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WILLMORE SUBMANIFOLDS IN A SPHERE

Ha1zHnonG L1

ABSTRACT. Let z : M — S™P be an n-dimensional submanifold in an (n + p)-
dimensional unit sphere S*tP, 2 : M — S™*P is called a Willmore submanifold if
it is an extremal submanifold to the following Willmore functional:

/ (S —nH?)% dv,
M

where S = Z (h%)2 is the square of the length of the second fundamental form,
a,,]

H is the mean curvature of M. In [13], author proved an integral inequality
of Simons’ type for n-dimensional compact Willmore hypersurfaces in S?*+! and
gave a characterization of Willmore tori. In this paper, we generalize this result
to n-dimensional compact Willmore submanifolds in S®*P. In fact, we obtain an
integral inequality of Simons’ type for compact Willmore submanifolds in S™*P
and give a characterization of Willmore tori and Veronese surface by use of our
integral inequality.

1. Introduction

Let M be an n-dimensional compact submanifold of an (n + p)-dimensional
unit sphere space S"TP. If h{; denotes the second fundamental form of M, S
denotes the square of the length of the second fundamental form, H denotes the
mean curvature vector and H denotes the mean curvature of M, then we have

1
S:Z(h%)27 H:ZHaeom Hazﬁzhgkv H = [H]|,
a,t,g « k

where e, (n+1 < o < n+ p) are orthonormal normal vector fields of M in
Sntp,

We define the following non-negative function on M
(1.1) p* =8 —nH?
which vanishes exactly at the umbilic points of M.
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Willmore functional is the following non-negative functional (see [4], [21] or

[27])
/M pdv = /M(S —nH?)% dv,

it was shown in [4], [21] and [27] that this functional is an invariant under
Moebius (or conformal) transformations of S™*?. We use the term Willmore
submanifolds to call its critical points, because when n = 2, the functional es-
sentially coincides with the well-known Willmore functional W (x) and its critical
points are the Willmore surfaces. Willmore conjecture says that W (z) > 4x?
holds for all immersed tori z : M — S3. The conjecture was approached by
Willmore [30], Li-Yau [18], Montiel-Ros [20], Ros [23], Langer-Singer [10] and
many others(see [29], [31] and references there).

In this paper, we first prove the following theorem (c.f. Guo-Li-Wang [8],
Pedit-Willmore [21]))

Theorem 1.1 Let M be an n-dimensional submanifold in an (n + p)-
dimensional unit sphere S"*P. Then M is a Willmore submanifold if and only
if forn+1<a<n+p
— p" 2 [SH® +62 HPhhg — Z. he R hy — nH? HO]
717]

(n—=1)H*A(p" %) +2(n - 1)2( “2)iHS
(n—1)p"2ALH® = Y7 (p"?)i j(nH*0;5 — h$5) =0

2]

where A(p"~?) = Z(p"’Z)l o ATHY = ZH”, and (p"~2); ; is the Hessian of

(1.2) +
+

p" 2 with respect to the induced metric da: dz, HF and HS; are the components

of the first and second covariant derivative of the mean curvature vector field H

( see (2.14)-(2.17) ).

Remark 1.1. When n = 2 and p = 1, Theorem 1.1 was well-known (see
Blaschke [1], Thomsen [26], Bryant [2] and chapter 7 of [31]). When n = 2 and
p > 1, Theorem 1.1 was proved by J. Weiner in [28], in this case (1.2) reduces
to the following well-known equation of Willmore surfaces (see [28] or [14])
(1.3) AYH® + 3 GRS HP —2H?H® =0, 3<a<2+p.

i57%
B,i,J

When n > 2 and p = 1, Theorem 1.1 was proved by the author in [13].

