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GAUSS MAPS OF THE MEAN CURVATURE FLOW

Mu-Tao WANG

ABSTRACT. Let F : X" x [0,T) — R™™ be a family of compact immersed sub-
manifolds moving by their mean curvature vectors. We show the Gauss maps
v : (E™,9t) — G(n,m) form a harmonic heat flow with respect to the time-
dependent induced metric g;. This provides a more systematic approach to inves-
tigating higher codimension mean curvature flows. A direct consequence is any
convex function on G(n, m) produces a subsolution of the nonlinear heat equation
on (X, g¢). We also show the condition that the image of the Gauss map lies in a
totally geodesic submanifold of G(n,m) is preserved by the mean curvature flow.
Since the space of Lagrangian subspaces is totally geodesic in G(n,n), this gives
an alternative proof that any Lagrangian submanifold remains Lagrangian along
the mean curvature flow.

1. Introduction

The maximum principle has been exploited by S-T. Yau and his coauthors
to obtain gradient estimates for various geometric nonlinear partial differential
equations since the '70s. The principal idea is to identify a suitable expression of
the gradient of the solution to which the differential operator (usually Laplace
or heat operator) is applied. The prototype is the so-called Bochner formula
and the geometry (curvature) of the manifold arises naturally in the calculation.
Such techniques were extended by R. Hamilton to Ricci flows which are nonlinear
parabolic systems. The curvature as second derivatives of the metric satisfies
a certain parabolic system and the geometry of the space of curvature is used
to derive estimates. A powerful theorem of Hamilton says any convex invariant
subset of the space of curvature is preserved by the Ricci flow.

Such curvature estimates were extended to the mean curvature flow of hyper-
surfaces by G. Huisken. Recall a mean curvature flow is an evolution equation
under which a submanifold deforms in the direction of its mean curvature vec-
tor. The mean curvature flow of an immersion F : ¥ — R"*™ is a family of
immersions parametrized by ¢, F': 3 x [0,T) — R™*™ that satisfies

d
EF(x,t) = H(x,t)
Fy=F

We shall denote the image F'(-,t) by ¥;, then H(z,t) is the mean curvature
vector of ¥; at F(x,t).
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Codimension-one mean curvature flows have been studied by Huisken et al
and many beautiful results have been obtained. In this paper, we shall focus on
higher codimension mean curvature flows, i.e. the m > 1 case.

Consider a system with n variables and n + m functions. The configuration
space of the differentials of the solutions consists of n vectors in R*™™. If we
assume the n vectors are linear independent, up to isometry this is parametrized
by the Grassmannian G(n,m) of the space of n-dimensional subspaces in R"*™.
In this paper, we investigate the geometry of Grassmannian to obtain estimates
on first derivatives of the mean curvature flow. Recall the Gauss map v maps
(3, g¢) into the Grassmannian G(n,m) by sending z € ¥ to T,%; C R"™™_ the
tangent space of ¥ at « .

Theorem A. The Gauss maps of a mean curvature flow v : (X, g;) — G(n, m)
form a harmonic map heat flow, i.e.

d
—~ =trVd
ar! Yy
where dy is considered as a section of T*Y; ® v~ 'T'G(n,m) and the trace is
taken with respect to the induced metric g;.

Theorem A was conjectured by R. Hamilton and T. Ilmanen in private com-
munications with the author. This generalizes a famous theorem of Ruh-Vilms
[13] which states the Gauss map of a minimal submanifold is a harmonic map.

An immediate corollary of Theorem A is

Corollary A. If p is any convex function on G(n,m), then yop is a subsolution
of the (nonlinear) heat equation.

d
2 _A <0
(dt Jyop <

where A is the Laplace operator of the induced metric g, on X.

In the stationary case, a convex function on G(n,m) gives a subharmonic
function on a minimal submanifold. This approach was developed by Fischer-
Colbrie[7], Hildebrandt-Jost-Widman[10], Jost-Xin[11][12], Tsui-Wang[15] and
[20] to obtain Bernstein type results for higher codimension minimal submani-
folds.

When ¥ is compact, it follows from the maximum principle that if y(3g) lies
in a convex set of G(n,m), so does y(X;) as long as the flow exists smoothly. In
the codimension-one case, the Grassmannian is a sphere and any hemisphere is
a convex subset. This implies that the condition of being a graph over an affine
hyperplane is preserved along the mean curvature flow, a key step in Ecker-
Huisken’s [4] [5] estimates for hypersurface flows.

