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BALANCE POINT AND STABILITY OF VECTOR BUNDLES
OVER A PROJECTIVE MANIFOLD

Xiaowei Wang

Abstract. In this paper, we show that stability of a vector bundle over a pro-
jective manifold is equivalent to the embedding of the base manifold induced by
the global sections into the Grassmanian can be moved to a balanced place in the
sense of Donaldson, thus verifying a conjecture of Donaldson.

1. Introduction

The stability of a vector bundle over a projective manifold has been studied
extensively. In order to construct a good moduli space for the bundles over a
projective variety, various notions of stability have been introduced. Mumford
first introduced Mumford stable vector bundles (c.f. [NS]). Later Gieseker intro-
duced a new notion of stability which is now called Gieseker stablility when he
was constructing the moduli space of vector bundles over complex surfaces. It
turns out that the notion of Gieseker stablility of vector bundles fits nicely into
Mumford’s Geometric Invariant Theory, so the GIT machinery of constructing
moduli spaces can be effectively applied to this case. (c.f. [S])

The differential-geometic picture of stability turns out to be very fruitful as
well. The Mumford stability of a vector bundle fits perfectly into the infinite
dimensional symplectic quotient picture. Specifically, Mumford stability of a vec-
tor bundle over a projective manifold is equivalent to the existence of Hermitian-
Yang-Mills metric, which amounts to solving a 2nd-order elliptic PDE arising
from the moment map of a Hamiltonian action of the infinite dimensional gauge
group on the affine space of connections on that vector bundle. This correspon-
dence was established by Donaldson and Uhlenbeck-Yau (c.f. [D2],[D3],[UY]).

But for Gieseker stability, the differential-geometric interpretation of this con-
dition remained somewhat unclear until Leung’s thesis [Le] first gave a differ-
ential-geometric and also a symplectic quotient interpretation. Recently, in [D4],
inspired by the work of Luo (c.f. [Luo]) Donaldson suggested an analogous way
of looking at the stability problem for vector bundle. Instead of looking at the
space of connections, he looked at the mapping space of the base manifold into
the Grassmannian. He conjectured a geometric criterion which is very similar
to Luo’s criterion for stability of projective manifold, namely the Balanced place
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condition (see the following theorem) of the embedding is equivalent to the sta-
bility of a holomorphic vector bundle over a Riemann surface. This point of
view was also taken by Uhlenbeck and Yau [UY], in their paper, in order to
prove the existence of Hermitian-Yang-Mills metric, they perturb the equation
and study the limit of the perturbed equation as the perturbation parameter
goes to zero. In that case if the vector bundle is not Mumford stable then the
solution will blow up and this blowing up give rise to an meromorphic map from
the base manifold into Grassmanian which pulls back a destablizing subsheaf of
the original vector bundle. The author also learned from Professor Yau that he
and Conan Leung have had the similar idea to attack the stability for vector
bundles over almost complex manifolds.

Our main result of this paper is to confirm Donaldson’s conjecture. Actually
what we show is a little more general. We obtain the same conclusion for vector
bundles over any projective manifold, and the correct notion of stability should
be in the sense of Gieseker whereas in the Riemann surface case Gieseker stability
and Mumford stability are the same.

Theorem 1.1. Let E be a holomorphic vector bundle over a polarized projective
manifold (X,OX(1)), E(k) := E ⊗OX(k). Then E is Gieseker polystable if and
only if there is a number M such that for k > M , the embedding:

E(k) = i∗Ur −−−−→ Ur� �
X

i−−−−→ Grass (r, N)

given by the global sections of H0(X, E(k)) can be moved to a balanced point,
i.e. there is a g ∈ SL(N) which is unique up to left translation by SU(N), where
N = dimH0(X, E(k)) such that:

1
Vol(X)

∫
g·X

A(x)A(x)∗d VolX =
r

N
IN×N

where A := AN×r = [ �a1, · · · , �ar] and �a1, · · · , �ar ∈ C
N is an orthonormal ba-

sis of the corresponding r-plane in Grass (r, N), i.e. A is the coordinate for
Grass (r, N). IN×N is the identity matrix.

The paper is organized as follows. In Section 2, we recall some basic facts
of GIT, introduce various notions of stability, and finally give some equivalent
criteria like how to tell if a vector bundle over a projective manifold is Gieseker
stable or not. In Section 3, we give a symplectic picture of the mapping space and
study the relation between the position of the base manifold in the Grassmanian
and the stability of the vector bundle. The main theorem will be proven in this
section. In Section 4, we describe the differential geometric interpretation of the
Balanced point in the mapping space and its relation to Leung’s equation and
the heat kernel.
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2. Gieseker Stability of Vector Bundles

In this section we are going to give the GIT criteria for Gieseker stability of
a vector bundle over a polarized projective manifold.

Definition 2.1. Let (X,OX(1)) be a polarized projective manifold with a very
ample line bundle OX(1), and E be a vector bundle over X. Define

χ(E) := Σ(−1)ihi(X, E),

where hi(X, E) = dimHi(X, E). We call it Gieseker stable (resp. semi-stable)
if for any subsheaf F ⊂ E,

χ(E(k))
rk(E)

> ( resp. ≥ )
χ(F (k))
rk(F )

,

for k >> 1, where E(k) := E ⊗OX(k), F (k) := F ⊗OX(k).
A Gieseker semistable vector bundle is called Gieseker polystable if E is a

direct sum of Gieseker stable vector bundles.