Remark 1.2. We should note that for n > 2, C.P. Wang [27] got the Euler-
Lagrange equation of Willmore functional for compact n-dimensional subman-
ifolds without umbilical points in an (n + p)-dimensional unit sphere S™*? in
terms of Moebius geometry. We also note that a different version of Theorem 1.1
was announced in Pedit-Willmore [21]. From the expression of (1.2), in the cases
n = 3 and n = 5 we need assume that M has no umbilical points to guarantee
(p"2);,; is continuous on M. We will make this assumption in this paper.
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In order to state our main result, we first give the following two important
examples:
Example 1 (see [13] or [8]). The tori

(14) Wm,n—m:Sm< n_m>x5"_m< m), 1<m<n-1
n

n

are Willmore hypersurfaces in S"*1. We call W, p—m, 1 <m < n—1, Willmore
tori. In fact, the principal curvatures ky,--- ,k,, of Wy, ., are

(1.5) ky=-=k,= o kg1 ==k = —

We have from (1.5)

1 — — )2
=L m n—m m (n—m)

n n—m m n—m m

m 3 n—m.s
D hijhichii =Y kP =m( )2 — (n—m)( )2,

— n—m m
1,5,k

where h;; = h?jﬂ. Thus we easily check that (1.2) holds, i.e., Wiy, s,—m are
Willmore hypersurfaces. In particular, we note that p? of W, ., for all 1 <
m < n — 1 satisfy

(1.6) p* =n.

We recall that well-known Clifford minimal tori are

(1.7) Cm,n_mzsm<,/%>xsn—m( ”;m> 1<m<n-1.

It is remarkable that a Willmore torus coincides with a Clifford minimal torus
if and only if n = 2m for some m.

Remark 1.3. When n = 2, we can see from (1.3) that all minimal surfaces
are Willmore surfaces. In [22], Pinkall constructed many compact non-minimal
flat Willmore surfaces in S3. In [3], Castro-Urbano constructed many compact
non-minimal Willmore surfaces in R*. Ejiri [7] and Li-Vrancken [17] constructed
many non-minimal flat tori in S® and S7. Bryant [2] classified the Willmore
spheres in S® and Montiel [19] classified the Willmore spheres in S*. When n > 3,
minimal submanifolds are not Willmore submanifolds in general, for example,

Clifford minimal tori Cyn = S™ (/%) x §77 (/22 ) are not Willmore

submanifolds when n # 2m. In [8], the authors proved that all n-dimensional
minimal Einstein submanifolds in a sphere are Willmore submanifolds (we note
that this result was stated in [21] by Pedit and Willmore).
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Example 2 (see [6] or [11]). Veronese surface. Let (x,y,z) be the natural co-
ordinate system in R® and u = (uy, us, u3, u4, us) the natural coordinate system
in R°. We consider the mapping defined by

1 1 1
Uy = —(=Yz, U= —=Tz, U3= —=2Y,
V3

V3 V3
Lo 9 Lo, o 2
= ﬁ(f —y7), us= g(l‘ +y° —2z7),
where 22 4+y?+2% = 3. This defines an isometric immersion of $?(1/3) into S*(1).
Two points (x,, z) and (—z, —y, —z) of S?(v/3) are mapped into the same point
of §%. This real projective plane imbedded in S* is called the Veronese surface.

We know that Veronese surface is a minimal surface in S* (see [6] or [11]), thus
it is a Willmore surface. We also note that p? of the Veronese surface satisfies

(1.8) PP =-.

In the theory of minimal submanifolds in S™*P, the following J. Simons’
integral inequality is well-known.

Theorem 1.2 (Simons [25], Lawson [11], Chern-Do Carmo-Kobayashi [6]) Let
M be an n-dimensional (n > 2) compact minimal submanifold in (n + p)-
dimensional unit sphere S"TP. Then we have

(1.9) /M 5 (2 —nl/p - S) dv < 0.

In particular, if

(1.10) 0<S< "

Uy

then either S = 0 and M is totally geodesic, or S = ﬁ. In the latter case,
either p =1 and M is a Clifford torus Cyy, p—m, or n =2, p =2 and M is the
Veronese surface.

In this paper we prove the following integral inequality of Simons’ type for
compact Willmore submanifolds in S™*P.

Theorem 1.3 Let M be an n-dimensional (n > 2) compact Willmore submani-
fold in (n + p)-dimensional unit sphere S"*P. Then we have

(1.11) /M " <ﬁ - p2> dv < 0.