Any n form on R"™™ naturally defines a function on G(n,m). We identify a
class of convex functions on G(n,m) in the following theorem.
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Theorem B. Let Q be a simple unit n form on R then —In(Q, as a function
on G(n,m) is conver on a set = which properly contains {2 > %}

The set = will described explicitly in §3. That —In{ is convex on the set
{Q > 1} was proved implicitly by Jost-Xin in [11]. Instead of calculating the
function 2, the authors considered the distance function on G(n,m). Our ap-
proach makes the calculation simpler and more explicit, thus a stronger version
is obtained.

We remark that although Theorem A and B are conceptually easier to under-
stand, all applications rely on explicit formulae. More important information is
contained in the “extra” terms. The explicit formula is derived in [19] and has
been applied to study long-time existence and convergence of mean curvature
flows [19] and Bernstein-type problems for minimal submanifolds in [15] and
[20].

We give another example to illustrate Theorem A. On R*, take three or-
thonormal self-dual two-forms «q, as, a3 and anti-self-dual two-forms 31, B2, 03
as in §3 of [17]. These forms serve as coordinate functions on G(2,2) under the
identification

x € G(2,2) — (a(x), Bi(z))

An element z in G(2,2) satisfies Z?Zl(ai(x))z = Z?Zl(ﬁi(x))z = 2. Therefore
G(2,2) = Si(%) X SE(%) It is clear that each «; is a convex function on the
hemisphere where «; > 0. Each «; can be considered as a Kahler form and a
surface is called symplectic with respect to «; if the Gauss map lies in the region
{a; > 0}. This fact is implicit in the derivation of [17] where we show being
symplectic is preserved along the mean curvature flow in a Kéhler-Einstein four

manifold, see also Chen-Tian[3].

Indeed, the condition that the image of the Gauss map lies in the set {a; = 0}
which corresponds to a great circle on Si is also preserved. It is a special case
of the following general theorem.

Theorem C. Suppose 3¥; C R™™ ¢ € [0,T) are compact immersed subman-
ifolds evolving by the mean curvature flow. If v(3¢) lies in a totally geodesic
submanifold of G(n,m), so does y(¥X;) fort € [0,T).

A compact Lagrangian submanifold remains Lagrangian under the mean cur-
vature flow in a Kéhler-Einstein manifold, see for example Smoczyk [14]. When
the ambient space is C", since the Lagrangian Grassmannian U(n)/SO(n) is
totally geodesic in G(n,n), this also follows from Theorem C.

Theorem A and C are proved in §2. Theorem B is proved in §3. In §4, we
prove = (see Theorem B) is a convex subset of the Grassmannian. In §5, we
discuss briefly the necessary adaptation when the ambient space is a general
Riemannian manifold.
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2. Gauss Maps

We refer to [22], [7], [10], [11] for general facts on Grassmannnian geometry.
We shall adopt the description G(n,m) = SO(n + m)/SO(n) x SO(m). The
tangent space of G(n,m) at the identity can be identified with the space of block
matrices of the form

0 A
v ]

where A is an n x m matrix. The homogeneous metric on G(n,m) is ds* =
Y AL

Let P € G(n,m) be an n-dimensional subspace and TpG = TpG(n, m) be the
tangent space of G(n,m) at P. Let e;(s) A---Ae,(s) represent a one-parameter
family of n planes with {e;(s), -+ ,e,(s)} as their orthonormal bases so that
e1(0)A---Nep(0) =e; A--- Aey represents P. We have

d
%\32061(5)/\---/\6”(8):ell(O)/\--'/\en+---+61/\---/\e;(O).

By the identification TpG = Hom(P, P1), we may assume €}(0) lies in the
orthogonal complement P+. The length of this tangent vector in A"R"+™ is
(3 ]€4(0)[2)z. This element is identified with > ef @ €/(0) € Hom(P, PL) by
the natural pairing through e; A --- A ey,. It is clearly an isometry.

Now suppose Y is an immersed submanifold in R**" with Gauss map - :
Y — G(n,m). Thus we have a canonical identification of bundles

(2.2.1) YITG =T*Y ® NX.
We recall the statement of Theorem A and present the proof.

Theorem A. The Gauss maps of a mean curvature flow v : (X, g:) — G(n,m)
form a harmonic map heat flow, i.e.

—y =trVd

dtﬁy 2

where dy is considered as a section of T*Y; @ v~*T'G(n,m) and the trace is
taken with respect to the induced metric g;.

