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HYPERELLIPTIC JACOBIANS WITHOUT COMPLEX
MULTIPLICATION

Yuri G. Zarhin

1. Introduction

The aim of this note is to prove that in characteristic 0 the jacobian J(C) =
J(Cf ) of a hyperelliptic curve

C = Cf : y2 = f(x),

has only trivial endomorphisms over an algebraic closure of the ground field K
if the Galois group Gal(f) of the polynomial f ∈ K[x] is “very big”.

More precisely, if f is a polynomial of degree n ≥ 5 and Gal(f) is either the
symmetric group Sn or the alternating group An then End(J(C)) = Z. Notice
that it easily follows that the ring of K-endomorphisms of J(C) coincides with
Z and the real problem is how to prove that every endomorphism of J(C) is
defined over K.

There are some results of this type in the literature. Previously Mori [8], [9]
has constructed explicit examples (in all characteristics) of hyperelliptic jaco-
bians without nontrivial endomorphisms. In particular, he provided examples
over Q with semistable Cf and big (doubly transitive) Gal(f) [9]. The semista-
bility of Cf implies the semistability of J(Cf ) and, thanks to a theorem of
Ribet [14], all endomorphisms of J(Cf ) are defined over Q. (Applying to Cf/Q

the Shafarevich conjecture [17] (proven by Fontaine [3] and independently by
Abrashkin [1], [2]) and using Lemma 4.4.3 and arguments on p. 42 of [16], one
may prove that the Galois group Gal(f) of the polynomial f involved is S2g+1

where deg(f) = 2g + 1.)
André ([7], pp. 294-295) observed that results of Katz ([5], [6]) give rise to

examples of hyperelliptic jacobians J(Cf ) over the field of rational function C(z)
with End(J(Cf )) = Z. Namely, one may take f(x) = h(x)−z where h(x) ∈ C[x]
is a Morse function. In particular, this explains Mori’s example [8]

y2 = x2g+1 − x + z,

over C(z).
Notice that if h is a Morse polynomial of degree n then the Galois group of

h(x) − z over C(z) is the symmetric group Sn ([16], Th. 4.4.5, p. 41).
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Masser [7] constructed a completely different class of hyperelliptic jacobians
J(Cf ) over C(z) with End(J(Cf )) = Z. In his examples f splits into a product
of linear factors over C(z) as follows.

f(x) = x(x − zα(1))(x − zβ(1)) · · · (x − zα(g))(x − zβ(g)),

where
0 ≤ α(1) < β(1) < · · · < α(g) < β(g),

and the differences α(1) − β(1), . . . , α(g) − β(g) are distinct. Masser’s proof is
purely analytic in character.

This paper was written during my stay in Glasgow. I would like to thank the
Department of Mathematics of University of Glasgow for its hospitality.

2. Main result

Throughout this paper we assume that K is a field of characteristic different
from 2. We fix its algebraic closure Ka and write Gal(K) for the absolute Galois
group Aut(Ka/K).

Theorem 2.1. Let K be a field with char(K) �= 2, Ka its algebraic closure,
f(x) ∈ K[x] an irreducible separable polynomial of degree n ≥ 5 such that the
Galois group of f is either Sn or An. Let Cf be the hyperelliptic curve y2 = f(x).
Let J(Cf ) be its jacobian, End(J(Cf )) the ring of Ka-endomorphisms of J(Cf ).
Then either End(J(Cf )) = Z or char(K) > 0 and J(Cf ) is a supersingular
abelian variety.

Examples 2.2.

1. The polynomial xn−x−1 has Galois group Sn over Q ([16], p. 42). Hence
the jacobian of the curve y2 = xn−x−1 has no nontrivial endomorphisms
over Q̄ and therefore over C for all n ≥ 5.

2. The Galois group of the “truncated exponential”

expn(x) := 1 + x +
x2

2
+

x3

6
+ · · · + xn

n!
∈ Q[x],

is either Sn or An [15]. Hence the jacobian of the curve y2 = expn(x) has
no nontrivial endomorphisms over Q̄ and therefore over C for all n ≥ 5.

Remark 2.3. Let f(x) ∈ K[x] be an irreducible separable polynomial of even
degree n = 2m ≥ 5 such that the Galois group of f is either Sn or An. Then
n ≥ 6. Let α ∈ Ka be a root of f and K1 = K(α) be the corresponding subfield
of Ka. We have

f(x) = (x − α)f1(x),

with f1(x) ∈ K1[x]. Clearly, f1(x) is an irreducible separable polynomial over
K1 of odd degree 2m − 1 = n − 1 ≥ 5, whose Galois group is either Sn−1 or
An−1 respectively. It is also clear that the polynomials

h(x) = f1(x + α), h1(x) = xn−1h(1/x) ∈ K1[x],
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are irreducible separable of odd degree 2m−1 = n−1 ≥ 5 with the same Galois
group equal Sn−1 or An−1 respectively.