In particular, if

n

1.12 0<p? < ———

(1.12) S Sy

then either p> = 0 and M is totally umbilic, or p*> = ﬁ. In the latter case,

either p = 1 and M is a Willmore torus Wy, n_pm defined by (1.4); or n = 2,
p =2 and M 1is the Veronese surface.
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Remark 1.4. In case p = 1, Theorem 1.3 was proved by the author in [13]. We
also classified all isoparametric Willmore hypersurfaces in S™*! in [13].

2. Preliminaries

Let 2 : M — S™*P be an n-dimensional submanifold in an (n+p)-dimensional
unit sphere S"P. Let {e1,- - ,e,} be a local orthonormal basis of M with re-
spect to the induced metric, {61, - - - , 6, } are their dual form. Let €41, - , €ntp
be the local unit orthonormal normal vector field. In this paper we make the
following convention on the range of indices:

1<i,j,k<m n+l<apB,7v<n+p.

Then we have the structure equations

(2.2) Z@Ue] + Zh“@ eq — Oix

(2.3) dey = — Z hi;0;5e; + Z Oapes.

2] B
The Gauss equations are
(2.4) Rijr = (6051 — 0adjn) + Z kG — hihG),
(2.5) Rip = (n—1)6y +n > HOR, Zh” %
(2.6) n(n—1)R=n(n—1)+n’*H* - S,

where R is the normalized scalar curvature of M and S = }_ j(h%)Q is the

norm square of the second fundamental form, H =Y H%, =13 (3, hi¥,)ea
is the mean curvarture vector and H = |H| is the mean curvature of M.
The Codazzi equations are

= h

where the covariant derivative of i} is defined by
(2.8) Z he 0k = dhS; + Z he Ori + Z S O + Z hy 050

The second covariant derivative of h{; is defined by

(2.9) Z 0 = dhs + > b0+ > hS0 + > b0 + > 0.
l l l B8

[0
ijk
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By exterior differentiation of (2.8), we have the following Ricci identities

(2.10) heig = h&e = D o Ronikt + Y ho Rt + Y Wy Rgant.
m m 3

The Ricci equations are

(2.11) Ragi; = 3 (hiihiy = hihis)-
k

We define the following non-negative function on M

(2.12) p> =8 —nH?

which vanishes exactly at the umbilical points of M.
Willmore functional is the following functional (see [4], [21] and [27])

(2.13) W(x) ::/ p"dv :/ (S —nH?)%dv.
M M
By Gauss equation (2.6), (2.13) is equivalent to
(2.13)" W(z) = [n(n — 1)} / (H? — R+ 1)%dv.
M

It was shown in [4], [21] and [27] that this functional is an invariant under
Moebius (or conformal) transformations of S™*?. We use the term Willmore
submanifolds to call its critical points. When n = 2, the functional essentially
coincides with the well-known Willmore functional and its critical points are
Willmore surfaces.

We define the first, second covariant derivatives and Laplacian of the mean
curvature vector field H = ) H%¢, in the normal bundle N (M) as follows

[e%

(2.14) > H$0: =dH"+ ) H"fp,,
i 8
(2.15) N HS 0, =dHS+ Y Hi+ Y H0p,
J J B
(2.16) AtHY = Z HY,  HY= %Xk: .

Let f be a smooth function on M, we define the first, second covariant deriva-
tives f;, fi; and Laplacian of f as follows

(2.17) df = Zfzﬂi, Zfz’,jej =dfi + ij‘gjia Af = qu
i j J i
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3. Proof of Theorem 1.1

Let © : M — S™P be a compact submanifold in a unit sphere S™*?. From
Wang [27], we have the following relations of the connections of the Mobeius
metric p?dx - dr and induced metric dz - dz

n

(3.1) wij = bij + (Wp)id; — (0p);0i,  wap =bap, P=1 —7

where p is defined by (1.1).
We get by use of (3.15) of [27] and (3.1)

2. G705 = 2 Cfw
J J
= dOf + 3 Cowji + 3. Clwsa
j g
= dCP + Y C05i + Y Cl0sa + Y[(Inp)i; — (Inf)ibs] - CF,
J B Z

thus
pCe; = 2p73p;[HS + %(h;*k — H*6;1,)(Inp)x]
(3.2) = P+ (W — H50) ()]

— p? Ek;(h?k — H,)(Inp)r ; + Ek; Cp(Inp)xdij — (Inp); C,

where {(Inp)y,;} is the Hessian-Matrix of Inp with respect to the induced metric
dz - dv and {H} is defined by (2.14).