Proof. Recall from Ruh-Vilms|[13], the tension field trVd~y of the Gauss map ~y
can be identified with VH, where V is the connection on the normal bundle.
We can identify dy € T'(T*X ® v~ 1(TG)) with the second fundamental form
AeT(T*E ® T*¥ ® NX) through (2.2.1). Now trVA = VH by the Codazzi
equation.

It suffices to show %’y = VH. Express each element in T*XQNY as ) . e Qu;,
v; € NX, the corresponding tangent vector in the Grassmannian is

viNeg N Nepy+--F+er N Nep—1N\Uy.
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With the identification, it is clear that the element corresponds to VH is
Ve HNea A Nep+---+eg A~ AV, H.

To calculate ’é—z at any space-time point (p,t), we fix a coordinate system
xzt,--- 2" on M.
The Gauss map is determined by
B 1 oF; Ao oF;
= \/ det Gij 3331 ox™ '
We may assume % = e; forms an orthonormal basis at (p,t). Recall the

following evolution equation of the volume element:

d
E detgij :—\H]2\/detgij.

On the other hand, % gf L= gg . By decomposition into tangent and normal
parts, we have

0H 0H OF .. OF
— (2 Jk
oxt <6:1:i’ 6xj>g ok + Ver .
Using (92, 28 — —(H, %% it is not hard to check

d
Tli—on = Ve, HNes Ao New+over A AV, H
and the theorem is proved. O

Now let p be any function on G(n,m), the composite function po~y : (X, g;) —
R satisfies the following equation

d d
2P0 = dp(Zy) = dp(trVdy)

where trVdy is the tension field. The following calculation can be found in
Proposition (2.20) of Eells-Lemaire[6]

A¢(p o) =trVdp(dy,dy) + dp(trVdy)
where A; is the Laplace operator on Y.
Therefore

d
(2.2.2) (E — A)pory=—trVdp(dy,dy).

In case p is convex, Vdp is a positive definite quadratic form and Corollary A
follows from this equation. The following theorem is a direct consequence of the
maximum principle of parabolic equations.

Theorem 2.1. Suppose ¥y C R™™™ are compact immersed submanifolds evolv-
ing by mean curvature flow. If v(Xo) lies in a convex set of G(n,m), so does
v(X¢) fort €[0,T).
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Next we recall the statement of Theorem C and present the proof.

Theorem C. Suppose ¥; C R"™™ ¢ € [0,T) are compact immersed subman-
ifolds evolving by the mean curvature flow. If v(3o) lies in a totally geodesic
submanifold of G(n,m), so does y(%X;) fort € [0,T).

Proof. Let ¥ be a totally geodesic submanifold and d(-, ¥) be the distance func-
tion to €. We consider the second derivative of the square of the distance func-
tion, 7(-) = d?(-,T). Fix py ¢ T, we assume pg lies in a sufficiently small tubular
neighborhood of ¥ without focal points. Let ag(t),0 < ¢ < 1, be a minimizing
geodesic from pg to p € T which realizes the distance to T. We assume g (t)
is parametrized so that |af(t)| = d(po,p) = d(po, ). Let v(s),—e < s < € be
a normal geodesic through pg = v(0) such that X = ¢/(0) is perpendicular to
a/(0).

Following Proposition (3.11) of Eells-Lemaire [6] (see also Bishop-O’Neill[1]),
there exists a parametrization

a:[—e, €] x [0,1] = G(n,m)
such that each a,(t) = a(s,t),0 <t <1 is a minimizing geodesic from v(s) to
% and «(s,0) = v(s). Denote T' = %—? and V = g_?;v then V is a Jacobi field, i.e.
VrVrV =—-R(T,V)T.
Thus V(0,0) = v’(0) and V(s,1) is tangent to T because (s, 1) is contained
in ¥. Also notice that

(2.2.3) (V,T) =0 at both pp = «(0,0) and p = (0, 1).

The second variation can be calculated as in Eells-Lemaire [6] and we obtain
0%r
0s?

Now (VyV,T) =0 at pg = a(0,0) because v(s) is a geodesic. At p = «(0,1),
T is normal to ¥ and V' is tangent to T, therefore (Vy V| T) represents a second
fundamental form of ¥; this terms vanishes as well because ¥ is totally geodesic.

We claim (V,T) = 0 along «g. Indeed, taking derivative of (V,T") with respect
to t twice, we obtain

T(VyV,T) = (VoVeV,T) = —(R(T, V)T, T) = 0.

