¢|log |s/4||“ ds, 0<ac< 30 €> 0,
0

we get a solution
(1.15) uy € C°(QY), where Q' = {(t,2");ut) <2' <2 -t} C Ry xR,

for some function u(t) with p(0) = 0, such that Q! is a domain of dependence
and such that u; (¢, 1) has a singularity along x! = u(t). One sees this from the
solution formulas obtained from integrating along characteristics (see section 2).
Essentially what is happening is that the initial data (1.13)-(1.14) has a singular-
ity when ' = 0. For the linear equation, u;; — uz1,1 = 0, the singularity would
just have propagated along a characteristic, however the nonlinearity causes the
solution to increase and this strengthens the singularity for ¢ > 0. This is the
same phenomena that causes blow-up for smooth initial data. The blow-up along
characteristics occures at a time ~ —1/x’. Because x’'(0+) = —oo, the blow-up
happens directly close to 2! = 0.

Define Q C R, x R3 to be the largest domain of dependence for the metric
obtained from the solution u(t,x) = uy (¢, z') such that

(1.16) Qc Q' xR?, Qo= {z;(0,2) € Q} = By = {z; |z — (1,0,0)| < 1}.

(It follows from Definition 1.6 that the union and intersection of a finite number

of domains of dependence is a domain of dependence so indeed a maximal domain

exists.) The initial data (1.13)-(1.14) was chosen so that (1.10) just is finite if

t =0, an easy calculation shows that this is equivalent to [ yx”(y)? dy < oo.
Let €; be as in (1.9) and

(1L17) Sy(a) = {(2%,2%) € R (2}, 22, 2%) € O}, at(xl):/ da? da®,
Se(zl)

With this notation the integral in (1.11) becomes, if we integrate out the z? and
23 variables

(1.18) /:t at(xl)(plj%ul(t,xl))zdxl.
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The proof that this integral is infinite consists of estimating the two factors in
the integrand from below, close to x! = u(t).

In the semilinear case the metric ¢?* is just m7* so Q' is a domain of depen-
dence if and only if 4/(t) > 1 and it follows that Q = Q! x R2N A, where A =
{(t,z);|x—(1,0,0)|+t < 1}. Hence for x' > u(t); Si(z!) = {(2?,23); (2! — 1)2+
22% + 237 < (1 — )%} so then a;(z!) = 7(2 — t — 21) (2! — t). Also, the specific
solution formulas are relatively simple. In particular if K — £ =1 = 1, then it is
easy to verify that

X (z! = 1)
1.19 D_u(t —_—
( ) ui(t, ') = T+t (zt —t)
satisfies (1.12)-(1.13) when 1 +ty/(x! —¢) > 0. Since x'(0+)
it follows that there is a function p(t), with p'(t) > 1 and
1+t (x! —t) =0, when 2! = u(t). Hence 1 + ty/(x! —¢)

=—ooand ¥’ >0
(0) = 0, such that
C(t) (' — u(t)) so

I
<

3 1 N2 51 2 (z' —t)da' =
(1.20) / oy @) (Dot 2))" dat /,m CEP —p)?

We refer the reader to Lindblad [9] for the complete proof in the semilinear case.

In this paper we will concentrate on the quasilinear case. Here, the solution
formulas are less explicit and given in terms of the characteristics for the equation
(1.12). In the quasilinear case, estimating a(z') from below requires control of
the geometry of the causal past for the metric whos inverse is given by

(1.21)

g9 (t, 210,10y = 0} — Z —o(t,2") (8,1 — )2, where v = (9,1 — 9)) uy
=1

2. The quasilinear case

The quasilinear case of the equation in one space dimension (1.12) can be
factored

(2.1)
(0 4 0p1) + 0(0g1 — 0y)) (02 — O)u =0, where v = (01 — AR
(2.2) u(0,2) =0, (0, z') = =179 (21).

Here ¢ = 0,1. This equation can be solved by integrating along the characteris-
tics. (2.1) is equivalent to

! £00,) (00— 0)u=0.