Letting @ = j, making summation over ¢ in (3.2) and using (3.15) of [27], we
have

X0y = —pPATH -5 Zlg(h?k — H%y)(Inp) ki
2n - 2)5 5 HY (Inp);
(n—3)p~* 2(Inp)i(Inp); (h; — H*dyy),

,L7j

(3.3)

where ALH? is defined by (2.16).
On the other hand, we have from (3.10) and (3.14) of [27]

S AiB+ Y BB B
= Bugk
= —p 7 2 (np)i;(h; — H*6;j)
Z?]
+ p7% 3 (Inp)i(lnp) (kg — H6ij)
J

1,
F LT M - X OH - i i)
B,i,5.k By,

Putting (3.3) and (3.4) into the following Willmore condition (see (2.34) and
(4.27) of [27])

(35) - DXCN+ Y AuBy+ Y BLBLB, =0,
A %] B,i,5,k
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we get,
sk { - eorlsHe + ﬁz HORGHGy = 3 Whichi; = nH*HC!
b 7.] K 7]7
+ p"T2ALHY + =2 "2 S (Inp); 5 (b — HO645)
(3.5) i

+ 2n—2) n-zzanp) H;
+ =2l pne 2z<1np> (Inp) (hgy — H6;5)} = 0.

We can check the following identity by a direct computation

s S 1) + AL

(2¥)
232G + HOAR" )
(3.6) = “; 27 - * Y np)s () (hfy — H 6)
+ 22 Zp” 2(lnp) j(hiy — H*dy)
+ 2(n—2) " 2E:(lnp) HY + p"2A+H®.

Thus (3.5)" is equivalent to (1.2) by use of (3.6). We complete the proof of
Theorem 1.1.

Remark 3.1 Fix index o with n+ 1 < a < n+ p, define O : M — R by

0% = (nH"6 ij — )fl,]>

where f is any smooth function on M and f; ; is defined by (2.17). We know that
O is a self-adjoint operator (cf. Cheng-Yau [5], Li [15,16]). It is remarkable
that this operator naturally appears in Willmore equation (1.2). In fact, by
use of this self-adjoint operator, Willmore equation (1.2) can be written as the
following equivalent form

— p"TRSHY + Y HPRhG — S hShhy — nH?H
B,i,j B,t,4:k

(1.2) + (n=1)p"2ATH® +2(n — 1) 32(p"?): H

(2
+ (n=1)H*A(p" %) —0%(p"~?) = 0,
n+1<asn+p.

4. The Lemmas

We first prove the following Lemma (c.f. Simons [25], Chern-Do Carmo-
Kobayashi [6] or Schoen-Simon-Yau [24])
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Lemma 4.1 Let M be an n-dimensional (n > 2) submanifold in S"P. Then
we have
SAR = VAP VHE 4 T (b,
a,1,7,
(4.1) + 03 HPhy hghe, +np?

o Ggm mj'%13"“im
= 3 hghGhahng = Y (Reajk)® — $AMH?),
«a,3,i,7,k,m a, 3,7,k

where |[Vh|> = 37 (h;,)? and |VEH|? = Y (HS)?, HS is defined by (2.14).

Ot,’L-,j,k Ot,’L-

Proof. By the definition of A and p?, we have by use of (2.7) and (2.10)

LA = LA(Y (h)%) - 2A(mH?)
= T 0t X g - SAn)
(42) = VAP =2V H + S (),
+ auzkm hf}h%kRmijk + a,%m h%hf‘mij
+ aﬁ%khgjhfkak — 1A(nH?).

