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JACOBI THETANULLWERTE, PERIODS OF ELLIPTIC
CURVES AND MINIMAL EQUATIONS

Jordi Guàrdia

Abstract. We introduce a family of modular functions which provide the coef-
ficients of algebraic Weierstrass equations for complex toruses corresponding to
elliptic curves defined over a number field. The equations built with these new
modular functions have good arithmetical properties, since they are minimal global
equations outside 2 and 3.

Introduction

The relation between elliptic curves and complex toruses has been studied
mainly by means of the Weierstrass ℘-function. The relations of theta-functions
with elliptic curves are well-known, although their arithmetical applications have
been less explored. We want here to exploit the properties of the theta functions
to find Weierstrass equations of elliptic curves with good arithmetic properties.

Every complex torus C/Λ has an associated elliptic curve

EΛ : Y 2 = 4X3 − g2(Λ)X − g3(Λ),

where g2(Λ) = 60
∑

ω∈Λ\{0}
1

w4 , g3(Λ) = 140
∑

ω∈Λ\{0}
1

w6 . The curve is defined
over the field generated by the j-invariant

j(Λ) = 1728
g2(Λ)3

g2(Λ)3 − 27g3(Λ)2
,

by the equation

Y 2 + XY = X3 − 36
j(Λ)− 1728

X − 1
j(Λ)− 1728

,

whose coefficients will not be integral over Z[j(Λ)] in general. Moreover, one
of the coefficients g2(Λ), g3(Λ) of the first equation may be algebraically inde-
pendent from j(Λ). The Weierstrass ℘ function and its derivative establish an
analytic isomorphism ϕ : C/Λ→ EΛ(C) between the torus and the elliptic curve
such that ϕ∗dX/2Y = dz. Hence, the period lattice spanned by the differential
form dX/2Y is precisely Λ.
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Reciprocally, given an elliptic curve in general Weierstrass form

E : Y 2 + a1XY + a3Y = X3 + a2X
2 + a4X + a6,

integrating the differential form ωE = dX
2Y +a1X+a3

along the non-trivial closed
continuous paths on E, we obtain a period lattice ΛE such that the complex
torus C/ΛE is analytically isomorphic to the original curve.

Through these two correspondences, isomorphic elliptic curves go to homo-
thetic lattices and viceversa. For this reason, it is common to work only with
lattices of the form Λ = 〈1, τ〉, where τ is an element of the Poincaré upper half
plane H = {z ∈ C | Im(z) > 0}. The corresponding objects are then denoted as
depending only on τ : g2(τ), g3(τ), j(τ), Eτ , etc.

While this reduction is very useful for many purposes, it seems to cause a loss
of arithmetic information. For instance, the period lattice of the elliptic curve

Y 2 = 4X3 − 4X

can be taken to be Λ = Z[i], but g2(Z[i]) = 189.07272..., which has nothing
to do with the coefficient of X in the equation of the curve. If one wants to
recover the original curve, one has to re-scale the lattice and take ΩZ[i], where
Ω =

√
πΓ(1/4)/Γ(3/4). Given τ such that j(τ) ∈ Q, it is a difficult matter

to determine a scaling factor u ∈ C such that the values u4g2(τ), u6g3(τ) are
algebraic. This article is concerned with the resolution of this problem.

In the general set up of abelian varieties, this problem was first studied
by Shimura ([8]), who introduced certain scaling factors expressed in terms of
derivatives of theta functions. Several authors ([3], [5], [4]) have studied these
factors from different viewpoints. As we will see, the case of elliptic curves
is quite easier and it can be solved independently from Shimura’s work. The
link between our solution and Shimura’s ideas is provided by the triple product
formula of Jacobi (formula (2) below).

Two classical formulas of Jacobi will allow us to obtain intrinsic arithmetic
information from a given τ :

√
k =

θ2(τ)
θ3(τ)

, K =
π

2
θ3(τ)2,

expressing the modulus k and the complete elliptic integral of the first kind
K(k) =

∫ 1

0
dx√

(1−x2)(1−k2x2)
in terms of Thetanullwerte (defined below), that is,

in terms of values at zero of theta functions. The first equality provides an
efficient way of computing absolute invariants for a complex torus C/〈1, τ〉. The
second formula can be seen as a relation between the holomorphic differential
form dz on the complex torus C/Λ and the differential form dx√

(1−x2)(1−k2x2)
on

the elliptic curve.
By a combined application of Jacobi’s formulas, we provide an answer to the

following two questions:
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A) Given a complex torus C/〈1, τ〉 such that the associated elliptic curve Eτ

is defined over a number field, determine a Weierstrass equation for Eτ

with algebraic coefficients.
B) Given an elliptic curve E over an order in a field of characteristic different

from 2,3 with potentially good reduction, find a (quasi) minimal equation
for it.

