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WILLMORE SUBMANIFOLDS IN A SPHERE

Haizhong Li

Abstract. Let x : M → Sn+p be an n-dimensional submanifold in an (n + p)-
dimensional unit sphere Sn+p, x : M → Sn+p is called a Willmore submanifold if
it is an extremal submanifold to the following Willmore functional:∫

M
(S − nH2)

n
2 dv,

where S =
∑

α,i,j
(hα

ij)
2 is the square of the length of the second fundamental form,

H is the mean curvature of M . In [13], author proved an integral inequality
of Simons’ type for n-dimensional compact Willmore hypersurfaces in Sn+1 and
gave a characterization of Willmore tori. In this paper, we generalize this result
to n-dimensional compact Willmore submanifolds in Sn+p. In fact, we obtain an
integral inequality of Simons’ type for compact Willmore submanifolds in Sn+p

and give a characterization of Willmore tori and Veronese surface by use of our
integral inequality.

1. Introduction

Let M be an n-dimensional compact submanifold of an (n + p)-dimensional
unit sphere space Sn+p. If hα

ij denotes the second fundamental form of M , S
denotes the square of the length of the second fundamental form, H denotes the
mean curvature vector and H denotes the mean curvature of M , then we have

S =
∑
α,i,j

(hα
ij)

2, H =
∑
α

Hαeα, Hα =
1
n

∑
k

hα
kk, H = |H|,

where eα (n + 1 ≤ α ≤ n + p) are orthonormal normal vector fields of M in
Sn+p.

We define the following non-negative function on M

(1.1) ρ2 = S − nH2,

which vanishes exactly at the umbilic points of M .
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Willmore functional is the following non-negative functional (see [4], [21] or
[27]) ∫

M

ρndv =
∫

M

(S − nH2)
n
2 dv,

it was shown in [4], [21] and [27] that this functional is an invariant under
Moebius (or conformal) transformations of Sn+p. We use the term Willmore
submanifolds to call its critical points, because when n = 2, the functional es-
sentially coincides with the well-known Willmore functional W (x) and its critical
points are the Willmore surfaces. Willmore conjecture says that W (x) ≥ 4π2

holds for all immersed tori x : M → S3. The conjecture was approached by
Willmore [30], Li-Yau [18], Montiel-Ros [20], Ros [23], Langer-Singer [10] and
many others(see [29], [31] and references there).

In this paper, we first prove the following theorem (c.f. Guo-Li-Wang [8],
Pedit-Willmore [21]))

Theorem 1.1 Let M be an n-dimensional submanifold in an (n + p)-
dimensional unit sphere Sn+p. Then M is a Willmore submanifold if and only
if for n + 1 ≤ α ≤ n + p

(1.2)

− ρn−2[SHα +
∑

β,i,j

Hβhβ
ijh

α
ij −

∑
β,i,j,k

hα
ijh

β
ikhβ

kj − nH2Hα]

+ (n − 1)Hα∆(ρn−2) + 2(n − 1)
∑
i

(ρn−2)iH
α
,i

+ (n − 1)ρn−2∆⊥Hα − ∑
i,j

(ρn−2)i,j(nHαδij − hα
ij) = 0,

where ∆(ρn−2) =
∑
i

(ρn−2)i,i, ∆⊥Hα =
∑
i

Hα
,ii, and (ρn−2)i,j is the Hessian of

ρn−2 with respect to the induced metric dx ·dx, Hα
,i and Hα

,ij are the components
of the first and second covariant derivative of the mean curvature vector field H
( see (2.14)-(2.17) ).

Remark 1.1. When n = 2 and p = 1, Theorem 1.1 was well-known (see
Blaschke [1], Thomsen [26], Bryant [2] and chapter 7 of [31]). When n = 2 and
p ≥ 1 , Theorem 1.1 was proved by J. Weiner in [28], in this case (1.2) reduces
to the following well-known equation of Willmore surfaces (see [28] or [14])

(1.3) ∆⊥Hα +
∑
β,i,j

hα
ijh

β
ijH

β − 2H2Hα = 0, 3 ≤ α ≤ 2 + p.

When n ≥ 2 and p = 1, Theorem 1.1 was proved by the author in [13].

Remark 1.2. We should note that for n ≥ 2, C.P. Wang [27] got the Euler-
Lagrange equation of Willmore functional for compact n-dimensional subman-
ifolds without umbilical points in an (n + p)-dimensional unit sphere Sn+p in
terms of Moebius geometry. We also note that a different version of Theorem 1.1
was announced in Pedit-Willmore [21]. From the expression of (1.2), in the cases
n = 3 and n = 5 we need assume that M has no umbilical points to guarantee
(ρn−2)i,j is continuous on M . We will make this assumption in this paper.
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In order to state our main result, we first give the following two important
examples:
Example 1 (see [13] or [8]). The tori

(1.4) Wm,n−m = Sm

(√
n − m

n

)
× Sn−m

(√
m

n

)
, 1 ≤ m ≤ n − 1

are Willmore hypersurfaces in Sn+1. We call Wm,n−m, 1 ≤ m ≤ n−1, Willmore
tori. In fact, the principal curvatures k1, · · · , kn of Wm,n−m are

(1.5) k1 = · · · = km =
√

m

n − m
, km+1 = · · · = kn = −

√
n − m

m
.