By use of (2.4) and (2.5), we have

S hGhe Rk + Y hGhG Ry + X hSih Raji

QI/L?]?k?m a77‘7]7m a7ﬁ7l?J7k

= nS—n?H?2— Y h&hPRe, B 4+n ST HPRP hehg

i g "mk"m myg' %3 %im

(4‘3) a’/@’%j,k,én a’ﬂ/éi7j7'rg
=0 2 hGhi bl — o >0 highi, R
a,B3,4,5,m,l a,B,4,5,k,m
B
— > h§ihgRpagl
a,B,i,5,k

On the other hand, we have by (2.11)

[; k(Rﬁajk)Q = gz' , k(h]ﬂ‘ih?k - h?ihfk)Rﬁajk
a? 7]7 a? 7Z’J7
= S g - )
a? 72’.7’ 9’
B
(4.4) - 52 , kh?ihikR/Bajk
a? 71’?.]7
_ B 1.8 B 1B
- Z h%h?mhmlhlj - E h%hgmh]mhzk
a,B3,t,5,m,l a,B3,1,5,k,m
B
_ Bz»kh%hikRﬁajk.
@,B,1,],

Putting (4.3) into (4.2), we obtain (4.1) by use of (4.4). O
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Lemma 4.2 Let M be an n-dimensional (n > 2) submanifold in S™P, then we
have

3n?

(4.5) |Vh|? > —Q\VLHF,

where |[Vh|> = 37 (h;.)?, IVIH|? = Y (H$)?, HS is defined by (2.14).

,i g,k a,t
Proof. We construct the following symmetric trace-free tensor (c.f. [9] or [13])
(4.6) ik = hijr — +2(H Ojk + Hj'dir, + H'045)-

Then we can easily compute that

3n?
2 a \2 __ 2 1 2
IFI?= )" (F%)* =|Vh _n—+2’v HJ".

a7i7j7k
Then we have
2 3n* Ly7/2
VA > v HP,
which proves the Lemma 4.2. O
Define tensors
(4.7) h$s = h, — H*8y,
(48) Uocﬁ - Z h’L] 357 OaB = Z h%hfj
Then the (p X p)-matrix (6043) is symmetric and can be assumed to be diag-
onized for a suitable choice of e, 11, -, epyp. We set
(4.9) Gap = Gadap-

We have by a direct calculation

(410) > A =0, Gap=0ap—nHH’, p*=) 6,=5—nH>
k a

(411) ) hghR = " hEhG AL +2> " HPRRS + HYp? + nHYH?,

ij'vik 1y ik V]
81,5,k 8,15,k Bsi,3

(412) > R hehg, = > hD hehe, +2) " HORSh+HP p? +nH?HP.
a72’] m a7i7j7m a7i’j

From (4.7), (4.10), (4.11) and Theorem 1.1, we have:

Lemma 4.3. Let M be an n-dimensional submanifold in an (n+ p)-dimensional
unit sphere S"P. Then M is a Willmore submanifold if and only if forn+1 <
a<n+p
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(n—1Dp"AYH* = —2(n—1)2(p"?):HY

— (n— DHOA(p"2)

(4.13) SAROL LT heshihiy;)
B,i.9,k

+ > (Pn 2)1,J(nHQ5w ha)

2%

where (p"~2); ;, A(p""2) and ALH® are defined by (2.17) and (2.16).
In general, for a matrix A = (a;;) we denote by N(A) the square of the norm
of A, ie.,

N(A) = trace(A - A") = (ai;)”.
1,3
Clearly, N(A) = N(T'AT) for any orthogonal matrix 7T
We need the following lemma (see Chern-Do Carmo-Kobayashi [6])

Lemma 4.4. Let A and B be symmetric (n x n)-matrices. Then
N(AB — BA) <2N(A)- N(B),

and the equality holds for nonzero matrices A and B if and only if A and B can
be transformed simultaneously by an orthogonal matriz into multiples of A and
B respectively, where

0 1 0 0 1 0 0 0
10 0 0 0 -1 0 0
i-] 000 0 E_|0 0 o0 0
00 0 0 0 0 0 -~ 0

Moreover, if Ay, Ay and As are (n X n)-symmetric matrices and if
N(AaAs — AsAs) = 2N(Aq) - N(Ag), 1<a,B<3,
then at least one of the matrices A, must be zero.

Lemma 4.5. Let v : M — S™P be an n-dimensional submanifold in S™P.

Then
AP > VA2 —n?VEH? + kaah%ﬂ)
a,,7,
(4.14) +n Y HPRD GRS, +np® +nH?p?