Thus (V7 V,T) = T(V,T) is a constant function in ¢, or (V,T) is a linear function
in ¢ along ag. Since (V,T) = 0 at py and p, we conclude (V,T) = 0 along «y.

From (V,T) = 0, we deduce (R(T,V)T,V) < K;|V|?|T|? along ag, where
K, is an upper bound of the sectional curvature of G(n,m). Moreover, along
oo we have |[V]? < Kj|X|? for a constant K, that depends on the sectional
curvature and the size of the tubular neighborhood by a comparison argument.
Now (2.2.4) implies

(2.2.4) |s=0 = <VVV,T)|(1)+/O (VrV,VrV) —(R(T, V)T, V) dt.

9%r

@h:o > —K3|X|?
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or
Vdr(X,X) > —K3|X|?

at any point pg in a sufficiently small tubular neighborhood of <.
Combine this equation with equation (2.2.2), we derive

(2.2.5) (% —A)(roy) < K'ron.

K’ involves the second fundamental form (recall A = dy), but as long as the flow
exists smoothly K’ is bounded. The assumption implies r o v = 0 initially and
this remains true afterwards by applying the maximum principle to (2.2.5). O

3. Applications

Note the summation convention, repeated indices are summed over, is adopted
in the rest of this article. We first define the set = in the statement of Theorem
B. Q, as a simple unit n-form, is dual to an n-subspace ). Given any P that
can be written as the graph of a linear transformation Lp : Q — Q=+ over Q.
Denote by \;(P) the singular values of Lp or the eigenvalues of the symmetric

matrix \/LELp. = is then defined by
(3.3.1) E={P € G(n,m) | Pis a graph over Qand |[A\;\;| <1 for any i # j.}

It is not hard to see (P) = ——~—_. Therefore

VI (1+22)

1
Q> 3 implies |\ \;| < 1.

Theorem B. Let Q) be a simple unit n form on R*™™  then —In, as a function
on G(n,m) is convex on E which properly contains the set {1 > 1}.

Proof. Given P = e A\---Ae,, € G(n,m) and suppose the orthogonal complement
P+ is spanned by {€,1a}a=1...m- By a formula of Wong[22], a geodesic through
P parametrized by arc length is given as Py spanned by {e; + zia(S)€nta ti=1..n
such that Z = [2;,(s)] is a n x m matrix which satisfies the following ordinary
differential equation:

7" —27'7ZT (1 + 2277 =o.
We assume z;,(0) = 0, i.e. Py = P, then the geodesic equation implies
1

7 (0) = 0. We also denote z.,(0) = p;q in the following calculation.
We shall calculate the second derivative of the In of

z

(3.3.2)  p(s)=Q(F) = \/ﬁﬂ(el + 21a(8)entar s en + Znal(S)enta)

where g;;(s) = 0i; + zia(s)zja(s). By direct calculation,

9:;(0) =0, and g;(0) = 2piatija-
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Therefore g = det g;; satisfies

1 / _ an L 7 — 2
(3.3.3) (ﬁ) (0) =0, d(\/g) (0) = —tiq-

Differentiating equation (3.3.2) and plugging in (3.3.3), we obtain

p/(O) = NlaQ(enJra? €2, " 7en) +-+ Mnaﬂ(ela o, 6p—1, en+o¢)
p//(O) = _(Z ,u?a)ﬂ(el, €2, aen) + Q[Mlaﬂ2ﬁg(en+a) €ntpy" aen) 4 ]’

the expression in the bracket runs through (i,7) with i < j, the general form
is piapjgSd(er, -+ enta, * ,€nts, - ,en) where we replace e; and e; by €14
and e, g, respectively. Now

//_i ey (N2
(np)™ = 5" = ()]

We shall assume Q(P) > 0, therefore P can be written as a graph over the
plane dual to €. By singular value decomposition, we can choose the basis
e1, ey for P and e, 1, - €ppm for P+ such that

1

1
3.3.4 ei = ———(a; + Nianyi) and e, = ———(Anta — Aala
( ) m( +) + m( + )
for i = 1---n and « = 1---m where we pretend \; = 0 and A\, = 0 for

i, > min{m, n}. Here {a;} is an orthonormal basis for the plane dual to 2 and
{@n+a} an orthonormal basis for the orthogonal complement.