We have from (1.5)

H =
1
n

(m
√

m

n − m
− (n − m)

√
n − m

m
), S =

m2

n − m
+

(n − m)2

m
,

∑
i,j,k

hijhjkhki =
∑

i

k3
i = m(

m

n − m
)

3
2 − (n − m)(

n − m

m
)

3
2 ,

where hij = hn+1
ij . Thus we easily check that (1.2) holds, i.e., Wm,n−m are

Willmore hypersurfaces. In particular, we note that ρ2 of Wm,n−m for all 1 ≤
m ≤ n − 1 satisfy

(1.6) ρ2 = n.

We recall that well-known Clifford minimal tori are

(1.7) Cm,n−m = Sm

(√
m

n

)
× Sn−m

(√
n − m

n

)
, 1 ≤ m ≤ n − 1.

It is remarkable that a Willmore torus coincides with a Clifford minimal torus
if and only if n = 2m for some m.

Remark 1.3. When n = 2, we can see from (1.3) that all minimal surfaces
are Willmore surfaces. In [22], Pinkall constructed many compact non-minimal
flat Willmore surfaces in S3. In [3], Castro-Urbano constructed many compact
non-minimal Willmore surfaces in R4. Ejiri [7] and Li-Vrancken [17] constructed
many non-minimal flat tori in S5 and S7. Bryant [2] classified the Willmore
spheres in S3 and Montiel [19] classified the Willmore spheres in S4. When n ≥ 3,
minimal submanifolds are not Willmore submanifolds in general, for example,
Clifford minimal tori Cm,n−m = Sm

(√
m
n

) × Sn−m
(√

n−m
n

)
are not Willmore

submanifolds when n �= 2m. In [8], the authors proved that all n-dimensional
minimal Einstein submanifolds in a sphere are Willmore submanifolds (we note
that this result was stated in [21] by Pedit and Willmore).
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Example 2 (see [6] or [11]). Veronese surface. Let (x, y, z) be the natural co-
ordinate system in R3 and u = (u1, u2, u3, u4, u5) the natural coordinate system
in R5. We consider the mapping defined by

u1 =
1√
3
yz, u2 =

1√
3
xz, u3 =

1√
3
xy,

u4 =
1

2
√

3
(x2 − y2), u5 =

1
6
(x2 + y2 − 2z2),

where x2+y2+z2 = 3. This defines an isometric immersion of S2(
√

3) into S4(1).
Two points (x, y, z) and (−x,−y,−z) of S2(

√
3) are mapped into the same point

of S4. This real projective plane imbedded in S4 is called the Veronese surface.
We know that Veronese surface is a minimal surface in S4 (see [6] or [11]), thus
it is a Willmore surface. We also note that ρ2 of the Veronese surface satisfies

(1.8) ρ2 =
4
3
.

In the theory of minimal submanifolds in Sn+p, the following J. Simons’
integral inequality is well-known.

Theorem 1.2 (Simons [25], Lawson [11], Chern-Do Carmo-Kobayashi [6]) Let
M be an n-dimensional (n ≥ 2) compact minimal submanifold in (n + p)-
dimensional unit sphere Sn+p. Then we have

(1.9)
∫

M

S

(
n

2 − 1/p
− S

)
dv ≤ 0.

In particular, if

(1.10) 0 ≤ S ≤ n

2 − 1/p
,

then either S ≡ 0 and M is totally geodesic, or S ≡ n
2−1/p . In the latter case,

either p = 1 and M is a Clifford torus Cm,n−m, or n = 2, p = 2 and M is the
Veronese surface.

In this paper we prove the following integral inequality of Simons’ type for
compact Willmore submanifolds in Sn+p.

Theorem 1.3 Let M be an n-dimensional (n ≥ 2) compact Willmore submani-
fold in (n + p)-dimensional unit sphere Sn+p. Then we have

(1.11)
∫

M

ρn

(
n

2 − 1/p
− ρ2

)
dv ≤ 0.

In particular, if

(1.12) 0 ≤ ρ2 ≤ n

2 − 1/p
,

then either ρ2 ≡ 0 and M is totally umbilic, or ρ2 ≡ n
2−1/p . In the latter case,

either p = 1 and M is a Willmore torus Wm,n−m defined by (1.4); or n = 2,
p = 2 and M is the Veronese surface.
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Remark 1.4. In case p = 1, Theorem 1.3 was proved by the author in [13]. We
also classified all isoparametric Willmore hypersurfaces in Sn+1 in [13].

2. Preliminaries

Let x : M → Sn+p be an n-dimensional submanifold in an (n+p)-dimensional
unit sphere Sn+p. Let {e1, · · · , en} be a local orthonormal basis of M with re-
spect to the induced metric, {θ1, · · · , θn} are their dual form. Let en+1, · · · , en+p

be the local unit orthonormal normal vector field. In this paper we make the
following convention on the range of indices:

1 ≤ i, j, k ≤ n; n + 1 ≤ α, β, γ ≤ n + p.

Then we have the structure equations

(2.1) dx =
∑

i

θiei,

(2.2) dei =
∑

j

θijej +
∑
α,j

hα
ijθjeα − θix,

(2.3) deα = −
∑
i,j

hα
ijθjei +

∑
β

θαβeβ .

