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PAIRS OF MOD 3 AND MOD 5 REPRESENTATIONS
ARISING FROM ELLIPTIC CURVES

J. MANOHARMAYUM?*

ABSTRACT. For an elliptic curve Eg over Q, we study the mod 3 representations,
restricted to a decomposition group at 3, of elliptic curves over Q@ whose mod 5
representations are equivalent to the mod 5 representation given by Fg. Complete
lists are obtained describing the mod 3 representations up to equivalence and twist
by the quadratic unramified character of Q3.

1. Introduction

Let Ey be an elliptic curve over Q and let o, 5 : Gal(Q/Q) — Aut(Eq[5]) ~
GLs(F5) be the representation obtained from the 5-division points. We want
to describe representations pp, 5 restricted to a decomposition group at 3, up to
equivalence, that can arise as we vary over elliptic curves E, defined over Q,
with the property that pg, 5 ~ pp 5.

We first show that the problem is purely local (see Theorem A in section 2).
More precisely, suppose we are given an elliptic curve E’ over Q3 such that
P, 5lDs ~ P 5, where D3 is a decomposition group at the prime 3. We then
show that there is an elliptic curve E over Q such that pp, 5 ~ pp 5 and pg 3|p; ~
PE 3

We can thus reduce our problem to looking at elliptic curves over Q3 with
equivalent mod 5 representations and then describing the possible mod 3 repre-
sentations of Gal(Q3/Q3) that can arise, up to equivalence. Furthermore, if p;
and po are two G Lo(F3) representations of Gal(Q5/Q3) with determinant cyclo-
tomic and whose restrictions to inertia are equivalent, then they are equivalent
up to twist by the unique quadratic unramified character (see section 3). Hence
for the purpose of describing the representations we seek, up to twist by the
quadratic unramified character of Q3, we need only describe restrictions to the
inertia subgroup of Gal(Q3;/Q3) — which, computationally, is easier to handle.
These — the complete lists of mod 3 representations that occur — are worked
out explicitly in section 5.

The motivation behind these calculations is the Shimura-Taniyama-Weil con-
jecture, and the work of C. Breuil, B. Conrad, F. Diamond and R. Taylor on
the conjecture (as yet unpublished). To describe this a bit further, recall that
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one can show the modularity of an elliptic curve E, defined over Q, by show-
ing that the f-adic representation pg : Gal(Q/Q) — GL2(Z) is modular for
some prime ¢. The basic idea, due to Wiles, is that the modularity of pg ¢,
under certain conditions, can be deduced from the modularity of pg ,. One then
takes £ to be 3, since it is known that pp 5 is modular. The work of Wiles ([Wi],
completed in [T-W]) shows the modularity of elliptic curves with semi-stable
reduction. The results in [Wi] and [T-W] were further extended in [Dia], show-
ing the Shimura-Taniyama-Weil conjecture for elliptic curves with semi-stable
reduction at 3 and 5. In [CDT], the conjecture is established for elliptic curves
with 3% not dividing the conductor. Further, it is shown in [CDT] that if E is a
modular elliptic curve, then any elliptic curve over Q whose mod 5 representation
is equivalent to pg 5 is modular. We can thus hope to establish modularity of a
given elliptic curve by choosing an elliptic curve with equivalent mod 5 represen-
tation and which has a ‘reasonably nice’ mod 3 representation. It thus becomes
important to understand the mod 3 representation restricted to a decomposition
group at 3.

The principal results in this article are then the descriptions of the mod 3
representations for the cases when the mod 5 representation has wild ramification
at the prime 3 (see the last two subsections in section 5). Although not stated
explicitly, we list elliptic curves over Q3 with prescribed mod 3 and mod 5
representations, up to twist by the quadratic unramified character of Q3 —
which is quite useful when studying deformations of certain GLo(F3) Galois
representations.

I would like to thank R. Taylor for suggesting the problem; B. Conrad and
F. Diamond for their comments. Also thanks to the referee for his detailed
comments and corrections.

2. Reduction to the local case

Fix embeddings of Q in C and in @p for each prime p, and corresponding

identifications of Gal(@p /Q,) with D, — a decomposition group at p. We can
now write down precisely what we mean by reduction to the local case.

Theorem A. Let M, N be positive coprime integers with M = 3 or 5. Sup-
pose Ey is a given elliptic curve over Q. Let X be a finite set of (finite) primes,
and assume that for each p € X, we are given an elliptic curve E,) over Q,
such that pg . ar ~ Pr, D, Further, assume that pg, \|p, is reducible and
decomposable for all but at most one prime in X.

Then there are infinitely many elliptic curves E over QQ satisfying

a) PrM ~ PEy M

b) Pg nlD, ~ PE,,, n for any p € X, and

¢) pp.n : Gal(Q/Q) — GLy(Z/NZ) is surjective.

We prove the above result at the end of this section. The case we are interested
in is a direct consequence of Theorem A, and is stated below:
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Corollary. Let Eg be an elliptic curve over Q, and let E’ be an elliptic curve
over Qg such that pp, s|p, ~ Pp 5. Then there are infinitely many elliptic
curves F, defined over Q, such that

® PE5 ™~ PE5
® Dp3lDs ~ P 3 and
® P Gal(Q/Q) — GLy(F3) is surjective.

2.1. Tate curves. We begin by recalling some properties of potentially multi-
plicative elliptic curves over a p-adic local field. All of these and more can be
found in [Sel], [Sil2]. We fix K a finite extension of Q,, and write v for the
normalised discrete valuation of K (that is, a uniformizer has valuation 1).

Let ¢ € K, v(q) > 0. There is then an elliptic curve E,, called the Tate curve,

defined over K, such that F,(K) = K" /q*. The isomorphism is compatible
with the action of Gal(K/K). For a Tate curve E,;, v(q) > 0, the mod N
representation then has the following description:

— X x
pE'q,N ~ <0 1) )

where y is the cyclotomic character modulo N. The representation PE, N splits
if and only if ¢ is a perfect N-th power in K.

Suppose now that F is an elliptic curve over K. Then E has potentially
multiplicative reduction if and only if v(j(F)) < 0. Given such an E there is
then a unique ¢ € K, v(q) > 0, such that E is isomorphic to the Tate curve E,
over K. In fact the isomorphism can be realized over at most a quadratic
extension of K. If E has multiplicative reduction, then E is isomorphic to Ej,
over at most the quadratic unramified extension of K. Further, in this case, F
is isomorphic to F, over K if and only if £ has split multiplicative reduction.

