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RULED MANIFOLDS WITH CONSTANT
HERMITIAN SCALAR CURVATURE

YING-J1 HONG

Assume that (M : wys) is an m-dimensional compact Kéhler manifold with
constant Hermitian scalar curvature and 7 : F — M is a simple holomorphic
vector bundle of rank n over M with an Einstein-Hermitian metric Hg. Let A
denote the Einstein-Hermitian connection on E induced by Hg. Let P(E) denote
the projectivization of E over M. Then P(F) is an (m + n — 1)-dimensional
complex manifold. Let L be the universal line bundle over P(E). Then the
Einstein-Hermitian metric Hg induces a Hermitian metric Hy- on L* over P(E).
Thus there is a representative

! L. 901
(%FHL*> :%' ogHp~,
of the Euler class e (L*) of L* on P(F) induced by the Hermitian metric Hp-.
Note that the representative (5=Fj,.) of e (L*) on P(E) induces the Fubini-
Study metric on each fiber of 7# : P(E) — M. Thus for each k£ € N large

enough,
i ~ ok
<%FHL*> + k-7 WM

is a Kéhler form on P(F). The main purpose of this article is to announce the
following result with a partial proof via formal power series expansion. Details
will appear elsewhere.

Theorem A. Assume that there is no nontrivial infinitesimal deformation of
Kahler forms on M with constant Hermitian scalar curvature. Then, for each
k € N large enough, there exists a Kahler form on P(E) in the Kahler class

[(LFHL*) —i—k-fr*wM] y
2w

with constant Hermitian scalar curvature.

Remarks. 1. When FE is stable, it is known that there exists an Einstein-
Hermitian connection on E by the results of Donaldson ([D1, D2]), and Uhlen-
beck and Yau ([UY]). Conversely, when E is simple and admits an Einstein-
Hermitian connection, it is known that E must be stable ([K]). 2. When
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(M :wyr) is Einstein-Kéahler, it is known by results of [C,BM] that, modulo
the automorphism group of M, there is essentially only one Einstein-Kéhler
metric on M in the Kahler class [wys]. In particular, when there is no nontrivial
holomorphic vector field on M, there is only one Einstein-Ké&hler metric in [way]
on M.

Decomposition of the space of smooth functions on P(E). Note that
the Einstein-Hermitian connection A on E defines one smooth distribution H of
horizontal spaces on P(E):

T(P(E) =V &H.

Here V is the sub-bundle of T'(P(F)) over P(E) consisting of tangent vectors
which are tangential to the fibers of # : P(E) — M. Let VI denote the
maximal sub-bundle of T* (P(E)) over P(E) whose action on H is identically
zero. Then the decomposition 7' (P(E)) =V @ H of T (P(E)) over P(F) induces
the following corresponding decomposition

T (P(E)) = VI @ 7 (T (M),
of T* (P(E)) over P(EF). Thus we have the following decomposition

NT* (P(E)) =Cy & Cp, & Car,
of N*T* (P(E)) over P(E). Here Cy = A*VI¥ and Cpy = A*#*T*(M). Besides C,y,
is the sub-bundle of A*T* (P(E)) over P(E) consisting of the mized components

of A*T™* (P(FE)). Thus we have the following diagram of projection maps over
P(E) such that id. =g, & 1¢,, & 1Il¢,, on AN*T* (P(E)):

Cy Y AT (B(E)) —, ¢y

.

Cm

Let I' (P(E) : R) denote the space of smooth functions on P(E). We introduce
one Hermitian form (metric) @ on P(F) by setting

~ Z ~ 3k
w = HCV (%FHL*> + T wpy-

Note that the derivation operator d : I' (P(E) : R) — I'(P(E) : T* (P(F)) ® R)
can be expressed as
d=dy +dnm,
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in which dy : T'(P(E) :R) — I'(P(E) : R® VI) and dy : T'(P(E) : R) —
I'P(E) : R a* (T*(M))). Let di, and d}, be respectively the adjoint operators
of dy and dj; with respect to the Hermitian form (metric) @. Then we have

A=d"od=Ay + Ay,

in which Ay = dj, o dy and Ay = d3, o dpy. Similarly we have 9 = dy + iy
and 0 = Oy + Jys. Let Ay and Aps be respectively the adjoint operators of

1

o HCV <27T

FHL*> /\0,

and
o — Trwy Ae,

on P(E) with respect to the Hermitian form (metric) @. Since Hg is Einstein-
Hermitian it can be checked directly that

iAo (lle, 0 89) f = 2V,
and A
i'AMO(HCMoga)f: %fa

for any smooth function f on P(E). (Even though & is not necessarily Kahler.)
Besides, we have
AMOAV :AVOAM.