The standard substitution

x1 = 1/(x − α), y1 = y/(x − α)m,

establishes a birational isomorphism between Cf and a hyperelliptic curve

Ch1 : y2
1 = h1(x1).

It follows readily that in order to prove Theorem 2.1 it suffices to do the case of
odd n.

We deduce Theorem 2.1 from the following auxiliary statement.

Theorem 2.4. Suppose n = 2g + 1 is an odd integer which is greater than or
equal to 5. Suppose f(x) ∈ K[x] is a separable polynomial of degree n, whose
Galois group is either An or Sn. Suppose C is a hyperelliptic curve y2 = f(x)
of genus g over K. Suppose J(C) is the jacobian of C and J(C)2 is the group of
its points of order 2, viewed as a 2g-dimensional F2-vector space provided with
the natural action of Gal(K).

Let R be a subalgebra of EndF2(J(C)2) which contains the identity operator
Id. Assume that for each u ∈ R, σ ∈ Gal(K) the subalgebra R contains

σu : x �→ σuσ−1(x), x ∈ J(C)2.

Either R = F2 · Id or R = EndF2(J(C)2).

We prove Theorem 2.4 in Section 4. In the next section we deduce Theorem
2.1 from Theorem 2.4.

3. Proof of main result

So, we assume that f(x) ∈ K[x] satisfies the conditions of Theorem 2.1. In
light of Remark 2.3, we may assume that n = 2g + 1 is odd. Therefore J(C) is
a g-dimensional abelian variety defined over K.

Since J(C) is defined over K, one may associate with every u ∈ End(J(C))
and σ ∈ Gal(K) an endomorphism σu ∈ End(J(C)) such that

σu(x) = σu(σ−1x) ∀x ∈ J(C)(Ka).

Let us put
R := End(J(C)) ⊗ Z/2Z ⊂ EndF2(J(C)2).

Clearly, R satisfies all the conditions of Theorem 2.4. This implies that either
R = F2 · Id, or R = EndF2(J(C)2). If End(J(C)) ⊗ Z/2Z = R = F2 · Id,
then the free abelian group End(J(C)) has rank 1 and therefore coincides with
Z. If End(J(C)) ⊗ Z/2Z = R = EndF2(J(C)2), then the free abelian group
End(J(C)) has rank (2dim(J(C)))2 = (2g)2, and therefore the semisimple
Q-algebra End0(J(C)) = End(J(C)) ⊗ Q has dimension (2g)2.

Now Theorem 2.1 becomes an immediate corollary of the following assertion.
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Lemma 3.1. Let X be an abelian variety of dimension g over an algebraically
closed field F . Assume that the semisimple Q-algebra End0(X) = End(X) ⊗ Q

has dimension (2g)2. Then char(F ) > 0 and X is supersingular.

Proof. Let us fix a prime � �= char(F ) and consider the �-adic Tate module
T�(X) of X. Let V�(X) = T�(X) ⊗Z�

Q� be the corresponding Q�-vector space
of dimension 2g. There is a canonical embedding

End0(X) ⊗Q Q� ↪→ EndQ�
(V�(X)),

and dimension arguments imply that this embedding is an isomorphism. In
particular, End0(X) ⊗Q Q� is isomorphic to the matrix algebra of size 2g over
Q�. Since the center of the matrix algebra over Q� has dimension 1 over Q�, the
center of End0(X) has dimension 1 over Q and therefore coincides with Q. This
implies that End0(X) is a central simple Q-algebra of dimension (2g)2. Hence,
there exists a simple abelian variety Y over F and a positive integer r such that
X is isogenous to Y r over F . This implies that

g = dim(X) = rdim(Y ),

End0(Y ) is a division algebra over Q and End0(X) is isomorphic to the matrix
algebra of size r over End0(Y ). In particular,

dimQ(End0(X)) = r2dimQ(End0(Y )).

Since the center of End0(X) coincides with Q, the center of End0(Y ) also
coincides with Q. It follows from Albert’s classification ([11], Sect. 21) that
either End0(Y ) = Q or End0(Y ) is a quaternion algebra over Q.