If E does not have multiplicative reduction over K, then the isomorphism has
to be over a quadratic ramified extension of K. Thus pg y is then a twist by a
ramified quadratic character of pp_ -

2.2. Twists of modular curves. We assume throughout that all our schemes
are defined over Q.

Let n be an integer greater than or equal to 3, and let V be a free Z/nZ-module
scheme of rank 2 together with a non-degenerate, alternating pairing V x V —
B

Let us define an elliptic curve with level V structure to be a pair (E,g, )
where F/g is an elliptic curve and a : V — E[n] is an isomorphism of symplectic
spaces. It is well-known that such a pair has no non-trivial automorphism and so
the fine moduli space classifying elliptic curves with level V structure exists. In
particular, there is a universal elliptic curve with level V structure. We denote
the fine moduli space by Y (V). The completion of Y (V), denoted by X (V),
is a geometrically irreducible (a consequence of the pairing on V being fixed),
smooth, projective curve. The genus of X (V) is zero if and only if n =3 ,4 or 5
(see [Shi]).
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We write V(i) for V with the pairing given by the composite VxV — p,, —
W, where the latter map is x — ' with i € (Z/nZ)*. By the standard pairing
on p, X Z/nZ, we mean the pairing given by

a2

(C1y a1) x (G2, az) — }ll-

2

The moduli space and its completion for this standard pairing are denoted
by Y(n) and X (n) respectively.

Suppose now that F is an elliptic curve over Q such that the mod n repre-
sentation pg ,, is equivalent to the mod n representation induced by V. It is not
necessarily true that F corresponds to a point on Y (V) since the Weil pairing
on E[n] might not coincide with the pairing on V.

Assume now that the representation given by V is reducible and decompos-
able. That is V = V; @ Vs where Vy, Vs are free of rank one as Z/nZ-modules.
Then given a pair (F,«a) lying on Y (V) we can change the embedding « (for
example by multiplication on the second factor V) so that E gives rise to a
point on Y (V(j)) for any j € (Z/nZ)*.

We restrict to the case n = 3 or 5. We then have the following result which
is essentially proved in [SB-T].

Proposition 2.2.1. Let V be an [Fp,-vector space scheme of dimension two over
Q together with an alternating, non-degenerate pairing into p,. Assume p is
either 3 or 5. Then X (V) is isomorphic, over Q, to P*.

Proof. Let i be such that p,, x F,,(4) is isomorphic, as a symplectic space over Q,
to V. Since p, x F,(i) is reducible and decomposable, and X (p) is P!, the
same argument in [SB-T] applies. (See Lemma 1.1 for the case p = 5 and the
paragraph after Theorem 1.2 for the case p = 3 in [SB-T].) O

Remark. Since P! — {non-zero finite number of points} has trivial Picard
group, it follows (chapter II of [Ka-Ma]) that we can write the universal el-
liptic curve with level structure in Weierstrass form (as an elliptic curve over
P! — {non-zero finite number of points}).

For explicit formulas, see the articles by [R-S] and [Si].

2.3. Subgroups of general linear groups. We now state some results which
will guarantee the surjectivity part of Theorem A. Fix a positive integer N >
1, and let N = pi*...py*, where the p;’s are distinct primes, and n;, > 1,
1=1,...,k. We then have canonical isomorphisms

k
GLy(Z/NZ) ~ [ [ GL2(Z/p}" Z)
i=1
and SLy(Z/NZ) =~ Hle SLy(Z/p;"Z) (coming from the natural surjections
Z/NZ — Z/p;"Z). We shall freely use the identifications given by these iso-
morphisms.
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Proposition 2.3.1. Let N = pi*...p* be a positive integer greater than 1,
the p;’s, n;’s being as above. Denote by m; the projection on to the i-th factor
from SLy(Z/NZ) to SLy(Z/p}"Z), i.e., reduction mod p;*. Let H be a subgroup
of SLo(Z/NZ) such that mi(H) = SLo(Z/p;"Z), i =1,...k. Assume further
that there are Ay,...Ax € GLo(Z/NZ) such that each AiHAi_1
element x; satisfying

contains an

1 0\ ., .
J#1,

0 1
mj(wi) = 11\ .
o 1) 7"

Then H = SLy(Z/NZ).

Proof. We have to show that H contains

(G) )

We do it for ¢ = 1, and observe that we might as well assume H contains x;.
Let K = (1, ker(m;), and note #1 € K. Then 71(K) is a normal subgroup
1 1
0 1

L SLo(Z)pMT), . ..

of m(H) = SLy(Z/p{*Z), and contains m(z1) = <
show that m (K) = SLo(Z/p1* Z).

We have <[1) _01) ((1) i) (_01 1) _ <_11 (1)> So <i ) is in 71 (K).
One then checks that ((1] _11> <} ?) <(1) _11> _ <(1) —01> ( 01>
)-

O

). We now have to

o

and (é 1) generate SLy(Z) (see [Se2]), and so we get w1 (K) = SLo(Z/p}*

Proposition 2.3.2. Let E be an elliptic curve over Q such that some conjugate
of the image of Gal(Q/Q) in GLy(Z;) under p; : Gal(Q/Q) — GLy(Z;) contains

the element (0 1). Also, further assume that p; : Gal(Q/Q) — GLo(IF;) is
surjective. Then p; is surjective.

Proof. We show by induction that p;»
Suppose true for n.

: Gal(Q/Q) — Aut(E[I"]) is surjective.
The image of p;ny1, without loss of generality, con-

tains A = ((1) D It also must contain an element of the form
B— {™uq —1 4+ ["uq 7
1+ an3 an4

0

which reduces modulo {™ to <1

_01>. One then checks that CAC—! = (i 0)

1

with « a unit in Z/I"*Z, where C = A~""*1 B. As in the previous proposition,
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we deduce that the image contatins SLo(Z/I"*'Z), and since the determinant
is the cyclotomic character, we get surjectivity. O

The following proposition, in some form, is in [Se3].