In the following context we will sometimes use the suggestive symbols Jy Oy and
On Oy defined as follows:

5{/8{/ = (HCVO 58) , and 5M8M = (HCM o 58) .

The reason for using these suggestive symbols will become clear when we express
(Ig, 0 89) and (Il¢,, 0 D) explicitly using the special coordinate system in [H].

Since the restriction of (3= Fp,.) on each fiber of # : P(E) — M is simply
the Fubini-Study Ké&hler form, there is a well-defined vector bundle W over M
whose fiber over each point z € M is the eigen-space of the lowest non-zero eigen-
value of the (Fubini-Study) Laplacian on #~!(z). On the other hand, integration
along the fibers maps one smooth function on P(E) onto one smooth function
on M. Thus for each smooth R-valued function f € I'(P(E) : R) on P(E) we
have

f=a(f)®a(f)aalf),

in which (6(f):0(f)) €e T(M:R) & I'(M : W), and the restriction of &(f)
on each fiber #71(2) of # : P(E) — M is orthogonal to both the space of
constant functions on #71(z) and the space W,. Here I' (M : W) is the space
of smooth sections of W over M, and W, is the fiber of W over z € M. Note
that the smooth distribution H defines one connection V** on the fiber bundle
7 : P(E) — M, preserving the bundle W over M.

In the following section “Partial proof of theorem A via formal power series
sxpansion”, we will need the following result and its infinitesimal version:
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Proposition A. Assume that C™ and P (C™) are respectively endowed with the
standard Hermitian metric H = ) a3 - wo - Wg on C™ and the Fubini-Study
metric on P (C™). Then for any traceless Hermitian quadratic form q¢ = qag -
Wq - wg on C™ (with ) ¢, = 0), the function

—47 - (3 0ap W - W5) - S ary - Gy - Wa - g + (47 +210) - (3 qap - Wa - W)
(X 0ap - wa - W)”

on P(C™) is orthogonal to the eigen-space of the lowest non-zero eigen-value of
the (Fubini-Study) Laplacian on P (C™).

This result can be expressed equivalently in the following way:

Let wp.g = —%58 log H be the Fubini-Study Kahler form on P (C™). We
define the function Q (% : %) on P (C") as follows:

(—14n) - B (=3+n)
Q(% : %) . % :ma(%) m’@@(%) /\%

Then the function

q q qa. 9
(aromeg) - (ron )+ Q5 ).
on P(C™) is orthogonal to the eigen-space of the lowest non-zero eigen-value of
the (Fubini-Study) Laplacian on P (C™).

Actually, for any traceless Hermitian quadratic form q¢ =) qap - Wo - Wa 0N
C™, we have

q q q 4q 2 _
— (27r-n-ﬁ) : (27r-n-ﬁ) +Q<ﬁ : E) + 47 -ang-qga—
— 7 (=47 -id. + Ap.g) (% . %) :
Here Ap_g is the Laplacian operator induced by the Fubini-Study Kahler form

wr.s on P(C™). Note that the constant function 472 -3 qag - qsa on P(C")
associated with ¢ =) qap - Wo - Wa only depends on the unitary group orbit of q.

Remark. Note that for any traceless Hermitian quadratic form ) gag - we - Wg
on C" (with )¢,y =0),

Z Gop - Wa - W3

> 0ap - Wa - Wp
is an eigen-function of the lowest non-zero eigen-value 47-n of the (Fubini-Study)
Laplacian on P (C™). Conversely, any eigen-function of the lowest non-zero eigen-
value 47 - n of the (Fubini-Study) Laplacian on P (C™) can be expressed in this
way. Il

Now we set
Wit
Qu = 2,
m)!
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and 1em)
(— i —14+n .
0= o(=1+m=+n) _ (HCV (ﬂFHL*)) A T Wiy
(=1+m+mn)! (=1 +n)! m!
Let A™#*T™ (P(E)) denote the trivial bundle over P(E) consisting of differential
forms on P(F) of maximal degree. Then we can identify functions on P(F) with
sections of AT (P(E)) over P(FE) through the following map

f—f-Q.