Remark 2.1.
(i) It is easy to see E is Gieseker stable (resp. semi-stable) if and only if E(m)

is for some m.
(ii) This numerical criterion actually comes from the numerical criterion due to

Mumford and Hilbert in GIT.

Now pick a number k >> 1 such that E(k) is globally generated.

Definition 2.2. Define Quot (H, p) := { Quot-Scheme of H with Hilbert poly-
nomial p }, where H := V ⊗OX(−k) , and V := H0(X, E(k))

Now E can be viewed as a point

[ρ : H → E → 0] ∈ Quot (H, p)
SL(V ) acts natuarlly on Quot (H, p) as follows

[ρ] ◦ g := [ρ ◦ g]
where g ∈ SL(V ). Now let us recall some basic facts in GIT :

Definition 2.3. (compare with Definition 3.4) Let X be a projective scheme.
A point x ∈ X is semistable with respect to a G-linearized ample line bundle
L if there is an integer n and an invariant global section s ∈ H0(X, L⊗k) with
s(x) = 0. We say x is stable if in addition, the stabilizer Gx is finite and the
G-orbit of x is closed in the open set of all semistable points in X.

In order to check the stability of a point we have the following useful criterion.
Let λ : Gm �→ G be an non-trivial one-parameter subgroup of G. Then the action
of G on X induces an action of Gm on X. Since X is projective, the orbit map
Gm → X, t �→ λ(t) · x extends uniquely to a morphism f : A

1 → X such that
the diagram
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Gm
λ−−−−→ G � g� �

A
1 f−−−−→ X � g · x

commutes, where Gm = A
1 − {0} → A

1 is the inclusion. We write

lim
t→0

λ(t) · x := f(0)

Clearly, f(0) is a fixed point of the action of Gm on X via λ. In particular , Gm

acts on the fiber Lf(0) with weight r. Define the number µL(x, λ) := −r. The
following lemma is well-known (c.f. [MFK])

Lemma 2.1. (Hilbert-Mumford Criterion) A point x ∈ X is semistable if
and only if for all non-trivial one-parameter subgroups λ : Gm → G one has

µL(x, λ) ≥ 0

x is stable if and only if strict inequality holds for all non-trivial λ.

In particular, if X is a projective space PV and L is the hyperplane bundle
OX(1) and the action by a reductive group GC is via a representation GC →
SL(V ), then we can talk about the stable points in the GIT sense.

Definition 2.4. Suppose v ∈ PV and let v̄ ∈ V denote its lift in V . Then v is
called:
a) semistable if the closure of the GC-orbit GC · v̄ does not contain 0,
b) stable if GC · v̄ is closed and the stablizer GC

v is finite.

Kempf and Ness [KN] proved the following theorem:

Theorem 2.1. Let GC be a reductive algebraic group with maximal compact
group G , and let V be a vector space with a G-invariant Hermitian metric h.
GC acts on V , so it acts on PV , and O(1) is the linearized bundle over it. Then
a point v ∈ PV is stable if and only if the function Sv(g) := ‖g · v̄‖2

h : GC/G → R

is proper, where v̄ ∈ V is a lift of v ∈ PV .

Now we come back to our discussion of vector bundles over X. Let R be the
open set of semi-stable sheaves in Quot (H, p), E the universal quotient sheaf
over Quot (H, p). Then we have the following diagram:

E�
Quot(H, p) × X

π2−−−−→ X�π1

Quot(H, p)
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Let Lk := Det ((π1)∗(E ⊗ (π2)∗OX(k))) be the determinant line bundle over
Quot (H, p). It is very ample and linearized with respect to the SL(V ) action
on Quot (H, p) in the GIT sense for k >> 1. Thus we can speak of semistable
and stable points in the closure R of R in Quot (H, p) with respect to Lk and
the SL(V ) action. The following theorem is due to Simpson [S], which justifies
the equivalence between the Gieseker slope stability in Definition 2.1 and GIT
stability.

Theorem 2.2. Suppose that m and, for fixed m, also k, are sufficiently large
integers. Then R = R

ss
(Lk) and Rs = R

s
(Lk), where R

ss
(Lk) (resp.R

s
(Lk))

are the semistable (resp. stable) points of R with respect to the linearization Lk.
Moreover, the orbit of a point [ρ : H → F ] is closed in R if and only if F is
Gieseker polystable.

Let M(X, p(k)) denote the moduli space of Gieseker stable sheaves with
Hilbert polynomial p(k), then an immediate corollary is the following (c.f. [S]).

Corollary 2.1. M(X, p(k)) is a quasi-projective scheme and it is the GIT quo-
tient R

s
(Lk)//SL(V ).

In order to prove the main theorem of this paper, we need to use another
stability criterion proved by Gieseker[G].