Proposition 2.3.3. Let E be an elliptic curve over Q, I an odd prime. Suppose
the image of Gal(Q/Q) under p, : Gal(Q/Q) — GLy(F;) has order divisible
by I, and suppose g € Gal(Q/Q) such that tr(p,(g))? — 4det(p,(g)) is not a
square in F;. Then p; is surjective.

Proof. Using proposition 15 of [Se3], all we need to show is that image of p,
is not contained in a Borel subgroup of GLy(IF;). Suppose the contrary. Then
P~ 966 e*1> where x is the cyclotomic character, and € is some character.

(9)) = x(9)e(g) + ¢ ' (g), and hence tr(p,(9))* — 4x(9) = tr(p(9))* —

Then tr(p,
g)) has to be a square — a contradiction. O

Adet () (

2.4. Proof of Theorem A. We first show the existence of an elliptic curve
satisfying (a) and (b) of the Theorem. We shall be using the following lemma
which is a direct application of the main theorem of [Kisl] (see also [Kis2]).

Lemma. Let F : y? = 234-3ax+2b be an elliptic curve over a complete discrete
valuation field k of characterisitic zero and residue characteristic positive. Let n
be a fixed positive integer.

Then there exists an € > 0 such that for any elliptic curve E; : y? = 23 +
3ayx+2b; over k with max{|a—aq|, |b—b1|} < €, the mod n representations pp
and pg, ,, are equivalent. D

Let p be a prime in X such that g, y/|p, is reducible and decomposable. We

can then realize E;), after choosing a suitable isomorphism E,,) [M] —— E[M]x
Qp, as a Q,-point on any of the curves Y (Ey[M](i))/Q, (see proposition 2.2.1
and the discussion before that). Hence we may assume that, after suitable choices
of isomorphisms on M-torsion points, all the elliptic curves F(;) lie on the same
curve. Since Y (Ey[M](7))/Q is the projective line minus a non-zero finite number
of points, it has trivial Picard group and so we can write the universal elliptic
curve as £(t) : y?> = 23+ A(t)z + B(t), where A(t), B(t) € Q(¢).

We know that there is a t, € Q, such that the fibre at t, gives the elliptic
curve E,). By the weak approximation theorem, we can find a {y € Q where ¢
and t, are close enough so that, for each p in ¥, the elliptic curve £(t¢) satisfies
the hypotheses of the lemma above for E,) with n = MN. Hence £(ty)/Q
satisfies the conditions (a) and (b) of the theorem.

Let ¢ denote complex conjugation in Gal(Q/Q). Note that py, (c) has
trace 0 , determinant —1. As in section 2.3, let pi*...p.* be the prime fac-
torisation of N. By the Chebotarev Density Theorem, we can find infinitely
many primes [ such that | = —1(mod MN), pg, 5, is unramified at [, and
trace(pp, ps(Frob;)) = 0. This follows, for example, by considering pg, ys X XN :
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Gal(Q/Q) — GLy(Z/MZ) x (Z/NZ)*. Fix k such primes Iy, ...,l; not in .
Let a; = M N/p;"*, and take, for each l;, the Tate curve E,, over Q;, with ¢; = [7"".

Further, by the Chinese Remainder Theorem, we can find a positive integer a
satisfying

e a = 0(mod M),
e a’® + 4 is not a square mod p;, for all odd p;, and
e a = 1(mod 2) if N is even.

We can then find a prime [ = —1(mod MN) such that MN < I, pg, 5 is

unramified at [, trace of Frob; is equal to 0, { € XU {ly,...l;x} and a < 2v/1. By
Honda-Tate Theory (see [Hon], [Ta]), there is an elliptic curve E; defined over
Q; with good reduction such that [ + 1 — |E;(F;)| = a. Here, Ej is the reduction
mod [ of Ej.

We now take X' = X U {l1,...lx} U {l} with elliptic curves E,) if p € X,
E,, over Q, for l; and E; over ; for [. These then satisfy the hypotheses of
the theorem (the extra elliptic curves we have introduced all have reducible and
decomposable mod M representations). Hence we can find an elliptic curve E
over Q satisfying (a) and (b) for ¥'. Each py, . is then surjective by 2.3.3, when-
ever p; is odd. In the case p; is even, pp . is again surjective because the image
contains an element of order 2 (from Ey, ), and an element of order 3 (from Ej).
Further, by 2.3.2, each Pyt is surjective. Finally, by our construction of X', we
note that the image of pg v in GL2(Z/NZ) contains the elements z; of propo-
sition 2.3.1, possibly after conjugations (this follows, for example, by looking at
the image of a generator of the tame inertia of Gal(Q;, /Q;;) under the mod N
representation given by the Tate curve E,,). Hence, by 2.3.1, the image con-
tains SLy(Z/NZ). But the determinant of p y is cyclotomic — hence pg y is
surjective.

We know that there are infinitely many primes !’ such that Ej is unrami-
fied at I', trace(pg, p(Froby) = 0 and " = —1(mod M). Fix any such I’ not
in ¥’ and take a Tate curve E; over Q where ¢ is an M-th power. We then
have pg ar ~ Pg, mlp, - Note that pg  will be ramified if N does not di-
vide v;(¢) — and we can make such a choice since (M, N) = 1. Having done so,
replace ¥’ by ¥’ U {I'} and continue the process, thus getting infinitely many
elliptic curves satisfying (a), (b) and (c). O

3. GL.(F3) representations

Proposition 3.1. Let p : Gal(Q3/Q3) — GLy(F3) be a representation of the
absolute Galois group of Qs such that det(p) = x, the (mod 3) cyclotomic char-
acter. Let K be the splitting field of p (i.e., the extension of Qs fized by the
kernel of p). Then K determines p up to twist by a quadratic character.

Proof. Set G = Gal(K/Qs), I the inertia subgroup of G. We denote by ( a fixed
primitive third root of unity. Note the order of GLo(F3) is 48.
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Suppose that p is wildly ramified. We may then assume that the image of
the wild part of inertia under p contains the subgroup generated by <(1] 1 .
Since the image of the wild part of inertia has to be a normal subgroup of
the image of p, we can conclude the image of p is contained in the subgroup
of upper triangular matrices. We deduce that the representation is equivalent
to x'el <>(§ Z) , where i,j are either 0 or 1, 0 € H'(Gal(Q3/Q3),F3(1)) is
a non-trivial 1-cocycle and € is the quadratic unramified character of Q3. The
X O
0 1
be calculated by using Kummer Theory. We get four splitting fields, and eight
possible representations, up to twist by the quadratic unramified character. The
splitting fields are given by Qs(C, ¥/2), Qs(C, /3), Qs(C, ¥3.2) and Qs(C, ¥/3.4).
The representations then look like <(1) ; or %( T , up to twisting by the
quadratic unramified character. The representation is reducible and indecom-
posable.