Similarly, we can identify functions on M with sections of A™*T™* (M) over M
through the map
fr—f-Qum.

Here A™2>T™ (M) is the trivial bundle over M consisting of differential forms on
M of maximal degree. Besides functions on P(E) which are constant along the
fibers of 7 : P(E)) — M will be identified with functions on M. Similarly e can

be identified with 4 (—14n)
(HCV (iFHL*)) i

NT7*e,
(T +n)! e

on P(E) for any differential form e on M. (We will use this convention when
considering the operation “integration along the fibers”.)

Partial proof of theorem A via formal power series expansion. Let K
be the canonical line bundle of P(£). Assume that wiy is a Kéhler form on P(E)

lying in the Kéahler class
l
27

and & is the representative of —e(K) induced by wy) on P(E). Then the
equation of constant Hermitian scalar curvature for wy, is as follows:

(S) A[k]g[k] =(=14+m-+n)- ¢ <
p(m2tmtn) (=1+m+n)

[k] il
Elk] /\m =(-1+m+n)-c- (=1 +m+n)
Since
. ""[(ki%ern) - » o w[(kiHern)
o) k] —(—2—|—m+n)! = /P(E)( +m+n)-c —(_1 Tmtn)

the constant ¢ is pre-determined. The equation (S) is a 4-th order elliptic
partial differential equation (depending on the parameter k). It is not easy to
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solve (S) directly. Thus we want to introduce an auxiliary equation to reduce
(S) to a system of equations which is equivalent to (S). Let

7
oW[k] = (%FHL> + k- 7wy
Assume that B
Wik] = oWk] + 100P(],

in which the smooth R-valued function ¢, on P(E) satisfies the following nor-
malization condition

(N) / &(¢[k])-QM:O<:> ¢[k]'Q:O.
M P(E)

Let ,Hyy and Hp, denote the Kéhler metrics on P(E) induced respectively by

the Kéhler forms owp) and wy) on P(E). Then we have

i -
588 logdet ,Hg) = ck - 0wk + o)

in which & is a smooth (1 : 1)-form on P(E) satisfying the compatibility
condition:

w(—2+m—|—n)

O~ 1K]
C o) N =0
(©) /]P,(E) S0 (—24+m+n)!

Thus )
i = 5
%38 logdet Hpyy = ¢ - wig + o[k + 100n,

for some smooth R-valued function 7y on P(E). Then we have

det H[k]

m = Ck * u?@(b[k] + Zaan[k],

7 =
—00lo
27 &
and thence we may assume that

det H[k}

(A) —exp 2 (e oy )]+ o =

Thus the equation (S) is reduced to

(B) Apg o€n + Ay (100m) = 0 <= (o&pp) +100m31) A
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Induction scheme. We will solve the system of equations (A) and (B) formally
in the following context. Thus we assume that formally

Px] :¢0+2%,

0eN

and

Mo
Nik] = Mo + Z 10
0N

in which, for each 6 > 0, ¢¢ and 79 are smooth functions on P(E) independent of
k. Suppose that the left hand sides of (A) and (B) can be expressed respectively
as follows:

det Hy Ao
—exp 2 - (ck - by + k)] + m - 0>0 k7

and
(—=24+m+n)

_ w B

. (K] m 0

o 00 N———"r———— =™ E —.
(o€ug +i00) (=2+m+n)! =k

Then, the system of equations (A) and (B) is formally equivalent to the following
set of equations:

(A) Ag =0, Vo >0,
and
(B) By=0, V0>0.

Now we introduce some notation which will be used later on. Assume that Z
is one vector bundle over P(E). We will use the symbol

Oz (k7%),

to indicate one formal sum

>

v>0

of smooth sections of Z over P(F). Here each s, is one smooth section of Z over
P(E) independent of k. When Z is the trivial bundle R x P(E) we will use the
symbol O (kfe) instead. In the following proof, the representative (ﬁF HL*) of
e (L*) on P(E) will be fixed. Thus e (L*) will be identified with (5= Fp,.) when
there is no confusion.
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Note that the Einstein-Hermitian condition implies that

EBH) (LF St (g (_””)Aw<—1+mm ) =0
o~ e M o~ e M o E ) T

Here Fg,, is the curvature form on M induced by the Einstein-Hermitian connec-
tion on E. Actually the condition (E-H) is equivalent to the Einstein-Hermitian
condition. Let Kj; denote the canonical line bundle of M. Since Hg is Finstein-
Hermitian it can be checked directly that

-
(1) %Balog det o Hpy =

n- <%FHL*) + ﬁ*trace(%FHE> + ﬁ*trace(%FHM)
+Oc,, (k7') 4+ Oc,, (k72) + Oc, (k72).