The Gauss equations are

(2.4) Rijkl = (δikδjl − δilδjk) +
∑
α

(hα
ikhα

jl − hα
ilh

α
jk),

(2.5) Rik = (n − 1)δik + n
∑
α

Hαhα
ik −

∑
α,j

hα
ijh

α
jk,

(2.6) n(n − 1)R = n(n − 1) + n2H2 − S,

where R is the normalized scalar curvature of M and S =
∑

α,i,j(h
α
ij)

2 is the
norm square of the second fundamental form, H =

∑
α Hαeα = 1

n

∑
α(

∑
k hα

kk)eα

is the mean curvarture vector and H = |H| is the mean curvature of M .
The Codazzi equations are

(2.7) hα
ijk = hα

ikj ,

where the covariant derivative of hα
ij is defined by

(2.8)
∑

k

hα
ijkθk = dhα

ij +
∑

k

hα
kjθki +

∑
k

hα
ikθkj +

∑
β

hβ
ijθβα.

The second covariant derivative of hα
ij is defined by

(2.9)
∑

l

hα
ijklθl = dhα

ijk +
∑

l

hα
ljkθli +

∑
l

hα
ilkθlj +

∑
l

hα
ijlθlk +

∑
β

hβ
ijkθβα.
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By exterior differentiation of (2.8), we have the following Ricci identities

(2.10) hα
ijkl − hα

ijlk =
∑
m

hα
mjRmikl +

∑
m

hα
imRmjkl +

∑
β

hβ
ijRβαkl.

The Ricci equations are

(2.11) Rαβij =
∑

k

(hα
ikhβ

kj − hβ
ikhα

kj).

We define the following non-negative function on M

(2.12) ρ2 = S − nH2,

which vanishes exactly at the umbilical points of M .
Willmore functional is the following functional (see [4], [21] and [27])

(2.13) W (x) :=
∫

M

ρndv =
∫

M

(S − nH2)
n
2 dv.

By Gauss equation (2.6), (2.13) is equivalent to

(2.13)′ W (x) = [n(n − 1)]
n
2

∫
M

(H2 − R + 1)
n
2 dv.

It was shown in [4], [21] and [27] that this functional is an invariant under
Moebius (or conformal) transformations of Sn+p. We use the term Willmore
submanifolds to call its critical points. When n = 2, the functional essentially
coincides with the well-known Willmore functional and its critical points are
Willmore surfaces.

We define the first, second covariant derivatives and Laplacian of the mean
curvature vector field H =

∑
α

Hαeα in the normal bundle N(M) as follows

(2.14)
∑

i

Hα
,iθi = dHα +

∑
β

Hβθβα,

(2.15)
∑

j

Hα
,ijθj = dHα

,i +
∑

j

Hα
,jθji +

∑
β

Hβ
,iθβα,

(2.16) ∆⊥Hα =
∑

i

Hα
,ii, Hα =

1
n

∑
k

hα
kk.

Let f be a smooth function on M , we define the first, second covariant deriva-
tives fi, fi,j and Laplacian of f as follows

(2.17) df =
∑

i

fiθi,
∑

j

fi,jθj = dfi +
∑

j

fjθji, ∆f =
∑

i

fi,i.
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3. Proof of Theorem 1.1

Let x : M → Sn+p be a compact submanifold in a unit sphere Sn+p. From
Wang [27], we have the following relations of the connections of the Mobeius
metric ρ̃2dx · dx and induced metric dx · dx

(3.1) ωij = θij + (lnρ̃)iθj − (lnρ̃)jθi, ωαβ = θαβ , ρ̃ =
√

n

n − 1
ρ,

where ρ is defined by (1.1).
We get by use of (3.15) of [27] and (3.1)∑
j

ρ̃Cα
i,jθj =

∑
j

Cα
i,jωj

= dCα
i +

∑
j

Cα
j ωji +

∑
β

Cβ
i ωβα

= dCα
i +

∑
j

Cα
j θji +

∑
β

Cβ
i θβα +

∑
k

[(lnρ̃)kθi − (lnρ̃)iθk] · Cα
k ,

thus

(3.2)

ρ̃Cα
i,j = 2ρ̃−3ρ̃j [Hα

,i +
∑
k

(hα
ik − Hαδik)(lnρ̃)k]

− ρ̃−2[Hα
,ij +

∑
k

(hα
ikj − Hα

,jδik)(lnρ̃)k]

− ρ̃−2
∑
k

(hα
ik − Hαδik)(lnρ̃)k,j +

∑
k

Cα
k (lnρ̃)kδij − (lnρ̃)iC

α
j ,

where {(lnρ̃)k,j} is the Hessian-Matrix of lnρ̃ with respect to the induced metric
dx · dx and {Hα

,i} is defined by (2.14).
Letting i = j, making summation over i in (3.2) and using (3.15) of [27], we

have

(3.3)

∑
i

Cα
i,i = −ρ̃−3∆⊥Hα − ρ̃−3

∑
i,k

(hα
ik − Hαδik)(lnρ̃)k,i

− 2(n − 2)ρ̃−3
∑
i

Hα
,i (lnρ̃)i

− (n − 3)ρ̃−3
∑
i,j

(lnρ̃)i(lnρ̃)j(hα
ij − Hαδij),

where ∆⊥Hα is defined by (2.16).
On the other hand, we have from (3.10) and (3.14) of [27]

(3.4)

∑
i,j

AijB
α
ij +

∑
β,i,j,k

Bβ
ikBβ

kjB
α
ij

= −ρ̃−3
∑
i,j

(lnρ̃)i,j(hα
ij − Hαδij)

+ ρ̃−3
∑
i,j

(lnρ̃)i(lnρ̃)j(hα
ij − Hαδij)

+ ρ̃−3[
∑

β,i,j,k

hβ
ikhβ

kjh
α
ij −

∑
β,i,j

Hβhβ
ijh

α
ij − SHα + nH2Hα].