Suppose now that p is not wildly ramified. Since every element of order 4
in GLy(F3) has determinant 1, the order of I is either 2 or 8. If the order
x 0
0 1
and € is the quadratic unramified character. The representation is reducible, and
decomposable.

Finally suppose that the order of image of inertia is 8. Since the representation
is tamely ramified, the image is cyclic and a lift of Frobenius acts on inertia by
raising an element of inertia to its third power. It follows that the image of p is
a Sylow 2-subgroup of G'Lo(FF3). The result in this case is a consequence of the
following description of the Sylow 2-subgroup of GL2(F3) and its automorphism
group modulo inner automorphisms.

Let us write G for the Sylow 2-subgroup of GLy(F3) (which is unique up to
conjugation). We have the following presentation of G in terms of generators
and relations:

splitting field for ( is determined by the cocycle o, and this can then

of image of inertia is 2, we easily obtain p ~ € ® , where 7 is 0 or 1

(o, Bla? = 8% = ¢, afa = 3°).
The elements of order 8 are 3, 43, 3°, and 37; those of order 2 are 84, o, a/3?,
aB*, and af%. We also have Baf~! = o3?.

It follows that, modulo inner automorphisms, any automorphism of G is either
the identity, or is the automorphism of which sends 3 to 3° and « to «.. The latter
has the following description: it sends an element g to u(g)g where p(ai3’) = e
if j is even, and u(a’B?) = B* if j is odd. (In other words, u is the composite of
the natural surjection G — G/{c, %) and the isomorphism between G/{«, 3%)
and {(a, 3%).) O

As a consequence of the proof of 3.1, we get the following :
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Corollary 3.2. Let p: Gal(Q3/Q3) — GL2(F3) be a representation of the ab-
solute Galois group of Qs such that det(p) = x, the cyclotomic character. Let I3
be the inertia subgroup of Gal(Qs/Qs). Then p, up to twist by the quadratic
unramified character, is uniquely determined (up to conjugacy) by p|r,. O

Collecting together we make the following definitions:

Definition 3.3. Let p be as above. We call p :

a) H if it is absolutely irreducible,

b) D if it is reducible and decomposable, and

c) W if it is reducible and indecomposable.
We make the following sub-division in (c). Up to twisting by the quadratic
unramified character, we call p

d) WP if the splitting field contains Qs(¢, ¥/2),

e) WT(1) if the splitting field contains Q3(C, V/3),

f) WT(2) if the splitting field contains Q3(¢, V/3.2), and

g) WT(4) if the splitting field contains Q3(C, V/3.4).
We also say p, up to quadratic unramified twist, is of type WP?T or WPT

according as whether p ~ (é ;) or <>(§ i) Similarly for WT™T and WTT.
Remark. Asa motivation for the symbols in the above definition, note represen-
tations of type H are “essentially harmless”, those of type D are decomposable,
and those of type W are wildly ramified. The symbol WP signifies peu-ramifié;
and WT(i) signifies tres-ramifié, with the index i signifying the corresponding
field conained in the splitting field.

Definition 3.4. Let p be a GLy(F3) representation of the absolute Galois group
of Q3 with determinant cyclotomic. Suppose p is of type H. We then call p of
type
o Hy if there is an elliptic curve E over Q3 with supersingular reduction such
that p, or its quadratic unramified twist, is equivalent to ppg, 5
e H. (1) otherwise.

Remark. Suppose p = pp, 5 is of type W, where E is an elliptic curve over Qs.

Up to quadratic unramified twist, p ~ <(1) ;) or <>(§ T) according as

whether E(Q5") contains a non-trivial point of order 3 or not.

The following proposition summarises some facts about splitting fields for 3-
torsion.

Proposition 3.5. Let E be an elliptic curve over F, a field of characteristic 0,
and suppose E has Weierstrass equation y? = 2° + 3ax + 2b. Let (z,y) € E[3].
Then x satisfies x* 4 6ax? + 8bx — 3a® = 0. The splitting field for this polynomial

is
F(\/—a—l— \3/a3—|-b2,\/—a—l—C\?’/a?’—i—b?,\/—a+§2\3/a3+62>,
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where ¢ is a primitive third root of unity.

Proof. The statement about the quartic follows from the duplication formula in
[Sil1]. The quartic has cubic resolvent (see [v-Wa]) 2% — 12a22 + 48a%2 + 64b,
from which we get the statement about the splitting field. O

From the above proposition, we can easily read off the type of mod 3 rep-
resentation for an elliptic curve over Q3, and we put this down in the next
proposition.

Proposition 3.6. Let E be an elliptic curve over Qs, with j-invariant j which
is non-zero. Set J = j/1728, p = pp 5. Then p is of type
e H if J = 1(mod 9),
o D if either v(J) # 0 and J is a cube, or J = —1(mod 9),
e WP, WT(1), WT(2), or WT(4) according as J or
J7 =2, 3, 3.2 or 3.4 (mod Qg?’) respectively.

Proof. Since J # 0, we can write E as y?> = 23 + 3ax + 2b where a,b € Q3
and a # 0. We then get J = a3/(a® + b?). Observe that, by proposition 3.4, we
can not have p of type H or D if J is not a cube. In fact, the last bulleted item
in the propositon is almost a tautology if J is not a cube.

So now assume that J is a cube. Then p will be of type D if and only if p
becomes trivial when we go up to Q4 (v/=3). An elementary calculation then
gives the remaining two cases. UJ

4. Elliptic curves over Q3 with potentially good reduction

From this section onwards, all elliptic curves will be over Q3. Further, all
elliptic curves in this section are assumed to have potentially good reduction
(equivalently, they have integral j-invariants). By the discriminant A(E) of an
elliptic curve E over Q3, we shall always mean its minimal discriminant. By f(F),
we mean the exponent (at 3) of the conductor of E. Given an elliptic curve E
over Q3, we denote by e(E) the cardinality of the image of inertia under pp 5.
We shall frequently abbreviate these to e and f when the context is clear.