Here Hj; is the Kahler metric on M induced by the Kéhler form wys. Fpg,,
is the curvature form of the holomorphic tangent bundle of M induced by the
Kéhler metric Hyy on M. (Actually the reslut (1) can be calculated easily using
special coordinate system [H].) Now using (E-H) it is easy to see that the rational

function ¢ in % can be expressed as follows:

(-1+n)-mn 1 m e (Ku)
(=1+m+n) k (=14+m+n) Wi

e = +0 (k72).

—e(K ) _ _e(KM)
WM

= is defined as follows:
M

Here the constant

/ —e(Kym) wiy / —e(Kur) R wg\;um)
M M

W m! m (—1+m)!"

Besides we have

(2) og[k} =
—n-k-wp + (—17:—7”:4-71) oWk + ﬁ*traee(%FHE> + ﬁ*trace(%FHM)
m e(Ky) ., 1 m e(Ky) (0
. . Z. . A —Fy .
+(—1+m+n) wr (wM)+/c (=14+m+n) wy or Mt

+ OCM (1{3_1) + Ocm (k‘_2) + Ocv (k_2) ,
and thence by (E-H),
(—2+m+n)

oW B
[k] m oPg m —2
3 o N—rrrr—— =k". E = k™« O pmaxps k .
(3) ik (=24+m+n)! = ko s o)) (K7°)
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Now we set for each integral 8 > 0

m-n

C@E<—(&'¢e+ne><:”79=( “ ¢g + Cp.

—14+m+n) —14+m+n)
To solve (A) and (B) inductively we choose the following set of initial conditions:

(I) o(go) =0(C0) =0(C1) =0=25(¢o) =7 (Co) =07 (¢1) =57 (C1),
(=14+n)-n

and n -6 (¢o) +6(¢) =0= —1+m+n)

-6 (¢o) + 6 (n0) -
We will solve

6 (o) ©0 (Po+1) DG (o42), and [n-6 (Po+1) + 7 (Co+1)] D0 (Co+2) DT (Cot2),

using the system of equations 6 (Agy1) @ o (Agia) @ 7 (Ags2) = 0 and
G (Boy2) ® o (Bpi2) ® 7 (Bgs2) = 0 by induction on 6 > 0.

Simple calculation shows that (I) implies that Ag =0 and o (A1) =6 (A;) =
0. Here

1

@ ai=(3) (~arcraum+

4 -m e(Ku)
(=1+m+n) wy

(—4m-n-¢1 + AV¢1)>-

- Qo+

Besides it is easy to see that (I) implies that
By =B, =0,

via simple calculation. Now we compute B,. Lengthy but direct calculation
shows that

n-e (L*)(an) A w](\;2+m) A 001 Ons Do A
(=2+m)!-n!

{n.HcMo e (L") + 7 trace <2LFHE>} +
™

k™ (=1+n)- (I, 0e(L*)) /\e(L*)(—Z-i-n) /\wg\/;ler)

IB32 = OB2 +

Kk Cl+m)! - (—1+n) "
= n-(—=14+n)
i0y Oy [(—1+m+n) '¢1+771] +
K™ (—14n) e (L) T2 awl

i _
. ~ ok R .
k-k (1 +m)l- (1 +n)! AT trace <27r HE) N iy Oy ot

k™ (=14n)-e (L) T AL ; B
: “t g
k-k (=1+m+n)-(=1+m)!(=1+n)! A @ trace o L Hu NidvOv o1+




666 YING-JI HONG

(—2+n)
AN w M m-n
N0y 0 —_—
B 1‘/"( (—T+m+n) ¢2+7’2>+

K™ n (HcMo e (L)) Ae (L) TH™ AWl 2™
k- k (—2+m)! - nl
= (=14+n)-n
oMoy | m—————————
1OMOIM [(—1+m+n)

(—14n)-mn m-n e(Kn) s\ (—1+n) (=14m)
| Ty () T 1+m+n)} T AW

k-k (=2 +m)!-n!
OO o+
L™ n‘e(L*)(_Hn) /\wj(\/;2+m)
k-k (=2+m)!-n!
km (L*)( 1+n)/\ ( 14+m)
k-k (=1+m)!- (- 1+ n)!
E™ n-e (L*)(_1+n) A wj(\22+m)
k-k (=2+m)!-n!
k™ (2+n)