If End0(Y ) = Q then End0(X) has dimension r2 ≤ (rdim(Y ))2 = g2 < (2g)2.
This implies that End0(Y ) is a quaternion Q-algebra and therefore

dimQ(End0(X)) = r2dimQ(End0(Y )) = 4r2 = (2r)2.

On the other hand, dimQ(End0(X)) = (2g)2. This implies that 2r = 2g, i.e.,
r = g = dim(X) and Y is an elliptic curve. Since End0(Y ) is the quaternion
algebra, Y is a supersingular elliptic curve and char(F ) > 0. Since X is isogenous
to Y r, it is a supersingular abelian variety.

4. Points of order 2 on hyperelliptic jacobians

Let C be a hyperelliptic curve over K defined by an equation y2 = f(x)
where f(x) ∈ K[x] is a polynomial of odd degree n without multiple roots. The
rational function x ∈ K(C) defines a canonical double cover π : C → P1. Let
B′ ⊂ C(Ka) be the set of ramification points of π (Weierstraß points). Clearly,
the restriction of π to B′ is an injective map π : B′ ↪→ P1(Ka), whose image
is the disjoint union of ∞ and the set Rf of roots of f . By abuse of notation,
we also denote by ∞ the ramification point lying above ∞. Clearly, ∞ ∈ C(K).
We denote by B the complement of ∞ in B′. Clearly,

B = {(α, 0) | f(α) = 0} ⊂ C(Ka),
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and π defines a bijection between B and Rf which commutes with the action of
Gal(K).

We write QB for the F2-vector space of subsets of B of even cardinality with
symmetric difference as a sum. There is a natural structure of Gal(K)-module
on QB .

Here is an explicit description of the group J(C)2 of points of order 2 on
the jacobian J(C). Namely, let T ⊂ B′ be a subset of even cardinality. Then
([12], Ch. IIIa, Sect. 2, Lemma 2.4; [10], pp. 190–191; see also [9]) the divisor
eT =

∑
P∈T (P )−#(T )(∞) on C has degree 0 and 2eT is principal. If T1, T2 are

two subsets of even cardinality in B′ then the divisors eT1 and eT2 are linearly
equivalent if and only if either T1 = T2 or T2 = B′ \T1. Also, if T = T1�T2 then
the divisor eT is linearly equivalent to eT1 + eT2 . Hereafter we use the symbol �
for the symmetric difference of two sets. Counting arguments imply easily that
each point of J(C)2 is the class of eT for some T . We know that such a choice
is not unique. However, if we demand that T does not contain ∞ then such a
choice always exists and unique. This observation leads to a canonical group
isomorphism

QB
∼= J(C)2, T �→ cl(eT ).

Here cl stands for the linear equivalence class of a divisor. Clearly, this isomor-
phism commutes with natural actions of Gal(K). In other words, the Gal(K)-
modules QB and J(C)2 are canonically isomorphic.

One may describe explicitly the Galois action on QB . In order to do that let
us consider the splitting field L ⊂ Ka of f and let G = Gal(L/K) be its Galois
group. Clearly, G may be viewed as a group of permutations of Rf and therefore
(via π) as a subgroup in the group Perm(B) of permutations of B. This induces
obvious embeddings

G ⊂ Perm(B) ⊂ Aut(QB),

and Gal(K) acts on QB via the composition of the canonical surjection Gal(K) →
Gal(L/K) = G and the embedding

G ⊂ Perm(B) ⊂ Aut(QB).

Now one may easily check that Theorem 2.4 follows readily from the following
purely group-theoretic statement.

Theorem 4.1. Let B be a finite set of odd cardinality n ≥ 5, QB the F2-vector
space of its subsets of even cardinality with symmetric difference as a sum. Let
S = Perm(B) be the group of permutation of B viewed as a subgroup of Aut(QB).
Let G be a subgroup of S which is isomorphic either to Sn or to An.

Let R be a subalgebra of EndF2(QB) which contains the identity operator Id.
Assume that

uRu−1 ⊂ R ∀u ∈ G ⊂ S ⊂ Aut(QB).

Either R = F2 · Id or R = EndF2(QB).

We prove Theorem 4.1 in the next Section.
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5. Representation theory

We keep all the notations and assumptions of Theorem 4.1. Clearly, S ∼= Sn.
We write A for the only subgroup in S of index 2. Clearly, A is normal and
isomorphic to the alternating group An. It is well-known that the group A is
simple of order n!/2. Cardinality arguments imply easily that either G = S or
G = A.

We have
A ⊂ S ⊂ Aut(QB), dimF2(QB) = n − 1.

This provides QB with a natural structure of S-module defined as follows.
Each element s of S sends a subset T ∈ QB into s(T ) = {s(b) | b ∈ T}.