Putting (3.3) and (3.4) into the following Willmore condition (see (2.34) and
(4.27) of [27])

(3.5) −(n − 1)
∑

i

Cα
i,i +

∑
i,j

AijB
α
ij +

∑
β,i,j,k

Bα
ijB

β
ikBβ

kj = 0,
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we get

(3.5)′

n−1
ρn+1

{ − ρn−2

n−1 [SHα +
∑

β,i,j

Hβhβ
ijh

α
ij −

∑
β,i,j,k

hα
ijh

β
ikhβ

kj − nH2Hα]

+ ρn−2∆⊥Hα + n−2
n−1ρn−2

∑
i,j

(lnρ)i,j(hα
ij − Hαδij)

+ 2(n − 2)ρn−2
∑
i

(lnρ)iH
α
,i

+ (n−2)2

n−1 ρn−2
∑
i,j

(lnρ)i(lnρ)j(hα
ij − Hαδij)

}
= 0.

We can check the following identity by a direct computation

(3.6)

− 1
n−1

∑
i,j

(ρn−2)i,j(nHαδij − hα
ij) + ρn−2∆⊥Hα

+ 2
∑
i

(ρn−2)iH
α
,i + Hα∆(ρn−2)

= (n−2)2

n−1 ρn−2
∑
i,j

(lnρ)i(lnρ)j(hα
ij − Hαδij)

+ n−2
n−1

∑
i,j

ρn−2(lnρ)i,j(hα
ij − Hαδij)

+ 2(n − 2)ρn−2
∑
i

(lnρ)iH
α
,i + ρn−2∆⊥Hα.

Thus (3.5)′ is equivalent to (1.2) by use of (3.6). We complete the proof of
Theorem 1.1.

Remark 3.1 Fix index α with n + 1 ≤ α ≤ n + p, define ✷α : M → R by

✷αf = (nHαδij − hα
ij)fi,j ,

where f is any smooth function on M and fi,j is defined by (2.17). We know that
✷α is a self-adjoint operator (cf. Cheng-Yau [5], Li [15,16]). It is remarkable
that this operator naturally appears in Willmore equation (1.2). In fact, by
use of this self-adjoint operator, Willmore equation (1.2) can be written as the
following equivalent form

(1.2)′

− ρn−2[SHα +
∑

β,i,j

Hβhβ
ijh

α
ij −

∑
β,i,j,k

hα
ijh

β
ikhβ

kj − nH2Hα]

+ (n − 1)ρn−2∆⊥Hα + 2(n − 1)
∑
i

(ρn−2)iH
α
,i

+ (n − 1)Hα∆(ρn−2) − ✷α(ρn−2) = 0,
n + 1 ≤ α ≤ n + p.

4. The Lemmas

We first prove the following Lemma (c.f. Simons [25], Chern-Do Carmo-
Kobayashi [6] or Schoen-Simon-Yau [24])
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Lemma 4.1 Let M be an n-dimensional (n ≥ 2) submanifold in Sn+p. Then
we have

(4.1)

1
2∆ρ2 = |∇h|2 − n2|∇⊥H|2 +

∑
α,i,j,k

(hα
ijh

α
kki)j

+ n
∑

α,β,i,j,m

Hβhβ
mjh

α
ijh

α
im + nρ2

− ∑
α,β,i,j,k,m

hα
ijh

β
ijh

α
mkhβ

mk − ∑
α,β,j,k

(Rβαjk)2 − 1
2∆(nH2),

where |∇h|2 =
∑

α,i,j,k

(hα
ijk)2 and |∇⊥H|2 =

∑
α,i

(Hα
,i )

2, Hα
,i is defined by (2.14).

Proof. By the definition of ∆ and ρ2, we have by use of (2.7) and (2.10)

(4.2)

1
2∆ρ2 = 1

2∆(
∑

α,i,j

(hα
ij)

2) − 1
2∆(nH2)

=
∑

α,i,j,k

(hα
ijk)2 +

∑
α,i,j,k

hα
ijh

α
kijk − 1

2∆(nH2)

= |∇h|2 − n2|∇⊥H|2 +
∑

α,i,j,k

(hα
ijh

α
kki)j

+
∑

α,i,j,k,m

hα
ijh

α
mkRmijk +

∑
α,i,j,m

hα
ijh

α
imRmj

+
∑

α,β,i,j,k

hα
ijh

β
ikRβαjk − 1

2∆(nH2).

By use of (2.4) and (2.5), we have

(4.3)

∑
α,i,j,k,m

hα
ijh

α
mkRmijk +

∑
α,i,j,m

hα
ijh

α
imRmj +

∑
α,β,i,j,k

hα
jih

β
ikRβαjk

= nS − n2H2 − ∑
α,β,i,j,k,m

hα
ijh

β
ijh

α
mkhβ

mk + n
∑

α,β,i,j,m

Hβhβ
mjh

α
ijh

α
im

− [
∑

α,β,i,j,m,l

hα
ijh

α
imhβ

mlh
β
lj −

∑
α,β,i,j,k,m

hα
ijh

α
kmhβ

jmhβ
ik

− ∑
α,β,i,j,k

hα
jih

β
ikRβαjk].