10y Oy {—

A

'¢>0+770]+

A

A 103 Oprdo N T¥trace (%FHM> +
T

n-(—14+n)
(=1+m+n)

% : ¢0} NiOniOn po+

A 0 Onr [ “p1 + 771] +

100 O [770 +

(—3+n)
( ; nw M/\Z@v@v(]ﬁl/\

m -n
ﬁ% +771} +

Em o (=14n) e (L) T Awh
k-k (=14+m)!- (- 1+n).
= n-|-m+(-1+n
’laMaM|: £1+T§L+n) )]
k™ (=14n) e (L) T AWl
k-k (=14+m)!- (- l—i—n).
Thus by (E-H) and (I) we see that Bs = 0 if and only if
(5) 0=(=14+m)!l-(=1+n)! By+

(—=14+m)-e (L*)(me A w](\;%rm) A i0prOnr P/

n - (Ilg,, 0e(L*)) + 7*trace <%FHE>] +

VAN ’L'évav(ﬁl/\

%o +770} +

A 15M8M¢0 AN ’iévavnl.

-1 3 ; e .=
% e (L*)( 2H0) A #*trace (%FHM) A w](\/[ Trm) A 10y Oy o1+
(l+n)

e (L) T AW A iy Oy Gt
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e (L*)(_H—n) AN wg\;l—i—m) VAN [n . ’LSMaMngl + 15M8MC1} +
(—14+m)-e (L*)(an) A wgw_ﬂm) A Tt trace (%FHM) A O Onr o+
T

m-(=24+m+n) e(Ky)

(—1+m+n)  wu ce (L) AWl A idr o,

By integrating (5) along the fibers of 7 : P(E)) — M we obtain

6) 0= (—14+m)!-&(By)+wi; "™ A[n-idrdné (¢1) + i0ndr6 (G1)] +
(=14+m)- w](\;%m) A trace (QLFHM> A iOn Ong po+
T

m-(=2+m+n) e(Kum)
(—14+m+n) Wy

. w](\/;ler) VAN zéManbo

Now by (4) we see that 6 (A;) = 0 if and only if

A
(7) n-6(¢1)+6(G)= Z¢O+(_1+Z+n)'eg§f)'¢o-

Thus, by substituting (7) into (6), we obtain
®) —(=14+m)-6(.By) =

—14m) , .5 A K
w§wl+ ) A 10p Oz <7M¢0 +m - 76( M) : ¢0> +
41 WM
(=14+m)- w](\/;ﬂm) A trace (%FHM> A i0rrOnrdo.
T

Note that the 4-th order linear partial differential operator

(=14m)
War = AM.
V) A o S
(=24m) .
1 ) _
( —é_—nf)—i- (:1]\)4' N trace <%FHM) AN 1Oy O @ +

(—1+4m)
e(Kn) wyy =
Ws (=1 +m)! NiOOwre,

is nothing but the infinitesimal variational operator for the constant Hermitian
scalar curvature equation on M. Thus ¢y can be solved uniquely whenever the
integral of the left hand side of (8) on M is zero. But this follows immediately
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from the compatibility condition (C). Hence ¢ can be solved uniquely. By (7)
this result implies in particular that n - (¢1) 4+ 6 (¢1) is uniquely determined.
Now we solve o (¢1). Since 0 (¢1) =0 and Ay o (o) = 47 -n-o () we see that
o (B2) = 0 if and only if
m e(Kn)

(9) _(_1+m+n) Wi 'U(¢1)+U(C2) =
_ Apo (1)

4
via simple calculation. Here we have used the fact that Ay and Aj,s preserve
the decomposition id. =6 ® o & 7:

AyosedAyocePAyosde=5G0Ay edooAy eDdoAye,

4+ known terms,

and
ApyocedDAyocedAyode=60AyedooAyyedioAye.

Besides we use the phrase “known terms” to indicate those terms whose values
are known. Simple calculation shows that

(10) Ax = (1/2) (Apo1 +Avoe + Qv (o (¢1) : 0 (1)) +

(1/4)(Av s - Arrgo) + —27 - <n~q§2 ot e () .¢1> .
2
B <%> [271-' <n o1+t (-1 +77:n +n) ) _eu()IAjM) '¢0>} + known terms.