The solution of the first problem is based on the use of Thetanullwerte, but
could be also derived with no mention to them. The formulas obtained are
universal, in the sense that they remain valid over an arbitrary field, and hence
we can use them to solve the second problem.

1. Basic facts about theta functions

We recall some basic facts about theta functions, which we will need along
the article. First of all, we remind the definition of the four one-dimensional
theta functions. Given a, b ∈ {0, 1/2}, we define:

θ(z, τ) =
∑

n∈Z exp(πiτn2 + 2πinz)

θa,b(z, τ) = exp(πia2τ + 2πia(z + b))θ(z + b + aτ, τ)

=
∑

n∈Z exp(πiτ(n + a)2 + 2πi(n + a)(z + b)).

We write as usual

θ1(z, τ) = θ1/2,1/2(z, τ), θ2(z, τ) = θ1/2,0(z, τ),
θ3(z, τ) = θ0,0(z, τ), θ4(z, τ) = θ0,1/2(z, τ).

We are specially interested in the values at z = 0 of these functions, θk(0, τ),
which are usually called Thetanullwerte and denoted by θk(τ). Since θ1(z, τ)
is an odd function of z, θ1(τ) is identically zero, and we consider instead the
value θ′1(τ) := ∂θ1(z,τ)

∂z |z=0. Jacobi proved two fundamental relations between
the Thetanullwerte:

θ2(τ)4 + θ4(τ)4 = θ3(τ)4,(1)
θ′1(τ) = −πθ2(τ)θ3(τ)θ4(τ).(2)

Moreover, they have the following modular behaviour:

θ2(τ + 1) = ζ8 θ2(τ), θ2(−1/τ) = ζ−1
8

√
τ θ4(τ),

θ3(τ + 1) = θ4(τ), θ3(−1/τ) = ζ−1
8

√
τ θ3(τ),

θ4(τ + 1) = θ3(τ), θ4(−1/τ) = ζ−1
8

√
τ θ2(τ).

where ζ8 = exp(πi/4), and
√

τ denotes the principal branch of the square root.
We refer to [7, ch. I], for proofs of all these formulas.
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2. Periods of algebraic differential forms

Let E be an elliptic curve defined over the complex numbers. Let L = Q(jE)
be its field of definition. We may think that E is given by an equation Y 2 =
(1 − X2)(1 − k2X2) over a certain extension L(k) of L. The period lattice
corresponding to this model of E is determined by the complete integrals of the
first kind K(k), K ′(k) (cf. [6, chap. 2]):

K(k) =
∫ 1

0
dx√

(1−x2)(1−k2x2)
,

K ′(k) =
∫ 1/k

1
dx√

(1−x2)(1−k2x2)
= K(

√
1− k2).

We can take the normalized period lattice given by τ = iK ′(k)/K(k) (cf. [6, p.
131])), which satisfies jE = j(τ). The elliptic curve E and the complex torus
C/〈1, τ〉 are analytically isomorphic, and it is clear that, through this isomor-
phism, the differential form K(k)dz on the torus corresponds to a differential
form on the curve which is defined over L(k).

The modulus k and the integral K(k) can be expressed in terms of the Theta-
nullwerte (cf. [9]):

√
k =

θ2(τ)
θ3(τ)

, K =
π

2
θ3(τ)2.

If we depart from a given τ ∈ H, we can use these two formulas to find directly
the value of K(k) and hence build the differential form K(k)dz with no need of
an equation of the elliptic curve Eτ . In fact, combining these formulas with (1)
we see that any of the differential forms on the torus C/〈1, τ〉:

πθ2(τ)θ4(τ)dz, πθ2(τ)θ3(τ)dz, πθ3(τ)θ4(τ)dz

comes from a differential form on the elliptic curve Eτ , defined over a finite
extension of L(k).

Definition 2.1. We call theta-factors of the periods of Eτ the numbers:

π2(τ) := πθ3(τ)θ4(τ), π3(τ) := eπi/4πθ2(τ)θ4(τ), π4(τ) := πθ2(τ)θ3(τ).