757 7]7

1 1 ,
- (2- 5)/)4 - §A(nH ).
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Proof. By use of (4.10) and (4.12), (4.1) becomes

3877 = VAP —n?|VIHP + % (hgh),
a7l7]7
(4.15) +n > Hﬂhmjh%hf‘m+np +nH?p?
7/87 7]7
— Yo~ X (Rpaje)® — AH?).
a7ﬁ a767j7k

By (2.11), we have

> (Rgap)? = X (ShGhf - Zhahﬂ)

a?IBLj?k 7/6.] k: l

(4.16) = ;k(; RO b, — Zhochﬂ)
a7 7.]7
= ZBN(AQAB - AﬁAa),
where
(4.17) Aq = (BS) = (b5 — H*65).

By use of Lemma 4.4, (4.9), (4.10) and (4.16), we get
—%52,8_ BZk(Rﬁajk)Q = —-> a2 ZN(A Ap — AgAa)
(o a,3,7, fe%
> -3 52— 2 Z G403

—2?2&@ +zzf

(4.18)
> 2t 4 - ZU“
- (- %)ﬁ

Putting (4.18) into (4.15), we get (4.14).

Lemma 4.6. Let M be an n-dimensional submanifold in an (n+ p)-dimensional
unit sphere S"TP, then we have

LAY > dnfon(n— D 2 VEHP 4 52 S (W)

a,i,j,k
(4.19) + p'n+nH? — (2 - )p | +mnp" 252 Hﬁhm]hihfm
K b 7]7

- 0" PAmA?),

Proof. First it is easy to check the following calculation

o=
=
)
3
N~—
Il

Al(p*)2] = gn(n = 2)p" 2 3 pf + 50" 2A(p)
P

1
2
n
1

\Y]
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Noting
VA2 = n?[VEHP2 = (VR - 255 |VEHP) + (355 - )| VEHP
(4.21) — n(n—1)|V+H|?
> (VA — 25|V-HP) - n(n - 1)|V-HP,

we get from (4.5), (4.14) and (4.21)

%ApQ > —n(n—1)|VtH]? + Zk(h%hgm%
a77/7.]7
(4.22) +n Y HPhD hEhS, Anp® + nH?p?

mj' %13 "im
a,B,i,5,m

Lyg 1 2
- (2—]—))p —§A(nH ).

We obtain (4.19) by putting (4.22) into (4.20).

Lemma 4.7. Let x : M — S™P be an n-dimensional compact submanifold in
S™TP. Let f and g be two any smooth functions on M. Then we have

(4.23) /M gAfdv = — /M(Z figi)dv = /M fAgdo.

Proof. Integrating the following identities over M

gAf = ngi,i = Z(fig)i - Zfigia

%

fAg = fzgm => (gif)i — Zfi%‘v

i

we get (4.23).

Lemma 4.8. Let M be an n-dimensional compact Willmore submanifold in an
(n + p)-dimensional unit sphere S™*P, then we have

- n(n—1) [, p”*2]VJ-I!\2dy )
+ oy "2 HPRD hShe,)dv

s mg'tji'im
a? 77/7]7m
= 1 n—2\ . 2\ .
(4.24) = —an(n 1) [y S )i(H)adv
—n [y, p" 2 H*H  Gopdv

a?ﬁ
—n [, Z‘Hah?j(pnfz)m)dv.

a,t,]



784 HAIZHONG LI

Proof. We have the following calculation by use of Stokes’ formula and Lemma
4.7

—n(n—-1) [, p"‘z\VLHPdv
+ nfMp” 20 HPRY hhe,)dv

a,@z]m mj ]; im
(4.25) D S Q20" (HE )i
+ n(n—1) [, 0" QEHQAJ‘HadU

+

nfyr i % “HORS hefe )dv.

mj' 31’ Vim

»ﬂ7i’j7

Putting (4.13) into (4.25), using Stokes’ formula and Lemma 4.7, we get
(4.24).