Here Qy (e : o) is the smooth family of fiberwise operators whose action on each
fiber P(C™) of 7 : P(E)) — M is simply defined by @ (e : ®) on P (C™). Now by
(7), we have

Ao

m —e(Ky) B
Ciaman)  wu "o =mn-o(d1)+ ir

n-¢r+ ¢+

Thus by (9) we have

o (Ag) = AMU2(¢1) n Av02(¢2) g (Qv (o (¢12) : U(qbl))) N
7 (sz¢1 %> b o2m oo (6n) + 27O
(oot 3] e (oot 248

2

known terms,
Ao to Avor Ango
2 2 2

+ known terms,

=Apo(é1) + |:—27Tn co (¢1)

= Apo (¢1) + known terms.
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Here we have used Proposition A in the above calculation to obtain the middle
equality. Since E is simple over M the operator Ay on I' (M : W) is invertible.
(We will elaborate on this in [H].) Thus o (¢1) can be solved uniquely. Now by
(9) we see that o ((3) is uniquely determined.

To solve & ((2) we simply note that & (¢2) is the only unknown in & (B2) = 0:

Ayo _
Ava(e) e (L*)( 1) A wiyy + known terms = 0.
2-m
Thus ¢ ({2) can be solved uniquely. Now we note that & (¢2) becomes the only
unknown in & (Ay) = 0:

(%) (—47mn -6 (¢2) + Aya (¢2)) + known terms = 0

because the value of & ((2) has been uniquely determined. (Note that by (7) the
value of n- 1 +¢ =n-6(¢1)+6 ((1) +n-0 (1) is already known.) Thus & (¢2)
can be solved uniquely.

Now we have completed the leading step of our induction scheme. We can use
the same process to deal with the later steps of our induction scheme. Actually
we will encounter the same kind of system of equations at each later step of
our induction scheme. Here we list some important equations. We assume that
f € N and the induction hypothesis has been satisfied. Then lengthy but direct
calculation shows that

n-e (L*)(_1+n) A wg\;2+m) VAN 15M8M¢9 A

Botz = 2+ m)l-nl
[n ¢, oe(L*) 4+ 7*trace <2LFHE>] +
™
k™ (=14n)- (Te,, 0 e(L*) Ae(L*) 2 Awi ™ N
k-k (=14+m)!- (=1+n)!
.5 n-(—1+mn)
Byoy |-
0y oy [(—l—i—m—i—n) ¢0+1+779+1} +
k™ (=14n)-e (L) Al ™ i -
: " —F
ko k Clrml (Lany  NTwace{ g B | A ivOv Gt

km (_1 + n) . €(L*)(_2+n) /\wg/;1+m)

kE-k (=1+m+mn)-(=1+m)!-(=1+n)
Em e (L*)(_2+") AT < B m-n
k-k (=24 n)!-m! (—1+m-+n)

' AT *trace <2LFHM> N iy Oy g1+
! T

“Poy2 + 779+2> +
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k™ n- (e, 0 e (L*) Ae (L) T A w2t

VAN
ko k (—2+m)l-nl
= (—14+n)-n ]
000 |~ |+
M OM [(_1+m+n) Do + 10
(—=14n)-mn men e(Knm) s\ (—1+n) (=14m)
k™| Cim)-(C1mdn) + (71+m+n)} o €L AWy A
k- k (—2 1 m)l-nl
iOnOn o+
ko op . e(L*)(*1+'ﬂ) /\w](\/;Q-‘rm) B i
: : trace  —— F
k-k (=2+m)!-n! N 10r1Oni bo N7 trace on Hu +
ke (L) T AT n-(—1+n)
. NiOp Oy | ———————— -
kk (—l+m)l-(—1+n)l MM i ton) Go+1+ M1 | +

m .e(L* (=14n) (=24m) 5
k™ n-e(L¥) AWy - iOp O [0 - dg + Co] N O Onrdo+

ok (—2+m)!-nl
:mk m-e (L(?;—JlrJr;))!/\ZIE\;%m) <100 [n - do + Co] A i0n s do+
k:kmk 2 71()—5—(1-[/3'(_:'”) At Nidy Oy (i A idy Dy doy1+
kkmk 2 7?55531(_:7) Al iy v Cor1 N iy Dy 1+
B e A o o
kkmk g +(71_)1 i(f@?!(._;j:)ﬁ;;%ﬁm) N0y Oy por1 N iOnOmln - po + (o] +
kkmk = +(”_)1 i(an*))!(._(Qj:)ﬁnU;%um) N iy [n - g + o) N 1Dy Dy 1+
k:kmk = +(n—)1 i(f;)!(._(zj)JrA;;%HM) NiOp Oy o N 10y By 1+

known terms.