The algebraic period lattices of Eτ are

Λτ,2 = π2(τ)〈1, τ〉, Λτ,3 = π3(τ)〈1, τ〉, Λτ,4 = π4(τ)〈1, τ〉.
As a consequence of the discussion above, we know that the Λτ,r are period

lattices of models of the elliptic curve Eτ , defined over certain algebraic exten-
sions of Q(j(τ)). We shall find these algebraic models explicitly. Since we know
that the period lattice spanned by the differential form dX/2Y of the elliptic
curve

Y 2 = 4X3 − g2(Λτ,r)X − g3(Λτ,r)(3)

is precisely Λτ,r, we have to compute the invariants g2(Λτ,r), g3(Λτ,r), and find
their relations with j(τ). We are then led to the following definition:
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Definition 2.2. Let πr(τ) = πθs(τ)θt(τ) be any theta-factor. The algebraic
Eisenstein functions G2,r,G3,r and the algebraic discriminants Dr are:

G2,r(τ) = 62 g2(τ)
πr(τ)4

= (−1)r24

(
θ2(τ)8 + θ3(τ)8 + θ4(τ)8

θs(τ)4θt(τ)4

)
,

G3,r(τ) = 63 g3(τ)
πr(τ)6

=−i(r−2)232
(θ3(τ)4+θ4(τ)4)(θ2(τ)4−θ4(τ)4)(θ2(τ)4+θ3(τ)4)

θs(τ)6θt(τ)6
,

Dr(τ) = 66 ∆(τ)
πr(τ)12

= G2,r(τ)3 − 27G3,r(τ)2 = (−1)r21036 θr(τ)8

θs(τ)4θt(τ)4
.

The reasons for the term algebraic in this definition will become clear along
the following sections.

3. Modular properties of the theta-factors

The modular transformations of the theta-functions give immediately the
modular properties of the theta-factors.

Proposition 3.1. The theta-factors of the periods of Eτ satisfy the functional
equations

π2(τ + 1) = π2(τ), π2(−1/τ) = −iτπ4(τ),
π3(τ + 1) = iπ4(τ), π3(−1/τ) = −iτπ3(τ),
π4(τ + 1) = π3(τ), π4(−1/τ) = −iτπ2(τ).

Let us denote by S =
(

1 1
0 1

)
, T =

(
0 1
−1 0

)
the usual generators of the

modular group Γ = SL2(Z). We consider the following congruence subgroups:
Γ2 := Γ0(2) = 〈S, TS2T 〉, Γ3 := Γθ = S−1TΓ0(2)TS = 〈S2, T 〉, Γ4 := Γ0(2) =
TΓ0(2)T = 〈S2, TST 〉.

The transformation of the theta-factors under the generators of these groups
are given in the following table:

π2(Sτ) = π2(τ), π2(TS2Tτ) = −i(2τ − 1)π2(τ),
π3(S2τ) = iπ3(τ), π3(Tτ) = −iτπ3(τ),
π4(S2τ) = iπ4(τ), π4(STSτ) = (τ + 1)π4(τ).

4. Algebraic modular forms

From the formulas above, we can deduce the modular behaviour of the alge-
braic Eisenstein functions.
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Proposition 4.1. We have:

G2,2(Sτ) = G2,2(τ) G2,3(Sτ) = G2,4(τ) G2,4(Sτ) = G2,3(τ)
G2,2(Tτ) = G2,4(τ) G2,3(Tτ) = G2,3(τ) G2,4(Tτ) = G2,2(τ)
G3,2(Sτ) = G3,2(τ) G3,3(Sτ) = −G3,4(τ) G3,4(Sτ) = G3,3(τ)
G3,2(Tτ) = −G3,4(τ) G3,3(Tτ) = −G3,3(τ) G3,4(Tτ) = −G3,2(τ)
D2(Sτ) = D2(τ) D3(Sτ) = D4(τ) D4(Sτ) = D3(τ)
D2(Tτ) = D4(τ) D3(Tτ) = D3(τ) D4(Sτ) = D2(τ)

Let us define three systems of multipliers for the groups defined above:

ν2 : Γ0(2) −→ {±1},
ν2(S) = 1,

ν2(TS2T ) = −1,

ν3 : Γθ −→ {±1},
ν3(S2) = −1,
ν3(T ) = −1,

ν4 : Γ0(2) −→ {±1},
ν4(S2) = −1,
ν4(TST ) = 1.