p'(0) = —ptintiAip(0)
p"’(0) = [—(Z i o) +2 Z Wisntikgn+iNiA; — 2 Z Hin+jHn+iAiA;]p(0)

bha i<j i<j
Therefore
(Inp)"(0) = =( D 1 na) + 2D HimtitlintihiAj
i,n+a 1<j
(3.3.5) =2 pimrityntididg — (O tinride)?
i<j i
= —(Z /’Lzz,n-i-a) -2 Z Mg g ntiAiAj — Z(Mi,n—i-i)\i)Z,
1,0 1<J 4

By completing square we derive —Inp is a convex function of s if [A;A;] <1
for any ¢ # j. Since we can perform this calculation in any direction, —In{Q is a
convex function on =. O

Theorem B should be compared with the explicit formula derived in [19].
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4. Grassmannian Convexity of =

First we give a new characterization of = in terms of the positivity of a bilinear
form. Consider the bilinear form S on R"*™ defined by

S(X,Y) = (m(X), 71 (Y)) — (m2(X), m(Y)) for X, Y € R*™™

where 7; and my are projections from R"™™ = R"™ @& R™ to R™ and to R™,
respectively. Let P be an n-subspace of R™*™ that is a graph over the base
Q@ = R"; we denote the restriction of S to P by S|p.

For any (not necessarily orthonormal) basis {e;} of P, S|p is represented by

Sz'j = S(ei, ej).
We also define
1 ‘
gij = (eiej) and o] = (g™ Sk + ¢/ Si)

where g% is the inverse to g;;. Then o = (af ) : P — P becomes a self-adjoint
map and satisfies

(0(P)(X),Y) = S[p(X,Y).
o induces a linear map on A?P by
c(XANY)=0c(X)ANY + X ANo(Y).
The collection {e; A e;}i<; forms a basis for AP and in terms of this basis
oleiNej) = Zofek Nej+ J;»ei Ne = Z(Ufé} + 05653 - Uééf - oféﬁ)ek Nej.
k.l k<l
We can use o to characterize Z, in fact

E={PeGn,m)| min (6(P)(w),w) > 0}.
WEAN2P
To see this, apply singular value decomposition to find an orthonormal basis
as in the last section {¢; = ———(a; + A\ian44)} for P, then

V1+A2
7

Y

The coefficient of o on A2P is

A2 1— )2

(Kl) _ kgl lk_l )‘zkl lsk

(A1) oy =000y + 0300 = 0000+ 300
7 J

242
(1+22)(1+ )\?) v
if i < j and k < [. Therefore o(P) being positive definite on A2P is the same as
the area-decreasing condition |A;A;| < 1.
Now we use this characterization by o to prove the convexity of Z=.

Theorem 4.1. = is a conver subset with respect to the Grassmannian metric.
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Proof. The proof is inspired by Hamilton’s maximum principle [8] [9] for tensors.
Let P be a boundary point of =, so o(P) is non-negative definite on A2P. Let
w € AP be a zero eigenvector of o(P) so that (o(P)w,w) = 0. Consider a
(Grassmannian) geodesic P(s) through P and an extension of w, ws on P(s)
and denote f(s) = (o(P(s))(ws),ws). To check the convexity, it suffices to show
for any geodesic P(s) we can find an (arbitrary) extension w, so that f/(0) =0
and f”(0) < 0. We remark that an arbitrary extension of w is good enough
as the minimum function mingea2p{o(P)(w),w) is always less than or equal to
f(s) along P(s).

As in the previous section, we choose an orthonormal basis {e;} for P, so
that P = e; A--- Ae, € G(n,m) and suppose the orthogonal complement P+
is spanned by {€,1a0}a=1..m- A geodesic parametrized by arc length is given as
P spanned by {ei + zia(s)enJra}i:l---n-

Denote

(4.4.2) Siji(s) = S(e; + zia(S)entar€j + 2i3(s)ens+),

9i5(5) = (ei + Zia(s)enta, €5 + 2jp(s)entp) = 0ij + Zia(5)Zja(s)-
For any element of A2P;,
we = > w(s)(ei + zia(8)enta) A (&) + 25 (S)ents).
i<j
we have
(4.4.3) wsl* = Y w ()" (5)(gan(5)g51(5) — gir()gn(s))-
i<jk<l

We shall choose w so that |ws|? is constant up to second order at s = 0.
On the other hand,

f(5) = (0(P)(ws),ws) = D w(8)w™ (8)oizy i (s)
i<j, k<l
where
(4.4.4) oy (s) = Sik(s)gju(s) + Sj(s)gin(s) — Su(s)gjk(s) — Sjk(s)gu(s).
We recall that z;,(0) = 2/, (0) = 0 and 2{_,(0) = ftiqa, also
9:(0) = 0, and ¢;3(0) = 2piaftja-
In the following calculations, all derivatives are taken at s = 0.
By equation (4.4.2),
SZ{]' = NiaS(en+o¢7 ej) + Njﬁs(eia enJr,@)’ SZ/; = 2/~Liaﬂjﬁs(en+aa enJrﬁ)a
By (4.4.4), we derive for i < j and k <[,
Tl ) = Sikdjt + Sjidik — Sidjk — Sjpi
and

1!