(23) (0 +
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The characteristics are given by x! +t = constant respectively ! = ¢(t,y)
where

(2.4) Lot y) = UL O(Y)

dt ¢(07y) =Y.

(2.3) says that (0,1 — 0¢)u is constant along the characteristics (2.4) so

((aacl - 815)”) (t7 ¢(t7 y)) = X/(y)7 U(Oa y) =0, it £=0,

(25) o(t 6(t.1)) = (1), Ty

Let Ry = (0,00), Ry = [0,00) and let C* N ﬁ(@) = C4(Q) HE(Q), where
ﬁ(@) = C*(Q2). We have

Proposition 2.1. Let 0 < e < 1 and suppose that x € C* ﬂ@(l&r) and
(2.6)
—e<x <0, xX'<0, X">0, x(0)=0, x'(0+)=—00, x'(00)=0.

Then there are functions ¢ € C= N C(Ry x Ry) N CHRy x Ry \ {(0,0)}),
veC®NC(Ry) and v e C*NC(QY), where

(2.7) QF = {(t,2'); ' > p(t) = o(t, v(t)), t > 0},
such that (2.4)~(2.5) hold when y > v(t), t >0, and

v(0) =0, V' (t) >0,
(2'8) ¢y(tv y) >0, y> l/(t)? ¢y(t> V(t)) =0,
lu(t,z')| < e, (01 — Op)v(t, 2') <0,

when t > 0 and (t,z') € Q.
If =0 then v(t) =0 and

(2.9) 0 < ¢y(t,y) < X' W /(1 —¢), when y > 0.

If ¢ =1, then V'(t) > 0 when t > 0, and there is a function M € C(Ry) such
that

(2.10) 0 < ¢y(t,y) < M(t)(y—v(t), when y>uv(t), ¢>0.

Remark. Note that Q! is a domain of dependence since v/(¢) > 0. Furthermore
#(t,v(t)) = 0 so the function v(¢,z') defined by solving z! = ¢(t,y) for y as a
function of (¢, z!) in (2.5) has a singularity along the curve z' = u(t) = ¢(t,v(t)),
which lies in 9.
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The calculations simplify if we introduce new variables

s=at+t, qg=a'—1,

(2.11) U(s,q) =u((s—q)/2,(s+q)/2).

Then (2.1) becomes,

(2.12) (0s +V(5,9)0q)0U(s,q) =0, V(s,q) = 8§U(5, q)2",
(2.13) Uly,y) =0, Uygly,y) =x""(y)2"

The characteristics for (2.12) are given by s = constant respectively ¢ = h(s,y)
where

(214) Lh(s,9) = Vish(s.9), hlyy) =v.

By (2.12), dU,(s, h(s,y))/ds = 0 so

Va(s,h(s,9) = X'(v), V(y,y) =0, if £=0,

(2.15) V(s,h(s,vy)) = x(y), if ¢=1.

Proof of Proposition 2.1. We will first prove Proposition 2.1 in the case | = 0.
Differentiating (2.14) with respect to y gives

d

2slw(s9) = Va(s, hs,y)hy(s,y), hs(yy) +hy(y ) = 1,

Since hs(y,y) = 0 by (2.14) and (2.13) it follows that

d
%h’y(svly) = X/(y)hy(svy)v hy(yvy) = 17

which has the solution
(2.16) hy(s,y) = eG—9X' @),

Since hy(s,y) > 0, when y > 0, we can solve the equation ¢ = h(s,y) for y as a
function of (s, ¢) so (2.15) defines a function Uf(s,q) = V (s, q), in

O ={(s,q); ¢ > h(s,0)},

which satisfies (2.12)-(2.13). Furthermore by (2.15)

V(s,h(s,y)) = — /S Va(s,h(s,2))hy(s, 2)dz < — /s X' (2) dz,
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since x'(z) < 0 so
(2.17)  0<V(s,h(s,y)) < x(y) —x(s) <e<1l, and V(s,h(s,y))<O.