Lemma 4.9. Let M be an n-dimensional compact submanifold in an (n + p)-
dimensional unit sphere S™ P, then we have

Ju P2 > (A idv = n fy,( 2 Hehg(p" %)) dv
(4-26) a7Z,J’k n2 a,z’jn_2 2
o [ (2

Proof. We have the following calculation by use of Stokes’ formula and Lemma
4.7

[ S e = = [y 3 (e
= 3 gy
+ Jy ij 2)j,ih$shi.dv
o o S HO (o2, HOdo

a?]

n [y Z'Ho‘hf‘j(p”_Q)mdv
«,1,]

+ %n2 fM Z(p”_z)i(Hz)idv.

()

By use of Stokes’ formula and Lemma 4.7, we also have

Lemma 4.10. Let M be an n-dimensional compact submanifold in an (n 4+ p)-
dimensional unit sphere S™P, then we have

1 n—2 2 n— 2 2
(4.27) = /M A(nH?) / Z J(H?)
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5. The Proof of Theorem 1.3

Now we begin to prove the Theorem 1.3. Integrating (4.19) over M and using
Stokes’ formula, we have

0 > 2{-n(n-1)fy, 8”’2~IV~LH|2dU
+ 0yl Y HPR e kg, dv
(5.1) P,5.3,m

+ fM PN (hiajhgki)jdv - %fM p" 2 A(nH?)dv

a,i,g,k

+ [y P (n+nH? — (2 — I—lj)pQ)dv}.
Putting (4.24), (4.26) and (4.27) into (5.1), we get

0 > E{—n/ PV HYH G0 pdv
M

+ /M p"(n+nH?* — (2 — %)p2)dv}

n n— a ~
(5:2) S WA UL SR T

AV
|3
=
i)

3
S

|

o
|

| =
Y
\[/\j
QU
<

where we used

(5.3) Y HOHPG43=> (H*)6, <Y (H*)?-) 65=Hp"
a,( [ B

07

Thus we reach the following integral inequality of Simons’ type
1
(5.4) [ o=yt <o
M p

Therefore we have proved the integral inequality (1.11) in Theorem 1.3.

If (1.12) holds, then we conclude from (5.4) that either p?> = 0, or p? =
n/(2— %) In the first case, we know that S = nH?, i.e. M is totally umbilic;
in the latter case, i.e.,

(5.5) A=S () =nj@— ),

ayiyj p
we have from (4.21) (in this case, (4.21) becomes an equality)
( 3n?
n+2
we have VIH = 0, thus we have from (4.5) (in this case (4.5) becomes an
equality)
(5.6) Vh=0, ie, h3, =0,

n)| VEH|* =0,
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It follows that all inequalities in (4.18), (4.19), (4.21), (4.22), (5.1) and (5.2) are
actually equalities. In deriving (4.19) from (4.18), we made use of inequalities
N(AqAp — AgA,) <2N(A,) - N(Ap). Hence

(5.7) N(AaAﬁ — AgAa) = QN(AQ) : N(Aﬁ), « 75 ﬁ
From (4.18) we obtain
(5.8) 01 =02 =+ = 0p,

where &, is defined by (4.9).

From (5.7) and Lemma 4.4, we conclude that at most two of the matrices
Ay = (ﬁ%) = (h§; — H4;;) are nonzero, in which case they can be assumed to
be scalar multiples of A and B in Lemma 4.4. We now consider the case p = 1
and p > 2 separately.

Case p = 1. From (5.6), we know that M is an isoparametric hypersurface. In
this case Theorem 1.3 already has been proved by the author in [13] (see Theorem
3 of [13]). We conclude that M is one of Willmore tori, that is, M = W, ,—pm
for some m with 1 <m <n — 1.

Case p > 2. In this case, we know that at most two of A, = (ﬁf}), a =

n—+1,---,n+ p, are different from zero. If all of A, = (Ef}) are zero, which
is contradiction with (5.5). Assume that only one of them, say A,, is different
zero, which is contradiction with (5.8). Therefore we may assume that

Api1 = MA, Apyo=puB, \u#0,

Ao =0, a>n+3,

where A and B are defined in Lemma 4.4.
In this case, the inequality (5.3) is actually equality, that is,

(5.9) > HHPG.3 = Hp.

a,B
In fact, (5.9) is
DN(H Y2 4 92 () = () 4 (P2 o (P22 + 247)
In view of A, u # 0, we follow