Corollary 4.2.
a) G2,2(τ),D2(τ) are modular functions for the group Γ0(2), and G3,2(τ) is a

modular function with multiplier system ν2 for Γ0(2).
b) G2,3(τ),D3(τ) are modular functions for the group Γθ, and G3,3(τ) is a

modular function with multiplier system ν3 for Γθ.
c) G2,4(τ),D4(τ) are modular functions for the group Γ0(2), and G3,4(τ) is a

modular function with multiplier system ν4 for Γ0(2).

Remark: The functions G3,r are in fact modular functions for congruence
subgroups of level 4.

We shall use these modular functions to solve the problems stated in the in-
troduction. We begin relating them with other well-known invariants for elliptic
curves.

Let Γr denote the three level 2 congruence subgroups corresponding to the
modular functions G2,r,G3,r,Dr. The modular curve Xr = Γr \ H has genus
0, since it is a quotient of the modular curve X(2) which has also genus 0. In
fact, since the three subgroups Γ2,Γ3,Γ4 are conjugate, the curves X2, X3, X4

are isomorphic. We have two quotient maps:

X(2) −→ Xr −→ X(1).

It is well-known that the invariant j(τ) is a Hauptmodul for the curve X(1). Con-
cerning the curve X(2), a Hauptmodul for it is given by the Legendre invariant
([6, p. 131 and p. 181]):

λ(τ) = k(τ)2 =
θ2(τ)4

θ3(τ)4
.(4)

The quotient map X(2) −→ X(1) sends λ(τ) ∈ C to

j(τ) = 28 (λ(τ)2 − λ(τ) + 1)3

λ(τ)2(1− λ(τ))2
= 32

(θ8
2(τ) + θ8

3(τ) + θ8
4(τ))3

θ8
2(τ)θ8

3(τ)θ8
4(τ)

.(5)

We might relate the modular functions G2,r,G3,r,Dr with these two invariants in
a number of ways. For instance, we may write the definitions of all the invariants
in terms of Thetanullwerte, and eliminate these by using formula (1) above. It
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is easier to find the relations with λ(τ), which amounts to explicit the map
X(2) −→ Xr. We present the results obtained for G2,3,G3,3,D3, the remaining
ones being quite similar.

Proposition 4.3. We have:

a) G2,3(τ) = 48
λ(τ)2 − λ(τ) + 1
(1− λ(τ))λ(τ)

,

b) G3,3(τ) = 32i
(λ(τ) + 1)(λ(τ)− 2)(2λ(τ)− 1)

((1− λ(τ))λ(τ))3/2
,

c) D3(τ) = − 21036

λ(τ)(1− λ(τ))
.

From these formulas we may find the relations of the algebraic Eisenstein
forms with the invariant j(τ), by eliminating the invariant λ(τ) using formula
(5). In this case, we obtain the same relations for the three families of invariants:

Proposition 4.4. Let u(τ) = j(τ)− 1728. Then
a) G2,r(τ)3 − 32j(τ)G2,r(τ) + 2433j(τ) = 0;
b) G3,r(τ)6 + 243u(τ)G3,r(τ)4 − u(τ)2(j(τ)− 283)G3,r(τ)2 + 212u(τ)3 = 0.
c) Dr(τ)3 + 21037Dr(τ)2 − 212312(j(τ)− 283)Dr(τ) + 230318 = 0;

The formulas in proposition 4.4 may be seen as equations for the modular
curves Xr. They have the remarkable property that all of their coefficients are
integral, and all of them are powers of 2 and 3. Hence, they define the curve Xr

over any field of characteristic different from 2 and 3. Moreover, we see that:

Theorem 4.5. The invariants G2,r(τ),G3,r(τ) and Dr(τ) are algebraic integers
of degree at most 3, 6 and 3 respectively over the ring Z[j(τ)].

Since G2,r(τ) is in fact a hauptmodul for the curve Xr, the invariants G3,r(τ),
Dr(τ), j(τ), will depend algebraically on it:

Proposition 4.6. We have:
a) 27G3,r(τ)2 = (G2,r(τ) + 144)(G2,r(τ)− 72)2;
b) Dr(τ) = 2635(G2,r(τ)− 48);

c) j(τ) =
G2,r(τ)3

9(G2,r(τ)− 48)
.