We now want to change back to the original variables (¢, z'). The characteristics
q = h(s,y) can be expressed as ' = ¢(t,y), if we introduce ¢ as a new parameter:
s = s(t,y) and set ¢(t,y) = h(s,y) +t. In fact, t = (s — q)/2 = (s — h(s,y))/2
sodt/ds = (1—V(s,h(s,y))/2 > 0. Since h(¢ +t,y) = ¢ —t we have

hy(sv y)
1=V (s, h(s,y))

so, ui(t,x') = V(t + 2!, 2! —t) is a solution to (2.1)-(2.2) in the set
O = {(t,z'); 2' > p(t) = ¢(£,0)}.

(2.18) oy(t,y) = > 0, when y > 0,

Furthermore,

s=y=2=h(sp)~y= [ hep)di= [ Vihp)ds=0
Yy Yy

which in view of (2.18) and (2.17) proves (2.9).
Let us now deal with the case £ = 1, which in fact is much simpler. By (2.4)
and (2.5)
d _ 1+x(

%Qb(tvy) - 1_7X(y)7 gb(O,y) =Y,
o) =y + T,
and ‘W)
B X (y
P =14 T et

Since x'(0+) = —oo and x’(c0) = 0 it follows that there is a function v(t) > 0,
when t > 0, such that

¢y(t7’/(t)) =0, when ¢ >0.
and v(0+) = 0. We have

~ A= x)X" @) +2X (y)?
Dyy(t,y) = 1 — (1)) t>0,
0 < ¢y(t,y) < (y —v(t)) iUI()t) Gyy(t, 2), y > v(t),

which proves (2.10). Furthermore

d X' (v (1)) /
0= t.v(t)) = t,v(t t
dt¢y( 77/( )) 1—X(V(t)) +¢yy( 71/( ))V( )7
so V/(t) > 0 when ¢ > 0. This concludes the proof of Proposition 2.1. 0

We now have to show that the integral (1.18) is infinity for ¢ > 0.
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Lemma 2.2. Let ¢, v, v and Q' be as in Proposition 2.1 and suppose that
u € C%(QY) satisfy (2.1)—(2.2) in Q. Then

(2.19) /_ an(@) (01 — 0)2u(t, 1) da

(t)
v (1) a2 1 dy
_ ay , (2—1) .
/y@) (p(t y))(x (y)) 069 (1= o(t, ol )’

Proof. Using the coordinates (2.11)—(2.14), we obtain

1 d 1 d X 9(y)
U, S7h’8ay = ——U, S,hS,y = —U, Y,9) = —FT7—7F—~>
aa(: (5 9) hy(s,y) dy a5 1(s:9) hy(s,y) dy o(9:9) hy(s,y)
which, together with (2.18), proves that
X2 ()

— 2u - ’
(2.20) (G = 0% (& 60 9)) = S o))

(2.19) follows if we use (2.20) and change variables x! = ¢(t,y), dz' = ¢, (¢, y)dy.
U

Since ¢y (t,v(t)) = 0 and |v| < € < 1 it will follow that the integral (2.19) is
infinity for ¢ > 0. In view of (1.16)—(1.17) we have

(221)  ag(6(0,4)) = anly) = / da® da® = 7(2y — 1),
2224232 <1—(1-y)?

and we will prove in Proposition 2.4 below there is a constant ¢ > 0 such that
(2.22) a(p(t,y)) >cy if 0<y<1/4, 0<t<1/16,

Assuming (2.22) for a while, the proof of that the integral (2.19) is infinity now
follows from:

Lemma 2.3. There is x satisfying the assumtions in Proposition 2.1 such that

(2.23) /02 y (x”(y))2 dy < oo,
R S

Proof. Let us first deal with the case £ = 0. It is then easy to choose x so the
integral (2.23) is finite but (2.24) is infinity. We claim that

1
dw, O<a< -,

X(y) = _C/Oyf:“‘ log (w/(l +w2/a)a/2) :

’ [e%
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will do. Note that yx" (y)|x'(y)|/*~! = (Ce)/* /(1 + y*/®). By (2.9), (2.24) is
bounded from below by