H*=0, n+1<a<n+p,

that is, H = 0, i.e., M is a minimal submanfold in S™*?, (5.5) becomes

— a2 n

S g;j(h”) =1

From Main Theorem of Chern-Do Carmo-Kobayashi [6], we conclude that
n = 2,p = 2 and M is a Veronese surface defined by Example 2. We com-
plete the proof of Theorem 1.3. U
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6. Some Related Results
For p > 2, we can improve Theorem 1.3 as follows

Theorem 6.1 Let M be an n-dimensional (n > 2) compact Willmore submani-
fold in (n + p)-dimensional unit sphere S"*P. Then we have

(6.1) /M " (%n - p2> dv < 0.

In particular, if
2
(6.2) 0<p?< 3

then either p> = 0 and M is totally umbilic, or p* = %n In the latter case,
n=2,p=2 and M is the Veronese surface.

Remark 6.1 When n = 2, Theorem 6.1 was proved by author in [14] (see
Theorem 3 of [14]). When p > 2, the pinching constant 2n/3 in Theorem 6.1 is
better than the pinching constant n/(2 —1/p) in Theorem 1.3.

We need the following lemma to prove our Theorem 6.1

Lemma 6.1 (see Theorem 1 of [12]). Let Ap41,--- , Antp be symmetric (n x
n)-matrices, which are defined by (4.17). Set o = tr(ALA4R), 6o = Gaa =
N(A,) =tr(ALA,), p? => 64 (see (4.8)-(4.10)), we have

. 3
(6.3) > N(AaAg— AgAl) + Y 625 < 5,)4.

a,B o,

Moreover, the equality holds if and only if at most two matrices A, and Ag
are not zero and these two matrices can be transformed simultaneously by an
orthogonal matriz into scalar multiples of A, B, respectively, where A and B are
defined in Lemma 4.4.

Proof of Theorem 6.1. In the proof of Lemma 4.5, using Lemma 6.1 instead of
Lemma 4.4, we can get
1Ap? > |VA2—n2[VEH 4 zkwa B
a?l7]7
(6.4) T HO by hiihy, + np® + i p?
a,B,t,3,m

34 1 2
— 24 ZA(nH?).
5P 2(% )

Repeating process of the proof of Lemma 4.6, we have
A" = gn{—n(n-1)p"?|VIH]? +p" 2 3 k(h"‘ higri)i
a72’]
(6.5) + '+ nH? = 30 +np 2 Y HPR) SRS,
«,B,4,7,m
%p”_QA(nHQ)}.

Integrating (6.5) over M, using Stokes’ formula, (4.24), (4.26) and (4.27) we
can get (6.1) by the similar argument as the proof of Theorem 1.3.
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If (6.2) holds, then we conclude from (6.1) that either p? = 0 and M is totally
umbilic, or p? = 2n. In the latter case, i.e.,
9 2

using the similar argument as the proof of theorem 1.3, we can conclude that
V+iH =0, hej, =0 and H = 0, ie., M is a minimal submanifold with (6.6).

From Theorem 3 of [12], we know that n = 2, p = 2 and M is the Veronese
surface. We complete the proof of Theorem 6.1. O

We now mention the following example

Example 6.1 ([8]). My, ... .m,,, = S™(a1) x -+ x S™rt1(a,q1) is an n-
dimensional Willmore submanifold in S™*?, where n = my + -+ 4+ mp41 and q;
are defined by
a; = nimiv 221,,p+1
np
From Proposition 4.1 of [8], we can check that the function p? of M,,, ..
satisfies p? = np and M,,, ..

. ,mp+1

- ,my41 18 @ minimal submanifold if and only if

n 1
my=mg=-:--=1Mm = —, a;=/——, 1=1,--- ., p+1.
e P 41 Vp+1 b

Motivated by Chern’s conjecture about minimal submanifolds in S™*? (see
[6]) and Theorem 1.3, we propose the following problem:

Problem. Let z : M — S™P be an n-dimensional compact Willmore submani-
fold in an (n + p)-dimensional unit sphere S"*? with p? := S —nH? = constant.
Is the set of values of p? discrete?
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