Definition 2.5. Suppose E is a rank r globally generated vector bundle on X,
and {s1, ..., sN} ∈ H0(E) a basis. Let T (E) ∈ Hom (∧rH0(E), H0(det (E))) be
defined by

T (E)(si1 , ...., sir ) := si1 ∧ ... ∧ sir ∈ H0(detE)

we can view T (E) as a point in PHom (∧rH0(E), H0(det (E))) ; SL(H0(E))
acts on it and the linearized bundle is O(1) over PHom (∧rH0(E), H0(det (E))).
Again we can sat whether the point

T (E) ∈ P det (∧rH0(E), H0(det (E)))

is stable or not. In particular we have the following theorem due to Gieseker
(c.f. [G],[HL]).

Theorem 2.3. There is an M so that if k > M , then E(k) is Gieseker stable
(resp. semistable) if and only if T (E(k)) is stable (resp. semistable) under the
action of SL(H0(E(k)). Moreover, the orbit of T (E(k)) is closed if and only if
E(k) is Gieseker polystable.

Remark 2.2. Actually, Gieseker proved a bit more, in order for the theorem
above to hold we only need to assume that E is a torsion free sheaf.

3. Symplectic Quotient Picture

In this section, let us first recall some basic facts from geometric quantization
and the symplectic quotient picture which can be found in e.g.[DK]. Let (V, ω)
be a Kähler manifold.
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Definition 3.1. We say that (V, L) is quantized if (L, h) is a holomorphic Her-
mitian line bundle π : L → V with Ric (h) = ω.

To be more explicit, the Hermitian structure defines a function h : L → R
+

by h(ξp) = ‖ξp‖2
p where ξp ∈ π−1(p) and ‖ · ‖p is the Hermitian norm. Then let

α =
1

4πi
(∂ − ∂̄)(log(h)) = dc log(h);

α is a 1-form on L−{0} and defines the canonical S1 connection: if ξ̃ is the vector
field generating the inifinitesimal action of S1 on L given by multiplication by
e2πiv fiberwise, then iṽα = 1 and Lṽα = 0. We see that:

π∗(ω) = dα =
1

2πi
∂∂̄ log h.

Let G be a compact Lie group, and let GC be its complexification. We identify
gC = g ⊕ ig where gC and g are the Lie algebras of GC and G respectively. We
consider actions of GC of the following type:

Assumption 3.1. The action of GC on V satisfies:
1) GC × V −→ V is holomorphic.
2) The induced action G×V −→ V acts by isometries with respect to the Kähler

metric;
3) G acts symplectically with respect to ω.

Notice that 1) and 2) are equivalent to 1) and 3). Throughout the rest of this
section we assume that V is a quantized Kähler manifold and with a GC-action
satisfying Assumption 3.1.

Definition 3.2. A linearization of the GC action on V is a holomorphic action
of GC on L covering the action on V, and such that G acts unitarily on the
fibers.

We will use the notation that if a ∈ g then ã ∈ Vect (V ) is the vector field
generated by the infinitesimal action of a and ˜̃a ∈ Vect (L) is generated by its lift.
Notice that a �→ ã is a anti-homomorphism of Lie algebras so that ˜[a, b] = −[ã, b̃].
For any symplectic manifold (V, ω) with a symplectic action of a compact group
G, we have the notion of a moment map.

Definition 3.3. An Ad∗-equivariant moment map is a map satisfying the
following: µ : V −→ g∗ such that d〈µ(x), a〉 = iãω(x) and 〈µ(g · x), a〉 =
〈µ(x),Adg(a)〉, where a ∈ g. In the following we will use the notation: µa(x) :=
〈µ(x), a〉.

Then we have the following proposition. (c.f. [DK],[B])

Proposition 3.1. A choice of a linearization uniquely determines a moment
map and, conversely, a choice of a moment map uniquely determines a lin-
earization.
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Definition 3.4. We say a point x ∈ V is analytically stable for a linearized
action of GC on V if for every non-zero ξx ∈ Lx the function g → h(g · ξx) is
proper.

Remark 3.1. Notice that this definition is equivalent to Definition 2.4 in the
case that V = CP

N .

The following two lemmas are standard (c.f. [B]); for completeness, we include
a proof here.

Lemma 3.1. (Analytic version of Hilbert-Mumford criterions) A point
x ∈ V is analytically stable with respect to the action of GC if and only if it is
analytically stable with respect to the restricted action of every real 1-parameter
subgroup t → eita ∈ GC where ita ∈ ig ⊂ gC.

Remark 3.2. This lemma is just the analytic version of Lemma 2.1.

Lemma 3.2. An orbit GC · x ⊂ V is analytically stable if and only if GC · x has
no infinitesimal stablizers and µ = 0 somewhere on GC ·x. Furthermore, the set
GC · x ∩ µ−1(0) consists of exactly one G orbit.

Proofs of Lemmas 3.1 and 3.2. Since the function g → h(g ·ξx) is constant along
G orbits, it descends to a function on GC/G ∼= g and is given by a → h(eia · ξx).
Consider the function Sx : g → R defined by

Sx(a) =
h(eia · ξx)

h(ξx)
Sx does not depend on the choice of ξx and is proper if and only if x is analyti-
cally stable. Lemma 3.1 is equivalent to the statement that Sx is proper if and
only if it is proper on each line through the origin.