On the other hand, we have by (2.11)

(4.4)

∑
α,β,j,k

(Rβαjk)2 =
∑

α,β,i,j,k

(hβ
jih

α
ik − hα

jih
β
ik)Rβαjk

=
∑

α,β,i,j,k,l

hβ
jih

α
ik(hβ

jlh
α
lk − hβ

klh
α
lj)

− ∑
α,β,i,j,k

hα
jih

β
ikRβαjk

=
∑

α,β,i,j,m,l

hα
ijh

α
imhβ

mlh
β
lj −

∑
α,β,i,j,k,m

hα
ijh

α
kmhβ

jmhβ
ik

− ∑
α,β,i,j,k

hα
jih

β
ikRβαjk.

Putting (4.3) into (4.2), we obtain (4.1) by use of (4.4).
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Lemma 4.2 Let M be an n-dimensional (n ≥ 2) submanifold in Sn+p, then we
have

(4.5) |∇h|2 ≥ 3n2

n + 2
|∇⊥H|2,

where |∇h|2 =
∑

α,i,j,k

(hα
ijk)2, |∇⊥H|2 =

∑
α,i

(Hα
,i )

2, Hα
,i is defined by (2.14).

Proof. We construct the following symmetric trace-free tensor (c.f. [9] or [13])

(4.6) Fα
ijk = hα

ijk − n

n + 2
(Hα

i δjk + Hα
j δik + Hα

k δij).

Then we can easily compute that

|F |2 =
∑

α,i,j,k

(Fα
ijk)2 = |∇h|2 − 3n2

n + 2
|∇⊥H|2.

Then we have

|∇h|2 ≥ 3n2

n + 2
|∇⊥H|2,

which proves the Lemma 4.2.

Define tensors

(4.7) h̃α
ij = hα

ij − Hαδij ,

(4.8) σ̃αβ =
∑
i,j

h̃α
ij h̃

β
ij , σαβ =

∑
i,j

hα
ijh

β
ij .

Then the (p × p)-matrix (σ̃αβ) is symmetric and can be assumed to be diag-
onized for a suitable choice of en+1, · · · , en+p. We set

(4.9) σ̃αβ = σ̃αδαβ .

We have by a direct calculation

(4.10)
∑

k

h̃α
kk = 0, σ̃αβ = σαβ − nHαHβ , ρ2 =

∑
α

σ̃α = S − nH2,

(4.11)
∑

β,i,j,k

hα
ijh

β
ikhβ

kj =
∑

β,i,j,k

h̃α
ij h̃

β
ikh̃β

kj + 2
∑
β,i,j

Hβh̃β
ij h̃

α
ij + Hαρ2 + nHαH2,

(4.12)
∑

α,i,j,m

hβ
mjh

α
ijh

α
im =

∑
α,i,j,m

h̃β
mj h̃

α
ij h̃

α
im+2

∑
α,i,j

Hαh̃α
ij h̃

β
ij+Hβρ2+nH2Hβ .

From (4.7), (4.10), (4.11) and Theorem 1.1, we have:

Lemma 4.3. Let M be an n-dimensional submanifold in an (n+p)-dimensional
unit sphere Sn+p. Then M is a Willmore submanifold if and only if for n + 1 ≤
α ≤ n + p
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(4.13)

(n − 1)ρn−2∆⊥Hα = −2(n − 1)
∑
i

(ρn−2)iH
α
,i

− (n − 1)Hα∆(ρn−2)
− ρn−2(

∑
β

Hβ σ̃αβ +
∑

β,i,j,k

h̃α
ij h̃

β
ikh̃β

kj)

+
∑
i,j

(ρn−2)i,j(nHαδij − hα
ij),

where (ρn−2)i,j, ∆(ρn−2) and ∆⊥Hα are defined by (2.17) and (2.16).
In general, for a matrix A = (aij) we denote by N(A) the square of the norm

of A, i.e.,

N(A) = trace(A · At) =
∑
i,j

(aij)2.

Clearly, N(A) = N(T tAT ) for any orthogonal matrix T .

We need the following lemma (see Chern-Do Carmo-Kobayashi [6])

Lemma 4.4. Let A and B be symmetric (n × n)-matrices. Then

N(AB − BA) ≤ 2N(A) · N(B),

and the equality holds for nonzero matrices A and B if and only if A and B can
be transformed simultaneously by an orthogonal matrix into multiples of Ã and
B̃ respectively, where

Ã =




0 1 0 · · · 0
1 0 0 · · · 0
0 0 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0


 B̃ =




1 0 0 · · · 0
0 −1 0 · · · 0
0 0 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0


 .

Moreover, if A1, A2 and A3 are (n × n)-symmetric matrices and if

N(AαAβ − AβAα) = 2N(Aα) · N(Aβ), 1 ≤ α, β ≤ 3,

then at least one of the matrices Aα must be zero.

Lemma 4.5. Let x : M → Sn+p be an n-dimensional submanifold in Sn+p.
Then

(4.14)

1
2∆ρ2 ≥ |∇h|2 − n2|∇⊥H|2 +

∑
α,i,j,k

(hα
ijh

α
kki)j

+ n
∑

α,β,i,j,m

Hβh̃β
mj h̃

α
ij h̃

α
im +nρ2 + nH2ρ2

− (2 − 1
p
)ρ4 − 1

2
∆(nH2).
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Proof. By use of (4.10) and (4.12), (4.1) becomes

(4.15)

1
2∆ρ2 = |∇h|2 − n2|∇⊥H|2 +

∑
α,i,j,k

(hα
ijh

α
kki)j

+ n
∑

α,β,i,j,m

Hβh̃β
mj h̃

α
ij h̃

α
im + nρ2 + nH2ρ2

− ∑
α,β

σ̃2
αβ − ∑

α,β,j,k

(Rβαjk)2 − 1
2∆(nH2).