Let us consider the n-dimensional F2-vector space FB
2 of all maps ϕ : B → F2.

The space FB
2 is provided with a natural action of S defined as follows. Each

s ∈ S sends a map ϕ : B → F2 into sϕ : b �→ ϕ(s−1(b)).
It is well-known that one may view FB

2 as the F2-vector space of all subsets
of B with symmetric difference as a sum. Namely, a subset T corresponds to its
characteristic function χT : B → {0, 1} = F2 and a function ϕ : B → F2 corre-
sponds to its support supp(ϕ) = {x ∈ B | ϕ(x) = 1}. Under this identification
each s ∈ S sends T into s(T ) = {s(b) | b ∈ T}.

Clearly, QB is a hyperplane in FB
2 and the inclusion map QB ⊂ FB

2 is a
homomorphism of the S-modules. In particular, QB is an S-stable hyperplane
in FB

2 .
Since n = #(B) is odd, the set B does not belong to QB . Clearly, B ∈ FB

2

is S-invariant. Let L be the one-dimensional subspace of FB
2 generated by B.

Clearly, S acts trivially on L and there is an S-invariant splitting

FB
2 = QB ⊕ L,

which is also H-invariant for each subgroup H ⊂ S. It is also clear that
EndH(L) = EndF2(L) = F2. This implies that dimF2(EndH(L)) = 1. Ob-
viously, dimF2(EndH(QB)) ≥ 1.

Lemma 5.1. Suppose H ⊂ S = Perm(B) is a doubly transitive permutation
group. Then EndH(QB) = F2. In particular, if the H-module QB is semisimple
then it is absolutely simple.

Proof. In order to prove that EndH(QB) = F2, it suffices to check that
dimF2(EndH(QB)) ≤ 1.

The H-invariant splitting FB
2 = QB ⊕ L implies that

dimF2(EndH(FB
2 )) ≥ dimF2(EndH(QB)) + dimF2(EndH(L))

= dimF2(EndH(QB)) + 1.

Since H acts doubly transitively on B, we have dimF2(EndH(FB
2 )) = 2 ([13],

Lemma 7.1 on p. 52). This implies that 1 ≥ dimF2(EndH(QB)) and therefore
EndH(QB) = F2.
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Now assume that the H-module QB is semisimple. Since F2 = EndH(QB) is
a field, QB is simple. Applying Th. 9.2 on p. 145 of [4], we conclude that the
H-module QB is absolutely simple.

Lemma 5.2. The A-module QB is absolutely simple.

Proof. Since n ≥ 5, the group A = An is doubly transitive. Thanks to Lemma
5.1, it suffices to check that QB is simple. Let U be a non-zero A-stable subspace
in QB . Let T ∈ U be a non-empty subset of B with smallest possible cardinality.
Since n is odd, T �= B. If T consists of 2 elements then we are done, because
A acts doubly transitively on B and each subset in B of even cardinality could
be presented as a symmetric difference (disjoint union) of 2-element sets. So,
assume that T consists of at least 4 elements. Pick elements t ∈ T and b ∈ B \T .
Then there is an even permutation s ∈ A such that s(T ) = T \{t}⋃{b}. Clearly,
the symmetric difference T�s(T ) ∈ U consists of two elements which contradicts
the choice of T . This proves the simplicity of QB .

Since G always contains A, Theorem 4.1 is an immediate corollary of the
following statement.

Theorem 5.3. Let R be a subalgebra of EndF2(QB) which contains the identity
operator Id. Assume that

uRu−1 ⊂ R ∀u ∈ A ⊂ Aut(QB).

Either R = F2 · Id or R = EndF2(QB).

Recall (Lemma 5.2) that the A-module QB is absolutely simple. Also, A is
not isomorphic to a subgroup of Sn−1, because #(A) = n!

2 > (n−1)! = #(Sn−1).
Now Theorem 5.3 becomes an immediate corollary of the following statement.

Theorem 5.4. Let H ⊂ Aut(QB) be a non-abelian simple group. Suppose that
the H-module QB is absolutely simple and H is not isomorphic to a subgroup of
Sn−1. Assume, in addition, that either #(H) > 2n−1 or n = 2p + 1 where p is
a prime.

Let R be a subalgebra of EndF2(QB) which contains the identity operator Id.
Assume that

uRu−1 ⊂ R ∀u ∈ H ⊂ Aut(QB).
Either R = F2 · Id or R = EndF2(QB).

Proof of Theorem 5.4. Clearly, QB is a faithful R-module and

uRu−1 = R ∀u ∈ H ⊂ Aut(QB).