For Lemma 3.2, assume first that Sx is proper. Then for any a ∈ g, the real
function defined by La(t) = log(Sx(ta)) is proper. We calculate that

dLa(t)
dt

=
LJ ˜̃a(L∗

eitah)
L∗

eitah

= (
LJ ˜̃ah

h
)(eita · ξx)

where Leita is the left multiplication by eita. J is the complex structure, J(∂h) =
i∂h and J(∂̄h) = −i∂̄h so we have

LJ ˜̃ah = iJ ˜̃adh

= i˜̃aJ(∂h + ∂̄h)
= i˜̃a(−4πhα)
= 4πhπ∗(µa)

and so
dLa(t)

dt
= 4πµa(eita · x)(1)
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Similarly,

d2La(t)
dt2

= (4πLJãµa)|eita·x

= (4πiJãiãω)|eita·x
= (4π‖ã‖2

V )|eita·x

(2)

where ‖ · ‖V is the Kähler metric on V .

If ãx = 0 then La(t) will be constant and not proper, hence x cannot have
any infinitesimal stablizers and qa(t) is strictly convex. The function eLa is also
strictly convex. This implies that the Hessian of Sx at the origin, Hess (Sx)(0) >
0. But Hess (Sx)(a) = Hess (Seitax)(0), which by the same analysis must also
be positive definite. Sx is a strictly convex, proper function so it has exactly
one critical point which is an absolute minimum. By equation (1), such a point
determines a unique G-orbit in the GC-orbit of x on which µ ≡ 0. Conversely,
assume x has no infinitesimal stablizers and GC · x ∩ µ−1(0) is a single G-orbit.
We need to show that Sx is proper, which by above analysis is clear since Sx has
a unique critical point and is convex along geodesics. Hence Sx is proper.

Now let us bring the previous setup into our situation. Here our projective
manifold V is Grass (r, N) the complex Grassmanian with the standard Fubini-
Study Kähler form. G := SU(N) and GC := SL(N), in this case the moment
map is given by the following formula:

µ([A]) := AN×rA
∗
r×N − r

N
IN×N ∈ √−1su(N),(3)

where AN×r := [ �a1, ..., �ar], and { �a1, ..., �ar} ∈ C
N is an orthonormal basis for

the r-plane in Grass (r, N), in particular A∗
r×NAN×r = Ir×r. We know that

(Grass (r, N), L) is quantized, where the line bundle L is exactly the determinant
line bundle of the universal quotient bundle equipped with the Fubini-Study
metric hFS induced from the standard metric on C

K+1.

∧rU = pl∗O(1) −−−−→ O(1)� �
Grass (r, N) −−−−→

pl
P

K

where K =
(

N
r

)
− 1 and pl is the Plücker embedding. We want to write

down the distortion function Sx for the action of SL(N) extending SU(N).
Suppose that x := { �a1, ..., �ar} ∈ Grass (r, N), Then

Sx(g) :=
hFS(g · ξx)
hFS(ξx)

:=
|g · �a1 ∧ ... ∧ g · �ar|CK+1

| �a1 ∧ ... ∧ �ar|CK+1

.(4)
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where ξx is a lift of x in L, and | · |CK+1 is the standard euclidean metric and
x̄ means the lift of x ∈ P

K in C
K+1. Clearly that Sx(g) is independent of

the choice of the lift. Now we are trying to relate this setting to our bundle
case. Let us consider the infinite-dimensional manifold Map (X, Grass (r, N)) of
smooth maps from X to the Grassmannian. The tangent space at the point
f ∈ Map (X, Grass (r, N)) is given by v ∈ Γ(X, f∗T Grass (r, N)). We define the
symplectic form as follows to make it a symplectic manifold:

Ω(v, w) =
∫

X

ωFS(v, w)d VolX

where v, w ∈ Γ(X, f∗T Grass (r, N)) and ωFS is the Fubini-Study Kähler form
on Grass (r, N).

Lemma 3.3. Ω is closed.

Proof. We have the following diagram:

Map (X, Grass (r, N)) × X
ev−−−−→ Grass (r, N)�π

Map (X, Grass (r, N))
where ev(f, x) = f(x), π(f, x) = f ; so

Ω = π∗(ev∗ωFS ∧ d VolX)(5)

clearly it is closed.

Now SU(N) action on Map (X, Grass (r, N)) is induced by the action on
Grass (r, N); it is a Hamiltonian action and the moment map is given by the
following:

Lemma 3.4.

µMap (X,Grass (r,N)) =
∫

X

µGrass (r,N)d VolX(6)

Proof. At the point f ∈ Map (X, Grass (r, N)) we have:

iãΩ =
∫

X

iãωFSd VolX

=
∫

X

f∗(d〈µGrass (r,N), a〉) ∧ d VolX

= π∗(ev∗(d〈µGrass (r,N), a〉) ∧ d VolX)

= d〈π∗(ev∗µGrass (r,N)d VolX), a〉

(7)

where a ∈ sl(N), ã ∈ TGrass and 〈·, ·〉 is the pairing between g and g∗. Ad∗-
equivariance is clear.

Remark 3.3. Actually it is easy to see that Map (X, Grass (r, N)) is a infinite
dimensional Kähler manifold (c.f.[H]).
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Let MapE denote space of holomophic maps from X to Grass (r, N) with the
homotopy type governed by bundle E, which is a finite dimensional space. At
smooth points it is actually a Kähler submanifold of Map (X, Grass (r, N)). Fol-
lowing the notation in Definition 2.2, for k >> 1 we can easily get the following

Remark 3.4. There is a canonical injection j such that the following diagram
commutes.