In this section, we write down explicit Weierstrass equations for elliptic curves
with potential good reduction as a first step to computing the mod 3 represen-
tations given by elliptic curves with prescribed mod 5 representation. Note,
since our elliptic curves have potentially good reduction, the possible values of e
are 1, 2, 3, 4, 6 and 12.

4.1. e(E) = 1. Every elliptic curve over F3 can be put in the Weierstrass
form y? = 23 + ax® + bz + ¢ with ab = 0. Also, note that an elliptic curve
with potentially good reduction will have good reduction if and only if the value
of e is equal to 1. Thus every elliptic curve over Q3 with good reduction can be
written as y? = 2% + ax® 4+ bx + ¢, where a,b, c € Z3 and ab = 0(mod 3). For an
elliptic curve E with good reduction, we shall write ag for the trace of Frobenius
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acting on Tj(E) with | # 3 — i.e., ag = 4 — |E(F3)| where E is the reduction
mod 3 of E.
The following proposition is then easily verified.

Proposition 4.1.1. Let E be an elliptic curve over Q3 with good reduction.
Then E can be written in one of the following ways:
a) ag = 0(mod 5)
y?=a3+x+0,
y?=a3 —x+3b, b€ Zs .
b) ag = £1(mod 5)
y? =23 + 2% + 3ax + 3b — 1,
y? =2 — 22+ 3ax+3b+1, a,b € Zs .
¢) ag = +2(mod 5)
2

y? =23 + 22 + 3ax + 3b+ 1,

Yy =a3-z+3b-1,

y?=a3 —x+3b+1,

y? =23 —22+3ax+3b—1, a,bc Zs. O

4.2. e=2,3 or 6.

Lemma 4.2.1. Let E be an elliptic curve over Qs with e(E) # 1, and j(E) in-
tegral. Then E can be put in the Weierstrass form y? = x>+ 3ax +2b, with a,b €
Zs3, which has minimal discriminant.

Proof. We follow the notation in [Sill]. We may assume that E has Weierstrass
equation y? = 23 + asx? + asx + ag, a; € Zs, with minimal discriminant. We
then get by = 4as, by = 2a4, bg = 4ag, c4 = b3 —24by, and j(E) = c3/A(E).

Since v(A) > 0 and j is integral, it follows that v(az) > 0, and hence we may
assume ag = 0. Then A(E) = —8b3 — 27b32 gives v(a4) > 0. O

We start by analysing elliptic curves with potentially good reduction whose
(minimal) discriminants have non-zero, even valuation. Note that if e(F) is 2, 3
or 6, then v(A(E)) is even and positive (we are, of course, assuming that E has
potentially good reduction).

Conversely, let E be an elliptic curve over Q3 having Weierstrass equation y? =
3 +3ax+2b, a,b integral with minimal discriminant. Note that A = —233(a®+
b?), j = 2633a3/(a®+b?). Since v(A) is even, we must have v(a®+b?) odd. Thus a
is a unit if and only if b is a unit.

Suppose a is a unit. Then we must have a = —1(mod 3), and hence we can
assume, after a change of variables, that ¢ = —1. By the conditions on j and A,
we must have v(b> — 1) = 1 or 3. We thus get the following equations:

o 2 =133 +2b, v(b®* 1) =1,

o 2 =a3—3x+2b, v(b?*-1)=3.

Suppose now that a is not a unit. We cannot have v(b?) < v(a?), for then v(a3+
b?) would be even. If v(a3) < v(b?), then v(a) must be odd and is either 1 or 3.
This is because v(a) > 5 implies v(b) > 8 which contradicts the minimality of A
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(make the change of Weierstrass coordinates = +— 3%z, y > 3%y). If v(a) = 3,
then v(b) > 5, and again by the minimality of A, we see that v(b) = 5. The
possible equations are then

o y2 =23 +3%x +2.3%, ce Zs,

o yP=23+3%% +23%, ceZ] .

Claim. The elliptic curves y?> = 23+ 3%z + 3°c with ¢ a unit in Zz are minimal.

Proof of claim. Suppose there is a change of variables {z = v?2’ +r, y =
u3y’ +u?sx’+t} reducing the discriminant. From the table on page 49 of [Sil1], we
get u?bly = 127, b, = by +6r? and uSbjy = bg+2rby+4r3. As v(A) = 12, v(u) =
1. The first two of the above relations then give v(r) > 2, contradicting the third
one. U

The curves y? = 2% 4+ 3%z + 2.3%¢ with v(c) > 1 have v(A) = 6, and these
curves have e = 2 (making the transformation z +— 3z/, y — 3v/3y’ reduces
the discriminant). The curve y? = 23 4+ 3%z + 2.3%c with v(c) = 0 is a quadratic
twist of the curve y? = 2% £ 3*x 4 2.3%¢, and so is minimal.

Finally suppose v(a®) = v(b?) with a,b non-units. Again the minimality
condition forces v(a) < 3, and thus we must have v(a) = 2, v(b) = 3. Replacing a
by 32a’, b by 33V with o/, b units, we get A = —203%(a’>+¥'?), j = 2633a’3/(a’3+
') with v(a’® +b%) =1 or 3 (and v(A) = 10 or 12 respectively). Hence in this
case, we can take our curve to be y? = 23 — 33z 4 2.33d with v(d* —1) = 1 or 3.

Claim. The elliptic curve y?> = x3 — 33z + 2.33d with v(d? — 1) = 3 is not
minimal.

Proof of claim. Making the transformation = — 322 + 3r , y — 33y, we get
y* =2 +rae? +371(r? — Do +373(r3 — 3r + 20).
Take 7 = 1 if b = 1(mod 33), r = —1 if b = —1(mod 33). O
We summarise all these in the following proposition.

Proposition 4.2.2. The elliptic curves over Qs with integral j-invariant and
valuation of minimal discriminant even, non-zero are :

a) y> =a% -3z +2b, v(b®-1)=1

b) y? =23 + 3% +2.3%, be ZS

c) y? =% — 332 +2.3%, v(b?—-1)=1
d) y? =23 +3%2 +2.3%, be Z;

e) y>=2%—-3x+2b, v(b?>—1)=3

f) 2 =23+ 322+ 2.3%, beZs .