Thus at the 6-th step of our induction scheme we have the following analogue of

(5):

0= (=1+m)- (L) AWl ™ A idudws (¢0) A

n- (lle,,0e(L")) + 7™ trace (%FHE>] +
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(—=1+n) e (—24m) i 14m) . .=
—(—1—|—’I7’L—|-’I’L) e(L )( )Aﬂ' trace %FHM /\w](\/[ )/\’Lavavgb9+1—{—
—1+mn e (—24m =
% e (L )( 2 A wip N0y Oy (oot

e (L) A W§\21+m) A [n-i0nOnr o1 + i0nOnCos1] +
(—1+ m) -e (L*)(—1+n) A wj(v;2+m) A ¥ trace <iFHM> A ZéMaMé' (do) +

m-(=24+m+n) e(Ku)
(=1+m+n) Wy

e (L)Y T AW ™ A 000006 ()
+ “known terms”,

with the “known terms” in this equation satisfying the compatibility condition

/ “known terms” = 0.
P(E)
Note that this condition follows simply from cohomological consideration and
our induction hypothesis that
By =---=Bgr1 =0.
Besides we have the following analogue of (4):

4 -m e(Kn)
(=14+m+n) wu

o+

1
Ay = <§> (‘477 ~Cot1+ Ao +

(=47 -n-ppy1 + AV¢9+1)> + known terms,

via simple calculation.

Now we suppose that 7 (¢g) and n - (¢g+1) + 7 ((g+1) have been determined
uniquely (so that ¢y and 1y have been completely determined). Then at the 6-th
step of our induction scheme we have the following analogue of (10):

Agyo =
(1/2) (Am@o+1 + Avdoiz + Qv (0 (¢o+1) 1 0 (¢1)) + Qv (0 (¢1) : 0 (do+1)))+
Avdor1 Ando m  —e(Km) - 6 >+
2 2 (=1+m+n) Wy i

m —e(Ky)
(—1+m+n)  wu '¢9]><
m —e(Ky)
(—l+m+n)  wu

+ =27 <n “Po+2 + ot +

— 27 [n “Po41+ Cop1 +

27T'[”'¢1+C1+ '¢o}+

known terms.
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Thus to determine o (¢p+1) we must use the infinitesimal version of Proposition
A (instead of Proposition A itself).
With these equations listed the reader should have no difficulity in filling in

the details. Thus the system of equations (A) and (B) can be solved inductively.
]

Though this partial proof of Theorem A does not ensure the complete validity
of Theorem A it does ensure the following result:

Corollary A. Assume that there is no nontrivial infinitesimal deformation of
Kahler forms on M with constant Hermitian scalar curvature. Then for each
q > 0 and each large N € N, there exist constants k(q, N) € N and C(q,N) > 0
such that for k > k(q, N), we have

NW[(_}ler—i_n) Nw[(—]2+m+n)
k k

—(—1 . . Ena N
(=1+m+n)-ck (_1+m+n)'+N[k] 2+ m+n)

Here nE&y is the representative of —e(K) induced by the Kahler form

N i90¢g
K0

=1

NWkK] = oWk + i00¢o +
%

on P(E) with each ¢g being constructed via the induction scheme. || ®||cap(r).o)
is the C-norm of e with respect to the Hermitian form (metric) @ on P(E).

This result will be used, together with certain apriori estimates for the con-
stant Hermitian scalar curvature equations in [H], to show that a family of
genuine solutions of (S) can be constructed via the Contraction Mapping Theo-
rem (Implicit Function Theorem). Theorem A will then follow as an immediate
corollary.

Note added in proofs. Theorem A should be stated more precisely as follows:
“Assume that there is no nontrivial infinitesimal deformation of Kéhler forms
in the Kéhler class [wys] on M with constant Hermitian scalar curvature ... .”
Corollary C should be modified similarly. Also, Claude LeBrun has recently
brought his work “Polarized 4-Manifolds, Extremal Kdhler Metrics, and Seiberg-
Witten Theory” on ruled surfaces to the author’s attention. This work appeared
in Mathematical Research Letters 2 (1995), 653-662.
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