[V ⊗OX(−k) → E → 0] ⊗OX(k) −−−−−→ [V → ev∗U → 0] −−−−−→ [V → U → 0]� � �
Q × X

j×id−−−−−→ MapE × X
ev−−−−−→ Grass (r, N)� �

Q
j−−−−−→ MapE

Where Q ⊂ Quot (H, p) is the open subset corresponding to the irreducible
holomorphic vector bundles over X.

Let us introduce the functional we are going to use

L(g) :=
∫

X

log Sx(g)d VolX(8)

So L : SL(N)/SU(N) −→ R, and critical points of L are exactly the zeroes of
the moment map µMap(X,Grass (r,N)).

Lemma 3.5.

d2L

dt2
=

∫
X

‖ã‖2
Grassd VolX(9)

along the geodesic which is the translate of exp (ita), for a ∈ g, where ã is
the induced vector field on Grass (r, N), and ‖ · ‖Grass is the standard met-
ric on Grass (r, N). In particular L(g) is strictly convex along geodesics of
SL(N)/SU(N).

Proof. It follows directly from Lemma 3.1 and 3.2.

Now bring the vector bundle into our picture. Suppose E is a vector bundle
over X, and suppose k > M where M is the constant in Theorem 2.3. Then we
can use global sections of E(k) to embed X into Grass (r, N) where N = p(k)
and p(k) is the Hilbert polynomial of E. So we get the following diagram:

[ρ : H0(E(k)) ⊗OX → E(k) → 0] −−−−→ [CN → Ur → 0]� �
X −−−−→

i
Grass (r, N)
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Remark 3.5. Fix a Hermitian metric on E and OX(1). This induces a Her-
mitian metric on E(k), and by intergrating over X we get an L2-metric on
H0(E(k)). Pick an orthonormal basis {Z1, ..., ZN} with respect to this L2-
metric, this gives an embedding of X into Grass (r, N). Under this embedding,
{Z1, ..., ZN} can be viewed as the restriction of the coordinate sections of the
universal quotient bundle Ur → Grass (r, N) and this embedding can be written
down explicitly as long as we have fixed a local basis of sections. Let {e1, ..., er}
be a local orthonormal frame of E(k) in a neighbourhood of a point. We have
the following matrix representative.




Z1

Z2

...
ZN


 =


a11 . . . a1r

. . . . . . . . . . . . . . .
aN1 . . . aNr







e1

e2

...
er




Set

A(x) :=


a11(x) . . . a1r(x)

. . . . . . . . . . . . . . . . . . . . .
aN1(x) . . . aNr(x)




N×r

Actually we could use A0 := AN×r(A∗A)−
1
2

r×r(because A∗
0A0 = I). It is clear

that [A] = [A0] ∈ Grass (r, N) is independent of the choice of the orthonormal
frame we choose. We can write down the Fubini-Study inner product 〈·, ·〉FS on
Ur → Grass (r, N) of sections {Z1, ..., ZN} at the point [A] ∈ Grass (r, N):


 〈Z1, Z1〉FS . . . 〈Z1, ZN 〉FS

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
〈ZN , Z1〉FS . . . 〈ZN , ZN 〉FS




∣∣∣∣∣∣
x∈X

= A(A∗A)−1A∗|x∈X

where A∗ := Āt. The above formula gives the relation between the Fubini-
Study metric and the original metric on E. Note that A(x)A(x)∗ is indepen-
dent of the choice of the orthonormal frame and it is the inner product matrix
{〈Zi(x), Zj(x)〉h} with respect to the original Hermitian metric h on E(k). Also
we see that A(x)∗A(x) is well-defined as a bundle morphism (because a change
of the frame will end up with a conjugation on this matrix which obeys the trans-
formation law). Now if we have A(x)∗A(x) ≡ Const. I, we see from the above
formula that the original metric of E(k) is actually a scalar multiple of the
Fubini-Study metric which is induced from the embedding X → Grass (r, N) via
the sections Z ′

is, and Fubini-Study metric is induced from a Hermitian inner
product on the space H0(E(k)) where {Z1, ..., ZN} is an orthonormal basis.

SL(N) acts on this embedding; the action on the function L(g) can be ex-
pressed in the following way:
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L(g) : =
∫

X

log

∑
(i1,i2,...,ir)∈{1,2,...,N} |g · Zi1(x) ∧ · · · ∧ g · Zir (x)|2∑

(i1,i2,...,ir)∈{1,2,...,N} |Zi1(x) ∧ · · · ∧ Zir
(x)|2 d VolX

=
∫

X

log
∑

(i1,i2,...,ir)∈{1,2,...,N}
‖g · Zi1(x) ∧ · · · ∧ g · Zir

(x)‖2
FS d VolX

(10)

Here we abuse slightly the notation, where | · | is the standard euclidean norm
in C

K+1, and the Z ′
is are as above, Zi1 ∧ ...∧Zir is the lift of the corresponding

point in P
K and g ∈ SL(N). What we really have in mind in fact is the following

diagram:

X
i−→ Grass (r, N)

p−→ P
K

x
p◦i−→ [Z1(x) ∧ ... ∧ Zr(x), ..., Zi1(x) ∧ ... ∧ Zir

(x), ...] ∈ P
K

Theorem 3.1. Suppose E is a vector bundle over X, then E is Gieseker sta-
ble if and only if there is a number M such that for k > M , the function
L : SL(N)/SU(N) −→ R corresponding to the embedding with the fixed ba-
sis {Z1, ..., ZN} ∈ H0(E(k)) has a unique critical point [g0] ∈ SL(N)/SU(N),
where g0 ∈ SL(N).