) , -
/ yx" (y)%e X W) dy = / yx" (y)e**dz >
0 b

€

00 2tz

cce

/ %dz = 00, bs > 0,
E

where we have made the change of variables z = —x/(y), dz = —x”(y)dy. From
the same calculation when ¢ = 0 it follows that the integral (2.23) is finite.
If £ =1 then by (2.10), (2.24) is bounded from below by a constant times

/”*(t) y(X'(v))° dy e -
vy M)y —v(t)) '

It only remains to prove (2.22);

Proposition 2.4. Let v, ¢ and Q' be as in Proposition 2.1 and assume in
addition that |v] < e = 1/8. Let Q C {(t,x); (t,2') € Q' t < 1/16} be the
largest domain of dependence for the metric whose inverse is given by

3

(2.25) > g7 ()04 05 = 07 Za%— 2') (9 — 01)?,

i,j=0

such that QN {0} x R3 = {z; (x! —1)2+x22+x32 < 1}. Then

(2.26) Q= {(t,2); (t,z") € Q' and 22° + 23 < D(t,21)},
where

1 1 1
(2.27) D(t.¢(ty)) = 7y, whenO<y< . 0<i< o

Proof of Proposition 2.4. It follows from Definition 1.6 that (¢/,2’) € Q if and
only if (#,z'") € Q! and all Lipschitz continuous curves from (¢, z’) that satisfy
(1.8) intersect the hyperplane ¢ = 0 in the ball {z; (z* — 1)2 +a2? a3 < 1}.
Hence Proposition 2.4 follows from Lemma 2.6 below. g

Now recall Definition 1.6 of domain of dependence. An easy calculation shows
that if g* is given by (2.25) then the inverse satisfies

3 ; ; 2 3 i\ 2 2
dx* dxI dax® dx* dz®  dx!
2.2 = == - O ==+ =
( 8) Z g ](t7 x) dS dS < dS ) ; ( dS ) +U(t?$ ) ( dS + dS >

i,j=0
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Lemma 2.5. Let (t(s),x ( ), 22(s),x3(s)) be a Lipschitz continuous curve para-
meterized so that t(s) + x'(s) = s and let g;; be given by (2.28). Then

da: dad
2.29 i (¢, >0, 2°=t,
(2.29) Jzogf Vs ds =0 T

1 equivalent to

(2.30) o < —R(s) +v(t(s), 2" (5)),
where

x2 S 1173 S
2.31)  q(s) = a'(s)— i(s), and R(s) = (dd—é))QJr (d di ))2-

Proof. The proof just follows from factoring (2.28):

da® _dat | (da® dol\Y (da® dol)  (dat\T_(dat\T
ds ds ds ds ds ds ds ds N

Lemma 2.6. Assume that V(s,q) € C(ﬁl) and Vy < 0. Suppose that h(s,y)
satisfies

dh(s,y
(2.32) EZS )= Vish(s,9). hly.y) =v.
and consider a curve as in Lemma 2.5 satisfying (2.30) with q(b) = h(b,y) for
some b >y >0 and let r(s) = \/22(s)2 + 23(s)2. Then
(2.33) q(a) = h(a,y) and |r(a) —r(b)]* <lg(a) — h(a,y)|lb—al, a<b.

Suppose in addition that r(a)? = 2a — a® when q(a) = a and |V| < 1/8. Then

(2.34)
r(b) > y/2, when 0<t=(b—-"h(by))/2<1/8 and 0<y<1/2.

Proof. Subtracting (2.32) from (2.30) gives

d(q(s) — h(s,y))
ds

< —R(s)+ V(s q(s)) = V(s, h(s,y))-
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Since R(s) > 0 and ¢(b) = h(b,y) it follows by continuity that ¢(s) — h(s,y) >0
when s < b. Hence, after integration using that V, <0,

b
[ #s)ds < ate) - ha),

b b
r(b) = r(a)] S/ VR(s)ds < Vb—a\// R(s)ds.