By (2.11), we have

(4.16)

∑
α,β,j,k

(Rβαjk)2 =
∑

α,β,j,k

(
∑
l

hβ
jlh

α
lk − ∑

l

hα
jlh

β
lk)2

=
∑

α,β,j,k

(
∑
l

h̃β
jlh̃

α
lk − ∑

l

h̃α
jlh̃

β
lk)2

=
∑
α,β

N(AαAβ − AβAα),

where

(4.17) Aα := (h̃α
ij) = (hα

ij − Hαδij).

By use of Lemma 4.4, (4.9), (4.10) and (4.16), we get

(4.18)

− ∑
α,β

σ̃2
αβ − ∑

α,β,j,k

(Rβαjk)2 = −∑
α

σ̃2
α − ∑

α,β

N(AαAβ − AβAα)

≥ −∑
α

σ̃2
α − 2

∑
α�=β

σ̃ασ̃β

= −2(
∑
α

σ̃α)2 +
∑
α

σ̃2
α

≥ −2ρ4 +
1
p
(
∑
α

σ̃α)2

= −(2 − 1
p
)ρ4.

Putting (4.18) into (4.15), we get (4.14).

Lemma 4.6. Let M be an n-dimensional submanifold in an (n+p)-dimensional
unit sphere Sn+p, then we have

(4.19)

1
2∆(ρn) ≥ 1

2n{−n(n − 1)ρn−2|∇⊥H|2 + ρn−2
∑

α,i,j,k

(hα
ijh

α
kki)j

+ ρn[n + nH2 − (2 − 1
p )ρ2] + nρn−2

∑
α,β,i,j,m

Hβh̃β
mj h̃

α
jih̃

α
im

− 1
2ρn−2∆(nH2)}.

Proof. First it is easy to check the following calculation

(4.20)
1
2∆(ρn) = 1

2∆[(ρ2)
n
2 ] = 1

2n(n − 2)ρn−2
∑
i

ρ2
i + n

4 ρn−2∆(ρ2)

≥ n
4 ρn−2∆(ρ2).
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Noting

(4.21)
|∇h|2 − n2|∇⊥H|2 = (|∇h|2 − 3n2

n+2 |∇⊥H|2) + ( 3n2

n+2 − n)|∇⊥H|2
− n(n − 1)|∇⊥H|2
≥ (|∇h|2 − 3n2

n+2 |∇⊥H|2) − n(n − 1)|∇⊥H|2,

we get from (4.5), (4.14) and (4.21)

(4.22)

1
2∆ρ2 ≥ −n(n − 1)|∇⊥H|2 +

∑
α,i,j,k

(hα
ijh

α
kki)j

+ n
∑

α,β,i,j,m

Hβh̃β
mj h̃

α
ij h̃

α
im+nρ2 + nH2ρ2

− (2 − 1
p
)ρ4 − 1

2
∆(nH2).

We obtain (4.19) by putting (4.22) into (4.20).

Lemma 4.7. Let x : M → Sn+p be an n-dimensional compact submanifold in
Sn+p. Let f and g be two any smooth functions on M . Then we have

(4.23)
∫

M

g∆fdv = −
∫

M

(
∑

i

figi)dv =
∫

M

f∆gdv.

Proof. Integrating the following identities over M

g∆f = g
∑

i

fi,i =
∑

i

(fig)i −
∑

i

figi,

f∆g = f
∑

i

gi,i =
∑

i

(gif)i −
∑

i

figi,

we get (4.23).

Lemma 4.8. Let M be an n-dimensional compact Willmore submanifold in an
(n + p)-dimensional unit sphere Sn+p, then we have

(4.24)

− n(n − 1)
∫

M
ρn−2|∇⊥H|2dv

+ n
∫

M
ρn−2(

∑
α,β,i,j,m

Hβh̃β
mj h̃

α
jih̃

α
im)dv

= − 1
2n(n + 1)

∫
M

∑
i

(ρn−2)i(H2)idv

− n
∫

M
ρn−2

∑
α,β

HαHβ σ̃αβdv

− n
∫

M
(

∑
α,i,j

Hαhα
ij(ρ

n−2)i,j)dv.
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Proof. We have the following calculation by use of Stokes’ formula and Lemma
4.7

(4.25)

− n(n − 1)
∫

M
ρn−2|∇⊥H|2dv

+ n
∫

M
ρn−2(

∑
α,β,i,j,m

Hβh̃β
mj h̃

α
jih̃

α
im)dv

= 1
2n(n − 1)

∫
M

(
∑
i

(ρn−2)i(H2)i)dv

+ n(n − 1)
∫

M
ρn−2

∑
α

Hα∆⊥Hαdv

+ n
∫

M
ρn−2(

∑
α,β,i,j,m

Hβh̃β
mj h̃

α
jih̃

α
im)dv.

Putting (4.13) into (4.25), using Stokes’ formula and Lemma 4.7, we get
(4.24).