Before we prove the theorem, let us use Kempf-Ness’s criterion in Section 2
and Lemma 3.1 to reformulate Theorem 2.3. Recall that the Hermitian metric
h on E induces an L2-metric on H0(E(k)). We pick an orthonormal basis
of H0(E(k)) with respect to this L2-metric to give an embedding i : X −→
Grass (r, N), so E(k) ∼= i∗(Ur) where Ur is the universal quotient bundle over
Grass (r, N), it has the induced Fubini-Study metric from the Grass (r, N) which
is of course different from the original one in general. Integrating the Fubini-
Study metric on detE(k) ∼= i∗(detUr) over X gives an L2-metric on H0(detE(k)).
So we get a metric ‖·‖V on V := Hom (∧rH0(E(k)), H0(det(E(k)))), T (E(k)) ∈
V , GC = SL(N). Theorem 2.3 can be formulated as the following:

Proposition 3.2. There is an M so that if k > M , then E(k) is Gieseker stable
if and only if :

‖g · T (E(k))‖2
V :=

∫
X

∑
(i1,i2,...,ir)∈{1,2,...,N}

‖g · Zi1(x) ∧ g · Zi2(x) ∧ ... ∧ g · Zir (x)‖2
FS d VolX(11)

is a proper function on SL(N)/SU(N).

Proof. Let (W ri
i , hi),i = 1, 2 be two finite dimensional vector spaces of dimension

ri with Hermitian metrics hi and T : W1 → W2 be a linear map. Then the
operator norm ‖T‖h1,h2 which depends on h1 and h2 can be computed as follows.
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Pick an orthonormal basis of {w1, · · · , wr1} ∈ W r1
1 , then

‖T‖2
h1,h2

:=
r1∑

i=1

‖T (wi)‖2
h2

(12)

In our case we use the Hermitian metric on E which induces a Hermitian
metric on H0(E(k)), and hence on ∧rH0(E(k)). For the metric on det(E(k))
we use the Fubini-Study metric induced from the embedding into P

K instead
of the induced metric from h on E. The Fubini-Study metric also induces an
L2-metric on H0(det(E(k)), so we get a Hermitian metric on

V := Hom(∧rH0(E(k)), H0(det(E(k))))

Using Lemma 3.1 completes the proof.

Lemma 3.6. Let (L, h) be a holomorphic line bundle over X with a Hermitian
metric h. Let s ∈ H0(L) satisfy the following condition:

∫
X

‖s‖2
hd VolX ≥ 1(13)

Then there is a universal constant C > −∞ depending only on L, in particular
independent of the choice of s, such that:

∫
X

log ‖s‖2
hd VolX > C(14)

Proof. Clearly, we only need to show the case where∫
X

‖s‖2
hd VolX = 1

since log a ≥ 0 for a ≥ 1, that boils down to showing that the function

F (s) :=
∫

X

log ‖s‖2
hd VolX(15)

F : H0(L) − {0} → R

is continuous. Suppose

lim
i→∞

∫
X

‖si − s‖2
hd VolX = 0(16)

Since H0(L) is a finite dimensional vector space, all norms are equivalent. In
particular

lim
i→∞

‖si − s‖C2 = 0(17)
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Now let D := {s−1(0) ⊂ X}, and Bδ(D) be a tubular neighborhood of D of
radius δ, then we have

F (si) − F (s) =
∫

X−Bδ(D)

log
‖si‖2

h

‖s‖2
h

d VolX

+
∫

Bδ(D)

log(‖si‖2
h)d VolX

−
∫

Bδ(D)

log(‖s‖2
h)d VolX

For any given ε > 0 we first pick a δ > 0 such that the third term is less than ε/8,
which is possible because log ‖s(x)‖h ∈ L1(X) for s ∈ H0(L). Fix this δ > 0 we
can choose M > 0 such that for i > M we have the second term less than ε/4;
we can do this because of (17). Also use (17) we can make the first term small
enough say < ε/2. The first term goes to 0 as i → ∞. So the sum of these three
terms will be less than ε. This completes the proof of continuity of the function
F . Now since holomorphic sections satisfying the equation (13) with equality
lie on the unit sphere of a finite dimensional vector space which is compact, so
clearly F has a lower bound which only depends on (L, h) and the geometry
of X.

Remark 3.6. Notice the above proof does not depend on which volume form
we choose. Actually, we only need a semipositive volume form which is strictly
postive at one point.