The curves in (a) and (b) achieve good reduction over a ramified degree 3
extension (i.e., have € = 3). The curves in (c), (d) are the twists by a quadratic
ramified character of the curves in (a) and (b) respectively, and they have e = 6.
The curves in (e), (f) acquire good reduction over a quadratic ramified extension
i.e., they have e = 2.
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Proof. Only the statement about good reduction over a degree 3 extension for
the curves in (a) and (b) needs to be checked.

(a) Suppose b = 1+ 3u, u a unit. Take K = Qs(m) where 7 is a root
of (1 + ) —3(1+z)+2(1+ 3u) = 2® + 322 + 2.3u. This polynomial is
irreducible over Q3 and as 3 = —73/(2u + 72), 7 is a uniformizer for Ok. By
making the transformation y — 73y, =+ 722 + (1 +7), we get

v =2 —2?r(147)/Qu+7?) —2(2+7)/(2u+ %) .

If b= —1+ 3u, u a unit, we take 7 to be a root of (=1 + )3 — 3(—-1+ ) —
2+ 2.3u = 23 — 322 + 3.2u and then transform the curve by y — 73y, 2z
72z + (=1 + ) to get

y? =23 + 2%n(—147) /(7% — 2u) + 2(n — 2)/ (7% — 2u) .

(b) In this case, 23 +£3%*x+2.35b , b a unit, is irreducible over Q3. Take a root «
of this polynomial, and set K = Q3(a). Then 7 = /3 is a root of 234+322+2.32b,
and this gives v (7) = 2. Making the substitution x — 3%z +«, y > 33y gives
the curve

P =22+ 3 tar? + 3730 + o
O

Corollary 4.2.3. Let E be an elliptic curve over Qs with integral j-invariant.
Then e(E) =1, 2, 3 or 6 if and only if the valuation of the minimal discriminant
of E 1is even. O

4.3. e = 4 or 12. From corollary 4.2.3, we know that the valuation of the
minimal discriminant is odd. As before, we start with £ : y? = 2 + 3az + 2b,
where a,b € Z3. Recall that this has discriminant A = —2¢33(a® + %) and j =
263343 /(a3 + b?).

The case j = 0 is easy. In this case, we get y> = x> + 3" with n =
0,1,2,3,4or5andi==41,+4 or £7.

When j = 1728, we have b = 0. We then get y?> = 234+3"z , wheren = lor 3.
It is easy to see that they have e = 4.

So assume j # 0, 1728. Thus ab # 0. We first consider the case v(a) = 0.
The possible curves are easily worked out to be:

o y? =13+ 31 +2b, be Zz— {0}

o y? =123 —3x+2b v(b*—1)=2

o y? =123 —3x+2.3b, be Zs— {0} .

So now assume 0 < v(a) < co. If v(b) > 5, we must have v(a) < 3, and hence

we must have v(a) = 2. Working out the remaining cases, for the other possible
values of v(b), we get the following possible curves :

o y2 =134+ 3% 4235, beZs— {0}
o 2 =03+3""y+2h beZln>1
o 2 =343z +23b, v(b) =0, n>1
o 2 =23 4+3" 20 4232, 0(b) =0, n>1
o Y2 =234+ 3"32 +23%, v(b) =0, n>1



748 J. MANOHARMAYUM

o y2 =3 - 33204+ 2.3%, v(b? - 1) =2

o y? =123+ 3% +2.3%, v(b) =0

o y2 =22 +3"22+2.3%, v(b)=0andn >1
o y? =134+ 3% +2.3%, v(b) =0

o 2 =234+ 3"M1 4+ 2.3%, v(b)=0andn > 1.

When j # 0 or 1728, we can use the table in Diamond-Kramer [D-K] to
classify the curves we have listed by conductor and e. This immediately yields
the following proposition :

Proposition 4.3.1. Let E be an elliptic curve over Q3 with e = 4 or 12.
Then E can be put in one of the following Weierstrass forms, up to quadratic
(possibly ramified) twist :
1) e=4
o y? =13+ 32+ 2b, b= +2(mod 9)
o 2 =a23+3x+23%, beZs, b#0
o y2 =234+ 3" gy +2b, b=44(mod 9), n > 1,
plus the following curves with j =0 or 1728:
y? =23 +£3z, y? =23 £ 3%, 2 =22 £ 1 and y? = 23 £ 33.
2)e=12, f=3
y? = 23 + 3z + 2b, b= +1,+4(mod 9)
y? = 2% £ 32 +2.3b, v(b) =0
y? =23 -3z +2b, v(b* —1)=2
y? =2 £3"M g + 20, b=41,42(mod 9), n > 1
and the following curves with j =0 :
y? = 2% £2b, y? = 23 £2.3%, b= £1,42(mod 9)
3)e=12, f=5
o 2 =a34+3""z +23b, v(b)=0n>1
o Y2 =134+3""22 +23%, v(b) =0, n>1
and the following curves with j =0 :
e y2=234+23", n=1,2,40r 5, v(b) =0. O

Remark. The elliptic curves in 4.3.1 have minimal discriminant. To see this,
note that since they have potentially good reduction and valuation of discrim-
inant odd, by 4.2.1 we can assume any change of co-ordinates reducing the
discriminant is of the form x — w?z, y — u3y. It is then easy to see that they
have minimal discriminant.

5. Mod 3 Representations in a given class

Definition. Let E be an elliptic curve over Q3. Denote by F(E) the set of
isomorphism classes of elliptic curves over Q3 whose mod 5 representation is
equivalent to either pg 5 or the quadratic unramified twist of pg 5. We then
define G(E) to be the set of of equivalence classes of representations pg 3 :
Gal(Q3/Q3) — GLo(FF3), up to twist by the quadratic unramified character,
where E’ is an elliptic curve in F(F). We identify — by 3.2 — G(FE) with the
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set of equivalence classes of representations 0, »|7. where E’ is an elliptic curve
E’ 3113

in F(E).

We now describe the set G for a given mod 5 representation, up to twist
by the quadratic unramified character. In order to do this, we need to classify
elliptic curves over Q3 with a prescribed mod 5 representation up to twist by
the quadratic unramified character. The classification is easy when the mod 5
representation is either unramified, or tamely ramified. In the case of wild
ramification, it turns out (see lemmas 5.3.1 and 5.4.1) the splitting field (for the
mod 5 representation) determines the mod 5 representation, up to twist by the
quadratic unramified character. The splitting field (for the mod 5 representation)
is computed by looking at the 2-division points (see the discussions following
lemmas 5.3.1 and 5.4.1).