Step 1. QB is a semisimple R-module. Indeed, let U ⊂ QB be a simple
R-submodule. Then U ′ =

∑
s∈H sU is a non-zero H-stable subspace in QB

and therefore must coincide with QB . On the other hand, each sU is also a
R-submodule in QB , because s−1Rs = R. In addition, if W ⊂ sU is an R-
submodule then s−1W is an R-submodule in U , because

Rs−1W = s−1sRs−1W = s−1RW = s−1W.
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Since U is simple, s−1W = {0} or U . This implies that sU is also simple. Hence
QB = U ′ is a sum of simple R-modules and therefore is a semisimple R-module.

Step 2. The R-module QB is isotypic. Indeed, let us split the semisimple
R-module QB into the direct sum

QB = V1 ⊕ · · · ⊕ Vr,

of its isotypic components. Dimension arguments imply that r ≤ dim(QB) =
n − 1. It follows easily from the arguments of the previous step that for each
isotypic component Vi its image sVi is an isotypic R-submodule for each s ∈ H
and therefore is contained in some Vj . Similarly, s−1Vj is an isotypic submodule
obviously containing Vi. Since Vi is the isotypic component, s−1Vj = Vi and
therefore sVi = Vj . This means that s permutes the Vi; since QB is H-simple, H
permutes them transitively. This gives rise to the homomorphism H → Sr which
must be either injective or trivial, since H is simple. If the homomorphism is
injective then H is isomorphic to a subgroup of Sr and therefore to a subgroup
of Sn−1, because r ≤ n − 1. This gives us a contradiction and therefore the
homomorphism H → Sr is trivial.

This means that sVi = Vi for all s ∈ H and QB = Vi is isotypic.
Step 3. Since QB is isotypic, there exist a simple R-module W and a positive

integer d such that QB
∼= W d. We have

d · dim(W ) = dim(QB) = n − 1.

Clearly, EndR(QB) is isomorphic to the matrix algebra Matd(EndR(W )) of size
d over EndR(W ).

Let us put
k = EndR(W ).

Since W is simple, k is a finite division algebra of characteristic 2. Therefore
k is a finite field of characteristic 2. We have EndR(QB) ∼= Matd(k). Clearly,
EndR(QB) ⊂ EndF2(QB) is stable under the adjoint action of H. This induces
a homomorphism

α : H → Aut(EndR(QB)) = Aut(Matd(k)).

Since k is the center of Matd(k), it is stable under the action of H, i.e., we get a
homomorphism H → Aut(k), which must be trivial, since H is a simple group
and Aut(k) = Gal(k/F2) is abelian. This implies that the center k of EndR(QB)
commutes with H. Since EndH(QB) = F2, we have k = F2. This implies that
EndR(QB) ∼= Matd(F2) and

α : H → Aut(Matd(F2)) = GL(d,F2)/F∗
2 = GL(d,F2),

is trivial if and only if EndR(QB) ⊂ EndH(QB) = F2 · Id. Since EndR(QB) ∼=
Matd(F2), α is trivial if and only if d = 1, i.e., QB is an absolutely simple R-
module. It follows from the Jacobson density theorem that R ∼= Matm(F2) with
dm = n − 1. This implies that α is trivial if and only if R ∼= Matn−1(F2), i.e.,
R = EndF2(QB).
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The adjoint action of H on R gives rise to a homomorphism

β : H → Aut(Matm(F2)) = GL(m,F2).

Clearly, β is trivial if and only if R commutes with H, i.e., R = F2 · Id.
Step 4. It follows from the previous step that we are done if either α or β is

trivial. Clearly, we are done if either m = 1 or d = 1. So, further we assume that
m > 1, d > 1. Notice also that GL(2,F2) ∼= S3 is solvable and therefore every
homomorphism from the simple group H to GL(2,F2) is trivial. This implies
that we are done if either m = 2 or d = 2. But when n = 2p + 1 with prime p
we have 2p = n − 1 = md and one of the factors m and d must be equal to 2.
This proves Theorem 5.4 in the case of n = 2p + 1.

Since md = n − 1, either m ≤ √
n − 1 or d ≤ √

n − 1. This implies that
either #(GL(m,F2)) < 2n−1 or #(GL(d,F2)) < 2n−1 respectively. Taking
into account the simplicity of H, we conclude that if #(H) > 2n−1 then either
every homomorphism from H to GL(m,F2) is trivial or every homomorphism
from H to GL(d,F2) is trivial. This proves Theorem 5.4 in the case when
#(H) > 2n−1.
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