(0@ kty)” = Six0ji+S50ik — S50k — Sj0i+ Sikgj +Sjugis, — Sugx — Sirgi-
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Since w is a zero eigenvector of ¢ on A’P, w = e; A e; where ¢; and e; are
eigenvectors of o on P. By reordering the basis, we may assume w = ej A es.
We extend w to ws so that (w*)’(0) = 0 to make (|ws|?)’(0) = 0.

Now

f/(O) (U(ZJ)(kl)) Wikl = (0(12)(12))’ = 2105 (entas€1) + 21205 (€ntas €2)

By (3.3.4), S(enta,er) = —%5%, so f'(0) = 0 implies
A1 Ao
4.4.5 m— — =0.
( ) 1+)\%M11+1+>\%M22

On the other hand, f(0) = 0 implies o\'2 = 0 or Ay Ap = 1. It follows that

(12) —
1;?—3% = 11—33 and by (4.4.5),

(4.4.6) i = 3.
To keep (Jws|?)”(0) = 0, it suffices to set

2(w')"(0) = =gy — oo = =2 Hia =2 p2a2:
« (0%

We shall assume m > n in the following calculation, the case m < n can be car-
ried out similarly. The second derivative of f can be calculated in the following.

—(1)"(0) = = (o)) @ w™ = (00 (@) W™ = (0500 )0 (@)
—(oaz)a2)” — 2w™) 00202
= —2/1a0185 (€ntas€ntps) — 21201285 (Entar Ents) — Q(Z /"L%Q)SQ2

- 2(2 [130)S11 + 2(2 [T+ H50)(S11 + S22)

Write Tho = S(€nta;enta) and deduce from (3.3.4) T3 = —S7; and Toy =
— S99, the last expression is equal to

2 Z,Ulas’ll +2 ZM2a522 + 2ZN1aTaa + 2ZM2a ao

= 4#11511 + 4#22522 + 2#12(511 + Sa2) + 2#21(511 + S92)
+22#1a (S11 — Taa +22,u2a (S22 = Taa)-

a>3 a>3
Now S11 + S22 = 0 and it is not hard to check S11 — The and Soy — T are both
non-negative for any o > 3. Therefore
—f"(0) > 4pi, S + 45520,
It follows from equation (4.4.6) that f”(0) is non-positive and the theorem is

proved. O

We remark a similar calculation in the mean curvature flow case is presented
in Tsui-Wang [16].
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5. Riemannian Ambient Manifolds

When applying theorem A and C to general ambient Riemannian submanifold
M, the validity of the theorem depends on the curvature of M. The Gauss
map « is a section of the Grassmannian bundle & over the ambient space M.
Now 7~ 1(T'®) can be identified with T*% ® N as before. dy is a section of
T3 ® T*Y ® NX which is exactly the second fundamental form A.

By the Codazzi equation,

(5.5.1) trVdy = trVA =VH+ (R(-,ex)er) ™

where R(X,Y)Z = —VxVyZ+VyVxZ—V|x y)Z is the curvature operator of
M and {ex}r=1..., is an orthonormal basis for T¥. Notice that our convention
is (R(X,Y)X,Y) > 0 if M has positive sectional curvature. (5.5.1) is considered
as an equation of sections of T*X ® NX.

Therefore, as in Theorem A we have

d
P trVdy + (R(e, )er) ™"

Now if 2 is any n form on M, it defines a function on the Grassmannian
bundle. When 2 = p is a parallel form, we get as before

d
(5.5.2) (5 = D)p oy =—trVdp(dy,dy) + Vp- (Rlex, Jer)*

where Vp is consider as a tangent vector on the Grassmannian. The curvature
term usually prefers positive ambient curvature, we refer to [17], [18] and [19]
for explicit calculations under various curvature conditions.

When € is not parallel, the formula involves the covariant derivatives of 2
and the general equation was derived in [21].
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