Proof of Theorem 3.1. In order to show that L has a critical point, since L is
convex along geodesics on the symmetric space SL(N)/SU(N), the only thing
we need to show is that L is bounded from below and proper if E(k) is Gieseker
stable. We need to show that for any sequence GC � gi → ∞, L(gi) → +∞.
Let:

p(g) :=
∫

X

∑
(i1,i2,...,ir)∈{1,2,...,N}

‖g · Zi1(x) ∧ g · Zi2(x) ∧ ... ∧ g · Zir
(x)‖2

FS d VolX

(18)

so there must be a
√

K+1
p(g) (g ·Zi1 ∧ ...∧ g ·Zir

) ∈ H0(detE(k)) satisfying (13)

of Lemma 3.6, where K =
(

N
r

)
− 1 as before. So we have the following:

L(g) > Vol (X) log p(g) + C

where C is the constant in Lemma 3.6 . Now since p(g) is proper and convex on
SL(N)/SU(N) by Proposition 3.2 and Theorem 2.3, so p(g) → +∞ as g → ∞,
which implies L(g) is a proper function on SL(N)/SU(N). L(g) is strictly
convex by Lemma 3.5, so it has a unique critical point g0.
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Conversely, if L has a critical point, then it is proper since it is strictly convex.
But if E(k) is not Gieseker stable then T (E) is not stable, so by the analytic
Hilbert-Mumford criterion there must be a one parameter subgroup λ(t) : t →
eiat ⊂ SL(N), a ∈ sl(N) such that along this t ∈ iR, p(λ(t)) is not proper, which
contradicts the assumptions on L.

Remark 3.7. Following from Remark 3.6, it is easy to see that actually we can
loose our assumption on the regularity of E. In other words, the proof of above
theorem clearly goes through as well for torsion free sheaves, thanks to Remark
2.2. In that case we have a holomophic map i : Xreg → Grass (r, N), where Xreg

is an open dense set in X over which E is locally free, the closure of image of
Xreg under i (which is not necessarily smooth) can still be moved to a balance
position under the SL(N) action if E is stable.

Now let us give two examples to illustrate conceptually how the proof of the
theorem goes.

Example 3.1. Let us consider the line bundle case, and k >> 1. Since line
bundles are always stable, we should get that L is always proper and bounded
from below. Let N = dimH0(E(k)) and {Z1, · · · , ZN} be a basis of H0(E(k)).
Choose a one-parameter subgroup

λ : Gm � t → diag[ tw1 , · · · , twN ] ∈ SL(N)

where w′
is are the weights. The restriction of L to λ(Gm) is:

L(t) =:
∫

X

log(t2w1‖Z1(x)‖2
FS + · · · + t2wN ‖ZN (x)‖2

FS)d VolX

which is proper and bounded from below on Gm, because

t2w1‖Z1(x)‖2
FS + · · · + t2wN ‖ZN (x)‖2

FS

≥ N(t2w1‖Z1(x)‖2
FS · · · t2wN ‖ZN (x)‖2

FS)1/N

= N(‖Z1(x)‖2
FS · · · ‖ZN (x)‖2

FS)1/N

since w1 + · · · + wN = 0.

Example 3.2. Now let us see why the above situation will not be the case for
higher rank bundles. Let us see for instance rk(E(k)) = 2 and the notations are
as above. The restriction of L to λ(Gm) becomes:

L(t) =:
∫

X

log (
∑
i<j

t2(wi+wj)‖Zi ∧ Zj‖2
FS)d VolX

Although
∑

i<j(wi + wj) = 0, it is possible that some of Zi(x) ∧ Zj(x) ≡ 0 on
X. So we might have all the remaining weights (wi + wj) except those (i, j)
such that Zi(x) ∧ Zj(x) ≡ 0 on X have the same sign, that will make L(t) have
no lower bound. Fortunately, these bad situations are exactly avoided by the
stability condition given by Gieseker (Theorem 2.3). Geometrically that means
not too many sections concentrate in a strictly lower rank bundle, in this case a
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line bundle. That is exactly the condition Zi(x) ∧ Zj(x) ≡ 0, since that means
these two sections are co-linear. This also reflects that the slope criterion means
avoiding too many sections lying in a strictly lower rank bundle.

Definition 3.5. Suppose E is a vector bundle over X, then E is called balanced
if there is a number M such that for k > M , we can find a g ∈ SL(N), where
N := dimH0(X, E(k)) such that∫

g·X
µGrass (r,N)d VolX = 0(19)

where g · X means the image of X ⊂ Grass (r, N) under the action of g, and g
is called the balanced point of this embedding X → Grass (r, N).

Proof of Theorem 1.1. From the proof of Lemmas 3.1 and 3.2, we have

dL

dg
:=

∫
g·X

µGrass (r,N)d VolX(20)

so the unique critical point of L(g) exactly corresponds to the balance point.

Now we can conclude this section by the following corollary.

Corollary 3.1.
M0(X, p(k)) ∼= µ−1

j(Q)(0)//SU(N)

where M0(X, p(k)) is the open subset of M(X, p(k)) coresponding to irreducible
locally free sheaves, µj(Q) is the restiction of µMap(X,Grass (r,N))

to the image of Q

under the map j (c.f. Remark 3.4).

Remark 3.8. This result is the vector bundle analogue of the interesting result
proved by Luo (c.f. [Luo]), where he characterized the Gieseker-Mumford stability
for a polarized projective manifold by a similar balanced condition. But there is
a key difference between the manifold case and the bundle case: in the manifold
case the volume form is inherited from CP

N−1, thus changing under the SL(N)
action; in the bundle case, the volume form is fixed. This is why the stability
issue for manifolds is, in some sense, more nonlinear than that for bundles. Also
his approach is completely different from ours.