Lemma 4.9. Let M be an n-dimensional compact submanifold in an (n + p)-
dimensional unit sphere Sn+p, then we have

(4.26)

∫
M

ρn−2
∑

α,i,j,k

(hα
ijh

α
kki)jdv = n

∫
M

(
∑

α,i,j

Hαhα
ij(ρ

n−2)i,j)dv

+ n2

2

∫
M

∑
i

(ρn−2)i(H2)idv.

Proof. We have the following calculation by use of Stokes’ formula and Lemma
4.7

∫
M

ρn−2
∑

α,i,j,k

(hα
ijh

α
kki)jdv = − ∫

M

∑
α,i,j,k

(ρn−2)jh
α
ijh

α
kkidv

= − ∫
M

∑
α,i,j,k

((ρn−2)jh
α
ijh

α
kk)idv

+
∫

M

∑
α,i,j,k

(ρn−2)j,ih
α
ijh

α
kkdv

+ n2
∫

M

∑
α,j

Hα(ρn−2)jH
α
,jdv

= n
∫

M

∑
α,i,j

Hαhα
ij(ρ

n−2)i,jdv

+ 1
2n2

∫
M

∑
i

(ρn−2)i(H2)idv.

By use of Stokes’ formula and Lemma 4.7, we also have

Lemma 4.10. Let M be an n-dimensional compact submanifold in an (n + p)-
dimensional unit sphere Sn+p, then we have

(4.27) −1
2

∫
M

ρn−2∆(nH2)dv =
n

2

∫
M

∑
i

(ρn−2)i(H2)idv.
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5. The Proof of Theorem 1.3

Now we begin to prove the Theorem 1.3. Integrating (4.19) over M and using
Stokes’ formula, we have

(5.1)

0 ≥ n
2

{ − n(n − 1)
∫

M
ρn−2|∇⊥H|2dv

+ n
∫

M
ρn−2

∑
α,β,i,j,m

Hβh̃β
mj h̃

α
jih̃

α
imdv

+
∫

M
ρn−2

∑
α,i,j,k

(hα
ijh

α
kki)jdv − 1

2

∫
M

ρn−2∆(nH2)dv

+
∫

M
ρn(n + nH2 − (2 − 1

p )ρ2)dv
}
.

Putting (4.24), (4.26) and (4.27) into (5.1), we get

(5.2)

0 ≥ n

2
{−n

∫
M

ρn−2
∑
α,β

HαHβ σ̃αβdv

+
∫

M

ρn(n + nH2 − (2 − 1
p
)ρ2)dv}

=
n

2
{n

∫
M

ρn−2(H2ρ2 −
∑
α,β

HαHβ σ̃αβ)dv

+
∫

M

ρn(n − (2 − 1
p
)ρ2)dv}

≥ n

2

∫
M

ρn(n − (2 − 1
p
)ρ2)dv,

where we used

(5.3)
∑
α,β

HαHβ σ̃αβ =
∑
α

(Hα)2σ̃α ≤
∑
α

(Hα)2 ·
∑

β

σ̃β = H2ρ2.

Thus we reach the following integral inequality of Simons’ type

(5.4)
∫

M

ρn(n − (2 − 1
p
)ρ2)dv ≤ 0.

Therefore we have proved the integral inequality (1.11) in Theorem 1.3.
If (1.12) holds, then we conclude from (5.4) that either ρ2 ≡ 0, or ρ2 ≡

n/(2 − 1
p ). In the first case, we know that S ≡ nH2, i.e. M is totally umbilic;

in the latter case, i.e.,

(5.5) ρ2 =
∑
α,i,j

(h̃α
ij)

2 ≡ n/(2 − 1
p
),

we have from (4.21) (in this case, (4.21) becomes an equality)

(
3n2

n + 2
− n)|∇⊥H|2 = 0,

we have ∇⊥H = 0, thus we have from (4.5) (in this case (4.5) becomes an
equality)

(5.6) ∇h = 0, i.e., hα
ijk = 0.
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It follows that all inequalities in (4.18), (4.19), (4.21), (4.22), (5.1) and (5.2) are
actually equalities. In deriving (4.19) from (4.18), we made use of inequalities
N(AαAβ − AβAα) ≤ 2N(Aα) · N(Aβ). Hence

(5.7) N(AαAβ − AβAα) = 2N(Aα) · N(Aβ), α �= β.

From (4.18) we obtain

(5.8) σ̃1 = σ̃2 = · · · = σ̃p,

where σ̃α is defined by (4.9).
From (5.7) and Lemma 4.4, we conclude that at most two of the matrices

Aα = (h̃α
ij) = (hα

ij − Hαδij) are nonzero, in which case they can be assumed to
be scalar multiples of Ã and B̃ in Lemma 4.4. We now consider the case p = 1
and p ≥ 2 separately.

Case p = 1. From (5.6), we know that M is an isoparametric hypersurface. In
this case Theorem 1.3 already has been proved by the author in [13] (see Theorem
3 of [13]). We conclude that M is one of Willmore tori, that is, M = Wm,n−m

for some m with 1 ≤ m ≤ n − 1.

Case p ≥ 2. In this case, we know that at most two of Aα = (h̃α
ij), α =

n + 1, · · · , n + p, are different from zero. If all of Aα = (h̃α
ij) are zero, which

is contradiction with (5.5). Assume that only one of them, say Aα, is different
zero, which is contradiction with (5.8). Therefore we may assume that

An+1 = λÃ, An+2 = µB̃, λ, µ �= 0,

Aα = 0, α ≥ n + 3,

where Ã and B̃ are defined in Lemma 4.4.
In this case, the inequality (5.3) is actually equality, that is,

(5.9)
∑
α,β

HαHβ σ̃αβ = H2ρ2.