5.1. Unramified mod 5 Representations. The unramified mod 5 represen-
tations are completely determined by the trace of the Frobenius. If the given
elliptic curve has good reduction, then we can calculate the type of mod 3 rep-
resentation by using proposition 3.6 . But there is still the possibility of the
mod 5 representation having come from a curve with potentially multiplicative
reduction.

Note that F(E) contains curves with multiplicative reduction which are iso-
morphic to a Tate curve either over Q3 or the quadratic unramified exten-
sion of Q3 if and only if tr(pp 5(Frob)) = £1(mod 5). Using propositions 3.6
and 4.1.1 we get the following:

Theorem 5.1.1. Let E be an elliptic curve over Qg such that pg, 5 is unramified.
Then

a) G(E) = {Hs} if tr(pg 5(Frob)) = 0(mod 5)

b) G(E) = {H,,D, WP~} 7 tr(pgg(Frob)) = £2(mod 5)

c¢) G(E) = {D, WP", WT(1)", WT(2)", WT(4)"}
if tr(pp 5 (Frob)) = :tl(mod 5). O

5.2. Tamely Ramified Representations. Let E be an elliptic curve over Qg
such that pg 5 is tamely ramified. Then the image of inertia has order 2, 4, 5
or 10. When e = 5 or 10, F necessarily has potentially multiplicative reduction,
and the mod 3 representations can be easily read off from Tate curves. When e =
4, the mod 5 representation splits over Q4" (v/3), and it is easy to check that there
is only one possible mod 5 representation up to twist by the quadratic unramified
character. When e = 2 we can again twist by a quadratic ramified character to
get back to the situation in 5.1. Using 3.6 and 4.2.2, we get

Proposition 5.2.1. Suppose E has mod 5 representation tamely ramified. Then
e e =2. Here G(F) is one of the following sets :
{Hs(1)} or {Hs(1), D, WP™} or {D, WP™ WT(1)™ WT(2)"™, WT(4)""} .

Which of the sets occurs can be read off by twisting E by a quadratic ram-
ified character.
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e e=4. G(F)={Hs, Hs(1), WP, WP}

¢ ©=5.6(E) = (D WP, WT(1)", WT(2)7, WT(4)"}

e ¢ = 10. G(E) = {D, WP™, WT(1)™, WT(2)", WT(4)r}. 0
5.3. e = 3 or 6.

Lemma 5.3.1. Suppose E1, Ey are elliptic curves over Q3 such that pg, 5 and
Pr, 5 have the same splitting field K, and e(E1) = e(Ea) = 3. Then pg, 5 is, up
to twist by the quadratic unramified character, equivalent to pg, 5. Further, if K
s a non-abelian extension of Qg, then the two representations are equivalent

over Q3.

Proof. We may assume that the image of inertia in G'Lo(F5) is

1 0 -1 1 0 -1

0 1)’\—-1 0)’\1 —-1/["
The normalizer of a Sylow 3-subgroup of GLs(F5) has order 48, and since a
lift of Frobenius has determinant 3, we deduce that the splitting field for the
representation is a degree 24 extension of Q3. There are then two cases to

consider, depending on whether the representation is abelian or not.

(a) Abelian case : Fix generators of Gal(K/Qj3) say o, 7 satisfying o® = 73 =

e, ot = 70, where we take o to be a lift of Frobenius. We may assume

that the image of 7 is <_ 1

1 0). The image of ¢ is then a matrix of the

)
-y Tty
gives (z,y) = (—1,2) or (1,—2). Hence the representations vary by at most a
quadratic unramified character.

form with 22 + 2y +y? = 3 and 22 +y = 0 (as 0® = ¢), which

(b) Non-abelian case : We can assume that
Gal(K/Q3) = (0,7|0® = 7% = e, 01 = 1%0),

where o is a lift of the Frobenius and 7 goes to <:i é) The image of o is
then(a 5 With a? 4+ ab+ 152 =2 Tfa =1, thenb =2 Tfa # 1
a+b —a
. fa+b+2 —(a—1)\ . . -1 1 .
the matrix a—1 b3 > is non-singular, fixes <1 O>’ and conju-

a b 1 2
gates <a+b —a) to (3 _1>. O

Suppose E : y? = 23 + 3ax + 2b over Q3 has e = 3. We follow the notation
of the lemma above. Let F' be the subfield fixed by o (so [F': Q3] = 3). This
is Galois when the mod 5 representation is abelian. Since the curve has good
reduction over this extension, we deduce by considering the mod 2 representation
that the mod 5 representation is abelian precisely when the discriminant of the
elliptic curve E is a square in Q3. More precisely, one shows that if K is a
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cubic extension of Q5" such that K/Qs is Galois with non-abelian Galois group,
then any two totally ramified cubic extensions of Q3 inside K are conjugate.
As Q3" (E[2]) = Q5" (EI5]) in our case, we get the claim.

When pp, 5 is non-abelian, there is only one possible splitting field, and hence
one possible representation (up to equivalence). But in the abelian case, there
are three possible splitting fields. These follow from local class field theory. (For
the non-abelian case, we have to look at norm subgroups of Q3(y/—1)* with an
appropriate action of Gal(Q3(v/—1)/Q3).)

In the abelian case, we can determine the extension F' as follows : it is the
splitting field for 2-torsion. To see this, let Frobg be the Frobenius for F. From
the lemma, by using the Hasse bound, we see that tr(pg s(Frobg)) = 0. If F
does not contain a root of the cubic x® + 3az + 2b, Pp.o has to have order 3
as E : y?> = 23 + 3ax + 2b has good reduction over F. Thus in particular the
trace of Frobg has to be odd — a contradiction.