5. Minimal equations for algebraic elliptic curves

Let E be an elliptic curve defined over a number field K. We choose a period
τ ∈ H such that j(τ) = j(E) ∈ K is the absolute invariant of E. By theorem
4.5, the equations

Er(τ) : Y 2 = 4X3 − G2,r(τ)X − G3,r(τ)

are algebraic integral models of Eτ � E, defined over the ring of integers of the
field L = K(G2,r(τ),G3,r(τ)). By propositions 4.4 and 4.6, we know that the
extension L/K has degree at most 6.
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The following result shows the good arithmetic properties of these algebraic
equations:

Theorem 5.1. If the elliptic curve E has potentially good reduction at a prime
p in K then the equations

Er(τ) : Y 2 = 4X3 − G2,r(τ)X − G3,r(τ)

are p-integral models of E. If moreover p does not divide 2 and 3, the equations
Er(τ) have good reduction at the primes of L over p.

Proof. The coefficients of the algebraic equation Er are algebraic integers over
Z[j(τ)] and, by hypothesis, j(τ) is p-integral. The discriminant of Er(τ) is the
algebraic discriminant Dr(τ), which is again an algebraic integer over Z[j(τ)].
By proposition 4.4, we know that the norm of Dr(τ) over Q is only divisible by
2 and 3, so that Er(τ) has good reduction at p when p does not divide 2 and
3.

As a consequence, when j(τ) is an algebraic integer, the algebraic equation
Er(τ) is almost a global minimal model of Eτ , since it can only have bad reduction
at primes dividing 2 and 3.

6. Examples

The algebraic equations introduced in section 4 are particularly interesting
for elliptic curves with potentially good reduction everywhere, i.e., with integral
j-invariant. Elliptic curves with complex multiplication constitute a good source
for such curves.

Gross ([1]), using a formula of Chowla and Selberg, found a minimal model
over Z of the elliptic curves with complex multiplication by the ring of integers
of Q(

√−p) for the primes p = 7, 11, 19, 43, 67, 163 (all of them with class number
1). While our algebraic equations are not defined over Z in general, they can be
used for any elliptic curve with or without complex multiplication.

For p = 7 and τ = 1+
√−7
2 Gross found the equation

E : Y 2 + XY = X3 −X2 − 2X − 1,

with invariant j(τ) = −3353, and discriminant ∆ = −73. The equations Er(τ)
provided by the algebraic Eisenstein functions are defined over quadratic exten-
sions of Q:

E2(τ) : Y 2 = 4X3 − 45X − 27
√

7, D2(τ) = −2636,

E3(τ) : Y 2 = 4X3 + 45
1− 3i

√
7

2
− 27

35− 9i
√

7
2

, NK/QD3(τ) = 224312,

E4(τ) : Y 2 = 4X3 + 45
1 + 3i

√
7

2
+ 27

35 + 9i
√

7
2

, NK/QD4(τ) = 224312.

These equations are minimal models of E over Z[
√

7],Z[
1 +
√−7
2

] everywhere

except at the primes dividing 2. Using Chowla-Selberg’ formula ([2]), we may
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express the values of the theta-factors in terms of values of Gamma function.
For instance, we find the following identity:

π3

(
1 +
√−7
2

)2

= iπ
3 + i

√
7

28
Γ(1/7)Γ(2/7)Γ(4/7)
Γ(3/7)Γ(5/7)Γ(6/7)

Let us show an example with class number two. Let p = 5 and
τ =

√−5. The simplest equation obtained with our algebraic Eisenstein func-
tions is

E3(τ) : Y 2 = 4X3 + 48(35 + 16
√

5)X − 128i

√
44258 + 19793

√
5,

with j(τ) = 320(1975 + 884
√

5) and D3(τ)− = 21236(9 + 4
√

5). It is defined

over the field K = Q(
√√

5−1
2 ). We can derive easily a global minimal equation

over the ring of integers of K, by pulling out 24 and 26 from the coefficients
G23(τ),G33(τ). We thus arrive to the equation

Y 2 = 4X3 + 3(35 + 16
√

5)X − 2i

√
44258 + 19793

√
5,

with discriminant ∆ = −36(9 + 4
√

5). From the formula of Chowla-Selberg we
find the identity:

π3(
√−5)4 = − π2

400

(
−1 +

√
5

2

)3
Γ( 1

20 )Γ( 3
20 )Γ( 7

20 )Γ( 9
20 )

Γ( 11
20 )Γ( 13

20 )Γ( 17
20 )Γ( 19

20 )
.
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