4. Differential Geometric Picture

In this section we are going to give the differential geometric interpretation
of the results in previous sections. Let (E, h) be a holomorphic vector bundle
over X with a Hermitian metric h.

Definition 4.1. Let L2(X, E) denote the L2 sections of the vector bundle E
and let T be the L2-orthogonal projection with respect to h.

T : L2(X, E) → H0(X, E)
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Let Π(x, y) denote the Bergman kernel of the Toeplitz operator T

Ts(x) :=
∫

X

Π(x, y)s(y)dy(21)

For any L2-orthonormal basis {s1, · · · , sN} of H0(X, E) we have

B(x) := Π(x, x) =
N∑

i=1

〈si(x), ·〉hsi(x) : Ex → Ex(22)

Now we can reformulate the main theorem as the following:

Proposition 4.1. Suppose E is a holomorphic vector bundle over X, then E is
Gieseker polystable if and only if there is a number M such that for k > M ,
we can find a metric on E(k) such that B = Constant · IE(k), where IE(k) is the
identity map.

Proof. Note that from Theorem 1.1 we see that E(k) is Gieseker stable if and
only if the integral of the moment map µGrass over g0 · X ⊂ Grass (r, N) is 0,
which means {Z1, · · · , ZN} ⊂ H0(X, E(k)) (up to a scalar) is an L2-orthonormal
basis with respect to the Fubini-Study metric on E over g0 · X, and

B(x) = ΣN
i=1〈Zi(x), ·〉FSZi(x) ≡ Const. · IE

because Z ′
is are coordinate sections on Ur → Grass (r, N).

Conversely, if B(x) ≡ Const · IE then from Remark 3.5 we know that the
Fubini-Study metric induced from the embedding X → Grass (r, N) is a scalar
multiple of the original Hermitian metric h on E, and that means {Z1, · · · , ZN} ⊂
H0(X, E(k)) by our choice (up to a scalar) is an orthonormal basis with respect
to the Fubini-Study metric which is equivalent to :

dL

dg
:=

∫
g·X

µGrass (r,N)d VolX = 0(23)

so E is Gieseker stable by Theorem 1.1.

Next we are going to explain the relation among Bergman kernel, heat kernel
and the equation derived by Leung. Let us recall the heat kernel of the operator
∂̄ on Ω0,∗(X, E) and the local Atiyah-Singer index theorem. The Dirac operator
for Kähler manifolds can be identified as D =

√
2(∂̄ + ∂̄∗) acting on Ω0,∗(X, E).

Let Ht(x, x) denote the restriction of the heat kernel of D2 to the diagonal of
X ×X. Then by the local Atiyah-Singer index theorem (c.f.[BGV]), the limit of
the supertrace of Ht(x, x) exists as t → 0. More precisely:

lim
t→0+

TrsHt(x, x) = [eR(E)TdX ](n,n)(24)

where R(E) is the curvature form of E.
Let L := OX(1) and fix a Hermitian metric h on L such that the Kähler form

ω on X is given by Ric(h). In [Le] Leung proved the following theorem.
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Theorem 4.1. Let E be an irreducible sufficiently smooth holomorphic vector
bundle over a polarized projective manifold (X,OX(1)). Then E is Gieseker sta-
ble if and only if there exists a Hermitian metric on E which solves the following
almost Hermitian-Einstein equation:

[eR(E)+kω·IE TdX ](n,n) =
1

rk(E)
χ(X, E(k))

ωn

n!
IE .(25)

Let Hk
t denote the heat kernel for bundle E(k), then we have

lim
t→∞TrsH

k
t (x, x) = lim

t→∞Hk
t (x, x) = B(x)

ωn

n!
(26)

where the first identity follows from the vanishing of the Hi(X, E(k)) for i > 0
and k sufficient large.

Note that for fixed k, the metric on E which solves Leung’s equation is in
general different from the metric satisfying B ≡ Const. Nevertheless, as k → ∞,
they should be getting closer and closer in the following sense:

Conjecture 1. We have the following asymptotic expansion of B

[eR(E)+kω·IE TdX ](n,n) = B
ωn

n!
+ O(

1
k

)(27)

as long as the metric satisfies B ≡ Const.

Remark 4.1. Notice the last condition B ≡ Const. is necessary otherwise the
statement is not true (c.f. [Lu]). From Remark 3.7 we know actually we can get
a singular metric on torsion free sheaves as Bando and Siu did in [BS] such
that B(x) ≡ Const. · I over the open dense subset of X where E is locally free,
and we also have that the curvature is integrable if E is torsion free, and square
integrable if E is reflexive. Combine with the conjecture above, naturally we
expect that there is an extension of Leung’s theorem to the sheaf case as well.

Remark 4.2. Note that our symplectic quotient picture is somewhat different
from what Leung did in [Le2] in that we are now dealing with a finite dimensional
space of holomorphic maps which is “curved” instead of an infinite dimensional
space of connections which is affine as in Leung’s picture. Also our approach
is sort of family version of GIT quotient which corresponds to the family index
theorem approach in [Le2], actually Leung’s equation is the Euler-Lagrangian
equation of the “transgression” of Riemann-Roch density.
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