In fact, (5.9) is

2λ2(Hn+1)2 + 2µ2(Hn+2)2 = [(Hn+1)2 + (Hn+2)2 + · · · + (Hn+p)2][2λ2 + 2µ2].

In view of λ, µ �= 0, we follow

Hα = 0, n + 1 ≤ α ≤ n + p,

that is, H = 0, i.e., M is a minimal submanfold in Sn+p, (5.5) becomes

S =
∑
α,i,j

(hα
ij)

2 =
n

2 − 1/p
.

From Main Theorem of Chern-Do Carmo-Kobayashi [6], we conclude that
n = 2, p = 2 and M is a Veronese surface defined by Example 2. We com-
plete the proof of Theorem 1.3.



WILLMORE SUBMANIFOLDS IN A SPHERE 787

6. Some Related Results

For p ≥ 2, we can improve Theorem 1.3 as follows

Theorem 6.1 Let M be an n-dimensional (n ≥ 2) compact Willmore submani-
fold in (n + p)-dimensional unit sphere Sn+p. Then we have

(6.1)
∫

M

ρn

(
2
3
n − ρ2

)
dv ≤ 0.

In particular, if

(6.2) 0 ≤ ρ2 ≤ 2
3
n,

then either ρ2 ≡ 0 and M is totally umbilic, or ρ2 ≡ 2
3n. In the latter case,

n = 2, p = 2 and M is the Veronese surface.

Remark 6.1 When n = 2, Theorem 6.1 was proved by author in [14] (see
Theorem 3 of [14]). When p ≥ 2, the pinching constant 2n/3 in Theorem 6.1 is
better than the pinching constant n/(2 − 1/p) in Theorem 1.3.

We need the following lemma to prove our Theorem 6.1

Lemma 6.1 (see Theorem 1 of [12]). Let An+1, · · · , An+p be symmetric (n ×
n)-matrices, which are defined by (4.17). Set σ̃αβ = tr(At

αAβ), σ̃α = σ̃αα =
N(Aα) := tr(At

αAα), ρ2 =
∑
α

σ̃α (see (4.8)-(4.10)), we have

(6.3)
∑
α,β

N(AαAβ − AβAα) +
∑
α,β

σ̃2
αβ ≤ 3

2
ρ4.

Moreover, the equality holds if and only if at most two matrices Aα and Aβ

are not zero and these two matrices can be transformed simultaneously by an
orthogonal matrix into scalar multiples of Ã, B̃, respectively, where Ã and B̃ are
defined in Lemma 4.4.

Proof of Theorem 6.1. In the proof of Lemma 4.5, using Lemma 6.1 instead of
Lemma 4.4, we can get

(6.4)

1
2∆ρ2 ≥ |∇h|2 − n2|∇⊥H|2 +

∑
α,i,j,k

(hα
ijh

α
kki)j

+ n
∑

α,β,i,j,m

Hβh̃β
mj h̃

α
ij h̃

α
im + nρ2 + nH2ρ2

− 3
2
ρ4 − 1

2
∆(nH2).

Repeating process of the proof of Lemma 4.6, we have

(6.5)

1
2∆(ρn) ≥ 1

2n
{ − n(n − 1)ρn−2|∇⊥H|2 + ρn−2

∑
α,i,j,k

(hα
ijh

α
kki)j

+ ρn[n + nH2 − 3
2ρ2] + nρn−2

∑
α,β,i,j,m

Hβh̃β
mj h̃

α
jih̃

α
im

− 1
2ρn−2∆(nH2)

}
.

Integrating (6.5) over M , using Stokes’ formula, (4.24), (4.26) and (4.27) we
can get (6.1) by the similar argument as the proof of Theorem 1.3.
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If (6.2) holds, then we conclude from (6.1) that either ρ2 ≡ 0 and M is totally
umbilic, or ρ2 ≡ 2

3n. In the latter case, i.e.,

(6.6) ρ2 ≡ 2
3
n,

using the similar argument as the proof of theorem 1.3, we can conclude that
∇⊥H ≡ 0, hα

ijk ≡ 0 and H ≡ 0, i.e., M is a minimal submanifold with (6.6).
From Theorem 3 of [12], we know that n = 2, p = 2 and M is the Veronese
surface. We complete the proof of Theorem 6.1.

We now mention the following example

Example 6.1 ([8]). Mm1,··· ,mp+1 := Sm1(a1) × · · · × Smp+1(ap+1) is an n-
dimensional Willmore submanifold in Sn+p, where n = m1 + · · · + mp+1 and ai

are defined by

ai =
√

n − mi

np
, i = 1, · · · , p + 1.

From Proposition 4.1 of [8], we can check that the function ρ2 of Mm1,··· ,mp+1

satisfies ρ2 = np and Mm1,··· ,mp+1 is a minimal submanifold if and only if

m1 = m2 = · · · = mp+1 =
n

p + 1
, ai =

√
1

p + 1
, i = 1, · · · , p + 1.

Motivated by Chern’s conjecture about minimal submanifolds in Sn+p (see
[6]) and Theorem 1.3, we propose the following problem:

Problem. Let x : M → Sn+p be an n-dimensional compact Willmore submani-
fold in an (n+p)-dimensional unit sphere Sn+p with ρ2 := S−nH2 = constant.
Is the set of values of ρ2 discrete?
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