This proves (2.33). If we pick a so that ¢(a) = a then a > y and

since

q(a) — h(a,y) =a—1y +/ V (s, h(s,y)ds < 9(a—y)/8 < 9a/8 < 9Ir(a)?/8,
y
since r(a)? > a when a < 1. (2.34) follows from (2.33) since b—a < b—y < 16t/7,

b—y=2t+h(b,y) — h(y,y) = 2t+/bV(s,h(s,y))d5 <2t+(b—vy)/8.

O
| T h(by)=q(b)
X 1-?1 =S
X,-t =h(sy)-
4@ -hiay)
"""""""" N NE .
y a=q(a) > t"’.h(b,y) X

Figure 3.1
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r(@

r(b)

0 y: a':q(a) t+:h(b,y) X,

Figure 3.2

3. Appendix I: Proof of Lemma 1.7
First we note that Defintion 1.6 has two equivalent formulations:

Lemma 3.1. If Q is a domain of dependence and (t',x") € Q then there is an
e > 0 such that the closure of the cone A3, is contained in 2. Here A, > Ayry
is the cone cosisting of all points that can be joined to (t',2") by a smooth curve
(t,z(t)) € Q, t < ', satisfying

dzt da?
. (1) —— —— > — 0t) =t.
(3.1) gy () > e ) =

Proof. Suppose that z,(t) is a sequence of curves satisfying (3.1) with e = 1/n.
Then there is a constant C' such that |dx,,/dt| < C for all n. Hence we can pick
a subsequence, which we also denote by z,,, such that x,(t) — z(t) uniformly,
where z(t) is Lipschitz continuous satisfying satisfying |dz/dt| < C. We claim
that z(t) satisfies (3.1) with ¢ = 0. This follows since g;;(x,(t)) — gi5(z(t))
uniformely and the set of vectors satisfying g;; (z(¢))Y'Y7 > —eY%? with YO > 0
is a convex cone. O

Lemma 3.2. Let Q is a domain of dependence and (t',2') € Q. Then there
is a smooth function ¢ such that with H = {(t,x); t < ¢(x)} we have that
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(t',2') € OH C Q and OH s space like,
(32) i.e., g”(t,l‘)NZ(JJ)N](ﬂ?) >0 if t= d)(x)a N(J?) = (17 _vx¢(x))

Proof. Pick t > t’ such that (t”,2') € Q and A$,,, as in Lemma 3.1. Note
that AS,, = {(t,2);t < ¢c(z)} where ¢-(x) = sup{t; (t,x) € A%, } is Lipschitz
continuous. In fact if (¢, z) € OAS, ., then the cone consisting of all line segments
from (¢, z) with length less than § and slope satisfying g;; (¢, z)Y'Y7 > —5Y02/2
lies in A, .. It follows that ¢. is Lipschitz continuous and satisfies (3.2) with
0 in the right hand side replaced by /4, if € is sufficiently small. The same
then is true for ¢.(z) = min{¢.(z),t'}. By regularizing ¢ = ¢. * 15, where
VYs(z) = (x)8)/83, ¢ € CF°, [pdx = 1, we get a smooth function satisfying
(3.2) which is arbitrarily close to ¢. for which (3.2) hold and ¢(z') = ¢’ if § is
sufficiently small. O

To prove Lemma 1.7, we must show that in any compact subset K C QN
[0, T) xR3 u. tends the solution u in Theorem 1.8 . Since every compact compact
subset of ) is contained in the interior of a union of sets H as in Lemma 3.2, it
suffices to prove Lemma 1.7 for these. Let

En(w,t)= sup () [[0%w(t, )| Z20)) "

0<s<t la|<N

IN(wvt) = sup Z sup |8ﬁw(t7x)|7
Ogsgt‘mSNmeHs

where Hs = {; (s,2) € H}. Since u is smooth in H it follows that we have the
bounds

(3.3) En(u,t) < K, In(u,t) < K,
for any M. By assumption we also have
Il(u, t) < 0.