We can now distinguish the possible splitting fields by looking at the norm
subgroups for different F’s. Here is the list of possible curves with inequivalent
mod 5 representations with e = 3 :

a) Non-abelian :
al) y? =23 — 3z +2b, b — 1 = 3u with u = 1(mod 3)
a2) y? = 23 + 3%z +2.3%b, b a unit .
b) Abelian :
(b1) 3% = 2% — 3%2 +2.3%, b = £2(mod 9) and y? = 2® — 32 +2b, b =
+4(mod 27) with norm subgroup 3.2Q3?,
(b2) y? = 23 — 3%z + 2.3%°b, b = +4(mod 9) and y? = 2> — 3z + 2b, b =
+13(mod 27) with norm subgroup 3Q5?,
(b3) y? = 23 — 3*x +2.3%°b, b = +1(mod 9) and y? = 2® — 3z + 2b, b =
+22(mod 27) with norm subgroup 3.4Q;".

A direct calculation then gives the following result :

Theorem 5.3.2. Let E be an elliptic curve over Qs with e(E) = 3. Then we
have:
o G(E)={WP", WT(1)™, WT(2)™, WT(4)"} if pg 5 is non-abelian.
o G(E) is {WP*, WT(4)™} or {WP*, WT(2)*} or {WP*, WT(1)™} if
P 5 is abelian. These correspond to the cases (b1), (b2), (b3) respectively.
O

Remark. Since the curves with e = 6 are just twists over Q3(¢) of the curves
we have considered above, the description of G(E) is the same as above with a
quadratic ramified twist.

5.4. e = 12.

Lemma 5.4.1. Let E1, E be two elliptic curves over Qs with e(Fy) = e(Fy) =
12. If the mod 5 representations have the same splitting field K, then they differ
by at most the quadratic unramified character.
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Proof. The images of pg, 5 and pg, 5 have to be the full normaliser of a Sylow-
3 subgroup of GLy(F5). The image of inertia is then the semi direct product
of Z/AZ and Z/3Z (see [D-K]). We can take a set of generators and relations
for Gal(K/Qs3) to be

2 24 4 S

(o,7|c*? =72 o* =1 =¢, TOT™

where o is a lift of Frobenius. (See [D-K]. It also follows from the structure of the

image as a subgroup of GLy(F5).) The inertia subgroup is generated by 7, o%.

One checks that the image of o, possibly after twisting by the quadratic
2 -1

unramified character, can be taken to be (1 1

> . The image of 7 then has to

be a matrix of the form (a i b b@) with a? 4+ ab+ b?> = —1, which we denote
by A. If (a,b) # (0,3), the matrix C = a—i—Z—i— 2 b:_a2 is non-singular

2 -1\ .., (2 -1 (0 2 :
andwehaweC’(1 1)0 —(1 1>,C’AC’ —(2 O).IfAlsequal

to (g 3), we take C to be <i’ _21> The lemma then follows. O

We keep the notation of the above lemma. Suppose F has e(E) = 12. Let F
be the subfield of K fixed by ¢. By analysing the two division points, it follows
that F = Q3(y/A(F)). To see this, let E be given by 3% = 23 + 3az + 2b.
Since e = 12, 23 + 3ax + 2b is irreducible over Q3. Let L be the subfield of K
fixed by o®. Then L/Qj3 is a totally ramified, non-abelian Galois extension of
degree 6.

If L contains a root of the cubic, then L has to be Q3(F[2]), and so F =
Q3(1/A(E)). So suppose that L does not contain \/A(E) and 2 + 3az + 2b is
irreducible over L. Then the image of py , restricted to Gal(L/L) will be the
full group GLy(F3), and hence the image of inertia I, will be of order 6 or 3 —
neither of which is possible as pp 5|r, has image order 2.

Let us identify the Galois group Gal(K/Qs) with the subgroup of GLs(F5)
that we constructed in the lemma. We then see that Gal(F/Qs) acts on
Gal(K/F) by raising every element to its fifth power. Under these condi-
tions, we find by local class field theory that there is exactly one such extension
when F' = Q3(v/3), and four when F = Q3(v/—3). In the latter case, we find
that only one corresponds to the case f = 3, while the other three correspond
to f = 5. We can then distinguish the different ones by looking at 2-division
points over Q5" after adjoining a third root of unity. The following lists elliptic
curves with conductor exponent 3 or 5, by their mod 5 representations, up to
twist by a quadratic unramified character.

f=3F=0Q3V3):

o 2 =234 3x+2b, b=41,+4(mod 9) ,
o y2 =23 —32x+2.3b, v(b) =0,
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o y? =23 -32+2b, y? = 23— 332+2.33b where b> —1 = 9u, u = —1(mod 3),

o y2 =13+ 3%+ 2.3%, b=41,4+4(mod 9) ,

o y?=2%—-3%+23% v(b)=0.
f: 3,F == Qg(\/—_?)) :

o 2 =234+32x+23b v(b) =0,

o y? =123 — 32+ 2b with b> — 1 = 9u, u = 1(mod 3) ,

o y2 = 23 £ 3"y +2b and y? = 23 £ 373z 4 2.3, both with b =

+1,£2(mod 9) and n > 1,
o y? =123 -33x+23%, v — 1 =9u, u=1(mod 3) ,
o y? =234 332 + 2.3 with v(b) =0
and finally the following curves with j =0

o y? =123+ 2b, y? = 23 + 33b both with b = £1, +2(mod 9).

We ignore curves with j = 0 in what follows (but note that they are limiting
cases of n — o00).

f=5Q5 (¢, V/3) c K™

y? =23 £ 3722 +2.3b, b= 44(mod 9), n > 1

y? = 23 + 322 + 2.3b, b = £1(mod 9)

y? =23 — 322 4+ 2.3b, b = £2(mod 9)

o y? =234+ 3""22 4+ 2.3%, b= +4(mod 9) n > 1

And also the same congruences with the curves twisted by v/3.

f =5Q5(¢,v3.2) C K" : The same as above but with congruences +1, +2,
+4, +2 respectively.

f=5,Q45(¢, v/3.4) C K™ : The same with congruences +2, +4, +1, +1 respec-
tively.

Calculating the splitting fields for mod 3 representations, we get the following;:

Theorem 5.4.2. Let E be an elliptic curve over Qs with e(E) = 12. Then
G(E) is
D, Hq, Hq(1), WP”, wp™ WT(1)",
a) { WT ()™, WT(2)", WT((2)", WT4)", WT(4)“‘"}
if the conductor has exponent 3,
b) {WT(1)", WT(1)™, WT(2)", WT(2)", WT(4)", WT(4)"} if the con-
ductor has exponent 5. O
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