We need the following version of Sobolev type lemma:

Lemma 3.3. Suppose that (t,x) € H andt < 1. Then

(3.4) w(t,z)] < C sup > [|0%w(s, ) 2(1.),

0<s<t la|<3

where C' depends on 'H but is independent of (t,x).
Proof. First we will prove that

(3.5) |w(t,2)| <
sup Y teljgew(o, y)|+0\/i sup. > 0% w(s, ) lr2(y-sl<(t-s)/2.)-

|y—517\§t/2|a|<1 ‘ |=2
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Let h(1,y) = w(t — 7,2 — 7y). Then integrating by parts twice gives us the
following identity

/0 ThTT(T, y) dr = th‘r(ta y) - h(t’ y) + h(o’ y)

Since w(t,xz) = h(0,0) = h(0,y) we get

w(t, ) @—// hee(r) vy + [ (hitg) ~ the(t.) .
lyl<3 lyl<% lyl<3

2

Here

2 dr
horr (7,y) Tdydr < C/ </ hTT(T,y)273dy> — <
/ /yl i lyl<3 VT

o[ [ ot wdz)%%

SC’\/EZ sup </ lao‘w(t—T,:v—z)Fdz) :
|2]<%

|2 0Tt

Since h(t,y) = w(0,x — ty) and h,(t,y) = —w (0,2 — ty) — y - Vw(0,x — ty),
(3.5) follows. Since the conce {(s,y); |y —z| < (t —s)/2} C H it follows that the
second term in the right hand side of (3.5) is bounded by the right hand side of
(3.4). In order to bound the first term in the right hand of (3.5) we use Sobolev
Lemma for H. O

In the semilinear case we have

00%(ue —u) = F,, where F,=0" (DeueDk_eus — DZuDk_Eu),
and ¢ < k — /¢ < 1. Note that F, is a sum of terms of the form

0% (ue — w0 (ue — ), 97 (w0 (ue — ), O™ (ue — u)0™ (u),
with |51] < |a|/2+ 1 and |B2] < |af + 1. Let

m(t) = Ex(ue —u,t), and n(t) =In_s(us —u,t),

for N > 8, say. In view of (3.3) and Lemma 3.3, n(t) < Cm(t), we have
(3.6)  IFat,)li20u) < COm() + Chm(t) < Clm(t) + Chm(d).

Recall the energy inequality;

t
(3.7) 1w’ (&, 22y < 1w’ (0, )l L2340 +/0 (s, )l L2 (e, ds,
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if Jw = F and OH is spacelike. We also have the simple inequality

t
(3.8) lw ()2 32) < [[w0(0, )| L2 (74, +/0 10w (s, )l L2 (2, ds-

These two inequalities together with (3.6) implies that

m(t) < C(m(O) + /Ot (m(s) + K)m(s) ds).

It follows that m(t) < C’'m(0), if m(0) is sufficiently small and ¢ < 1. By
assumption m(0) — 0, when £ — 0. This proves that u. — u in K.
Let O, = ¢ 9;0;. In the quasilinear case we have

Og(pru.) (e — ) = (Og(pru,y — Og(peuy)u-

If n(t) is sufficiently small it follows by inspection of (3.2) that OH is spacelike
also with respect to the metric g/%(D*u.). Assuming that this is true we will
show that n(t) remains small if its sufficiently small when ¢ = 0. Differentiating
the equation gives

Dg(Deus)aa(us - u) = Fa,

where F, satisfies the same estimate as in the semilinear case. We now have to
use the energy inequality for variable coefficients [ljw = F' that are sufficiently
close to O (see Hérmander [2]),

Jw'(t, )2 () <

t t
K<|rw'<o,->umo> T / \F(s,->||L2(Hs>ds) exp ( / Krg'<s>rds),
0 0

where

g'(s) =" sup 10,67 (s, ),

dikeyi ©€ Tt

provided that OH is spacelike and |g| = 3, ; |¢/% —m/*| <1/2. Here m® =1,
mi = —1, 5 > 0 and m/* = 0 if j # k. Using this inequality we can now
proceed as in the semilinear case.
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